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Abstract

We give the explicit form of the Hylleraas-Breit Transformation in the present
paper, and apply it to the fixed nuclear problems of helium-like ions. Utilizing the
relation between the total angular momentum operator and the energy operator, we can
transfer the six-dimensional Schrodinger equations to three-dimensional forms. For any
given stationary energy state, we give the energy equation or systems of equations and
its variational form in three variables r, 79,0, where 1,79 are the distance between the
two electrons and the nuclear and 6 is the inter-electronic angle. The energy equations
given by G. Breit[2] are special cases in our paper when the angular momentum number
[=0,1.
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G. Breit 7£ 1930 45 Hylleraas 847 (r1, ro, r12)[1] BE%, $#H T —MHHARES: 2], Ff
# HBT, ¥E 87734 Schrodinger 58285 S, P M A =R, AARAE T ARINZIERR
fRrFRREARKAEA, (o MR 2R E T T — ARRocirk (FEM), RA TR 7= 1w
BRI T RE, FFEUS TARIFMRCE [3-7]. {H Breit R —&5r#skiil HBT, R4 A
IR, HEZSCHESE 2, BEERE. 1964 48, A.K.Bhatia f1 A.Temkin[8] &#%, @ HBT
XFF A R R, 531 D B2 A SRR R RS REMER. 15350 T — 4125,
Py Bhatia-Temkin 254 (BTT), hubS 8] T REGHTE E S MBI H R4 ER. (1Y Breit
HHAE, flAdkgd BTT WRMAIBA, X45RH Jacobi MMM RIRKREME J£H, Bhatia fl
Temkin HVH, PAHFRES HEH TR .

M4 T HBT B REFRRER, Rk s ok Ao B A Fi A IE R B R R, 1527 Kk
ABTL—RERESITRE, el TR, U bdiszus], HBT Z2WUAT D, F,---
LRABTHAEASH. EXERE, RITE4HT FEM 44 HBT 3SR TREZMSE R, RITIER
AR T e SRR, XHE RO R R (R R PR R SO FRYE) | (H
MR R AT AE 1, R RRTRR (PA25) SRR (ZES).

BRI FHAL BiRgREALA Rydberg, KERAA Bohr 42 ao, HEICHIE, TMHX R
B A S A% )

§2 Hylleraas-Breit ZHiFIFEE HTE

MR TFRREAET, H Schrodinger 778
A1) — Agtp +Vp = B, (2.1)

sk A = S8+ S8+ 58 (i, i, z) W § MBTERELIRR 0—vyz WL, (ri,0;, 1)
KT 0 ERAER RS (BB TR TGRS, 1 = 1,2.V = =22 - 22 4 - uaige, Z %
ETREAER, 2 = \/rE + 13 — 2rirpcos O HRBTIMEERE, 0 W& 7 W 5 %A,
& H=—A; — N+ V. AEBTHAT M @AEE Y

{[Z(yi%_Ziaiyi)]QHZ(Ziaixi_xiﬁizi)]?HZ(xiaiyi_yiaig:i)]2+l(l+1)}w =0, (2.2)

i=1 i=1 i=1
Hep 1= 0,1, BOVBIANZARSA (0,9, 0), 85 (r,0,6") HaF 1 BEREIRER, 0
0 = 01,0 = b1. & K 11— 2 IE 11— 1o BIIH. FERAIRR, B3 77 WY 02’ B, ELAAL
B ok, oy, 0F TEFARRNIIRIFA A (—cos cos @, sin ¢, sin b cos ¢'), (— cos ' sin ¢/,
—cos ¢, sin @' sin ¢'), (sin@’,0,cos@); 75 7 o—x'y'2" WIERABARH (12,0, T+ ). L (11, 72,0,
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0", ¢, ¢') FF st E, W HBT @ = E:
x1 = rysiné cos ¢,
y; = rysin@ sin ¢,

21 =ricosf,

(2.3)
Ty = ro(sin f cos §' cos ¢ cos ¢’ — sin B sin ¢ sin ¢’ + cos Osin &' cos @),
Yo = r2(sin B cos B’ cos ¢ sin ¢’ + sin O sin ¢ cos ¢’ + cos O sin &' sin @),
29 = ro(cosf cos§ — sinfsin 6 cos ¢).
K pimrht vy MR 71, 02, 0f SHAENFR, AIfs-
cos B = cos 6’ cos By + sin 0’ sin 6, cos(ds — ¢P1),
cos By = cosf cos @ — sinfsin @' cos ¢, (2.4)
sin @sin ¢ = sin Oy sin(py — ¢1).
AU (2.3), ATL (2.1),(2.2) 284kl (HBT @ Jacobi i WFHR):
A A
p) - A Ay, (2.5)
1 2
0? 0 1 9? cost 0? 1 02
— ' -2 1 = 2.
[89'2 +ctgl 00’ * sin? @ 02 sin? @' OpO ¢’ * sin? @' ¢’ i+ D=0, (26)
Hrp
1 0, ,00 1 0, ,00 1115.8@/}
L) = r? Ory (r 1(’97“1) 3 ('97“2( ('97“2) (r% + r%)sinﬁfw( 989) Ve,
9 92
A1) = M) + 2019 B (0) + 20 Ba() — 2B5(0) + (et ~ 1) 55
1o 0 i
AQ(w)_mw, By () = ctgh Cos¢w+s ¢8¢89”
o sing 0% N ctgf cos ¢ 0%

Ba(v) = ctgt'sin ¢’a_¢ —cosbag Bs() = S0 5005 T snd 0900

FON SR AT M. = 20, (i — Yiger) = ay M M BySER A B EOR LTI P B
[l —25E&HE, i (2.5) MHE—AERBTHSX ARMB. W PRERAMEE E X TRETH m 2
FIFH, Rl RAR (2.6) W 55 = O WFFH 4RI, b ERIR A MY [8]: D5k =
0,1,-++, ;1 =0,1,--; &t DIt = FF(0") sin* 0’ cos kp, D}~ = FF(0') sin® 0’ sin kop; FF ()
=F(k—1Lk+1+1;k+1;sin® £) Lty (9], oy F) 3k Lair (9], #fTmLl
G )
Cii};l’ = Csin @' FFHH, @7
Cipsin? ' Ff ™ = 2k FF~! — 2k cos 0' FF,
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o Oy = D (2.7), Sl BB, A7

(DY = F)(0), By(DY) = —CioD},
Bi(D]*) = B3(D}") = 4x(D}*) =0,

kC .

By(Df*) = =DV — 2DV, sk > 1w (2.8)
C _

Bo(DF*) = —#Dl(k“)i — EDFTVE sk > 1

| B3(Df*) =0, %4k > 184

&%, =0 ViE=span{Df*, k = 0,1,--- I} HRAT H WAETZER. FARTIN | W
R, ROTTUMEREER: OF = Yok urE(ry, 70, 0) DFE. g o AR (2.5), 1
BE DT g (2.6) R ERLMTR, A (2.8), A
L(uk:t) + [l(l + 1) + k2(6t920 — 1) k® ]uki
: T r2sin?f"
Cl,k:—l(k - 1)(1 - 5k0)ctg9 (k—1)x 2(l€ + 1)2(1 - 5kl)ct99 (k+1)%x
- 2 Uy + 2 Uy
1 1
n Crio—1(1 = 00) (1 4 641) Oul*~D* N 2(k 4+ 1)(1 — ) ulFTV*
r? 00 r? o0

= Eu/™, (2.9)

H oy =1,%F1=7;0;; =0, F 1 # J.

H D)™ = o AR ud™ = 0. MHEAER [ > 0, (2.9) REWAMTH TR, — R

0+ , 1+

w o RmESL (41 AR ((2.9) FTRIRTEREECY k= 0,1, 1) By
B AL wy T up T uy AR, AT TR (k= 1,2, ). SR TRER
7] 4 5 25 [l .

A = cos O, ¥k v =v(ry,ro, u) EX:

ou ou ou
JulP = [ BG4 3+ (7 r3)(1 = ) (G + rrballdradrady

I I
Ui = {0l o) o 3D 1P < oo} U = {0027 o) = 3 12 < o).
k=0 _



IR R B S R R (ubo™, -+ ul®) € UF, #i15

auk:t avk:l: auk:l: avk:t auk:l: avk:t
2,.2 2 2 2 231 ! !
Z/{ Ty Oy +T1T2 Ory Or + (rf+r3)(1 - ) B op

k22 k222 2_1
[r1r2V+l(l+1) g+ T1+ TQ( 1% )] k+, k+

1—p?
Cri—1(k — 1)(1 — 84072 _ 2(k +1)%(1 — 672
~ G (k= 1)( : kO)Wug’“ D e (k +1)%( Zkl)r2ﬂu§k+1)ivfi
V1—p 1—p

PIERE:

—2(k+ 1)(1 = dpy)ra /1 — /ﬂlavai
PWCESIES

— Crp—1(1 — ko) (1 + Sp1 )TN/ 1 — 2 la,u vfi}drldrgdu
=F Z / K22 drydrydp,  Y(v°F, - ulE) € U, (2.10)

k=ko

Mokt ko = 0, #] <+ 75 ko =1, W <.

§3  HEZRSMAF0RL A

AR (2.9) 2 (2.10), BATE AP BISLE T8 TR/ M LB, X e
TR A S B R e E EE/E.

FI A Legendre £k A=K Legendre £ 58 JUTREIIER (9], HEF of #
TE 0 — o'y'2 AARRPIMIT LA 0, BATRTLAEEH]:
1 —cosb

Py(cos0y) = P(cosf') = F(—1,1+ 1;1; 5

) =D, (3.1)

!
— !
Py(cos By) = P(cos ) P(cos ') + 2 Z (é 0+ Z;' PF(cos0)Pf(cos0') cos ko

I
Py(cos §) D)t + Z le -P}'(cos ) Dy (3.2)

k=1
BE—ABTLT s 5, B—OTARTHCY | 975, ZREE THGHIIER, W5 T w5
RS Py(cos 0y) A Py(cos 0,) BIHESAHIR. i (3.1) FI (3.2), RiTHEIZASMHEESCY:
Y= ub DR A A TR (2.9),(2.10) B ¢ + 7 B4~ % [ = 0,1 B,
(2.9) 43-BIA Hy i T 7 R 4L

L") = Buf?, (3.3)



2u)t 2ctgf . 2 Oyt
r? r? “ r2 00

1 1, w™ 20u)t

r2 r_%)sin29 IR

L(ui®) + = Ful*,
(3.4)

— 1+
= Fu,",

Lui™) + (5 + =) —5— = Fu;~ (3.5)

ER=5E1E G.Breit[2] 4@ =1HE.
XU, FrmE, RO HEE 1= 1,2 (iFol, HESTLURMER. Bl
P} (cos 6;) P} (cos 0y) sin(¢y — ¢1) = sin @, sinfy sin(¢y — ¢1) = sinfD] ", (3.6)

UIPQI(COS 01) Pll(COS 02) sin(¢a — ¢1) — U2P11(COS 91)P21(COS 0) sin(py — ¢1)
= (uy cos 0y — ug cos ) sin  sin §' sin ¢
1
= (u; — ugcos ) sinfDY + Uz sin 20sin 0D3 . (3.7)

Brek,  (3.4) REWA p BTERM P S8FTs (3.5) REFE—4p mFM—4 d mFERKN D &
ST BUWELEN, M= 1,2 8, XS (2.9) B« - BB, [, &I
LA A BE R E SRS, EIITRRERA X (2.9) 5 (2.10) M ARRIAMEMR. 4 EERE
&, WETITR, MRESEIREAS Lsnt, n=1,2,--- ; t = s,p,d,- - fIFERE (2.9) 5 (2.10)
FHE < 4 7 B

HATAAMRTI R ET 2 (3.3) A1 (3.4)(FeW. [7]), FHARIMEMAHIREE, W5 EEH*T
FRBEA B, BRIIRE R 1078 — 10 Ta.u.. XWEHHHNARCERER. NIRRT
FH, WEBAHRERR (AE) BTN (ZES) 5 FFE, 4 ry,re — 0 B, HRFGREBTZ.
X, B Hylleraas-Breit SR RICHTETE LR 2 (2.1) Bt Rt g 2
B, (AR AR b B S R R 22 N 7E TSP I

AFETHAERTER (a.u.).
state 1sls 1S 1525 1S 1525 3S 1s2p 3P

exp. | -2.903724377 | -2.1459740457 | -2.17522937824 | -2.13316419078

FEM([7] | -2.903724106 | -2.1459740042 | -2.1752293277 | -2.1331633824
FEM[3] | -2.90326

FEM[4] | -2.9036118 | -2.145960 -2.1752214

FEM[5] | -2.90324

hish A SR SEASE I R H AN B MR R T T 50T T i A i e
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HBT f Jacobi &A1 Jacobi {741z

TEASSCER 5 (2.5) A1 (2.6) et R L HE—ERSHHY, HBT #y Jacobi HMEEEE

R, s J = OCLYL P TR E) o gy S s TR, Bk T =
P o 0 8(’)”1,9,¢,’)”2,9,¢)
(r1, 0, /72,0, 9) TR A R, AT A BR AR, Jacobi 175 %: det(J) = r?rZsinfsinf’;
a(xlﬂylazlaanyQazQ)




TR

4 ! 1 / : /
o _ sin ' cos ¢, % _ —cos 0 cos ¢/, 0 _ _ SH@ ,
%ml 30 . ox1 i 0x1 r1sin @’
8—;2 =0, B = T—(sinqﬁ' sin ¢ — cos 6 cos pcos ¢'),
1 1 1
a¢ ]. . / . / . ! ] . / . /] . !
e m(cosHsmO cos ¢sin @’ + cos @sin ' cos @' sin ¢ cos ¢’ + sin cos ' sin ¢'),
x1  r1sinfsin
/ 1 / /
on =sin# sin¢’, o = —cos @ sin¢’, 9¢' = COS.¢ 7
Oyt oy1 Oy1  risinf
? =0, 68—9 = —l(COSQICOS¢Sin¢I + cos ¢’ sin ¢),
Y1 Y1 71
8¢ 1 . / ! . 12 ] . . / . ! !
Em = m(— cos Bsin @’ cos ¢ cos ¢’ + cos @ sinf’ cos ' sin psin ¢’ — sinfhcos ' cos @),
1 1
O _ ooy 00 _ _sin®’ 00 sinb'cosd  9p _ cosfsinb'sing  O¢' _ Or
0z T 0z r 0z T "0z 71 sinf "0z Oz
0 20 o¢' 0
g = ¢ =0, 2 _ sinf cos 0’ cos ¢ cos ¢’ — sin @ sin psin ¢’ + cos Osin ' cos ¢,
0x9 0x9 0x9 0xa
0 1
887 = 7"_(_ sin @ sin @’ cos ¢' — cos Osin psin ¢’ + cos O cos 0’ cos ¢ cos ¢'),
2 2
1
§7¢ = sinH(COS 6’ sin ¢ cos ¢ + cos psin ¢'),
2 2
/ /
or _ 99 _ 94 _ , Oy _ sin @ cos 0’ cos ¢ sin ¢’ + sin fsin ¢ cos ¢’ + cos @ sin f’ sin ¢,
Oy Oyz Oy Ay
00 1
@ = 7"_(_ sin @ sin @' sin ¢’ + cos Osin ¢ cos ¢ + cos O cos 0’ cos psin @),
2 2
0 1
a—;; = sinH(COS ¢cos ¢’ — cos ' sin psin ¢'),
ory 00 09 Ory P .
(9—z2 = 3—,22 = 3—,22 =0, (9—z2 = cosfcosf —sinfsinf cos @,
00 1 0 in ' si
— = ——(sin@cos 0 + cos @ sin b’ cos ¢), 99 = w
L 029 79 029 79 sin 0
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