A DELTA-REGULARIZATION FINITE ELEMENT METHOD FOR A DOUBLE CURL
PROBLEM WITH DIVERGENCE-FREE CONSTRAINT

HUOYUAN DUAN*, SHA LI* , ROGER C. E. TANT, AND WEIYING ZHENG#

Abstract. To deal with the divergence-free constraint in a double curl problem: curlp~lcurlu = f and diveu = 0

in 2, where p and e represent the physical properties of the materials occupying €2, we develop a J-regularization method:
curl p=leurlus + deus = f to completely ignore the divergence-free constraint diveu = 0. It is shown that us converges to
w in H(curl; ) norm as § — 0. The edge finite element method is then analyzed for solving us. With the finite element
solution us, j,, quasi-optimal error bound in H(curl; ) norm is obtained between v and us p, including a uniform (with respect
to 0) stability of usj in H(curl;€) norm. All the theoretical analysis is done in a general setting, where p and € may be
discontinuous, anisotropic and inhomogeneous, and the solution may have a very low piecewise regularity on each material
subdomain Q; with u,curlu € (H"(€;))> for some 0 < r < 1, where r may be not greater than 1/2. To establish the uniform
stability and the error bound for r < 1/2, we have respectively developed a new theory for the ., ellipticity (related to mixed
methods) and a new theory for the Fortin interpolation operator. Numerical results presented confirm the theory.
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1. Introduction. Given a simply-connected Lipschitz polyhedron  C R3, with a connected boundary
Q. Let p, e : Q — R3*3 be given matrix functions, representing the physical properties (such as permeability
and permittivity ) of the material occupying Q. We assume that p and e are piecewise smooth with respect
to a finite partition &2 of Q, & = {Q,,j = 1,2,---,J}, where every Q; is a simply-connected Lipschitz
polyhedron with connected boundary. Let %, and . denote the set of the faces of & contained in
and the set of the faces of & contained in 052, respectively. Let [q]|s denote the jump of g across S € .
Given f: Qs R3, satisfying div f = 0. Consider the double curl problem as follows:

curl 1

curlu = f inQ;,1<5<J,
diveu =0 in;,1<5<
[uxn]|ls =0, [pteurluxn]ls=0, [cu-n]ls=0 VS € %,

uxXn|lg=0 VS € L.
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— = = =
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Problem (1.1)-(1.4) arises from computational electromagnetism [10][47][43][44]. An example is the
vector potential method [31] for some divergence-free unknown which may be expressed as the curl of
u(the vector potential), where the divergence-free constraint (1.2) is set up to ensure the uniqueness of
the solution. Otherwise, there would exist infinitely many solutions, due to the infinite dimensional kernel
of the curl operator consisting of the form Vp where p € H}(Q) = {v € HY(Q) : v|s = 0,VS € Foxt}.
Another example [47] is from the stabilization of the time-harmonic Maxwell’s equation curl 4~ !curl u—r?u =
f with a very low frequency number k, where the divergence-free constraint (1.2) may be introduced to
play the stabilization role so that a unique solution can exist even for x = 0. By introducing Hilbert
spaces H(div;Q) = {v € (L3())? : divv € L3(Q)}, H(curl;Q) = {v € (L3(Q))? : curlv € (L*(Q))3},
Ho(curl;Q) = {v € H(curl;Q) : u X n|g =0 VS € Fxs}, H(div;e; Q) = {v € (L3(Q))? : divev € L*(Q)},
H(div%e;Q) = {v € H(div;e; Q) : divev = 0}, and H(div%; Q) := H(div%1;Q), Ho(div;Q) = {v
H(div;Q):v-n|s =0 VS € Fuxt}. Let (-,-) denote the L2-inner product. Corresponding to (1.1)-(1.4),
we may state a variational problem as follows: Find u € Ho(curl; Q) N H(div %;&; Q) such that

(pteurlu, curlv) = (f,v) Yo € Ho(curl; Q) N H(div’;e; Q), (1.5)

When discretized by a finite element method for solving problem (1.5), we would naturally seek the finite
element solution in a finite element subspace of Hy(curl; Q)N H (divo; ;). However, as is well-known, it is
quite difficult to construct a finite element space consisting of lower-order piecewise polynomials to satisfy
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the divergence-free constraint. With rather restrictive finite element triangulations (e.g., multiply-refined
composite elements) for lower-order (e.g., quadratic) elements or with higher-order (at least sextic) elements
together with some relatively less restrictive but still quite structured finite element triangulations, one could
construct divergence-free elements in the case where ¢ itself is piecewise polynomial [54].

In practice, the rule for dealing with the divergence-free constraint is to let it be satisfied weakly.
This could be done by including the divergence-free constraint directly into the variational formulation
and by seeking the solution in some bigger Hilbert space U without the divergence-free constraint other
than the restricted Ho(curl; Q) N H(div’;e; Q) with the divergence-free constraint. Two general ways are
the divergence-regularization method and the mixed method. The former is to find v € U such that
(p~teurlu, curlv) + (diveu,divev) = (f,v) for all v € U, where there are several choices for defining (-, -)
and U, see [36][25][29][11]. When (-, -} is simply taken as the L? inner product, the method is referred to as
the plain regularization (PR) method [36][24], with a second-order U = Hy(curl; Q) N H(div;e; Q)-elliptic
problem. For smooth &, one may consider the classical continuous finite element method for the PR method.
But, when the solution is only in H" for some r < 1, the continuous finite element method cannot give
a correct solution [37][47][10][25][24]. Meanwhile, the PR formulation is not suitable for discontinuous e;
otherwise, by the introduction of amounts of jumps, one may consider the discontinuous Galerkin method.
But, likewise, this method cannot accommodate the nonsmooth solution with a low-regularity in H” with
r < 1 [50]. Some of the combination of the nonconforming element method and the discontinuous Galerkin
method may lead to a correct approximation of the nonsmooth solution [14]. One may still consider to use
the continuous element if adopting the recently developed L? projected method [29][28], or the H~! method
[11] and the weighted method [25][16][46]. All these methods involve sophisticated modifications.

The mixed method [47] for dealing with the divergence-free constraint is to find u € Hp(curl; ) and
p € H}(Q) such that

(pteurlu, curlv)+  (Vp,ev) = (f,v) Yo € Ho(curl;Q),

(eu,Vq) =0 Vg e H}(Q). (1.6)

With the help of the Lagrange multiplier p, the solution is only required to belong to the Hilbert space
Hy(curl; ). The Lagrange multiplier p € H}(Q) satisfies the following weak problem

(eVp,Vq) = (f,Vq) Vg€ H(Q). (1.7)

Note that p is actually equal to zero with a compatible f € H(div? Q). For the mixed problem (1.6) one
may consider to use the edge element for u and the continuous element for p, or the discontinuous Galerkin
method [41]. The difficulty would be the verification of J#-ellipticity in the classical theory for saddle-
point problems [15]. In the literature [3][47], the verification has been to rely on the following continuous
embedding: there is s > 1/2 such that

Ho(curl; Q)N H(div% Q) < (H*())® where |[v]|s < C||curlv||o for v € Hy(curl; Q) N H(div®; Q). (1.8)

But, in some cases, such s > 1/2 does not exist for (1.8) to hold true, e.g., when 2 is only Lipschitz, we can
only find s = 1/2, see [23]. We shall address this point again later in the paper. The most difficult would be
of course the saddle-point structure of the mixed problem, since the indefiniteness of the saddle-point system
would thwart many classical iterative algorithms, such as conjugate gradient algorithm. The preconditioning
step is necessary to have a good iterative algorithm for solving the saddle-point system [6].

In our paper, we shall study a much simpler method, as originally appeared in [51], to deal with the
divergence-free constraint. Just completely neglecting the divergence-free constraint, instead, we consider a
d-perturbed problem: with § > 0 decreasing to zero, finding a family of us € Hy(curl; ) such that

(u teurlug, curlv) + d(cus,v) = (f,v) Vv € Hy(curl; Q). (1.9)

The §-perturbed method will be called the d-regularization method, since problem (1.9) is free of the
divergence-free constraint and since problem (1.9) is Hy(curl; Q)-elliptic. In comparisons with previous
existing methods, there are several obvious features of the present method: a) it is no longer subject to
the divergence-free constraint; b) it is more suitable for discontinuous e, since no divev appears; ¢) it only
involves a space Hy(curl; ) which can be discretized by edge elements composing of lower-order piecewise
polynomials, since no Lagrange multiplier is introduced; d) it is always well-posed and results in a symmetric,
positive definite system in the finite element discretization, so the resultant algebraic system may be imple-
mented more readily. In fact, since it results in a symmetric, positive definite system, the J-regularization
problem may be conveniently solved by any direct or iterative methods [33]. Moreover, nowadays there are
highly efficient multigrid methods and preconditioning techniques available for solving (1.9) where multigrid
convergence and preconditioned conditioning are uniform with respect to the parameter ¢ [4][38].
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With f e H (divo; ), for all 6 > 0, we can verify that us satisfies the divergence-free condition:
diveus = 0. (1.10)

Introduce H (curl; )-norm ||v|\g7mrl := |[v]|2+]|curl v||3 and H (curl; Q)NH (div ; e; Q)-norm ||U|‘g7cur1 div.e ==
[|[v]|2 + ||curl || + ||div ev||3, where || - ||o represents the L2-norm. We show that us converges to the original
u as follows:

Hu - u&”o,curl,div,e = ||U - U6||07cur1 < C(;HUHO (111)

We then analyze the edge finite element method for the §-regularization problem in the finite element space
Uy, C Ho(curl; ), under the general setting where p, € may be discontinuous, anisotropic and inhomogeneous
and u, curl uw are nonsmooth and may have very low regularity only in H}]:1(H "(£2,))? for some 0 < 7 < 1.
Assume that Uy, allows the usual both L? and H (curl )-orthogonal decomposition [47]. For the lowest-order
edge/Nédélec element of first-family [48][47][37], we establish the following error estimates for the finite
element solution wus j, of the §-regularization problem:

[Ju— U5,h||0,curl < C(6+ R flo- (1.12)

From (1.12) we may choose 6 < h" to have the optimal error bound in the usual sense. A ready choice is
0 = h. Note that if the solution and its curl are more regular, higher-order edge elements can be employed
to obtain higher-order error bounds. At the same time, a d-uniform stability for any given compatible
f € H(div"; Q) is obtained, where C' does not depend on §, as follows:

|lusnllo,curt < CI|flo- (1.13)

Interestingly, the theory for the uniform stability (1.13) is closely related to the well-posedness of the
mixed problem (1.6). In fact, (1.13) is essentially the consequence of the J#;-ellipticity (which, together with
the Inf-Sup condition, ensures the well-posedness of the mixed problem (1.6)). In the literature [47][3], the
Jp,-ellipticity was only shown under the assumption (1.8) with s > 1/2. In this paper, we shall establish
the JZ,-ellipticity using Assumption A2) (a type of regular-singular decomposition) in section 4, instead of
(1.8). The Assumption A2) is much weaker than (1.8), because the former generally holds but the latter
may not, see Remarks 3.3, 4.1, 5.4 and 6.4. In addition, the error bound in H(curl;Q)-norm in (1.12) is
obtained with the help of the Fortin operator [9]. Likewise, in the literature, the well-posedness and the
error estimate of the Fortin operator rely on the assumption (1.8) with s > 1/2. Under the much weaker
Assumption A2) again, in this paper we shall provide a new theory for the Fortin operator, so that we can
establish the error estimate (1.12) in H(curl; Q) norm for very low regular solution, i.e., 7 < 1/2 in (1.12).
This is in sharp contrast to the numerous existing literature, where r and s are usually assumed to be greater
than 1/2, e.g., see [2][9][18][39][47][40][41][49], just to name a few. Note that for interface problem, not only
the global regularity of the solution is very low (this is a well-known fact), but also its piecewise regularity
over each material subdomain Q; may still be possibly very low, see [26].

Also, there exists the so-called bounded co-chain or smoothed projector [5][19][52] for a low regularity
solution. Such projector may be applied to problem (1.9), but we cannot obtain the d-uniform optimal
convergence, since it does not preserve the divergence-free constraint. By contrast, the Fortin operator
trivially does, as it is indeed a finite element solution solver, and it is for this reason that we can obtain
d-uniform convergence ||us — s nllo,curt < CR7||f]|o from which and (1.11), we have (1.12). In addition, as
mentioned earlier, the low regularity convergence is also known in the continuous element methods where
the regular-singular decomposition is also often used as a fundamental tool in the error estimates, e.g., [11].

The rest of this paper is organized as follows. In section 2, we obtain the convergence of the solution
of problem (1.9) to the solution of problem (1.5). In section 3, the edge finite element method is defined
and the uniform stability (1.13) is obtained under the .7, ellipticity. In section 4, a general J#;, ellipticity is
established without the assumption (1.8), instead under Assumption A2) the regular-singular decomposition.
In section 5, the d-uniform error estimates of the finite element solution of problem (1.9) is established, with
the application of the Fortin operator. In section 6, under Assumption A2), we present the general theory for
the Fortin operator without the assumption (1.8). In section 7, numerical results are presented to illustrate
the proposed method. In the last section, some concluding remarks are given, and an extension of the
proposed method to a more general problem arising in computational electromagnetism is briefly discussed.
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2. Convergence for continuous problem. Throughout the paper, we shall use the standard Hilbert
and Sobolev spaces H*(Q) for any s € R and LP(f2) for any p > 2, see [1][35]. Assume that p and e are
symmetric, uniformly positive definite, satisfying &'u(z)€, &'e(z)€ > C|€|? for all £ € R? almost everywhere
over Q, p,e € (L™=(Q))**3, satisfying pla,.clo, € (WH>(€;))***,1 < j < J, where p,e are required
to be piecewise smooth so that we could obtain the regularity of the solution of problem (1.1)-(1.4). Let
||v\|(2)7“,1 = (p'v,v) and [[v][§ . := (ev,v) be the p~'-weighted and e-weighted L? norms respectively.

We first give a lemma about the divergence of us.

Lemma 2.1 For compatible f € H(div’;Q), the solution us € Hoy(curl; Q) of problem (1.9), in fact,
belongs to Ho(curl; Q) N H(div;e;Q), and satisfies the equation

diveus = 0. (2.1)

Proof. Taking any ¢ € C5°(£2) (the linear space of infinitely differentiable functions, with compact
support on ) and inserting v = Vo € Hy(curl; Q) into (1.9) immediately yields (eus, V) = 0 which proves
the lemma. O

We next recall a Poincaré-Friedrichs’ inequality over Ho(curl; Q) N H(div %;; Q).
Proposition 2.1 [30] For any Lipschitz domain Q and for any € as assumed earlier, we have

l[v]]o < C|lcurlv|lg Vv € Ho(curl; Q) N H(div%;e; Q). (2.2)

We are now in a position to investigate the existence and uniqueness and the convergence of us.
Theorem 2.1 For any given § > 0 and for any f € (L*(Q))3 problem (1.9) has a unique solution us.
Moreover, for the compatible f € H(divo; Q), there exists a constant C > 0, independent of 0, such that

l[us|lo,curt < ClIflo- (2.3)

Proof. From the classical Lax-Milgram lemma [13][20], existence and uniqueness of the solution us to
problem (1.9) is obvious. Note that us is in fact in Ho(curl; Q) N H(div’;e;Q) from Lemma 2.1. Taking
v = ug in problem (1.9), from (2.2) in Proposition 2.1 we can obtain ||curl us||o < C||curlusl|g -1 < C||f]lo-
From (2.2) again, (2.3) follows. O

Remark 2.1 With the compatible f € H (divo; Q), from Proposition 2.1 we have a stability for the
original u, the solution to problem (1.5), as follows:

HU”O,curl < ClIfllo- (2.4)

Theorem 2.2 Let u and us denote the solutions of problem (1.5) and problem (1.9), respectively. For
a compatible f € H(divo; Q), there exists C, independent of 0, such that

Hu - ué”O,curl = HU - ué”O,curl,div € S C’§Hu||0 (25)

Proof. From Lemma 2.1 and (1.2) we have ||u — us]]o,curl .div,e = ||@ — Us]]o,curt - Taking v :=u —us €
Ho(curl; Q) N H(div%;e; Q), from (1.5) and (1.9) we can obtain (2.5) following the same argument for (2.3).
O

Remark 2.2 A similar result was obtained in [51]. From (2.4) and (2.5) we have the convergence

HU - uéHO,curl - HU - U5||O,cur1 Jdiv e S C(SHf”O (26)

3. Edge finite element method. For any given h > 0, let 7} denote the shape-regular conforming
triangulation of € into tetrahedra [20][13], where h := maxre7, hr, and hy denotes the diameter of 7. We
assume that 7, is also conforming along every interface S € .#; and every boundary face S € .Zy. In our
analysis we shall use the first family of edge/Nédélec elements of Hy(curl;€)), the Raviart-Thomas elements
of Hp(div; ) and the Lagrange elements of H}(Q), see [48][47][32]. Over every T € Ty, let P;(T) and
ﬁl(T) denote the space of polynomials of total degree not greater than the integer [ > 0 and the subspace of
homogeneous polynomials of total degree [, respectively. On every T' € T, for I > 1, we introduce the Nédélec
element of order I: N;(T) := span{a + b,a € (P;—1(T))3,b € (P/(T))3,b-x = 0} and the Raviart-Thomas

element of order I: R ;(T) = span{a + bx,a € (P,_1(T))3,b € P,_1(T)}. Define

Up, = {v € Hy(curl; Q) : v|p € Ni(T),VT € T}, (3.1)
Xp ={v € Hy(div; Q) : v|r € RT(T),VT € Tp}, .
Qn=1{qe€ H}(Q): q|lr € P(T),NT € Tp.}. (3.3)
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We state the finite element problem corresponding to problem (1.9): To find s, € Up, such that
(p~teurlug p, curlv) + d(sus p,v) = (f,v) Yo € Up,. (3.4)

Since Uy, C Hy(curl; ), from Theorem 2.1, we have the well-posedness of (3.4), as stated below.
Theorem 3.1 For any f € (L*(Q))3, for any § > 0 and for any h, problem (8.4) is well-posed. O
However, simply from the trivial Hg(curl; Q)-ellipticity of the bilinear form

s(u,v) == (" eurlu, curlv) + §(eu, v), (3.5)

we cannot obtain a d-uniform stability on the finite element solution s . In order to have a uniform stability
like (2.3) for us,p, we recall the well-known decomposition of Uj,. Let (-,-)o,. = (e-,-) denote the e-weighted
L? inner product.

Proposition 3.1 [47] For U, and Qy defined by (5.1) and (3.3), defining Zn(e) = {v € Uy :
(ev,Vq) = 0,Yq € Qu}, we have the following L?-orthogonal decomposition with respect to (-, ).

Un = Zp(e) + VQp. (3.6)

O

Remark 3.1 In fact, for any given v € Uy, we first let p, € Q uniquely solve (eVpp, Vq) = (ev, Vq)
for all ¢ € Qp. We have (e(v — Vpy),Vq) = 0 for all ¢ € Q. Putting z;, := v — Vpp, € Uy, we see that
v = zp, + Vpy, is the desired, with z;, € Z,,(¢). Note that VQ,, C Up,.

Lemma 3.1 Let us ), € Uy, be the solution of problem (3.4). Then, for a compatible f € H(div; Q),
we have us p, € Zp(€).

Proof. From Proposition 3.1, we have the e-weighted L?-orthogonal decomposition: us,n = 25, + Vs,
where 25, € Z(e) and psp € Qp. From Proposition 3.1 again, problem (3.4) may be reformulated into a
mixed problem (in fact, two decoupled subproblems): Find zs5) € Zj(¢) and psp € Qp, such that

(nteurl zs p, curl 2) + d(ezs.n, 2) = (f,2) Vz € Zn(e), (
6(eVps,n, Va) = (f,Va) Vg € Q. (

But, f € H(divo; ), we find that p;, = 0, and we conclude that usp = 25, € Zi(€), solving (3.7). O
Before giving the d-uniform stability of the finite element solution us; € Up of problem (3.4), we shall
make an assumption.
Assumption A1) We assume that the following J#;-ellipticity holds:

[lv]|o < Cllcurlv|lo Vv € 4 = Zi(e). (3.9)

7)
8

3
3.8)

Remark 3.2 We refer (3.9) as the J#-ellipticity using the terminology in the classical theory for
the mixed problem (1.6), with J#, := Z(e), since there is some relationship between the d-regularization
problem and the mixed problem (1.6). Nevertheless, problem (3.4) does not need the .Z,-ellipticity to ensure
the well-posedness, but problem (1.6) does.

Theorem 3.2 Let usy, € Uy, be the solution to problem (3.4). Assume that Assumption A1), i.e., the
J,-ellipticity (3.9) holds. There exists C > 0, independent of §, such that

[us.nllo.cun < CI[f]lo- (3.10)

Proof.  Since us,p, solves (3.7) in Lemma 3.1, from (3.9) and (3.7), (3.10) easily follows. O

Remark 3.3 Under the continuous embedding (1.8) for s > 1/2, for e = 1, (3.9) is proven in [3], and
for a general €, (3.9) is essentially proven in [47]. For Q being Lipschitz polyhedron, we have s > 1/2 in (1.8),
see [3], but for general Lipschitz domains, s = 1/2, see [23]. Possibly, even s < 1/2, e.g., for non-Lipschitz,
non-simply-connected domains with screening parts [24]. We are not aware of any work in the literature in
which the %, ellipticity (3.9) was shown without using the continuous embedding (1.8) for s > 1/2.

In the next section,we shall develop a different and new argument for showing (3.9), no longer resorting
to (1.8), i.e., the continuous embedding Hy(curl; Q) N H(div’; Q) — (H*(Q))5.

4. A general verification of J#;-ellipticity. In order to establish the JZ-ellipticity (3.9) without
involving the continuous embedding (1.8), we make the following assumption.

Assumption 2) We assume that for any v € Ho(curl; Q) N H(div"; Q) it admits a regular-singular
decomposition in the following;:

v =g + Vpo, (4.1)
where vy € Ho(curl; Q) N (H!(Q))? for some ¢t > 1/2 and py € H}(Q), satisfying
[lvollt + [lpollr < Cleurlv]fo. (4.2)
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Remark 4.1 For Lipschitz domains, in [8] it is shown that ¢ = 1. In this paper, we only need ¢ > 1/2.
Lemma 4.1 Assuming that Assumption A2) holds, we have the J, ellipticity (3.9), i.e.

lollo < Cllewrlolly Vo € Zy(e). (4.3)

Before proving Lemma 4.1, we recall the L? orthogonal decomposition for (L?(2))? and recall the finite
element interpolation theory of Uj,.

Proposition 4.1 [30] For any v € (L*(Q))3 and for any Lipschitz domain Q, it can be written as the
following L?-orthogonal decomposition:

v=uv; + Vps, (4.4)

where v; € H(div%;Q), py € H(Q).
Remark 4.2 With the L?-orthogonal decomposition in Proposition 4.1, for any z € Hg(curl; ), from
Assumption A2) we can obtain the following regular-singular decomposition:

where zg € Ho(curl; Q) N (H(2))3, with the same ¢ in Assumption A3), and p € H{ (), satisfying
0,curl - (4.6)

Let ITj, and Tp, respectively denote the canonical finite element interpolation operator onto Uj, and Xy,
with Hpu|r = Uru and Thu|r = YTru for all T € Ty, where Uru € Nj(T) and Yru € RI(T) are defined
with respect to degrees of freedom on T' € T;,. Let u be given, making II,u € Uy and Yhcurlu € X, well-
defined. Then curlIll,u = Tpcurl u, the well-known commuting diagram property. Note that curl U, C Xj,.
It is also well-known that if II;, Vq € Uy, is well-defined, then there exists a ¢, € @y, such that II,Vqg = Vg,
and that if vy, € U}, satisfies curl v, = 0 then there exists py, € Q) such that vy, = Vpy,. See [48][47][15][32].

Remark 4.3 Note that if u € H(div;T) N (LP(T))3 for p > 2, then Yru is well-defined, see [15], while
if u € {ue (LP(T))3 : curlu € (LP(T))%,v x n € (LP(dT))3}, where p > 2, then Ilru is well-defined, see [3].

Throughout this paper, we shall focus on the lowest-order edge element method, namely, [ = 1, since we
are interested in the low regular solution of H” function for some r < 1. It is of course straightforward to
consider higher-order elements if the solution is more regular. Below we recall the finite element interpolation
property that we shall use.

Proposition 4.2 [47] For u € (H*(Q))? for s > 1/2 and curlu € X}, Uru is well-defined, satisfying

llz0lle < Cllcurlzllo, [lplly < Cl2]

[|ITru — ullor < Chy(||ulls e + ||cutlullor) VT € Th. (4.7)

For uw € (H*'(Q))? for s1 > 1/2 and curlu € (H*2(Q))? for so > 0, llzu is well-defined, satisfying
[Mru = ullo,r < ChZ (||ulls, r + [leurlulls,,r) VT € T, (4.8)
[lcurl (IIru — w)|jo,r < ChE||curlu|ls, v VT € Tp. (4.9)

Proof of Lemma 4.1. For v € Zj(¢) C Uy, it admits a both L? and Hy(curl; ) orthogonal decompo-
sition (see Proposition 3.1 with € = 1): v = v + Vpy, where v € Zj(1) and p;, € Q. Since v € Zy (), we
have (ev,v) = (ev,v — Vpp) = (ev,0). We have |[v|[§ < C|]v][§ . = C(ev,v) = C(ev,v) < C||v||o][0]o, i-e.

[lv]lo < Cl[ollo- (4.10)
Note that curlv = curlv. Hence, if we can show
[llo < Clleurldllo (4.11)

then estimate (4.3) holds. In what follows, we prove (4.11). From Remark 4.2, we have the regular-singular
decomposition of v € Z,(1) C U, C Hp(curl; Q) as follows:

T =70+ Vp, Bo€ Holcurl; Q)N (HH(Q)) t>1/2,p € HL(Q), (4.11)

[[9o]]: < Clleurl®dllp, curlvy =curlv € Xy, ||plli < C)|0]|o.cur - (4.12)
From Proposition 4.2 we know that II,vg € U}, is well-defined, satisfying
[|T1,%0 — ollo < Ch'(||[vol|: + ||curlTollo) < Cht||curld||o, (4.13)
from which we have
[|II,Uo]l0 < C|lcurld]lo. (4.14)
Consequently, 11, Vp is also well-defined, and from Remark 4.3 we know that I, Vp = V¢, for some g}, € Q.
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Therefore,

[9]|2 = (¥,9) = (¥,50 + Vp) = (v, + Vp — U, (W0 + Vp)) + (0, 1100 + Van), (4.15)
where, since II,v, = vy, for all vy, € Uy, we have
(U,00 + Vp — I (Vo + Vp)) = (0,0 — I1I,0) = 0, (4.16)
and since v € Zp,(1), we have
(v, Mpvo + Van) = (0, avo) < [[v]lo|[nvollo < C|[v]lo||curlv]lo. (4.17)

Thus, (4.11) follows from (4.15)-(4.17). O

5. Error estimates. In this section, we will establish the convergence of us .

From Proposition 4.2 we first recall the finite element interpolation theory of II; in U}, for a u with a
piecewise regularity with respect to the material subdomains.

Proposition 5.1 Letu,curlu € ]_[3-7:1(HT(QJ-))3 with v > 1/2. Then, Il u is well-defined and satisfies

J

[ = Myallo.eurt < CH (S Ml + lleurlull,0,)- (5.1)
j=1

To relate the right-hand side of (5.1) to the source function f, we need to make the following assumptions.
Assumption A3) We assume that there exists a r > 0 such that Hy(curl; Q) N H(div%;e; Q) —

J
szl(H’"(Qj))?’ is a continuous embedding, satisfying for all v € Ho(curl; Q) N H(div’;e;Q), 3 [|v]]r0, <
j=1

Cl|lcurlvl|p.
Assumption A4) Introduce Ho(div";p; Q) = {v € (L2(Q))? : divpw = 0, v - nlg = 0,YS € Sxt}.
We assume that there exists a 7 > 0, the same as in Assumption A3), such that H(curl ; Q)N Hy(div ’; j1; Q) <
J

HJJZI(HT(Qj))3 is a continuous embedding, satisfying for all v € H (curl; Q) N Ho(div"; 11; Q), 2:1 [v[|r,0, <
§=

C|lcurlvl|p.

Remark 5.1 Note that Assumption A3) reduces to (1.8) for ¢ = 1 and r > 1/2. The regularity in
Assumption A3) and Assumption A4) may be different, but here we assume the same r. In fact, the r in
Assumption A3) and Assumption A4) is mainly related to Dirichlet and Neumann boundary value problems
for Laplace operator, respectively. See [3] [26][24]. This fact indicates that r depends on the regularity of ¢,
w1 and the geometric regularity of 2.

Lemma 5.1 Given a compatible f € H(div";Q). Under Assumption A3) and Assumption A4), the
solution ugs of problem (1.9) and the solution u of problem (1.5), together with curlus and curlu, are in
H;ZI(HT(Qj))?’, and the following holds:

J

> llusllrg, + llullg; + llewlus|lng, + lleurlullra, < ClIfllo- (5.2)
j=1

Proof. Observe that us and u belong to Ho(curl; Q) N H(div’; ; Q) and satisfy |[us||o.cur » |[4]]0.con <
C||f|lo (See Lemma 2.1, Theorem 2.1 and Remark 2.1). At the same time, both p~!curl us and p~tcurlu be-
long to H (curl; Q)N Ho(div"; u; ), satisfying ||curl p=curlullo = || f|]o, |lcurl g~ curl ug|lo = || f — deus||o <
[1fllo + Cllus|lo < C||f|lo. Hence, from Assumption A3) and Assumption A4) we conclude that Lemma 5.1
holds, noting that g, is in (WhH>(Q;))***. O

Since o7 (u,v) given by (3.5) is coercive over Hp(curl; ) and the consistency property between problem
(1.9) and problem (3.4) holds because of the conformity of U, C Hp(curl;€2), from Proposition 5.1, Lemma
5.1 and Remark 2.2 it is not difficult to obtain the following error estimates in || - [|2, := /(-,-) from the
classical Céa’s argument in [20].

Theorem 5.1 Assume that r > 1/2 holds in Assumption A3) and Assumption A4). Then, the solution
u of problem (1.5) and the solution usj of problem (3.4) satisfy the following error bound:

[lu = usnlls < C(8+R)]|flo- (5:3)

O
Remark 5.2 The inadequacy of the error estimates of (5.3) in Theorem 5.1 is the d-dependent norm
|| ||ez - However, we can have uniform error estimates, i.e., ||u—us p|lo.curt < C(8+h")||f|lo. We can achieve
this by using the Fortin-type finite element interpolation [9].
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In what follows, to explore the idea, it suffices to consider the case where ;4 = ¢ = 1 and use the Fortin-
operator to obtain the uniform error estimates under the same assumptions in Theorem 5.1. The study for
the case with general u,e and with very low regular solution will be deferred to the next section.

Let m, be the Fortin operator defined by seeking mpu € Z,(1) C Uy, for a given u € Hy(curl; Q) N
H(div%; Q) such that

(curl mpu, curlv) = (curlu, curlv) VYo € Up, (5.4)
(mhu, V) =0 Vq € Q. (5.5)
Proposition 5.2 [4][9][47][37] Let u € Ho(curl; Q) N H(div% Q) and let m,u be defined by (5.4) and

(5.5). Assuming the same Assumptions as in Theorem 5.1, we have
[|mhe — ullo.cunt < CR"(||ul]r + ||curlull,). (5.6)
Theorem 5.2 Under the same assumptions in Theorem 5.1, we have the uniform error estimation:
[lu = usnllo,cunt < C(8+h")||flfo- (5.7)

Proof. Let v := us — mpus € Uy, where us is the solution of problem (1.9). Note that p = ¢ = 1.
From the consistency property between problem (1.9) and problem (3.4) and the definition of the Fortin
operator m, by (5.4) and (5.5), we have

0|2, = (curlv, curlv) + 6(v,v) = (curl (us , — Thus), curlv) + 8(us p — Thus, v)
= (curl (us,p, — us), curlv) + (curl (us — wpus), curlv) + 6(usn — us, v) + 6(us — Thus,v)  (5.8)
1
= 6(us — mpus, v) < bl|us — maus|lof[vllo < 0% [|us — mausllof|v]]ess

that is
1 1
[lcurl (us 5, — Thus)|lo + 02 [|usn — Trusllo < CO2||lus — mrus)|o, (5.9)
From Proposition 5.2 with us € Ho(curl; Q) N H(div’; ), by the triangle inequality we obtain from (5.9)

Hu6 - ué,hHO,Curl S ||U5 - 77h”6||0,cur1 + ||u5,h - 7Th“6”0,curl (5 10)
S OHU(‘S - 7Th,u6||0,curl S Chr(”“é”r + ||Cur1u6”r)7 ’

and from Lemma 5.1 we further have

l[us — us,nllo,curt < CR|[f][o- (5.11)

Finally, from Remark 2.2 we obtain the desired (5.7). O

Remark 5.3 The assumption 7 > 1/2 of the regularity of u and curlu over €2, is not that restrictive in
practice. In fact, such regularity assumption is commonly used in the literature [18][21][39][2][47]. Meanwhile,
it has been shown r > 1/2 or even r = 1 for practical interface problems [17][42].

Remark 5.4 On the other hand, the interface problem from electromagnetism would have a possible
very low regularity solution, i.e., r < 1/2, see [26]. In addition, even if y = ¢ = 1, from Remark 3.3, r in
both Assumption A3) and Assumption A4) is still possibly less than or equal to 1/2.

Without the requirements r > 1/2 in Assumptions A3) and A4) and s > 1/2 in (1.8), we shall obtain
the uniform error estimates next section. We have seen that the uniform error estimates rely on the Fortin
operator, so it suffices that the finite element interpolation property (5.6) for the Fortin operator holds for
any 0 < r < 1. In addition, we shall deal with general u and e as assumed in section 2.

6. A general Fortin operator. The advantage of the Fortin operator over the finite element interpo-
lation operator IIj, is that the former is a projection from (5.4) and (5.5): (5.4) is a commuting property and
(5.5) preserves discrete divergence-free constraint. We have seen that it is based on the projection property
of 7, that we have established the uniform error bound in the previous section. Although, from the definition
(5.4) and (5.5) we infer that the Fortin operator m;, could be well-defined for any u € Hy(curl ; Q)N H (div’; Q)
even if u does not have the regularity with r» > 1/2. Unfortunately, in the literature, the well-definedness
and the interpolation error property of the Fortin operator indeed depend on Assumption A3) with r > 1/2
(or (1.8) mentioned in Introduction section with s > 1/2) and on the regularity r > 1/2 of the interpolated
function wu.

In this section, we consider the following general Fortin operator: Given uw € Hy(curl;{2), to find
mpu € Uy, such that

(preurl mpu, curlv) = (™ tcurlu, curlv) Yo € Uy, (6.1)
(emnu, V) = (eu, V) Vg € Q.
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It will be shown that mpu is well-defined and satisfy (5.6) without assuming the regularity index r of
the interpolated function u to be greater than 1/2 and without using the continuous embedding (1.8) or the
continuous embeddings in Assumptions A3) and A4). In fact, we only assume Assumption A2) which is a
regular-singular decomposition already stated in section 4.

Lemma 6.1 Assume that Assumption A2) holds. For any given u € Hy(curl;Q), mpu is well-defined.

Proof. Observe that 7w is the first component of the solution pair (up,pn) € U X Qp such that

(p~teurluy, curlv) + (ev, Vpp) = (p~ teurlu, curlv) Vo € Uy, (6.3)
(eun, Vq) = (eu, Vq) Vq € Q. (6.4)

In fact, since Uy, = Z3,(e)+VQy, as stated in Proposition 3.1 which is verified in Remark 3.1, pj, is equal to zero
in the above mixed problem. If we have shown ¢! C ¢, J#,-ellipticity and the Inf-Sup condition, then the
classical theory in [15] for saddle-point problems yields the well-posedness of the above mixed problem. The
inclusion %! C ¢t is verified by noticing that " = {q € H}(Q) : (ev,Vq) = 0,Vv € Hop(curl;Q)} = {0}
and ! = {qn € Qp : (evn, Van) = 0,Yv, € Uy} = {0}, and the verification of the Inf-Sup condition follows
from the decomposition Uy, = Zp,(e) + VQp,, namely,

(ev,Vq) - (eVe, Vg)
v|lo,e + [lcurlvlfg -1~ [IVqlloe

sup > Cllglli Vg € Qp. (6.5)

0£veUy,

We are left to verify the .7, ellipticity, where ), = Zp(e) = {v € Uy, : (ev,Vq) = 0,Yq € Qp}. But, this is
just the conclusion of Lemma 4.1 since Assumption A2) holds. O

Remark 6.1 Lemma 6.1 implies the invariance or projection property over Up: mpu = u on U C
Hy(curl; Q) and the H(curl;)-boundedness property ||mhullocurt < Cllullocun for all u € Hy(curl; Q).
Moreover, from (6.1) we have

[lcurl mpullo < Cllcurlullo, ||curl (mpu — u)|lo < C 125 [|curl (w — vp)|o- (6.6)
Vh h

Lemma 6.2 For anyp € H}(Q) with Vp € Hy(curl;Q), we have 7,Vp = Vpy,, where p, € Q, satisfies
(eVpn,Vq) = (eVp,Vq) Yq € Q. (6.7)

Proof. With u := Vp € Hy(curl; Q) and mpu € Up, C Hy(curl; Q) at hand, we find from equation (6.1)
that curl 7, Vp = 0. Thus, from section 4 we have some p,, € Qj, satisfies 7, Vp = Vpp,, and we obtain (6.7)
from equation (6.2). O

J
Lemma 6.3 Forpe H}(Q)n [[ H"(Q;) for some r > 0, there exists Ip € Qy, such that
j=1

J
llp = Inpll < CR7 Y [[plli+r, - (6.8)

j=1

Proof. If p € H(Q) N H7(Q), then (6.8) is a classical result from the finite element interpolation
theory [13][20][22][53]. Now, p is piecewise H'*"(£2;), no immediate literature could be located. Here, we
give an approach to obtain an interpolation Ip € @, such that estimate (6.8) holds. Firstly, take any €2,
and put

Qn,0; = Qnle,- (6.9)

We use the Clément interpolation[22][7] or Scott-Zhang interpolation[53] to find a finite element interpolation
Cth-,jp € Qh,Qj Ofplflj € H1+T(Qj)7

1Chip—pllno, + | D be'lIChp—pllgr | < CHllplhir;, (6.10)
FEVQJ

where .7, denotes the set of all element faces in 7y |q,;. Note that if p|s = 0 for S € Sy, then &p jpls =0
also, i.e., @y ;p preserves the homogenous boundary condition. Define a function pj, by

prlo; ==@pip 1<j<J (6.11)
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In general, such py, is discontinuous when crossing any interface S in .%,;. However, by ‘a nodal averaging
procedure’ (see Remark 6.2 below), from pp, we can find a new finite element function Iyp € Qp. Since py,
is continuous over €2; and homogeneous on %%y, the nodal average Ijp € Q) satisfies I,p(a) = py(a) for all
interior nodes inside £2;, 1 < 57 < J, for all boundary nodes on %, and

S np? /F all?. (6.12)

J
> Inwp = pallig, <C
j=1 FESnt

But, p € H} (), we have

N

, 5
§C<Z > hplllaih,jppII%,F)

J=l1FeSfq;

< 2. hplfFl[PhHQ) —< 2 hplfFl[pthz)

FeSint FeYins

J
< Cr" 3 lpllitre;-
j=1

(6.13)
Hence, using the triangle inequality, we obtain (6.8) from (6.10),(6.12) and (6.13). O
Remark 6.2 For linear element, the argument for constructing the finite element function I p from the
discontinuous pj, through a nodal averaging approach may be referred to [12]. In fact, with the discontinuous
ph, we can construct Ipp from (2.1) in [12] on page 1072, and then from (2.10) in [12] on page 1073 and
Example 2.3 in [12] on page 1074, and from the local inverse estimates (as used in (3.10) in [12] on page
1076), it follows that (6.12) holds. For higher-order elements, readers may refer to [45] for a general nodal
averaging approach to construct a continuous finite element function from a discontinuous finite element
function, see Theorem 2.2 on page 2378 therein.
Now we state the main result in Theorem 6.1 below for the Fortin operator 7;, with the special u := Vp.

J
Theorem 6.1 Let Vpy, = 7, Vp € Qp, be given by (6.7). Forp € HY(Q) N [] H(Q;), with r > 0,
j=1

J
17V = Vpllo < CR™ Y Ipll14r,- (6.14)

Jj=1

Proof. Since py, € Qn C H(Q) is the finite element solution to (6.7), it follow from (6.8) and the
standard analysis in [13][20] that (6.14) holds. O

J
Lemma 6.4 Assume that Assumption A2) holds. For z € Ho(curl;Q) N [T (H™(Q;))? with some
j=1
J
r1 > 1/2 and curlz € T[] (H™(Q;))® with some ro > 0, we have
j=1
J
1z = mnzllo < CR Y (llzllr g, + llewl 2]l 0,), (6.15)
j=1
J
lleurl (2 — mp2)|Jo < Ch™ > [Jeurl 2|, 0, (6.16)
j=1

Proof. Since Assumption A2) holds, from Lemma 6.1 it follows that 7,z is well-defined for z €
Hy(curl; Q). We are now ready to estimate the difference between z and 7 z.

Noticing that II,z € Uy is well-defined, since z € H}]:l(HT1 ()2 for some r; > 1/2 and curlz €
]_[3]:1(HT2 (£25))? for some 7y > 0, from Proposition 4.2, we have

J
12 = Tazllo < OB S (2llm, + e 2ll ), (6.17)
j=1
J
[|curl (z — I 2)||o < Ch™ Z [[curl z||, 0, (6.18)
j=1

We first estimate the difference between Il z and 7, 2.
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From Remark 4.2 we decompose Iz — w2 as follows:

Iz — mhz = 20 + Vp, (6.19)
where 2o € Hg(curl; Q) N (H!(Q))? for some t > 1/2 and p € H} (), satisfying
[l20lls < Cleurl Iz — 72)llo,  lplly < C||Taz = mh2{lo,curt (6.20)
curl zg = curl (IIpz — mp2) € X, (6.21)
But, from Remark 6.1 and (6.18), we have
J
lleurl (T2 — m42) o = ||eurl 74 (2 — 2)[Jo < Cleur] (2 — 2)[[o < CA™ > [leurl 2]y, 0, (6.22)
j=1
Thus, it follows from (6.20)-(6.22) that
J J
lolloeut < O S el zllyays Ilzolle < CH2 S fleurl 2l 0, (6.23)

j=1 j=1
Note that I1j,zq is well-defined, because zg € (H*(2))3 for some ¢t > 1/2 and curl 29 € X},. From Proposition
4.2 and (6.23), we have

J
120 = Mnzollo < Ch'(|lzolle + [leurl z0]lo) < CHF™ Y " |leurl 2], 0, (6.24)

j=1
In addition, II; Vp is also well-defined since Vp = Iz — m,2 — 29, and we have some ¢, € @ such that
I1,Vp = Vg, see section 4. Thus, we have
Iz — mpz = p(lpz — p2) = Hpzo + 11, Vp = 120 + Vap,. (6.25)
We next estimate z — m,2. We have
Iz — mn2ll§ . = (e(z — mh2), 2 — mh2) = (e(2 — mh2), 2 — Ma2) + (e(2 — T2), Hpz — mp2), (6.26)
where, from (6.17), we have

J
(s = mn2), 2~ y2) < Clle = mnellolle — Tazllo < Cllz = mnllo ™ S (lellmsgy, + llcwrl llpy.0,), (6:27)
j=1
and from (6.2) in the definition of 7, with u := z here, i.e., (emr2, Vq) = (e2, Vq) holds for all ¢ € @y, and
from (6.23)-(6.25), we have

(e(z — mp2), [z — mrz) = (e(z — mh2),p2o + Var) = (e(z — mr2), Mp20)
= (e(z — mp2),pzo — 20) + (e(z — Th2), 20)
< Cllz —mnzlloe

|20 = Inzollo + Cllz — T zll0.¢[|20ll0 (6.28)
J
< Cllz = mnzlloh™ 3 [learl 2|, 0 -
j=1
Hence, combining (6.26)-(6.28) we obtain
J
1z = mnzllo < Cllz = mnzllow < Ch™> S ([2llrs, + lleurl 11, ). (6.29)
j=1

This competes the proof of (6.15). Regarding (6.16), it follows from (6.6) in Remark 6.1 and (6.18). O
Remark 6.3 Compared with the error bound (6.17) of Iz, the error bound (6.15) of 72z could be
J

improved, since we would expect r in (6.15), i.e., ||z — mnzl|[o < Ch™ Y ([|2]|r, 0, + [|curl 2||,, ;). We are

j=1
not aware of any work in the literature that dealt with this issue where z and curl z have different regularity.
At the same time, we did not find the way to obtain such estimate. However, if (1.8) holds for some s > 1/2
and Assumption A3) and Assumption A4) hold for some r > 0, using a different argument, we could obtain
|2 — mpzllo < CRMIN(LsHr2r+2) Z;}:l(Hsz,Qj + ||eurl 2., o, ), where the order is not the same as r; but
better than (6.15). Here, we will not deal with this issue any further, since (6.15) and (6.16) are sufficient
for the main result in the following.

11



We now state the main result for the Fortin operator 7, for the general u := z with suitable regularity.
Theorem 6.2 Assume that Assumption A2) holds for some t > 1/2 and that z € Hy(curl; ) and

J
zyeurlz € ] (H"(95))3, where 0 <r <t. Then
j=1

J J
[|z — mrzllo < CR"(||curl z||o + Z 2], + Z |[curl 2]|,,), (6.30)
j=1 j=1
J
lleurl (z = mh2)|lo < Ch™ Y |leurl 2|, (6.31)
j=1

Proof. From Remark 4.2 we write z € Hy(curl; Q) into the following regular-singular decomposition:
z = z9 + Vp, (6.32)

where 29 € Hg(curl; Q) N (HY(Q))? for some ¢t > 1/2 and p € H (), satisfying
||zoll¢ < Cllcurlzllo, |lplli < Cll2[lo,curt, curl zg = curl 2. (6.33)

Since 29 € (H*(2))? for some t > 1/2 and curl zg = curl z € H;’Zl(HT(Qj))?’ for some 7 > 0, from Proposition
4.2 and (6.33), we have

J J
|20 — Opzollo < ChY(||20]|¢ + Z |lcurl zo|.0,) < Ch*(||curl z[|o + Z |[curl 2[|,0,), (6.34)
j=1 j=1
J
[lcurl (z9 — Ix20)]|0 < CA” Z |[curl 2]|, ;. (6.35)
j=1

On the other hand, since z € szl(Hr(Qj)) for some r > 0 and zy € (H'(Q))3 with ¢ > r, from (6.32)
we know that p € H;.le H'™(Q;), satisfying

J J J
Y pllisrng, < COQllzllng, +llzoll) < Clllewrlzllo + ) llzllng;). (6.36)
j=1 j=1

Jj=1

Thus, from Theorem 6.1 we have

J J
172V = Vpllo < Ch™ Y [[pllisro, < Ch([leurl 2|0 + > [12[lr.0,)- (6.37)
j=1 j=1
We are now in a position to estimate the difference z — 7,z in the following.
Observe that
|z — mn2ll§ . = (e(z — mp2), 2 — m2) = (e(2 — mh2), 20 — Th20) + (e(z — Th2), VD — VD), (6.38)

where, from Lemma 6.4 for this zg with r; := t and r5 := r we have

(E(Z —7Thz)720 —7ThZO> S CHZ —71'h2||0}5|‘20 —7Th20||0

J
< Cllz = mnzllo.h"([[z0lle + 22 llewrl zo]lr.0,)
j=1

(6.39)
J
< Cllz = mnzllo,h"([Jeurl 2[lo + > ||ewrl [l q,),
j=1
and from (6.37), we have
J
(e(z—mnz), Vp—mpVp) < Cllz —7mp2|l0.e|| VD — 7 VDl|o < C||z—whz|\07€hT(||curlz||o—i—z [|12llr0;), (6.40)
j=1
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It then follows from (6.38)-(6.40) that

J J
Iz = mnzllo < Cllz = mazlloe < A7 (leurl2llo + Y [l2llrng, + Y lleurl 2[|n0,). (6.41)
j=1 j=1
Regarding (6.31), from (6.6) in Remark 6.1 we have
[lcurl (z — mp2)||o < C inf ||curl z — curl vy ], (6.42)
vp €UR

but, curl z = curl 2y and I} 2 is well-defined, from (6.35) we have

J
vieng} [lcurl z — curlwl|g < [|curl zg — curl I, 2zp]lo < Ch" Z [|curl 2[| 0, , (6.43)
\ =
and we obtain (6.31). O
Following the argument in proving Theorem 5.2 we can obtain the following H (curl )-error bound for
very low regular solution, with r being possibly not greater than 1/2.
Corollary 6.1 Assume that Assumption A2) holds for some t > 1/2 and that Assumption A3) and
Assumption A4) hold for some 0 < r < t. Given any compatible f € H(div";Q). Let u be the solution of
problem (1.5) and us,p, € Uy, the finite element solution of problem (3.4). We have

[lu = uspllocurt < C(6+ 1) fllo- (6.44)

Remark 6.4 We have used Assumption A2) to ensure that 7, is well-defined. We also used this
assumption to establish the error estimates for the Fortin operator. Assumption A2) states a regular-
singular decomposition where ¢t > 1/2. This ¢ is different from the s in the continuous embedding (1.8)
and the r in the continuous embedding of Assumption A3) and Assumption A4), since where s and r may
be not greater than 1/2. For example, for Lipschitz domains we can have ¢ = 1, but s = 1/2 only. For
interface problem, we may still have ¢ = 1, but r may be close to zero [26]. In fact, the regular-singular
decomposition in Assumption A2) depends little on the domain boundary and on the material occupying
, since it has been established mainly from the H' existence of the Poisson equation of Laplace operator
and the extension of Hy(curl;Q) to the H(curl;R?) [27][8]. On the contrary, the continuous embedding
in (1.8), Assumption A3) and Assumption A4), and the regularity of the solution and its curl counterpart
of problem (1.1)-(1.4), are determined by the domain boundary singularities (due to reentrant corners and
edges, etc), the regularity of the materials occupying 2, and the topology of Q (i.e., simply-connected or
multi-connected, etc), see [24][26]. In general, these are profoundly related to the singularities of the solution
of the second-order elliptic problem of Laplace operator in nonsmooth domains [35].

Remark 6.5 As highlighted in Remark 6.4, » < t is generally true, since ¢ = 1 usually. If r is larger
than ¢t and r > 1/2, then the theory has already been developed in section 5. For more regular solution,
say r > 1, we may use higher-order elements, and the theory in section 5 can be easily applied to obtain
higher-order error bounds.

7. Numerical test. In this section, some numerical results are reported to support the method and the
theory developed in the previous sections. Below, €2 is triangulated into uniform tetrahedra, with the mesh
reduction of factor two, i.e., h =1/4,1/8,1/16,, etc. In the §-regularization problem, we use the lowest-order
Nédélec element of first-family and choose § = h.

Given the domain in R*: Q = ([-1,3] x [-1,1] \ ([0,3] x [-1,0] U {(x,y) € R? : 2 < 2 < 3,y =
£}) x [0,1] in the O — zyz-coordinates system. There is a reentrant edge originating from the origin
0(0,0,0) along the positive z axis with an opening angle 37/2 and a screen originating from the point
(2,1/2,0) along the positive x axis with an opening angle 27 in Q. We take p© = 1. But, we assume
there are two material subdomains in Q, Q; = [1,3] x [0,1)%, Q2 = [-1,1)2\ ([0,1] x [-1,0]) x [0,1],
which are introduced by the interface .# = {(z,y,2) € R* : 2 = 1,0 <y < 1,0 < z < 1}. We
consider ¢ by piecewise constants, where e|lg, = 1 and ¢|g, = 1/2. We choose f so that the exact solution
ulo, = (9ypla,, —0pla,,0), 1< j <2, where plo- = (1-2)*(1 —y)’q(z,y), with q1(z,y) = r cos(%),
andp|Q; = (1—1:)2(3—x)2(%—(y—%)2)2612(1“—2,y—%), with ¢a(z,y) = rs cos(g), where ¢ (z,y) = r3 COS(%)
and qo(z,y) = 72 cos(%) in the cylindrical coordinates system of R3, z = rcos(0),y = rsin(f), z = z, 7 is the
distance to the origin O and 0 is the angular degree between 0 and 27. The regularity of the exact solution
u and its curlu = (0,0, —Ap) is the same on each material subdomain 2; and u,curlu € (H"(£;))3, r; is
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respectively 2/3 — €,1/2 — ¢ for any € > 0. The solution u and its curlu belong to H?Zl(HT(Qj))?’ for r
being approximately 1/2. From the theoretical results, we should expect that the ratio of the error reduction
is approximately 2'/2 & 1.4142 for the mesh reduction of factor two and that the finite element solution is
uniform stable independent of the regularization parameter § decreasing to zero. The computed results in
L? semi-norm and curl semi-norm which are listed in Table 1 and Table 2, as expected, are consistent with
the theoretical results. Also, we notice that although the solution and its curl have higher regularity in €,

the whole convergence rate is governed by the lower regularity in .

TABLE 1 Errors in L? semi-norm and curl semi-norm

h 1/4 1/8 | 1/16 | 1/32 | 1/64
Tw — s nllo 0.3955 | 0.2604 | 0.1566 | 0.0981 | 0.0700
Ratio 15188 | 1.6628 | 1.5963 | 1.4014
leurl (u — us.n)]Jo | 2.9515 | 1.5506 | 0.8720 | 0.5282 | 0.3517
Ratio 1.9035 | 1.7782 | 1.6509 | 1.5018

TABLE 2 Stability in L? semi-norm and curl semi-norm
for a fixed mesh-size h = 1/16 but § decreases

5 1/10 | 1/20 | 1/30 | 1/40 | 1/50

e — usnllo 0.1510 | 0.1434 | 0.1419 | 0.1414 | 0.1412
Ratio 1.0530 | 1.0106 | 1.0035 | 1.0014

leurl ( — ugp)]Jo | 0.8541 | 0.8294 | 0.8247 | 0.8230 | 0.8223
Ratio 1.0300 | 1.0057 | 1.0021 | 1.0009

Keeping ¢|q, unchanged, we change ¢|q, so that there is a discontinuity of ¢ with high ratio/contrast
across the interface. We consider two cases for €|g,: €|q, = 1/100 and ¢|q, = 1/1000. We find that the
computed results are accurate to four decimal places as shown in Tables 1 and 2. This may be interpreted
as follows. For § decreasing to zero, the theoretical results show that the finite element solution is uniformly
stable, independent of §, and holds optimal convergence with respect to § + A, thus, when the combination of
de with § = h and hep,.y decrease to zero, all the theoretical results are expected to still be valid, where &,
represents the upper bound of € over (), and here €,,x = 1. Therefore, the present method appears to cover
much wider problems, in particular, the case where the discontinuous materials have high ratio/contrast
across material subdomains, although we did not develop the related theory for this situation.

8. Conclusion and extension. In this paper, we have analyzed a general approach, §-regularization
method, for dealing with the divergence-free constraint in a double curl problem which typically arises
from computational electromagnetism. With this §-regularization method, we can completely disregard the
divergence-free constraint and instead we introduce a § perturbation zero-term which couples the curlcurl
operator to constitute a well-posed coercive problem for any given §. Such J-regularization method is
shown to have a uniform stable finite element solution independent of the regularization parameter § which
decreases to zero. For nonsmooth solution, together with its curl, being H" regularity for some 0 < r < 1,
we have established the optimal error bound O(h") in the natural H(curl) norm (which is independent of
9) for § < Ch when using the lowest-order Nédélec element of first-family. Higher-order Nédélec elements
can be used to yield higher-order accuracy if the exact solution is more regular. Furthermore, we have
developed the new theory for the .7, ellipticity (a discrete Poincaré-Friedrichs’ type inequality) and the
new theory for the Fortin-interpolation operator. The J#;, ellipticity is one of the two critical conditions
(the other is the Inf-Sup condition) for the well-posedness and the optimal convergence for the mixed finite
element method, while the Fortin operator is fundamental in the edge finite element method, as is well-
known. These two theories generalize the existing ones to cover those problems whose solutions may have
very low regularity. In fact, they are established only under the regular-singular decomposition assumption.
Such assumption is true for general domains and does not depend on the material properties occupying
the domain and the topology of the domain. Numerical results have been presented in three-dimensional
cases to illustrate the method and confirm the theory in this paper. Moreover, the proposed §-regularization
method numerically appears to cover the interface problem with high contrast/ratio material coefficients
across material subdomains, although we did not have the theory for this situation. These have justified
the capability of the d-regularization method in dealing with divergence-free constraint. Meanwhile, these
have exhibited the potential to deal with the discontinuous materials of high contrast/ratio among different
material subdomains.
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We should point out that although the proposed §-regularization method is developed, analyzed and
performed for the model problem in (1.1)-(1.4), but, in actual fact, it can cover a number of models on
computational electromagnetism. To illustrate this point, for example, let us consider the following problem:
to find v and p such that

curl p teurlu+ acu+e,Vp=f, diveu=g¢g inQ, uxn=0, p=0 ondQ,

where « is a given real number which may arise from either the time-discretization problems of the time-
dependent Maxwell’s equations with « inversely proportional to the time-step, or the time-harmonic Maxwell’s
equations with —a amounting to the angular frequency, and €7 is a third material coefficient matrix. Below
we simply show how to apply the proposed d-regularization method to the above problem. This consists of
two stages. We first parallel solve two second-order elliptic problems: to find p* € H}(Q) such that

diveVp*=¢g inQ, p"=0 ondNQ,
and to find p € H(Q) such that
dive;Vp=divf—ag inQ, p=0 on 09,
and then we solve the problem: to find w € Hy(curl; ) N H(div%;e; ) such that
curl g leurlw + aew = F:= f —e;Vp— aeVp*, divew=0 inQ, wxn=0 ondN.

Clearly, we have u = w + Vp*. However, we do not directly solve w. Instead, we solve the following
regularization problem: to find ws such that

curl pteurlws + aews + dews = F inQ, wsxn=0 on OfN.

Noticing that « is known, we choose ¢ so that d + a # 0, and we can analyze this § regularization problem
following the routine from the previous sections. Hence, first simultaneously solving two symmetric, positive
definite problems (second-order elliptic interface problems) in parallel, and then solving a d-regularization
problem, we can obtain the desired solution. In addition, we could generalize the developed theory to those
problems with mixed boundary conditions (i.e., u X n|pr, = 0,eu - n|p, = 0, with I' = I'y UT'3), since the
two fundamental tools in our analysis are now available for mixed boundary conditions, the regular-singular
decomposition [34] and the L? orthogonal decomposition [30].
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