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‘We propose a finite element method for the three-dimensional transient incompressible
magnetohydrodynamic equations that ensures exactly divergence-free approximations of
the velocity and the magnetic induction. We employ second-order semi-implicit timestep-
ping, for which we rigorously establish an energy law and, as a consequence, unconditional
stability. We prove unique solvability of the linear systems of equations to be solved in
every timestep. For those we design an efficient preconditioner so that the number of
preconditioned GMRES iterations is uniformly bounded with respect to the number of
degrees of freedom As both meshwidth and timestep size tend to zero, we prove that
the discrete solutions converge to a weak solution of the continuous problem. Finally, by
several numerical experiments, we confirm the predictions of the theory and demonstrate
the efficiency of the preconditioner.
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conditioner; magnetic vector potential; driven cavity flow.
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1. Introduction

The incompressible magnetohydrodynamic (MHD) equations describe the dynamic
behavior of an electrically conducting fluid under the influence of a magnetic field.
They occur in models for, fusion reactor blankets, liquid metal magnetic pumps,
aluminum electrolysis among others (see Refs. [1,26]). MHD is a multi-physics phe-
nomenon: the magnetic field changes the momentum of the fluid through the Lorenz
force, and conversely, the conducting fluid influences the magnetic field through elec-
tric currents. In this way multiple physical fields, such as the velocity, the pressure,
and the electromagnetic fields, are coupled.

In this paper, we study the incompressible MHD equations in a bounded domain
2 C R? with connected boundary. They comprise the incompressible Navier-Stokes
equations and the magnetoquasistatic Maxwell’s equations

ou

E+(u~V)u+Vp—vAu—J><B:f in Q, (1.1a)
%—? +curlE=0 in Q, (1.1b)

curlH =J in Q, (1.1c)

divu =0, divB =0 in Q, (1.1d)

where u is the fluid velocity, p is the hydrodynamic pressure, FE is the electric
field, H is the magnetic field, B is the magnetic induction, J is the electric cur-
rent density, and f € L*(Q) stands for external force. The equations in (1.1) are
complemented with the following constitutive equation and Ohm’s law

B =pH, J=0(E+uxB). (1.2)

The physical parameters are, respectively, the kinematic viscosity v, the magnetic
permeability u, and the electric conductivity o. For the well-posedness of (1.1) and
(1.2), we assume the following initial and boundary conditions

u(0) =wuy, B(0)= By in Q,

(1.3)
u =0, Exn=0 on I':=09.

Numerical methods for incompressible MHD equations have been studied widely.
For the stationary model, we refer to Refs. [10,15,16,31] for stabilized and mixed
finite element methods. In Ref. [16], the authors proved optimal error estimates
for H'(Q)-conforming finite element approximations both to velocity w and mag-
netic induction B in either convex polyhedra or domains with C'''!-smooth bound-
aries. It is well-known that B may not be in H 1(Q) in general Lipschitz domains
which are not convex. In Ref. [31], Schotzau proved the well-posedness of station-
ary MHD equations and studied a mixed finite element method which discretizes u
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with H'(Q)-conforming finite elements and B with H (curl, Q)-conforming finite
elements. The mixed finite element method yields a discrete magnetic induction
By, which is weakly divergence free, that is, B}, is orthogonal to all discrete gra-
dient fields. In Ref. [14], Greif, Li, Schotzau, and Wei extended the framework by
focusing on the conservation of mass, namely, divu = 0. They proposed a mixed
discontinuous Galerkin (DG) finite element method for the stationary MHD model
and discretized v in an H (div, Q)-conforming finite element space. The merit of
the method is that the discrete velocity satisfies divuy, = 0 exactly. In Ref. [30]
A. Prohl proved the convergence of discrete solutions for time-dependent MHD
equations where B is descretized with H (curl, )-conforming edge elements.

In recent years, exactly divergence-free approximations for B have attracted
more and more interest in the context of spatial discretization of the time-dependent
MHD equations. We would like to mention a simulation code for fusion reactor blan-
kets (cf. Refs. [1,2]) and the current density-conservative finite volume methods of
Ni et al. for the inductionless MHD model on both structured and unstructured
grids (cf. Refs. [28,29,35,38]). These methods are efficient for high Hartmann num-
bers and have been validated by experimental results. In Ref. [21], in contrast to
most existing approaches that eliminate the electrical field variable E and give a
direct discretization of the magnetic field, the authors discretize the electric field
E by Nédélec’s edge elements and discretize the magnetic induction B by Raviart-
Thomas face elements. In this way, div B, = 0 is ensured exactly for the discrete
solution. In Ref. [22], they also propose a robust preconditioner for solving the
discrete problem.

The main objective of this paper is to propose a new mized DG finite element
method for solving (1.1). Inspired by Ref. [14], we approximate the velocity u by
H (div, Q)-conforming finite elements and the pressure p by fully discontinuous finite
elements. As a result, the conservation of mass is satisfied exactly on the discrete
level, that is, div wj, = 0 holds in strong sense. The divergence-free property of B is
realized by means of a magnetic vector potential. Instead of solving for B, we solve
for the magnetic vector potential A such that

curl A = B, E:f%.
ot
Approximating the magnetic vector potential by H (curl, Q)-conforming edge ele-
ments and defining By, = curl A, we find that div B, = 0 holds naturally. Thus
our mixed finite element method is fully divergence-free in the sense that both the

discrete velocity and the discrete magnetic induction satisfy exactly
div up = 0, div Bh =0.

To establish the convergence of discrete solutions, we follow Ref. [30] and show
the existence subsequences of discrete solutions which converge weakly to the exact
solutions (u, A) as the meshwidth A and timestep 7 tend to zero. These convergence
results do not hinge on any assumptions about the regularity of solutions. Moreover,
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as a by-product we obtain is the existence of weak solutions of the MHD evolution
problem. The proof of convergence rates for the discrete solutions requires to assume
higher regularity of the true solutions and is fairly technical (cf. [18,30,36] for finite
element approximations of the B-based MHD formulation). It is not covered in this
manuscript.

The second objective of the paper is to propose an efficient solver for the systems
of equations faced in every timestep. In the spirit of semi-implicit timestepping we
pursue a linearization at ¢, by extrapolating the discrete solutions from ¢, _; and
tn—2. Thus we need only solve linear systems of equations at each time step. Exis-
tence and uniqueness of their solutions can be shown and a discrete energy law holds
for the fully discrete scheme. Numerical experiments reveal that the extrapolated
scheme is second order in time. Both properties imply that the proposed method is
stable and efficient for long-time simulation of MHD problems.

We also propose a preconditioner for solving the linear systems of equations in
each timestep. The optimality of the preconditioner is verified numerically with re-
spect to the number of degrees of freedom (DOFs). Extensive numerical experiments
are presented to verify the convergence rate of the mixed finite element method and
the optimality of the preconditioner, to demonstrate the competitive performance of
the linear extrapolated scheme, and to validate the A-based MHD formulation for
an engineering benchmark problem. Furthermore, our numerical results well match
the two-dimensional simulations for a driven cavity flow in Ref. [23].

The paper is organized as follows: In Section 2, we introduce the MHD model
which relies on the velocity, the pressure, and the vector magnetic potential as
unknowns. A weak formulation is proposed and an energy law of for its solutions
is established. In Section 3, we propose a fully discrete mixed DG finite element
method for solving the weak MHD formulation using the extrapolation of the solu-
tions from previous time steps. The energy law for the discrete solutions is shown.
In Section 4, we prove that, in the sense of extracted subsequences, the discrete
solutions converge to (u, A) which satisfy the continuous MHD equations in weak
sense. Consequently, we have actually proven the existence of weak solutions. In
Section 5, we introduce a preconditioned GMRES algorithm for solving the discrete
problems. In Section 6, we present five numerical experiments to test the predictions
of the theory and to demonstrate the competitive performance of the MHD solver.

2. A weak formulation of the MHD model

The purpose of this section is to derive a weak formulation of the MHD system
(1.1) based on the vector magnetic potential. An energy law for the solutions is
also proven. Throughout the paper, we assume that Q C R? is a bounded, simply-
connected, and Lipschitz polyhedral domain with boundary I' = 9. For simplicity,
we assume that the density of fluid p = 1 and the physical parameters p, o, v are
positive constants. Moreover, vector-valued quantities will be denoted by boldface
notations, such as L(Q) := (L?(Q))3.
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Let L?(Q2) be the space of square-integrable functions and let its inner product
and norm be denoted by

(u,v) := /Q v, ull L2 gy = (u, u) /2.

We shall also use the usual Hilbert spaces like H(2), H(curl,Q), H(div,Q) and
their subspaces H}(Q), Ho(curl,Q), Hy(div,Q) with vanishing traces, vanishing
tangential traces, and vanishing normal traces on I" respectively. We refer to Chap-
ter 3 in Ref. [25] for their definitions and inner products. The subspaces of curl-free
functions and divergence-free functions are denoted by

H(div0,Q) := {v € H(div,Q) : dive =0},
H(div0,Q) := {v € Hy(div,Q) : dive = 0}.

Since div B = 0, we can introduce a magnetic vector potential A and write

A
E:—a—7 B =curlA in Q, (2.1)
ot
where the temporal gauge is adopted for convenience. With the abbreviations d,u =
0 0A
8—1; and ;A = e (1.1) can be written as follows

ou+ (u-Vu+Vp—vAu—J xcurlA=f in
divu =0 in

0 (0;A+curl Axu)+curly 'curl A =0 in
—0(0tA+curlAxu)=J in

Q0202

=2

Using (1.3) and (2.1), it suffices to set the initial condition for A by solving the
static problem

curl Ag = By, divAg=0 in Q, (2.3)
Aygxn=0 on I.

The boundary condition for A can be obtained by combining (1.3) and (2.1)
¢
Axn:onn—/(Exn):O on I
0

For simplicity, let Uy, By, Lo be the characteristic quantities for velocity, mag-
netic induction, and the length of the system respectively. We introduce the follow-
ing scalings

CE(—SB/LQ, t(—tUo/Lo, A(—A/(B()Lo),
u s u/Up, p<p/Us,  f fLo/Us.
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Then, the MHD system can be written in a dimensionless form

du+u-Vu+Vp— R 'Au—rkJ xcurl A= f in Q,
diveu =0 in Q,
OtA+curlAxu+ R 'curlcurlA=0 in Q, (2.5¢
—0tA —curlAxu=J in Q,
u(0) =ug, A(0)=Ay in Q,
u=0, Axn=0 on T,

Now we derive a weak formulation of (2.5). For the sake of brevity, we introduce
some notations for function spaces

V= H}(Q), V(div0) := V N H(div0,Q),
C := Hy(curl,Q), C(div0) := C N H(div0, ).

Multiply both sides of (2.5a) with v € V(div0). Using integration by parts and
noting that v =0 on I', we have

(Opu +u - Vu — kJ x curl A, v) + R, (Vu, Vo) = (f,v).

Substituting (2.5d) into the above equality, we get

1
(Oiu 4+ u - Vu,v) + k(0;A + curl A X u,curl A x v) + R—(Vu,Vv) = (f,v).

Multiplying both sides of (2.5¢) with ¢ € C and integrating by part, we have

1
(Ot A+ curl A x u, ) + Rf(curlA, curlp) = 0.

m

With the abbreviations
O(w;u,v) := (w-V)u,v), A(v,w):=R;'(Vv,Vw), u,v,wcV,

the desired weak formulation of (2.5) reads:

Find w € L*(0,T; V(div0)) n W' (0,T; V(div0)’) and A € W' (0,T; C) such
that w(0) = ug, A(0) = Ao, and
(O, v) + O(u; u,v) + A(u,v) + £(0: A + curl A x u, curl A x v)
=(f,v) Vv e V(div0), (2.6a)
(0t A + curl A x u, ) + R, (curl A, curlp) = 0 Voel, (2.6b)

where r > 1 is a constant depending only on 2. The existence of the solutions to
problem (2.6) will be discussed in Section 4.



Divergence-free FEM for MHD equations 7

Theorem 2.1. Let (u, A) be the solutions of (2.6) and define
B :=curl A, J:=—-0,A— B X u.
Assume A € H*(0,T; L*(Q)) and B x u € L*(0,T; L*()). The energy law
T T
E(T)+ [ Pl =EO)+ [ (fua
0 0

holds, where

2 2
E(t) == 3 ||u(t)||L2(s2z) + 5h B<t)H2L2(Q) )
P(t) := 7 [IVu®)lz2(q) + K IIT )220 -

Proof. Since 9;A, B x u € L*(0,T; L*(R2)), we have J € L*(0,T; L*(Q)). Taking
¢ = 0:A in (2.6b), we have

1 d

2R, dt

For any w € V(div0), since divw = 0, direct calculations show that

/Q(w'v)u'vz—/ﬂ(w-V)v-u Yov e Hi(Q).

This means that O(w;u,u) = 0. Taking v = u in (2.6a) shows that

I1Bll72(0) = (J,0:A) = = [T |[720) = (J. B x u) . (2.7)

1d 1
Sd HUH2L2(Q) —k(J, B xu)+ R HVUH%}(Q) = (f,u). (2.8)
Substituting (2.7) into (2.8) yields
1d 2 k d 2 2 1 2
5z 1ullzege) + R QU 1Bz + £ 1122 0) + R IVulz2(q) = (f,w).
Integrating both sides over (0,7 yields the lemma. |

Remark 2.1. The energy law describes the variation of the total energy caused
by energy conversion and the work of external forces. The total energy E consists
of the fluid kinetic energy % ||u||iz(m and the magnetic field energy 57— ||B||iz(9).
The dissipation of E stems from the friction losses R ! HVu||2LQ(Q) and the Ohmic

losses & ||J ||iz(ﬂ). The energy supply from external force is represented by (f,u).

3. An interior-penalty finite element method

In this section, we study the fully discrete approximation of the MHD equations. The
velocity u will be discretized by H (div, Q)-conforming finite elements with interior
penalties in a DG-type approach. This is inspired by Ref. [14], which presents an
interior-penalty finite element method for the B-based formulation of stationary
MHD model.
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3.1. Finite element spaces

Let 7, be a shape-regular tetrahedral triangulation of 2 and let Fj be the set
of all element faces of 7,. We introduce the space of discontinuous 7,-piecewise
polynomials,

D (T) :={v € L*(Q) : v|x € Pp(K), K € Tp},

where P,,(K) is the space of polynomials with degrees < m. The H(div,2)- and
H (curl, )-conforming piecewise linear finite element spaces are defined as follows,
c.f. Refs. [27,34]:

Vi, ={v e Hy(div,Q) : v|g € P1(K), K € T},
Cy ={v e Hy(cur,Q) :v|g € P1(K), K € Tp}.
For convenience, we denote the divergence-free subspace of Vj, as follows
Vi(div0) := V,, N H(div 0, ).

We use the customary notations in the field of discontinuous Galerkin (DG)
methods: We endow each F' € F; with a unit normal np which points to the
exterior of () when F' C I'. For any interior face F' € Fj, let K, K_ be two
adjacent elements of T, such that F' = 0K, NK_ € F;,. We always assume that ng
points to the exterior of K. Let ¢ be a scalar-, vector-, or matrix-valued function
which is piecewise smooth over T,. The mean value and jump of ¢ on F' are defined
respectively by

{e} = (s +v-)/2, [ol =0+ —¢p- on F,

where ¢4 denote the traces of ¢ on F' from inside of K4 respectively. For any face
F =0K, NT, the mean value and the jump of ¢ on F' are defined by

{w} =lel =9+ on F

‘We shall use the discrete semi-norm and norms
1

1
2 2
lelly.p = (Z hp! |wiz<F>> el = (Z |wnim) :

FeFy, KeTy

1
2 2 2
el = (el + 1Tl ) -

Lemma 3.1 (Poincdre’s inequality). For any 1 < p <6, there exists a constant
C(p) > 0 independent of the meshwidth such that

[llLo) < C@ 0l Yo € Di(Th) - (3.1)

Proof. The inequality is proven for two-dimensional case in Lemma 6.2 of Ref. [13].
In fact, a careful inspection of its proof shows that it also applies to three-
dimensional case. We do not elaborate on the details. For p = 2, we also refer
to Refs. [4,7]. O
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The discrete counterparts of the bilinear and trilinear forms are defined by

Anlu,0) = - Z/Vu Vot > hi /[[u]] [v]

KeTy ¢ FeFn

A U M)
On(w;u,v) = Z/u div(w ® v) + Z/ w-ng) (utv),

KeTy, KeTy,
where o > 0 is the penalty parameter independent of the mesh, n g is the unit outer
normal of 0K, hr is the diameter of F, and u' denotes the upwind convective flux
defined by Refs. [9, 14]

ut(z) = Jim u(z —ew(z)), =€ IR\,
0 xcIoKNT.
The following lemma states that Ap(-,-) is coercive on D, (Ty).

Lemma 3.2. Suppose « is large enough but independent of hp and R.. Then there
is a constant 61 > 0 independent of hp and R, such that

ReAn(vn,v) > 01 |Jonlls,  Von € Do(T).
Proof. The proof is standard. We present it here for completeness. By the norm

equivalence on finite dimensional space (cf. Lemma A.6 in Ref. [13]), there exists a
constant C; independent of hr such that

hrp ||V’Uh||2Lz(F) <Oy ||V”h\|2L2(KF) VE € Fh,
where Kr € Ty, satisfies ' C 0K r. Therefore

Redn(on,vn) = [oal?, + a | oal |2, — 2 Z/{{a”h}} [on]

FeF,
> [onlt, + (@ = 20F) [[[vnl g, — 20 > e VR Le
FeFp
> 2 fonl s+ (=200 [l
We complete the proof by setting o > 2C? and 6y := min(1/2,a — 2C%). O

Lemma 3.2 states that Ap(-,-) provides an equivalent norm on D,,(7):
lvnll 4, == V/An(vh,vh).
We shall also use the space of piecewise regular functions

H'(Ty) = {veL*(Q): v|x € H(K), K€ Ty}.
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We cite Ref. [9] for the following lemma on the positivity and continuity of the
trilinear form Oj,. The proof is omitted here.

Lemma 3.3. Let w,w, € H'(7;,) N H(div0,Q) and v € D,,(T;,). Then
1
Oh(w;vvv):§ Z w - n||[v]]* .
FeFy r

Furthermore, for any w € H(Q)+ D,,(Th), there exists a constant Cy independent
of the meshwidth such that

|On(w; w,v) = Op(wi;u,v)| < Co [lw —willy y [ully, 1ol

3.2. A semi-itmplicit time-stepping scheme

Now we study the fully discrete approximation to the MHD problem. Let {t, =
nt: n=20,1,--- , N}, 7 = T/N, be an equidistant partition of the time interval
[0,T]. For a sequence of functions {v,}, we define the backward difference operator
and mean values by

1
(vn - Un—l)a 'Dn = §(vn + vn—1)7 (32)

Fim g [F(0) + 4t 1y2) + £t

Let up € V(div0), Ay € C}, be quasi-interpolations of the initial conditions wug
and Ag respectively (cf. e.g. Ref. [20]).
The Crank-Nicolson scheme for the fully discrete approximation of (2.6) reads:

Find (un, A,) € Vi, (div0) x Cp, n > 1, such that
(5tuna ’U) + Oh(ﬁn; ﬁna ’U) + -Ah(ﬁna ’U)
+ k(8 A, + B, X 0,, B, xv) = (£,,,v) VYo € V,y(div0), (3.3a)
(5tAn +B, x i, c) + R;}(curl A, curle) = 0 VeeCh, (3.3b)

where B,, = curl A,,. It is well-known that the Crank-Nicolson scheme is of second
order with respect to 7.

The discrete problem is nonlinear and expensive to solve at each time step. Thus,
inspired by Refs. [3,37], we resort to the linearly extrapolated solutions

1 1 1
ufl = 5(311»,1,1 - llnfg), B:L = 5(3Bn,1 - Bn,Q) = 5 curl(3An,1 - An,Q).
The truncation errors for the above approximations are of second order. For any
smooth function v, let @, = [v(tyn) + v(tn-1)]/2 and v} = [Bv(tn—1) — V(tn—2)]/2. It

is easy to see

*

v — T = %[U(tn_g) +u(tn) — 20(t,—1)] = vtt(tn_1)72 + 0(73). (3.4)
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For n = 1, we define u] = up and B} = curl Ay. We linearize the nonlinear

terms in (3.3) by replacing @,, B, with uf and B} respectively. We arrive at the
semi-implicit time-stepping scheme for (2.6):

Find (u,,A,) € V;(div0) x Cp, n > 1, such that

(6tu7l7 'U) + Oh(u:p ﬁnv ’U) + Ah(ﬁna 'U)

+ k(0:A, + Bl x1,,B! xv)=(f,,v) VYveV,(div0), (3.5a)

n’

1 ~
(0:A, + B xa,,c)+ R—(curl A, ,curle) =0 VeceCy. (3.5b)

m

Theorem 3.1. The discrete problem (3.5) has a unique solution in each time
step. The discrete energy law
E, —E.- _
T 4Py = (f ) Y21, (3.6)
-

holds, where

1 2 K 2
En = 5 ||unHL2(Q) + R, chrlAnHLQ(Q) )

_ 2 1 * — 2 * — 2
Pr = ”unHAh + 5 Z luy, - nl|[@] [ + £ (|6 A + By, x unHLZ(Q) :
FeF, ' F

Proof. We first prove the discrete energy law. Let J,, := —0:A,, — B* x u,, be the
discrete electric current density. Taking v = u,, in (3.5a) yields

(0pup, y) + Op(u); Uy, 0y) + Ap (T, ) = £ (I, B, X 0y) + (f . 00).  (3.7)

Since u} € V;,(div0), from Lemma 3.3 we have

o o 1 . _
Onfuiii i) = 5 30 [ ui ol

FeFn
Furthermore, by taking ¢ = 6;A,, in (3.5b), we find that

1 X _ -
o (curl A, curl §,A,,) = (I, 01A,) = =T, B), x ) = 57" [ Tn| 720 -

m

It follows that

1 _
(J,., Bl x1,)=—r" ||Jn||2LQ(Q) R (curl A, curl§,A,) . (3.8)

By direct calculations, we obtain the identities
_ 1 2 2
(Orua,8) = o= (InlZagey = In- ey ) -
_ 1
(curl A, curl§,A,) = > (||curl An||iz(9) — |jcurl An,1||iz(ﬂ)) .

Inserting (3.8) and the above identities into (3.7) yields (3.6).
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To prove the well-posedness of (3.5), we write ¥,, = (ii,, A,,) and consider an
equivalent form of (3.5): Find ¥,, € V;,(div0) x C}, such that
a(T,, ®) = f(®) V& e Vi(div0) x Ch. (3.9)

For any ¥ = (w,a), ® = (v,c) with w,v € V(div0) and a, c € C}, the bilinear
form and the right-hand side are defined by

r (curla,curle) (3.10)

TIvm

2
a(¥,®) = - (w,v) + Op(u);w,v) + Ap(w,v) +
2 * 2 *
+Krk|-a+B, xw,-c+B,, xv]),
T T
2 2 2
f(®) := (fn + unl,v> + K (Anl, —c+ B x ’U) .
T T T
It is easy to see that

2K

2 2 2 2
]| = ( 0120y + ol + o lourl el oy +

1
2 2
L2(9)>

provides a norm on Vi (div0) x C}. From Lemma 3.3, Oy, (u;kl; v, v) >0 and

2
“c+B xwv
T + B

a(®,®) > ||®|° V®e Vi(divo)x C .

Therefore, the bilinear form a(-,-) is coercive on Vi, (div0) x C},.
By Schwarz’s inequality, we find that

(¥, @) < [[ ([ [[®[ + |On(us; w, )]
From Lemma 3.3 and Lemma 3.2, we have
0w () w,v)| < Colluy |y 1wl 0ll, < CobTRE? sl wlla, 0] 4, -
This implies the continuity of a(:,-), namely,
a(®, @) < (14 Cot2R [, ) N2
By the Lax-Milgram lemma, the linear problem (3.9) has a unique solution. O
Remark 3.1. The discrete energy law can be understood similarly as in Re-

mark 2.1. For the discrete scheme, the tangential discontinuity of the velocity also
introduces a dissipative term due to the upwind flux.

Corollary 3.1. There exists a constant C' > 0 depending only on physical pa-
rameters such that

1 m m 5
Em+§ZTPn§E0+CZT||anL2(Q), 1<m<N.

n=1 n=1
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Proof. From Theorem 3.1 we know that

E, — E,.— _
71+Pn:(fn,un) Vn > 1.
u

Summing the above equality with respect ton =1,--- ,m, we have
Em+ Y 7Pn=Eo+ Y 7(f, ). (3.11)
n=1 n=1

Similarly, by Lemma 3.1 and Lemma 3.2, we have

[(Fo )l < 1Fall g2y 8l z2gey < C 1 Fulliaey I8alLa,

2 1 — 2
< c ||anL2(Q) + 5 Hun”Ah .

Summing all the equalities with respect ton =1,--- ,m yields
m m 1 m
_ 2
Do r(Futta) SO TN ullzae) + 5 D 7Pa (3.12)
n=1 n=1 n=1
The proof is completed by inserting (3.12) into (3.11). ]

4. Convergence of discrete solutions

The purpose of this section is to prove the convergence of discrete solutions as
h, 7 — 0. For simplicity, we shall first fix the timestep 7 and let the meshwidth A tend
to zero. This will yield a semi-discrete model of the MHD equations. Next we shall
let 7 — 0 and prove the convergence of the semi-discrete solutions. Since we only
use the stability of discrete solutions in (3.1) without any additional assumptions,
the convergence of discrete solutions is obtained only for an extracted subsequence
instead of the whole sequence (u,, A,,). The idea of this part is borrowed from [30]
where the B-based MHD formulation is studied and the velocity w is discretized
by continuous finite elements.

Without loss of generality, let 73 < T3 < -+- < T < --- be a quasi-uniform

and shape-regular sequence of meshes of 2 such that klim hiy = 0 and Tiyq is a
— 00

refinement of 7. To specify the dependency of discrete solutions on 7, we endow
them with a superscript and write u;’“) = u,, B%k) := B, and Aglk) = A,
Without specifications, [|vgl|, ;, will denote the discrete norm of vy € Dy (7k) on
the mesh 7. The same principle also applies to ||, ,, Ax, Oy etc. Throughout this
ul®

section, in the case of sequences such as and A% ), we retain the same notation

even after extracting subsequences.
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o0
Theorem 4.1. There are subsequences of discrete solutions {(u%k),A%k))}

k=1
and a pair of functions (U, Ay,) € V(div0) x C such that for k — oo

u'P - Uy, strongly in L*(Q),
AP 4, weakly in L3/*(9),

B - B, =curl A, strongly in L*(Q),
Moreover, the limits satisfy, for any (v,¢) € V(div0) x C,
(04w, v) + O(U); U, v) + A(tiy, v) — k (845 + B, X Up, Bl x v) = (f,,,v),
(6:A, + Bj, X iy, ¢) + R;," (curl 4, curle) =0,
where

Uy, = (un + un—l)/27 u: = (3un—1 - un—2>/2a

A, =(Ap+A,1)/2, B =(3B,_1— B, 5)/2

Next, to study the convergence of u,, A, as 7 — 0, we define interpolants of
semi-discrete functions in time by

wr (1) = Ut 1 + [1— 1),
A(t) = L) Ap 1+ [1— ()] An,  TEE [tuo1,tn),
fr(t> =fn

where [(t) = (t, —t)/7 and 1 < n < N. Now we can state the main theorem of this
section.

Theorem 4.2. Assume lin% 1f+ = Ffllr27.02()) = 0- Then there is a subse-
T— o

quence of semi-discrete solutions (u,, A;) such that
u; =~ u  weakly in L*(0,T;V(div0)),
A, — A weakly in WV(0,T;C).

Moreover, the limits (u, A) are solutions to problem (2.6).

The main purpose of this section is to prove Theorem 4.1 and Theorem 4.2.
Their proofs will be elaborated in Subsection 4.1 and Subsection 4.2 respectively.

Remark 4.1. Theorem 4.2, actually proves the existence of weak solutions to the
continuous problem (2.6). Since we are only interested in numerical solutions, the
uniqueness of solutions is very difficult for general initial values and right-hand sides
and is beyond the scope of this paper. We refer to [14] for the discussions of the
B-based MHD formulation.
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4.1. Proof of Theorem 4.1

The proof of Theorem 4.1 will be given at the end of this subsection. We start by
introducing the subspaces

X := H(curl,Q) N Hy(div,Q), X, := Hy(curl, Q) N H(div,Q),

which are equipped with the following norm

9 . 9 1/2
lollx, = olx, = (leurlo]2s 0, + |divolZ.,

Clearly C(div0) := Ho(curl, Q)N H (div0,Q) C X,,. By Theorem 3.50 of Ref. [25],
we have the compact injections with a constant s > 1/2 depending only on

X, —>— H(Q), X, —— H*(Q), (4.1)

and for any v € X; orv € X,

9]l gy < C (||curl'vHLz(Q) + HdivaLg(Q)) . (4.2)

Let Vi, Vi (div0), C}, denote the finite element spaces V5, V1, (div0), and C},
on T respectively. In addition we write

Ln(Th) :={v e HY(Q) :v|g € Pu(K),K € Tp,}

for the Lagrangian finite element space of polynomial degree m. The weakly
divergence-free subspace of C is defined by

Ck(diVO) = {'wh cCy: (wh,Vvh) =0, Yo, € L2(7_];-) ﬂH&(Q)} .

Since we assume that the boundary of €2 is connected, by the discrete Poincaré-
Friedrichs inequality [19, Theorem 4.7], there is a constant C' > 0 depending only
on (2 and the shape regularity of 7 such that

||wh||L2(Q) S C chrl’wth(Q) th c Ck(dlv 0) (43)

Let P: L*(Q) — VH(Q) and Px: L*(Q) — V [Lo(Ti) N HE(Q)] be the L?(Q)-
orthogonal projections and define Q :=7 — P, Qp, := T — Pj. Obviously, we have

Let aSZ” = Oy (A%’“)) be the weakly divergence-free component of A%k). Then
Bg“) = curl Aglk) = curl aglk).

Since Ay € C(div0), we assume A(()k) = a(()k) € C(div0) without loss of generality.

Lemma 4.1. Suppose the initial conditions satisfy lim Ha(()k) — AOH =0
k—o0 H(curl,Q)
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(1) There are functions (un,a,) € V(div0) x C(div0) and a subsequence of

(ugbk), aﬁf)) such that, as k — oo,

ul® — w, strongly in L*(Q),
a;’“ — a, strongly in C,
J®) g, =—ba, — QB x@,) weakly in L*(Q),
where B} = (3B,,_1 — B,_2)/2 and B,, = curla,,.
(2) Write @, = (an + an—1)/2. The limits satisfy the weak formulation

Ry, (Jn,c) + (curla,,curle) =0 VeceC. (4.4)

Lemma 4.2. Let u,, B,,J, be the limits of qu), B%’“), ngk) and define uw} =
(Bup—1 — Un—2)/2. Then for any v € V(div0),

(64un, v) + O(ty; T, v) + ATy, v) — K (T, By, x v) = (f,,,v). (4.5)

The proofs of Lemma 4.1 and Lemma 4.2 are given in Appendix B. Now we are
in a position to prove Theorem 4.1.

Proof of Theorem 4.1. By Schwarz’s inequality and Lemma 3.1, we have

ak)

U ak)

n

HB;(k) % @®)

mn

<[[B:)
32 — 1"

< B
Lo — 1"

‘ <C.

L2(Q) ‘ L2(Q) ‘ 1,h

There exists a subsequence such that
B:® xa® ~ B, xu, weaklyin L3?(0).

The boundedness of J Elk) implies that 5tA£Lk) are also bounded in L*/ 2(9) Consider
the L?(Q)-orthogonal decomposition

AP =alf) + v, vl € Ly(Ti) N HY(Q).
By Lemma 4.1, a&’“) converges strongly to a,, in C. We find that
z/JT(Lk) — 1, weakly in WS’S/Q(Q).
Collecting these facts yields
Jn = —=0t(an + Vi) — Bl X uy,.
Since B} x u,, € L*(Q) by (B.10), we also have A,, := a,, + V¢, € L*(Q). Then
(4.4) implies

1 _
(6:A, + B}, xﬂn,c)—l-R— (curlAn,curlc) =0 VeeC.

m

Then Theorem 4.1 follows from the above equation and (4.5). g
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4.2. Proof of Theorem 4.2

The proof of Theorem 4.2 will be given at the end of this subsection. For convenience,
we define the piecewise linear interpolant of a,, by

a,(t) =1(t)an—1+[1 —1(t)]a, Vit € [tn1,tn)
Define piecewise constant functions in the time variable by
U, (t) =y, ar(t)=a,, ul(t)=wu),, Bi(t)=B, Vit € [tn-1,tn)-
Moreover, we shall also use the interpolated magnetic inductions and current density
B, =curla,, B,=curla,, J,=-0a,— Q(B! x,).

From (4.4) and (4.5), we know that (u,,a,) satisfy

(Orur,v) + O(ul;tr,v) + Atr,v) — k (I, Br xv) = (f,,v), (4.6a)

R, (J-,¢)+ (curla,,curle) =0, (4.6b)
for all v € V(div0) and ¢ € C(div0).

Lemma 4.3. Let s > 1/2 be the constant in (4.1) and define r = 8s/(2s+3) > 1.
There is a constant C > 0 independent of T such that for all timesteps T

lwrll oo o,7:02(0)) + 1@ llL2 011 (0)) € (4.7)
larlle=o.r:x,) + 1BrllL20rx,) + 197l L20.1:22(0)) <O (4.8)
10car|| 0,12 (0)) T I1B7 X Urllpr(o.7502(0)) < C- (4.9)

Proof. By the assumption of Theorem 4.2, {f.} is bounded in L*(0,T; L*(Q)).
By arguments similar to the proof of Theorem 2.1, we obtain (4.7) and
2
B+l 0,7:02(0)) + 17 llz200,7:22(0)) < C-
Since diva, = 0, we have
larllze(orx,) < Clleurlar|l = r.r2() < C.
Similarly, since div B, = 0, we have
||BTHL2(O,T;Xt) <C ||cur1BT||L2(O,T;L2(Q)) <C ||JT||L2(O,T;L2(Q)) <C.

From (B.9) of Appendix B, we have B}, € L() for ¢ = 6/(3 —2s) > 3, that is,
B} € LY(Q). Note that r =2(¢—2)/(¢—1) and ' :=7/(r — 1) =2(¢ —2)/(q — 3).
For any v € L" (0,T; L*(Q)), using Lemma 4.3 and Schwarz’s inequality, we have

T T
/0 (B2 % )| < / 1B ooy e s 1902 o

T
* -3 —2 *111/(g—2 _
<cC / 1B o 2 1B ey 18l g 0y 191l 20

«1/r _
<C chrlBTHLQ(O,T;Lz(Q)) ||UTHLT’(0,T;H1(Q)) HUHL?(O,T;L?(Q))

< Clollp orize ) - (4.10)
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This means that B¥ x @, are uniformly bounded in L"(0,T; L*(Q)). The bound-
edness of d;a, follows from the boundedness of J, and B X .. O

Now we quote from Lemma 2.8 of Ref. [11] the following lemma on compact
injections of Bochner spaces.

Lemma 4.4. Let B be a Banach space and By, By be two reflexive Banach spaces.
Assume By C B with compact injection and B C By with continuous injection.
Then, for any 1 < pg,p1 < 400, the following embedding is compact

{ve LP(0,T;By): 0w € LP*(0,T;B1)} C L*(0,T; B).

Lemma 4.5. There are subsequences of u,, a, such that for 7 — 0

U, — U weakly in L*(0,T;V (div0)),
a-—a weakly* in L*(0,T; C(div0)),
B, — B :=curla strongly in L*(0,T; H*(2)),
B x4, —~Bxu weakly in L"(0,T; L*(Q)),

J, —~J:=-0a—Q(B xu) weakly in L*(0,T;L*(Q)).
Moreover, the limits satisfy

(curla,curlc) = Ry, (J, ¢) VeeC. (4.11)

Proof. By Lemma 4.3, we can extract subsequences such that for 7 — 0

U, S u weakly in L*(0,T;V(div0)),
a, —a weakly* in  L*°(0,T; C(div 0)),
J,—=~Jd weakly in L*(0,T; L*(Q)),
dar — dra weakly in L"(0,T;L*(Q)),
B xu, — Bxu weakly in L"(0,T;L*(Q)).

Therefore, we conclude J = —9,a — Q(B x u).

From Lemma 4.3, d;a, are uniformly bounded in L"(0,T; L*(2)). So 8,B, =
curl(d;a,) are t-uniformly bounded in L"(0,7;C"). Since B, is 7-uniformly
bounded in L*(0,T; X;) and X; << H*(Q), by Lemma 4.4, we can extract a
subsequence of B, which converges strongly to B in L*(0,T; H*(Q)). By passage
to 7 — 0 in (4.6b), we obtain equation (4.11) directly from the weak convergence
of J, and the strong convergence of B. O

Lemma 4.6. Let r be given in Lemma 4.3 and (u,a) be the limits of (u-,a;).
Then Oyu € L™(0,T;V (div0)’) and

(Oru,v) + O(u;u,v) + A(u,v) — k (J,B xv) = (f,v) VveV(div0). (4.12)
Proof. Write r' :=r/(r —1). For any v € L (0,T; V(div0)), from (4.6a) we have

T

/ [(Ovur,v) + O(ul; br,v) + A(tr,v) — 6 (J ., Br X v)] = / (f,,v). (4.13)
0 0
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Since divul = 0, we have
T T T
| 1o@sao) = [ 10wse.al < [l g ol
T
x111/2 x11/2 _ 1/2 _ 1/2
<C / [ e e g 1 PP
T

x11/2 _ 1/2
<0 [l gyl 1ol o

< Clollg2 0,781 (0)) -

The diffusion term satisfies

T
/0 |A(tr, v)| < Cla- g2 0 7800 ) 1V 220,780 ) < C IVl L2015 () -

By arguments similar to (4.10), the Lorenz force term satisfies

T
* ) 1/r
/0 |(J7 % B, v)| < C x|l peorizaay lourl BEI 2 o) 1011 0. sm
< Clv

L7 (0,T;H' ()
So J. x B is T-uniformly bounded in L"(0,T; V (div 0)’) and have a weakly con-
vergent subsequence. By Lemma 4.5, we can extract a subsequence of J, x B
which converges weakly to J x B in L*(0,T; L%°()). This means
J; x Bl = Jx B weakly in L"(0,T;V(div0)").

Since f, is T-uniformly bounded in L?(0, T; L*(2)), we conclude from the above
analyses that d;u, is 7-uniformly bounded in L"(0,T; V(div0)’). There is a subse-
quence such that

du, — Oyu  weakly in L"(0,7; V (div0)’).

Moreover, by Lemma 4.4, we can extract a subsequence of w, which converges
strongly to w in L*(0,T; L*(Q)). Passage k — 0o on both sides of (4.13) shows
that, for any v € L" (0,T; V (div0)),

T T

| @0 + 0w u,v) + Al v) ~ n (5 B x ) = [ (£.0)

0 0

This yields (4.12). |

Now based on Lemma 4.5 and Lemma 4.6, we are in a position to prove Theo-
rem 4.2.
Proof of Theorem 4.2. From Lemma 4.5, we know that
~0,A; =J, +B x4, ~J+Bxu weakly in L"(0,T;L*(2)).
Suppose P(B: x 4,) = V¢, with ¢, € H}(Q). By (4.9), there is a constant C > 0
independent of 7 such that

IVorllnr o122 < I1B7 X rllpro1,020)) < C-
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Since A, + B: X 4, = dia, + Q(BL X 1,), we have 8; A, = d;a, + Vo, or

t
Ar=ar 4 Von 0l = [ il
0
Therefore, A, are uniformly bounded in W" (0,T;C). There are a subsequence
and a ¢ € WL7(0,T; H}(Q)) such that
A, ~A:=a+VyecWh(0,T;C)

This yields J = —9; A — B x u. Finally, Theorem 4.2 is proven by substituting the
expressions of J and A into (4.11) and (4.12). O

5. A preconditioner for the discrete problem

The purpose of this section is to propose a preconditioner for to accelerate the
iterative solution of (3.5). Instead of seeking w,, in the divergence-free finite element
space, we introduce a Lagrangian multiplier P,, and seek 1, in the unconstrained
space V. In fact, P, is a piecewise constant approximation of the pressure and
will belong to the space

Qn := Do(Tn)/R.

For any ¥ = (u, ), ® = (v, ¢) with u,v € V, and 9, ¢ € C},, based on (3.10)
define

a1 (¥, ®) = (¥, ®) + 27 (divu, dive).

The resulting augmented version of (3.5) reads: Find ¥,, € V, x Cj and P, € Qp,
such that

a1 (P, ®) — (dive,P,) = f(®) V& = (v,c) € Vi, x Ch, (5.1a)
(divay,,q) =0 Vg€ Q. (5.1b)
Since diva, = 0 from (5.1b), it holds actually
a1 (P, ®) = a(¥,, P) V® € Vi (divo) x Cy,.

This yields the (algebraic) equivalence of (3.9) and (5.1). The term
27~ 1(div @i, divv) does not affect the discrete solutions, but enhances the stability
of the mixed formulation. Remember that we have already proven the existence and
uniqueness of 1, A,,. The pressure P,, € Q, is determined by

(divw,P,) = a1 (¥, ®) — f(®) VoveV,.
Clearly the linear problem (5.1) can be written into an algebraic form

FBT JT Ty B,
BO 0 z, | = B, |, (5.2)
J o C I, Ba
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where x,, z,, T, are vectors of DOFs belonging to u,, P, A, respectively and
B, B,, B, are the corresponding load vectors. Let A denote the stiffness matrix.
Its sub-matrices F, B, J, C are the Galerkin matrices for the fluid terms, the pres-
sure term, the coupling between 1, and A,, and the magnetic potential terms
respectively, namely,

F < a1((ap,0),(v,0)), B < —(dive,P,),
C + a1((0,A,),(0,¢)), J « ?(c,B; X 1) .

Of course, we suppose that the finite element spaces have been equipped with bases
of locally supported functions.
To construct a preconditioner for A, we drop J and get

FBTJT
A~Ag=|B 0 0
00 C

It suffices to study the preconditioner for the 2 x 2 Navier-Stokes block and the
preconditioner for the Maxwell block C respectively.

Note that C is just the stiffness matrix of the Maxwell equation without ad-
vection. It can be preconditioned by the auxiliary space preconditioning method
proposed in Ref. [20]. For the Navier-Stokes block of the stiffness matrix, we con-
sider the LU-decomposition

FBT™Y ( 1 0\(F BT
B o) \BF'I)\0-BF'BT )

Inspired by Ref. [6], we approximate the Schur complement as follows

_ T
BF'BT ~ Q,, Q, = 3 (/ Qin) ;
o

where 2771Q,, is the mass matrix on the pressure finite element space and {g¢;} is
the basis of Q. Therefore, we can choose the right matrix of the LU-decomposition
as a preconditioner of the Navier-Stokes block, namely,

FBT F BT F BT
B 0 0 -BF BT 0-Q,/"

To summarize, we propose an iterative solver for (5.2). In each time step, the
initial guess for (x,, x,, €,) is chosen as the solution in the previous time step. Given
an approximation (&, &p, 4) of (Ty, Tp, Ta), let (ey, €, €4) be the corrections for
(Zy, Zp, o) and let (ry,7,,7,) be the corresponding residual vectors. We present
the algorithm for solving the residual equation

F BT J7 e, Tu
0-Q, 0 e, | =17m |- (5.3)
0 0 C €, Ta
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The total computational cost for solving (5.2) is insensitive to the tolerance 10~ <
g0 < 107! for solving (5.3). For convenience, we set the tolerance by 1073 for all
inner iterations in Algorithm 5.1.

Algorithm 5.1. The residual equation is solved approximately in three steps:

(1) Solve Ce, = r, by the CG method with the auxliary space preconditioner from
Ref. [20] such that the relative residual is reduced to be less than 1073.

(2) Solve Qpe, = —7r, by the CG method with diagonal preconditioner such that
the relative residual is reduced to be less than 1073.

(3) Solve Fe, = r, — BTep — JTe, by the GMRES method with the additive
Schwarz preconditioner (cf. Ref. [8]) such that the relative residual is reduced
to be less than 1073.

6. Numerical experiments

In this section, we confirm the prediction of the theory and demonstrate the robust-
ness of the solver by five numerical experiments. Our implementation is based on the
adaptive finite element package “Parallel Hierarchical Grid” (PHG) (cf. Ref. [39])
and the computations are carried out on the cluster LSSC-III of the State Key Lab-
oratory on Scientific and Engineering Computing, Chinese Academy of Sciences.

The first example is to show the efficiency of the solver for the linearly ex-
trapolated scheme (3.5) compared with the nonlinear solver for the Crank-Nicolson
scheme (3.3). The second example is to show the convergence rate of the fully dis-
crete scheme. The third example is to demonstrate the optimality of the precondi-
tioner with respect to the number of DOFs and the robustness of the preconditioner
for relatively large parameters. The fourth example is the benchmark problem for a
three-dimensional driven cavity flow. With this example, we validate the A-based
MHD formulation (2.6) and demonstrate the robustness of the preconditioner. In
both examples, we set the penalty parameter to = 10 and use the computational
domain Q = (0,1)3. The last example compares the magnitude of the artificial dis-
sipation, which is introduced by the upwind flux, with the magnitudes of viscous
dissipation and the Ohmic heating.

Example 6.1. This example is to confirm the efficiency of the linearly extrapo-
lated scheme (3.5) compared with the nonlinear Crank-Nicolson scheme (3.3). The
physical parameters are given by R. = R,, = k = 1 and the terminal time T" = 1.
The right-hand sides and the Dirichlet boundary conditions are chosen so that the
true solutions are given by

u:(ye*t,zcost,x), p=0, A=(z0,ycost).

Note that the exact solutions are linear in space. The discretization error is
mainly due to discretization in time. We fix a tetrahedral mesh with h = 0.433 and
test the convergence rate with respect to the timestep. In each time step, if we choose
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the initial guess by u,, = u,,_1 and A, = A, _;and use only one nonlinear iteration,
the Crank-Nicolson (C-N) scheme (3.3) will yield a first-order approximation to the
continuous problem, while the linearly extrapolated scheme (3.5) is second-order.
Let the approximation errors at the final time ¢ = T" be denoted by

e, =u(l)—un, e,=p(T)—Pn, e,=AT)-An.

We set the tolerance for iteratively solving linear systems of equations to ¢ = 10710,
Table 1 shows that the convergence rate for the C-N scheme with one Picard iter-
ation is first-order, namely,

||€u||1,h ~ T, HepHLz(Q) ~T, Hea”H(curl,Q) ~ T

Table 2 shows that the second-order convergence is obtained for the linearly extrap-
olated scheme

leallin ~72%  lepllay ~7m  leallareurna) ~ 7

Table 1. Convergence rates for the C-N scheme at t = T with m = 1 and € = 10710 (Example 6.1).

T leully s | order | [lep|ly. | order | [l€allgricurn | Order | [|divun||pe
0.200 | 7.99e-4 - 9.40-3 - 9.62e-3 - 1.51e-8
0.100 | 3.79¢-4 | 1.08 | 1.71le-2 | -0.86 5.03e-3 0.94 2.84e-9
0.050 | 1.90e-4 | 1.00 | 8.46e-3 | 1.02 2.56e-3 0.97 1.15e-9
0.025 | 9.47e-5 1.00 | 4.21e-3 | 1.00 1.29e-3 0.99 1.47e-10

Table 2. Convergence rates for the linearly extrapolated scheme at ¢t = T'. (Example 6.1).

T leully, | order | [lep|ly. | order | [[€allgr(cuen | Order | [|divun]| .
0.200 | 1.74e-4 - 2.71e-3 - 1.5e-3 - 1.53e-8
0.100 | 2.40e-5 | 2.86 | 1.09e-3 | 1.31 3.97e-4 1.92 3.79e-9
0.050 | 5.14e-6 2.22 | 2.70e-4 | 2.01 1.02e-4 1.96 1.83e-9
0.025 | 1.29e-6 | 1.99 | 6.69e-5 | 2.01 2.58e-5 1.98 2.74e-10

In fact, second-order convergence can be obtained for the C-N scheme by multi-
ple Picard iterations, but with higher computational cost. To save computing time,
we set the tolerance for solving linear systems of equations to ¢ = 10~°. Table 3-5
show the convergence rates for the C-N schemes with m = 2, 3,4 iterations respec-
tively. Clearly we also get the second-order convergence for m = 3, 4.

To test the relative efficiency of the linear scheme to the nonlinear scheme, we
compare both the errors and the computing time for 7' = 10. We choose 7 = 1/80,
e = 10719 for the linearly extrapolated scheme and 7 = 1/40, ¢ = 10~° for the
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Table 3. Convergence rates for the C-N scheme at the final time with m = 2 (Example 6.1).

T leully, | order | [lepllp2 | order | [l€allgr(cuen | Order | [ldivun||z.
0.200 | 1.47e-4 - 8.60-4 - 8.20e-4 - 4.60e-7
0.100 | 5.54e-5 1.41 | 4.81e-4 | 0.84 2.79e-4 1.56 2.69e-7
0.050 | 1.86e-5 1.57 | 1.31e-4 | 1.88 9.25e-5 1.59 2.15e-8
0.025 | 5.71e-6 1.70 | 3.51e-5 | 1.90 3.02e-5 1.61 2.93e-9

Table 4. Convergence rates for the C-N scheme at the final time with m = 3 (Example 6.1).

T leully s, | order | [lepl| 2 | order | [l€allgrieyen | order | [ldivun||z.
0.200 | 7.63e-5 - 7.36e-4 - 7.49e-4 - 1.87e-8
0.100 | 1.78e-5 | 2.10 | 4.43e-4 | 0.78 2.07e-4 1.86 8.22e-9
0.050 | 4.44e-6 | 2.00 | 1.12e-4 | 1.98 5.33e-5 1.96 5.47e-10
0.025 | 1.13e-6 1.97 | 2.80e-5 | 2.00 1.35e-5 1.98 3.85e-11

Table 5. Convergence rates for the C-N scheme at the final time with m = 4 (Example 6.1).

7| lleully, | order | flepllps | order | [l€all grieurn | Order | [|divun]lz.
0.200 | 7.60e-5 | - | 7.29e4 | - 7.44e-4 - 9.60e-10
0.100 | 1.77e-5 | 2.10 | 4.40e-4 | 0.73 |  2.05e-4 1.86 | 3.35¢-10
0.050 | 4.40e-6 | 2.01 | 1.1le-d | 1.99 | 5.29¢-5 1.95 | 1.26e-11
0.025 | L.1le6 | 199 | 2.79e-5 | 1.99 1.34¢-5 1.98 | 1.22e-11

Crank-Nicolson scheme. We use m = 2,3 Picard iterations for the nonlinear solver
respectively. Table 6 shows that the linearly extrapolated scheme is more efficient
for long-time simulations.

Table 6. The extrapolated scheme and the C-N scheme with m Picard iterations (7" = 10).

Schemes T Time (s) | leuly, | llepllio) | 1€all micurey
linear 1/80 2842 1.05e-6 1.92e-5 3.41e-5
CN (m=2) | 1/40 | 2877 | 3.7%¢:6 | 6.44e-4 9.92¢-5
CN (m=3) | 140 | 4266 | 14666 | 2.62¢5 9.360-5

Example 6.2. This example is to test the convergence rate for the linearly extrapo-
lated scheme where both the timestep and the meshwidth are refined simultaneously.
The physical parameters are given by R, = R,, = £ = 1 and the terminal time
T = 0.2. The right-hand sides and the Dirichlet boundary conditions are chosen so
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that the true solutions are given by

u = (sintsiny,0,0), p=z+y+2z—-15 A= (0,sin(t+ z),0).

We set the timestep by 79 = 0.05 and the meshwidth by hy = 0.866 initially
and then bisect them successively. Table 7 shows the errors at the final time 7.
Asymptotically, we find that

lewll s (@) ~ O + h2), lleall ) ~ O + h?),
leulin ~ O +h), llealleurtoy ~ O +h), llepll 2 () ~ O + h).

Table 7. Optimal convergence in L?(Q) norms (Example 6.2).

(1, h) leullze | leulin | llepllpo | lleallze | leallmrieur
(70, ho) 7604 | 13e2 | 181 | 1.0e2 7.50-2
(70, ho)/2 1.9e-4 6.2e-3 8.9¢-2 2.7e-3 3.7e-2
(t0.ho)/4 | 4.9¢5 | 3.0e3 | 44e2 | 6.9e4 1.8¢-2
(r0.h0)/8 | 1.3e5 | 15e3 | 2202 | 1.7e4 9.1¢-3

Example 6.3. This example is to test the optimality of the preconditioner given
by Algorithm 5.1 with respect to the number of DOFs. We also show the robustness
of the preconditioner for relatively large physical parameters and for large timestep.
Here we set R, = R, = 100, x = 10 and choose 7 = 0.1, T = 1.

The initial conditions and the right-hand side are given respectively by
AO = (y70,0), .f =0.
This gives the initial magnetic field By = (0,0,1). The boundary conditions are

Uy = (2y —2yx?, 2z — 2xy°, 0) ,

u=wuy, AxXxn=Agxn on .

Table 8 shows the number of GMRES iterations, N;;, to reduce the residual of the
algebraic system by a factor ¢ = 1070, Clearly N, is uniform with respect to h.

Table 8. Optimality of the preconditioned GMRES algorithm (Example 6.3).

h N; DOFs for u,, | DOFs for P,, | DOFs for A,
0.866 12 3.6e+2 4.8e+1 2.0e+2
0.433 12 2.6e+3 3.8e+2 1.2e+3
0.216 12 2.0e+4 3.1e+3 8.4e+3
0.108 12 1.5e+5 2.5e+4 6.2e+4

Example 6.4 (Driven Cavity Flow). This example computes the benchmark
problem of driven cavity flow. The right-hand side of the momentum equation is
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set to f = 0. The initial values are given by Ay = (0,0,y), ug = (v,0,0) where
v € CY(Q) and satisfies

v(z,y,1) =1 and v(z,y,2) =0 Vze[0,1—h].
The boundary conditions are set by
u=uy, AxXxn=Ayxn on 0f.
The physical parameters are R, = 100, R,,, = 200 and « = 10.

For this benchmark problem, we want to compare our results with those in
Ref. [23] and to see how the fluid flows under the influence of the magnetic field.
Since A,, € C}, is piecewise linear, the magnetic induction B,, = curl A,, is only
piecewise constant. To get a piecewise linear approximation to the magnetic induc-
tion, we use Nédélec’s second-order edge elements of the second family to compute
A, see Ref. [27]. Moreover, to capture the boundary layer near the top and the
bottom of the cavity, we refine the mesh locally there. The numbers of DOFs are
272,904 for u,, 44,032 for P,,, and 440, 781 for A,,. The timestep is 7 = 0.01. The
terminal time T is so chosen that the physical fields reach steady state, namely,

[, — unflllLQ(Q) |[An — An71||L2(Q) IPn — PanHL?(Q) <10-%

[anl[p2(q [AnllL2 o) 1Pl 220
(D) (

The tolerance for the relative residual of the GMRES method is set to ¢ = 10710,
Fig 1 shows the convergence history of the preconditioned GMRES method which
takes only 10 iterations to reduce the relative residual below ¢ at t = 3.98.

Driven Cavity
T T T T

log, (Ir rg))

A2 L L L L I i i i
0 1 2 3 8 7 8 9 10 11

4 5
Number of GMRES iterations

Fig. 1. Convergence history of the preconditioned GMRES method (decay of the relative residual).

The left figure of Fig 2 shows the streamlines of fluid projected onto the cross
section y = 0.5 and the right one shows the 2D simulation in Ref. [23] where
Maxwell’s equations are replaced with Poisson’s equation for the electric potential.
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08 08

Fig. 2. Projection of the streamlines on the cross section y = 0.5. Left: 3D computations by the
divergence-free finite element method. Right: 2D computations from [23].

Our 3D results show clearly the flow of the fluid from the upper vortex to the lower
vortex. Figure 3 shows the variation of the fluid kinetic energy Ey;,, the magnetic
field energy Epag, and total energy E = Eyin + Enag with respect to time, where

1 2 K 2
Exin = 5 ||11n||L2(Q) ) Ermag = 2R, ||curlAn||L2(Q) :

When the fluid tends to the steady state, the total energy and the two portions of
the total energy become invariant in time.

> .
S 003 e —e— kinetic energy
I ™ === magnetic energy
total energy

05 1 15 2 25 3 35
time

Fig. 3. Variance of fluid kinetic energy, magnetic field energy, and total energy in time.

Figure 4 shows the distribution of the kinetic pressure on three cross sections
x = 0.5, y = 0.5, and z = 0.5 respectively. In the middle figure, since the flow is
driven from left to right, it generates high pressure regions near the right upper
corner. Figure 5 shows magnetic lines of B,, on the cross section x = 0.5 and the
cross section y = 0.5 respectively. Figure 6 shows the eddy current density J,, on
the cross section x = 0.5 and the cross section z = 0.5 respectively. They tells us
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how the fluid influences the electromagnetic fields.

Pressure contour on 2=0.5

Pressure contour on X=0.5 Pressure contour on Y=0.5

X : X

Fig. 4. Pressure contours on three cross sections z = 0.5, y = 0.5, and z = 0.5.

Magnetic field projection vector on X=0.5 Magnetic field projection vector on Y=0.5
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Fig. 5. Projection of B, onto two cross sections z = 0.5 (left) and y = 0.5 (right).
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Fig. 6. Projection of J,, onto two cross sections = 0.5 (left) and z = 0.5 (right).

Example 6.5 (Dissipation of the upwind flux). This example compares the
magnitude of the artificial dissipation Op(u’;,,u,), which is introduced by the
upwind flux, with the magnitudes of other dissipations and the source term in (3.6).
The external force and the initial conditions are set by

.f = (1,sin:1:,sint), Up = (07070)» AO = (anay)
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The boundary conditions are set by
u=0, Axn=Agxn on 0f.

In this example, we set the physical parameters by R, = 100, R,,, = 10, Kk = 1
and set the timestep by 7 = 0.05. From Table 9, it is clear that the artificial dis-
sipation Oy (u}; u,,1,) of the upwind flux is negligible compared with the viscous
dissipation ||ﬁn||?4, the Ohmic heating & ||Jn||2Lz(Q), and the energy supply (f,ay).

Table 9. Dissipation terms and the source term at ¢ = 1.0 (Example 6.5).

P —Z P) -
h On(uy; U, Uy) [0 “”Jn”L?(Q) [(f; )|
0.433 2.99e-05 5.97e-03 1.98e-03 1.04e-02
0.217 4.62e-06 5.23e-03 1.91e-03 9.82¢-03
0.108 5.44e-07 5.10e-03 1.96e-03 9.86e-03
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Appendix A. Discrete compactness

The purpose of this appendix is to prove the compactness and weak compactness

for a sequence of DG functions which are uniformly bounded under |[-[|, .

Lemma A.1. Let m > 0 be an integer and let {&x}52,, & € D(m,Ty), be a
sequence satisfying

||§kHl,h§C7 n:1727"' )

where C > 0 is a constant independent of hy. Then there exist a subsequence of
{€:}32, and a € € H3(Q) such that

klingo 1€k = &l oy =0 Vp € [L,6).

Proof. It suffices to prove the lemma for 2 < p < 6. Let & € Ly, (T) N HZ (Q) be
the Lagrange finite element interpolation of & defined by, for any K € Ty,

&k(4), if A is an interior node of K,

§e(A) =  {&.} (A) if Ais a node on dK\T, (A1)
0 if Ais anodeon 0K NT.
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By Lemma 3.1, we easily find

lé . <clal,<c (A.2)

HY(Q)
So we can extract a subsequence which converges weakly to some ¢ € Hi (). By

the compact injection of H!(Q) into LP(£2) for any 1 < p < 6, we can further extract
a subsequence, denoted by the same notation, such that

(A.3)

i -], =0
nggo Ek 5 LP(Q)

Let Fj, be the set of all element faces of Tj and write n = & — ék We have

2 — 2 — 2
Z hrp ||771<:||L00(F) <C Z hFl anHL?(F) <cC Z hFl ||[[§k]]HL2(F) <C
FeFy FeFy FeFy

Using the norm equivalence on Py (K), we have

||77k:||z£p(sz) <C Z hic anII’im(aK) <C Z hi H77kH1£oo(F)

KeTr FeFy
2 p—2 2
<C (}I}éé% h ||le||Loo(F)> ( Z hr ||77’“||L°°(F)>
FeFy

3-p/2 2 p/2-1 3-p/2
< On " max (he Imellfeey) < OBE

Since 2 < p < 6, this shows klim ||nk||L,,(Q) = 0. We conclude that
— 00

. _ < . ~_ M — .
Jim = ey < Jim =], o+ Jim Il =0 o

Lemma A.2. Let {&,}7-, C D1(Ty) be uniformly bounded under the norm (RIFWS
and let {n; Yoo, C L1(Tz) N Hy(Q) satisfy

kli_{go 5. = 1l g1 () = 0, n € Hy().
There exist a subsequence of {€,}3, and a & € H}(Q) such that

Proof. As in the proof of Lemma A.1, let €, € Ly (7;.) N H}(Q) be the Lagrange fi-
nite element interpolation of &;, defined in (A.1). Since n,, is continuous, the formula
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ReAn(€omy) = 3 / Ve V- 3

> {5
> [(ew] - c{2))- = Jea 5]

slalml-mLen

FeFn KeTh

= (VEkv vnk) :

Using (A.2), {Ek} is a bounded sequence in H(2) and thus has a subsequence
which converges weakly to some & € Hy(9). We deduce that

Jim ReAn(&y,my) = lim (V&y, Vi) = (V€ Vn) = ReA(€,m).

This completes the proof. O

Appendix B. Proofs of Lemma 4.1 and Lemma 4.2

The purpose of this appendix is to prove Lemma 4.1 and Lemma 4.2. First we prove
a useful result for C(div0).

Lemma B.1. Let {g,},, g, € QLL*(Q), be a bounded sequence and let wy, €
C.(div0) be the solution of the discrete electromagnetic problem

(curlwg, curlv) = (g, v) Vv € Ci(div0). (B.1)
There exist a subsequence of {wy}3>, and a w € C(div0) such that

khi& lwrk — wl| g (curt,0) = 0-

Proof. By the discrete Poincaré-Friedrichs inequality in (4.3), there is a constant
C > 0 depending only on Q and the shape-regularity of meshes such that

||UHH(cur1,Q) <C ||Curlv||L2(Q) Vv € Ci(div0).
Therefore, problem (B.1) has a unique solution and

||w1€HH(curl,Q) <c Hgk||L2(Q) :

So {wy}3Z, are uniformly bounded under [|-|| g ey 0)- By the discrete compactness
of C(div0) [25, Theorem 7.18], there exist a subsequence and a w € C such that

wp = w in H(curl, ), wy, —w in L*(Q).
Moreover, for any fixed [ > 0,
(w, Vv) = lim (wg, Vv) =0 Yo € Lo(T)) N H(Q).
k—o0
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The denseness of Ly (7;)NHE(Q) in H () as | — oo shows w € C(div 0). Similarly,
g;, has a subsequence which converges weakly to some g € H(div 0, 2). Therefore,
(curlw, curlv) = (g, v) Vv e C(div0). (B.2)
Let HSP: C — C be the Galerkin projection operator defined by
(curl TI{P w, curl v) + (IIFFPw, v) = (curl w, curlv) + (w, v) Vv e Cly.
The denseness of C, in C as k — oo shows that
khj]go [T 2w — wHH(curl,Q) =0. (B-3)
Since (g, Vv) = 0 for all v € La(Tx) N HY(Q), from (B.1), we also have
(curlwy, curlv) = (g, v) Vv e Cy.
Similarly, from (B.2), we have
(curlw, curlv) = (g, v) Vv e Cy.
Write e, = w — wy, &, = HkGP'w —wy € Cp,and n, = w — HSPw. By the
strong convergence of wy in L?(Q), we find that
(1€l p2 o) < lim [lexlg2q) + Hm {0y ]lg2q) = 0.
Since g, and curle;, are bounded in L*(Q2), by (B.3) we have

curley, 2 oy = lim (curl e, curlé,) + lim (curleg,curln
L2(Q) k)T A k

lim
k—o0 k—o0

= lim (g — g;,&;) + lim (curleg,curln,) =0.
k—o0 k—o0
This completes the proof. O

Proof of Lemma 4.1. From Corollary 3.1, {u;’“)}i‘;l are uniformly bounded

under |[|-[|; ,,. Let @™ be the Lagrange finite element interpolation of ul? defined
as in (A.1). Then using (A.3), {ﬁ%’“)}:';l are also bounded in V' and satisfy

lim ‘ﬁ(’“) —u®
k—oco n n

=0 V2<p<6.
L7(Q)

There is a subsequence of ﬁﬁ{“) which converges weakly to some u,, € V and

lim {[ul - u, = lim Hﬁff) — =0 V2<p<6. (B4)
k—r o0 LP(Q) k— o0 L?(Q)
Moreover, since div uslk) = 0, we have divu, = 0 by seeing that

— | N(k) o 1 (k) = Hl Q .
(U, VV) klggo (al, Vo) Jm (u),), Vo) =0 Vv e Hy(Q)

From Corollary 3.1 and the Poincaré-Friedrichs inequality in (4.3), a;’“) are uni-
formly bounded in C. We can extract a subsequence which converges weakly to

some a,, € C. Similarly, we have

(an, Vor) = lim (@M, Vu) =0  VYve Ly(T)NH(Q), 1 >1
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By the denseness of Lo(7;) N Hg () in H () as | — oo, we easily obtain
(@, Vv) =0  Yve Hi(Q). (B.5)
This shows a,, € C(div0) for any 1 <n < N.
By (3.5b), (3%, Vup) = 0 for all vy, € Ly(T,) N HE(Q). So we have
J® =0, 30 = —5.aF — 0, (B:® xal), sal) .= (@aPF — a(k)l)/T.

By Corollary 3.1, J% € 9, L*(Q) are uniformly bounded in L*(£2). Equation (2.6b)
indicates that 55{“) = (a&’“) + a;kjl)/Q satisfies

(curla k) curl c) =R, (J,(Ik)7 c) Ve e Ci(div0). (B.6)

n

By Lemma B.1, there is a subsequence of aﬁl’“) which converges strongly to a,, in

C(div 0). Moreover, by the strong convergence of aék) and the method of induction,

a&’“) converges strongly to a,, in C for all 1 <n < N.

By the boundedness of ch), we can extract a subsequence which converges
weakly to a J, € L*(Q). Arguments similar to (B.5) show divJ, = 0. Note that
(B.6) also holds for ¢ € C. Using C; C Cy, for | < k, we get

(curlégf),curlcl) = Rm(JSf),cl) Y €Cy.
Passage to k — oo on both sides of the above equality yields
(curla,,curle;) = Ry (Jp, ¢) Ve eC. (B.7)
The denseness of C; in C as | — oo shows
(curl@,,curle) = R,,(J,, ¢) VeeC. (B.8)

By (B.8) and the definition of weak derivatives, we have curl B,, = R,,,J,,. Let
s > 1/2 be the constant in (4.1). It holds that

B, € X; —— H*(Q) — L), q=6/(3—2s)>3. (B.9)
The same holds for B,, and B},. Then
1B, X @nllp20) < 1 Bollso) 18nllps ) < C Bl prcurt,o) 18all g ) (B.10)
It justifies the operation of Q on B, X @,,. Since 5ta$lk) converges strongly to d;a,, in
C and I converges weakly to J,, in L*(£2), so Qk(Bfl(k) X ﬁﬂc)) converges weakly
in L*(Q). It suffices to show that its limit is Q(B}, x ,,).
For any ¢ € C, the denseness of Lo(7;) in H'(Q) as k — oo yields

klin;o ||ch — Qc||L2(Q) = kli)n;o ||Pkc — PCHLz(Q) = O (Bll)

Since Qc € X,, —— H?*(Q?) — L(Q), the discrete compactness in Lemma A.1
shows that, for p = 2¢/(¢ — 2) < 6,

Jim (0 = @) x O

< i o], e =0
L2 (Q) — Pl | ) 19¢] 2oy

L (Q
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Moreover, the strong convergence of Bz(k) in LQ(Q) shows that
i #(k) o (k) . H *(k) o (k)
Jtim, (Qu(Bi < wi),e) = lim (Qu(Bi < uit), Que)
= lim (Qk (B:® x al), Qc) — lim (B;;U“) x a®, Qc)
k—oc0 k—o0
= (B}, 4, x Qc) = (Q(B,, X uy),c) VeeC.
Therefore, Qy (BZUC) X ﬁ;’”) converges weakly* to Q(B x w,) in C’. O

Proof of Lemma 4.2. First we take any w € C{°(Q2) N H(div0,Q) and let
172w € L1(T;) NV be its Scott-Zhang interpolation. From [32], we have

[|w — 137 < ChE™ [wlgaigy,  m=0,1 (B.12)

wHHm(Q)

Let H‘,ii"'w € Vi be Nédélec’s face element interpolation of w from the second
family. By Theorem 1 of [27], II{Vw also respects the divergence-free property

div (TIVw) = 0 or IV € Vi (div0).
Moreover, Proposition 1 of [27] gives the error estimates
[w = T o ) < CHT™ [Wlpp (i) YK € Thy m=0,1.
By inverse estimate, we deduce that
div SZ SZ div
[ w — 1T w”l,h < I w — w’Hl(Q) + |[ TR w — 115 le,h
—1||175% div
< Chy, |w|H2(Q) + Chy, HH,C w — I}, wHLZ(sz)
Taking v = II{Vw in (2.6a) shows that
(00, 1w ) + Op (™ 8l T w) + Ay (@), T w)
e (J;k), B x Hgivw) = (f,, %), (B.14)

We shall consider the limit of each term on both sides of (B.14) as k — oo. By
(B.13) and Lemma 4.1, we have

khﬁr{olo <5tu£Lk)a Hgivw> = (5tuna w) ) klggo(fnv H%ivw) = ( n» w)

The convection term can be split into two terms
On(w:®; @) 11¢Vep) = 0 (wi®; al® w) + Oy (ui®: o T w — w).
By Lemma 3.3 and Corollary 3.1, the second term on the right-hand side admits

lim |0 (u;®; 0l TVw — w)| < 772 lim ||[IVw —wl|, , =0.
k—oo k— o0 s



Divergence-free FEM for MHD equations 37

*(k)

Since u,,"’ - 1 is continuous across element faces, the convergence of ugl ) shows

lim O (uw;®;al), w) = - lim >~ / a® . div (Ui‘f’“) @w)

k—o0 k—o0

ST i, - div (us® )
kIEEO Z /Kun div (un @w
KeTk

— lim (vfan,u;(k) ®w) = O(ul; i, w).

k—o0

Similarly, by Lemma A.2, the diffusion term satisfies
Jim Ap(®) T1vay) = Jim Ay, (] (5) TI3%w) + Jim Ay (] B) TI8vey — 152 aw)
= A(tn, w) + kli_)n;@ Ah(u%k), H‘,j“’w — [I%w).
By inverse estimate and (B.12)—(B.13), we deduce that

Ap(a®) 11y — ngw)’ < Of(rhe) [T w = T w|| oy < Chia /7 [w] g2 -

()

Therefore, the diffusion term satisfies

Jim Ay () ) IVaw) = A, w).

It is left to study the Lorenz force term. By Lemma 4.1, J ,(f) converges weakly
to J, and Bi®) converges strongly to B’ in L*(Q). Let ¢ = 6/(3 — 25) > 3 be
given in (B.9) and p := 2¢/(q — 2) < 6. By inverse estimate, we deduce that
div div SZ SZ
[ w —II; wHLP(Q) < [T w — II; wHLP(Q) + [T w — wHLP(Q)

3/p—3/2 iv
< Chk/p / [T e — H%ZwHIﬂ(Q) + 1w — w]|

< Chy |[w] g2 g

(2)

Since B, € X; — L%(Q), this shows

Jim (| B7, > (IYw — w)|| 2 ) < C 1B} ooy Jim [ TYw —w]], o) = 0.

Since HHgivaLw(Q) < C||lw[| g (q), the strong convergence of B.*) gives

lim (Jﬁl’“),BZ(k) x H‘,i%) = lim (J,@,B: x H;“Vw) = (Jn, B, x ).
k—o0 k—o0

Now collecting the limits for all terms in (B.14), we find that (4.5) holds for all
v=w e CF Q)N H(div0,Q). For given u,, € V and B;, € L(Q), the left-hand
side of (4.5) provides a bounded and linear functional acting on v € V. By the
denseness of C{°(£2) in V, (4.5) also holds for v € V(div0). O



