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Abstract We develop an anisotropic perfectly matched layer (PML) method for solv-
ing the time harmonic electromagnetic scattering problems in which the PML coordi-
nate stretching is performed only in one direction outside a cuboid domain. The PML
parameters such as the thickness of the layer and the absorbing medium property are
determined through sharp a posteriori error estimates. Combined with the adaptive
finite element method, the proposed adaptive anisotropic PML method provides a
complete numerical strategy to solve the scattering problem in the framework of FEM
which produces automatically a coarse mesh size away from the fixed domain and thus
makes the total computational costs insensitive to the choice of the thickness of the
PML layer. Numerical experiments are included to illustrate the competitive behavior
of the proposed adaptive method.
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1 Introduction

We propose and study an adaptive anisotropic perfectly matched layer (PML) method
for solving the time harmonic electromagnetic scattering problem with the perfectly
conducting boundary condition
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VxVXxE-KE=0 inR*\D, (1.1)
np xE=g onlp, (1.2)
x| [(V x E) x % — ikE} —0 as x| — o0 (1.3)

Here D C R? is a bounded domain with Lipschitz polyhedral boundary I'p, E is the
electric field, g is determined by the incoming wave, X = x/|x|, and np is the unit
outer normal to I'p. We assume the wave number k € R is a constant. We remark that
the results in this paper can be easily extended to solve the scattering problems with
other boundary conditions such as Neumann or the impedance boundary condition on
I'p, or to solve the electromagnetic wave propagation through inhomogeneous media
with a variable wave number k?(x) inside some bounded domain.

Since the work of Bérénger [5] which proposed a PML technique for solving the
time dependent Maxwell equations, various constructions of PML absorbing layers have
been proposed and studied in the literature (cf. e.g. Turkel and Yefet [36], Teixeira and
Chew [34] for the reviews). Under the assumption that the exterior solution is composed
of outgoing waves only, the basic idea of the PML method is to surround the compu-
tational domain by a layer of finite thickness with specially designed model medium
that absorbs all the waves that propagate from inside the computational domain.

The convergence of the PML method using circular PML layers is studied in Lassas
and Somersalo [27], Hohage et al [24] for the acoustic scattering problems and in Bao
and Wu [3], Bramble and Pasciak [7] for the electromagnetic scattering problems. It is
proved in [27], [24], [7] that the PML solution converges exponentially to the solution
of the original scattering problem as the thickness of the PML layer tends to infinity.

The adaptive PML method was first proposed in Chen and Wu [14] for a scattering
problem by periodic structures (the grating problem). It is extended in Chen and Liu
[12], Chen and Wu [15] for the acoustic scattering problem and in Chen and Chen
[10] for electromagnetic scattering problems in which one uses the a posteriori error
estimate to determine the PML parameters. Combined with the adaptive finite element
method, the adaptive PML method provides a complete numerical strategy to solve the
scattering problems in the framework of finite element which produces automatically a
coarse mesh size away from the fixed domain and thus makes the total computational
costs insensitive to the thickness of the PML absorbing layer.

A posteriori error estimates are computable quantities in terms of the discrete so-
lution and data that measure the actual discrete errors without the knowledge of exact
solutions. The adaptive finite element method based on a posteriori error estimates
provides a systematic way to achieve the optimal computational complexity by refin-
ing the mesh according to the local a posteriori error estimator on the elements. A
posteriori error estimates for the Nédélec H (curl)-conforming edge elements are ob-
tained in Monk [29] for Maxwell scattering problems, in Beck et al [4] for eddy current
problems, and in Chen et al [13] for Maxwell cavity problems. The restriction in [29],
[4] that the domain should be convex or have smooth boundary in order to ensure the
regularity of the functions in the Helmholtz decomposition is removed in [13] by using
the Birman-Solomyak decomposition [6].

The main purpose of this paper is to propose an anisotropic PML method for the
electromagnetic scattering problem (1.1)-(1.3) in which the PML layer is placed outside
a cuboid domain. The main advantage of the anisotropic PML method as opposed to



the circular PML method is that it provides greater flexibility and efficiency to solve
problems involving anisotropic scatterers. One widely used anisotropic PML method
in the literature is the uniaxial PML method. The convergence of the uniaxial PML
method has been considered recently in Chen and Wu [15], Chen and Zheng [16], and
Kim and Pasciak [26] for the 2D acoustic scattering problem. The stability of the
uniaxial PML method in 3D is still an open problem due to the difficulty of the corner
regions resulting from stretching the PML coordinate in three different directions. In
our method, the PML coordinate stretching is performed only in one direction outside
the cuboid domain. The stability of the PML problem is proved by extending the
idea in [27], [7], [28] for circular or smooth PML layers. The convergence of our PML
method is then proved by using the Stratton-Chu integral representation formula of
the exterior Dirichlet problem for the time-harmonic Maxwell equation and the idea
of the complex coordinate stretching. We also consider the finite element a posteriori
error estimates and develop the adaptive anisotropic PML method. We also remark
similar idea of defining PML layer outside a cuboid domain is also proposed in Trenev
[35] for 2D Helmholtz equations and numerically tested.

The layout of the paper is as follows. In section 2 we construct our anisotropic PML
formulation for (1.1)-(1.3) by following the method of complex coordinate stretching
in Chew and Weedon [17]. In section 3 we prove the exponential decay of the PML
extension based on the Stratton-Chu integral representation formula. In section 4 we
show the stability of the PML problem in the PML layer. The results in Sections 3 and
4 are then used to prove the exponential convergence of the PML method in section 5.
In section 6 we introduce the finite element approximation. In section 7 we derive the
a posteriori error estimate which includes both the PML error and the finite element
discretization error. Finally in section 8 we describe our adaptive algorithm and present
two examples to show the competitive behavior of the adaptive method.

2 The PML equation

We first recall some notation. Let 2 C R? be a Lipschitz domain with boundary I’
whose unit outer normal is denoted by n. The space

H(curl; 2) = {v e L*(2)* : V x v € L*(2)*}

is a Hilbert space under the graph norm. The starting point to introduce the traces in
H (curl; £2) is the following Green formula

/(V><u~vfu-V><V)clx:<n><u,n><v><n)p7 (2.1)
2

for any u,v € H'(22)?, where (-,-)p is the duality pairing between H~*/?(I')? and
HY2(I')3. Let Vi (I') = 707 (HY/?(I')?), where for any u € H/?(I')3, 707 (u) = nxuxn.
We observe from (2.1) that for any u € H(curl; £2), the tangential trace y;u =n X u|p
can be defined as a continuous linear map on Vi (I'), that is, y7u € Vx(I')’. The
mapping - : H(curl; 2) — Vz(I') is, however, not surjective. It is proved in Buffa et
al [8] that the map ~y is a surjective mapping to the space

H™Y2Div; ') = {X € Ve (I') : divph € H-Y2(1)},



which is a Hilbert space under the graph norm. It is known [8] that for u € H/(curl; £2),
the surface divergence of n x u on I', divp(n X u) = =V x u-n € H/2(I'). In the
following we denote Y (I') = H~Y/2(Div; I").

For any v € H(curl; £2), we define the weighted norm

_ 1/2
IVl renso) = (401 v I2) + 19 x VIizage) (22)

where dg, is the diameter of £2. We use the weighted H'/?(I") norm,

_ 1/2
lollzecry = (Mo IZacry + 103 £) (2:3)

and the weighted Y (I") norm

_ . 1/2
lllvery = (421l () + ldivralf-aery)

where
2 _ lo(x) —v(x)? /
l1 = /F/F PR ds(x)ds(x').
Thus, for any u € H(curl; £2), since divp(n X u) = =V X u-n on I', we have

- 1/2
[lnxully ) = (dQQHH x [y + 1V x u- n||§rl/2(r)) : (2.4)

By the scaling argument and the trace theorem we know that there exist constants
C1, Cs independent of dg, such that for any A € Y (I'),

Cil My < . (Li‘gl‘f _ llzeunie) < Call Mly - (2.5)
u€}{(c1§rl;!2)

Let D be contained in the interior of the domain
By = {x = (z1,z0,23)" € R®: |z;| < L;/2, i=1,2,3}.

Let I'1 = 0B; and nj the unit outer normal to I';. Given a tangential vector A on
I'1, the Calderon operator Ge : Y (I'1) — Y (I7) is the Dirichlet-to-Neumann operator
defined by

Ge(A) = %nl X (V x E®),

where E® satisfies

VxVxE —kE*=0 inR*B, (2.6)
ng x E°=X onI7,
x| [(V x E®) x X — ikEs] — 0 as x| — oo. (2.8)

Let a : H(curl; £21) x H(curl; £2;) — C, where £2; = B1\D, be the sesquilinear form

a(u,v) —/Q (Vxu-Vxv—k*u v)dx+ ik(Ge(n; x u),n; x v x niy)r,.
1



The scattering problem (1.1)-(1.3) is equivalent to the following weak formulation:
Given g € Y(I'p), find E € H(curl; £21) such that np x E =g on I'p, and

a(E,v) =0, Vv e Hp(curl;2), (2.9)

where Hp(curl; 1) = {ve H(curl;£2;) :nxv=0 on I'p}.
The existence of a unique solution of the variational problem (2.9) is known [20],
[32], [30]. For the later analysis we need the inf-sup condition for the sesquilinear form

a(--).

Lemma 1 There exists a constant C' > 0 such that the following inf-sup condition
holds
sup UV o ey, Yu € Hp(eurl 21). (210)
vEHp (curl;§2y) ||V||H(Cur1;(21)

Proof. For any u € Hp/(curl; £21), denote u® the unique solution of (2.6)-(2.8) with
A =n; xuon I'. Let ¥ € H(curl; R?) be the extension of v € Hp(curl; £21) satisfying
V1| (curtsr3) < ClIVI E(curl;2,)- The existence of such extension for H(curl) functions
on Lipschitz domains is proved e.g. in Chen et al [11].

Let Bj be included in the ball Br, R > 0. Since u® satisfies (2.6), by multiplying
the equation by v and integrating by parts over the domain Br\B;1 we obtain

(n1 xVxu’,n; xvxni)p

=/ (Y xu® Vxv—ku® - 9)dx+ (X X Vxu®, X XV X K)op,
BR\Ql

a(u,v) = /B \D(v Xu-V x ¥ —k*u-v)dx + ik(Ge(X X u), X X V X X)9p,-
R

The lemma now follows by using the inf-sup condition for the sesquilinear form based
on the Dirichlet-to-Neumann mapping on the spherical boundary, cf. e.g. Monk [29,
Lemma 10.9]. This completes the proof. O

Fig. 2.1 Setting of the scattering problem with the PML layer.

Now we turn to the introduction of the absorbing PML layer. Let

By ={x€R®:|u;| < L;/2+d;/2, i=1,2,3}



be the domain which contains Bi. We assume that

dy da ds
+ i + o + s
Then the diameter of Bo is d = 0L, where L = (L? + L3 + L§)1/2. The domain
MY = Bo\ By is divided into six square frusta QZ-:I:J =1,2,3, where

QF ={x:axj=rsjsi=1Li2,|s;] < Lj/2,5#4,j=1,2,3,1<r <8},
7 ={x:xj=rsj,s;=—L;/2,|sj| < Lj/2,j #i,j=1,2,3,1 <r <0}

Notice that r = r(x) = z;/(+L;/2) in .Q;t For t > 0, let a(t) = n(t) + io(t) be the
model medium property, where n(t) = 1 + {o(t) with a constant ¢ > 0, and o(t) > 0
for t > 0, o(t) = 0 for ¢t < 1. The choice ¢ > 0, which is also used in the engineering
literature [34], corresponds to introduce the additional damping for the evanescent
waves propagating from Bj in the PML region. We will show that this choice will
enhance the elliptic coerciveness of the PML operator (see Lemma 8 and the remark
after Lemma 8 below).
Denote 7 the complex stretching of r

r(x) r(x) r(x)
7(x) := /O a(t)dt = /0 n(t)dt + 1/0 o(t)dt,

and define the complex coordinates Z; = 7(x)s;, j = 1,2, 3, then we know that

1

t
Z; = B(r(x))z;, where §(t) = 7(t) +i6(t), 7 =14+ (5,6 = ;/O o(t)dt. (2.11)

We know that r(x) is continuous in 2™ and thus the complex coordinate stretching
function Z; is a continuous function in 2°™". We set X = x for x € B;.
In this paper we make the following assumption on the medium property.

(H1) 0 = 6 = g for t > 79 > 1, where oq is a constant, &'(t) > 0, for t > 1, and

L.
¢>V2 max =

i,j=1,2,3 L’

The requirement that the medium property o = & is constant for ¢ > rg has been
also used in [27] and [7]. To derive the PML equation, we first notice that by the
Stratton-Chu integral representation formula, the solution E® of the exterior Dirichlet
problem (2.6)-(2.8) satisfies

E° = W (u) + P8 (A) in R3\By, (2.12)

where g = Ge(A) € Y(I}) is the Neumann trace of E® on I, and W& ,Wf are
respectively the Maxwell single and double layer potential (cf. e.g. [9])

Wl (1) (%) = IR (1) (%) + 16V [ (div ) (x)| . vx € RO\By,  (2.13)
(A (x) = V x [q/jg(x) (x)] , Vx € R%\By. (2.14)

Here @(3 and @1& are the scalar and vector single layer potential for the Helmholtz
kernel equation

W (6)(x) = Sk )ds(y), WA () (x) = | #)GR(x.Y)ds(y)



. ik|x—y|
We follow the method of complex coordinate stretching [17] to introduce the PML
equation. For any z € C, denote 2172 the analytic branch of 1/z such that Re(z1/2) >0

for any z € C\(—o00,0]. Let

being the fundamental solution of the 3D Helmholtz equation.

_ R R R 1/2
p%,y) = @1 =) + (@2 — o) + (@3- 93)°]
be the complex distance and define Gy (X,y) = %. It is easy to see that G (X,y)

is smooth for x € RS\Bl and y € By. We define the modified scalar and vector single
layer potential for the Helmholtz equation

U () (x) = | SIGHEY)ds(y), Vo e H VA1),

UK (¢)(x) = @GR Y)ds(y), Ve e H V(1)

and the modified single and double layer potential
G (1) (%) = IR (1) (%) + 16V [ (divr, ) ()]
LN (x) =V x [TAA) ()]

Here V = (0/0%1,0/0%2,0/0%3)T is the gradient operator with respect to the stretched
coordinates.
For any A € Y(I'), let E(A)(x) be the PML extension

E(A)(x) = W& (1) (%) + ¥f1, (M) (x)  for x € R3\ By, (2.15)
where p = Ge(A). It is easy to see that n; x E(A) = X on I7.
For the solution E of the scattering problem (2.9), let E = E(n; x E|r,) be the

PML extension of ny x E|p,. Then n; x E = n; x E|r, on I7. It is obvious that E
satisfies

VxVxE—-KE=0 inR*B.

Let F : 2°M — C3 be defined by

Then x = F(x) and
Vx = J 'DFV x DFT|  J=det(DF), DF the Jacobian matrix.  (2.16)

When F : QMY — R3 is a real transform, (2.16) is known, cf. e.g. [30, P.78]. For
the complex valued transform, the identity then follows from the principle of analytic
continuation. By (2.16) we obtain easily the desired PML equation

V x AV x (BE) —k*A™Y(BE) =0 in R*\B,

where A = J " 'DFTDF and B = DFT.



The PML problem is then to find ]:]7 which approximates E in (2; and BE in
QMY = By\ By, as the solution of the following system

VxAVXE—-E?AT'E=0 in 2 = B)\D, (2.17)
npxE=g onI'p, nyaxE=0 onl%. (2.18)

The well-posedness of the PML problem (2.17)-(2.18) and the convergence of its so-
lution to the solution of the original problem (1.1)-(1.3) will be studied in section
5.

To conclude this section, for the sake of later reference, we write down the explicit
formula for the matrix A in the domain Qf[ The formulas in the other domains are
similar. We notice that r(x) = x1/s1,s1 = £L1/2 depending x € Qf[ By F(x) =
B(r(x))x it is easy to check that

«@ 0 0
DF =8I+ (a—pB)stT = | &2 5 0 | J=det(DF) = af? (2.19)
(O‘_B)SS 0 B

a | (@B s54si  a-Bsy  a—fss
B2 af? 52 aB s1 afB s1
A=J 'DFTDF = a—f sy 1 0 (2.20)
afl s1 a
a—f s3 0 1
af s1 o

From the property of elementary matrix we have DF~! = ﬂ_l(l + %stT). It is
easy to see that 1 < |al|,|3] < 1+ (1 + ()omax, ||DF| < Co(1 4 omax), |[DF7!|| <
Co(1+0max), [|A]] < C§(1+0omax)?, and A7 < CF(14¢)(1+0max)?, where omax =

maxi<¢<r |U(t)| and CO = (1+<)(1+2L/ min(Ll,LQ,Lg)) with L = ‘/L% —+ L% + L%

3 Exponential decay of the PML extension

In this section we prove the exponential decay of the PML extension (2.15). We start
with the following elementary lemma.

Lemma 2 For any z; = a; + ib; with a;,b; € R, i = 1,2,3, such that a1by + a2b2 +
azbs > 0 and a3 + a3 + a3 > 0, we have

a1by + asbo + azbs
,/a% + a% + a%

Proof. The proof extends the proof of Lemma 3.2 in [15]. For any a,b € R we know

that
[ a4 a2 b2
Im(a + ib)l/2 = sgn(b) %M.

Im(z% + z% + z§)1/2 >




Here we used the convention that 2!/ is the analytic branch of \/z such that Re(zl/Q) >
0 for any z € C\(—o0, 0]. It is easy to check that Im(a +ib)*/? is a decreasing function
in a € R. Let z%+z§+z§ = a + ib, then

b b b
at+ib = (/a2 + a2+ a2 +i2 L+ a202 + asbs
,/a%+a%

_ (a1ba — agb1)® + (a1bs — asb1)® + (azbs — asby)®
a% + a% + a% ’

Let
(agby — a1b)” + (a1bs — azb1)® + (azbs — agbs)?
F+ G+l

since b = 2(a1b1 + a2ba + asbs) > 0, we have

I
a =a+

)

1/2 _ a1by + agbs + asbs
\/a%—f—a%—i—a%

On the other hand, since a’ > a, we know that Im(a + ib)'/? > Im(a’ + ib)*/2. This
completes the proof. O
In the reminder of the paper we need the following assumption which is rather

Im(a’ + ib)

mild in the practical applications as we are interested in the convergence of the PML
method when 0 sufficiently large.

(H2) 0> 19,5 = /fa(t)dt > \/3/2.

Lemma 3 Let (H1)-(H2) be satisfied. Then for any x € I'y and 'y € By,

Lmin eLmin Lmin Lmin
2 (1+(9+C5')L - 2 (2-'!‘@7'1[113‘)()[/7

Im p(X,y) >~v5, 7=

where Ly = min(L1, L, L3).

Proof. Let z; = & —y; = (7(r(x))z; —y;) +i6(r(x))z;. Since r(x) = 0, |x| > 6 Lyin/2
for x € I'y and |y| < L/2 for y € By, we have

|| — |y| > 7(0)0Lyin/2 — L/2 = 0Lyin /2 + 6¢Lymin/2 — L/2 > 0Lnyin /2, (3.1)

where we have used (H1)-(H2). This implies,

(1(O)aj — ;) - 6(0)a; = 6O)x|(1A(O)x| = |y]) = G0LEn /4.

3
=1

J

On the other hand, since |x| < 0L/2 for x € I3,
lipx —y| < (1+(6(0))0L/2+ L/2 = (1+ 6+ (5)L/2.

The lemma now follows from Lemma 2. O

In this paper we are interested in the convergence of the PML method when d = 0L,
the diameter of Bg, tends to infinite. The other PML parameters such as rg, (, 0max
are held fixed once they are chosen to satisfy the conditions imposed in (H1) and
(H3) below. In the following we will use C' to denote the generic constants that are
independent of d but may depend on k, rg, ¢, omax, and L;,j = 1,2, 3.
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Lemma 4 Let (H1)-(H2) be satisfied. Then for any x € I»,y € By,

(i) |Gy(%,y)| < Cd™t e 7,

(i) |0Gy(%,y)/0y;| < Ckd~te k7 j=1,2,3;

(iii) |0G (X, y)/0z;] < Ckd~te M%7 j=1,2,3;

(iv) |02Gr(R,y)/0z;:0y;| < Ck*d~Le %7 4,j=1,2,3.

Proof. Note that when |fjx —y| > L&, since |6x| < 5L/2 for x € Iy, we have

B R B 1/2 1 .
G y)| = (1% = yI* = L%°/4) " = Slix — yl. (3.2)

On the other hand, when |jx — y| < L&, by Lemma 3 we know that

(% ¥)| 2 Tm pl%,y) > 75 > 59L ix — y| > Cliix — y1. (33)
Thus by (3.1)
lo(x,y)|"" <Cd™!, Vvxelyye B, (3.4)
which combines with Lemma 3 implies
G (X, y)| < Cd™ e FImPEY) < 0g1e™ % wx e Iy,y € By.

This shows (i). Next, notice that, |Z; —y;| < [ix —y|+5L/2 for x € I3,y € Bj. Thus
if |ix —y| > &L, by (3.2),
1Z; —y;l _ lix —y[+5L/2
lp(xy)l = lix—yl/2

<C, Vxelyyce€B,

and if |fix — y| < &L, by Lemma 3,

1Z; —yil _ lix—yl+aL/2
lp(x,y)l = Imp(x,y)

<C, VxelyyehB.

Therefore
12 — yjl

= <C, VxelyyE€E By,
lp(x,y)|

which yields

8yj - a:vj

<C, Vxelyyc€B.
Ty

‘00(59)’)‘ <c ‘00(&)')‘ <C‘8Fj

Moreover, by (3.4), likp™! — p~2| < Cd™! + Cd=2 < Cd~'. Now (ii) and (iii) follows
from the fact that

Gk (%,y) 1. 1 —2, 9p ikp 0GE(%,y) 1. 1 -2, 0p ikp
— e = - k — — .
(ikp 1) )8xje , " 1 (ikp ) e

Oz 47 - dy;
The estimate (iv) can be proved similarly by using the fact that
Opxy)®| | OFidij OFi&i—yi 9p
axiayj

This completes the proof. O
Now we are in the position to estimate the modified Maxwell single and double
layer potentials WécL(u) and UL (A).
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Lemma 5 For any p € Y(I7), let
ik -1 [Fk 1
v(x) = RP (1) (x) + ik 7'V [0 (divr, ) (x)]
be the modified Mazwell single layer potential. Then

In2 x B |ly(ry) < CA+kd)e ™| wllyry), (3.5)
Ing x AV x BV ||y (1) < C(1+kd)e ™| |y (ry).- (3.6)

Proof. We only prove (3.5). The estimate (3.6) can be proved similarly. Denote

vi(x) = UK () (x) = | GrEYIRE)ds(y).

For any f € L>(I%), it is easy to see that

Wz = swp 0Ol oy g 02 i,
sei/2(ry) 10l e1/2 ()

Similarly, for any A € L% (I%)% N Vi (I%), AV () < Cd3/2H/\HL°°(F2)- Thus, from
(2.4)

[ n2 x Bvy ||Y(F2)
< Cd71Hn2 X BVl”V,;(Fz) + C||V x Bvy - n2||H71/2(p2)
< Cd"?|ng x Bvi|po(ry) + Cd*?||V x Bvi| oo (1), (3.7)

which yields, since B = agl on I, where ag = n(rg) + io(rg),
Imz x Bvilly (ry) < CdY2(Vall Lo () + AV Lo r)- (38)
On the other hand,
IVillLos (ry) + AIVViliLo (1)
< max (||Gk(>~(7 ez ) Jrd||Vka(>~(7')||Hl/2(r1)) lellg—12¢ry- (3.9)
For any x € I, since for y,y’ € I7,
IGr(%,y) — Ge(%,¥)| < ClIVyGr(X, )L (rly =¥,
we have
1Gk 72,y < CLY G e 1y + LY [y Gl o (1)
This implies, by Lemma 4,
Gk (&, M pr/z(ryy < CLY2d™H (1 + kL)e 7. (3.10)
Similarly

VaGr(&, )l py2c oy < CKLY2d7 (1 + kL)e 7. 3.11
H/2(I')
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Substituting (3.10)-(3.11) into (3.8) and(3.9) we obtain
s % BV ly(ry) < COU+kd)e™ 7l gr-12 1y
It remains to estimate ny X Bvgy with
va(x) = V [ (div,w)(x)| = BTV [#(divr,w)(x)]
By (3.7) we have

[ n2 x Bv HY(FZ)
i
< 0|V (divr, )l (1)
1/2 - .
< Cd'? max [VxGr(R, ) grasa () IV il =172
< Ck(l + kL)e_kWE||diV[’1[J/||H71/2(F1)7
where we have used (3.11). In conclusion,
[n2 x Bv HY(FZ)
-1
< klng X Bvi|ly(ry) +k " lIn2 x Bva [ly(n,)
—kvyo —k~o | q-
< Ch(1 + kd)e ™ il gr-1/21y) + (1L + KDY 7 ldivry g1/
—k~o
<O +Ekd)e i lly (-
This completes the proof. O
Lemma 6 For any XA € Y(I1), let
zk = Tk
V(@) = L) = V x [FA) ()]
be the modified Mazwell double layer potential. Then

In2 x BV [ly(ry) < C+kd)e ™ Xy (1), (3.12)
Ing x AV x BV [ly (1) < C(1+ kd)e || Xy (1) (3.13)

Proof. We only show (3.12). (3.13) can be proved similarly. For any x € I, since
v(x) = JDFV x [Big(x)(x)] 7
we have by (3.7)
[n2 x Bv|ly ()
< CdY?||Ing x AV x BUX (N)|| oo (1) + Cd*/ 2|V x AV x BIK ()|~ (1)
= Cd'?na x AV x BERN) | (1) + Ok a2 A7 BER N = (1),
< Cd'? (IVTA Nz (1) + K dIFK Nl (1))
where we have used the fact that @X(A) satisfies the PML equation

V x AV x BU5 (A) — k2 A7'BIE(A) =0  in R*\B;.
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But
7k 2 7k
VA (Moo () + E7AIITA (M) oo (1)
< max (KdllGi( s ary) 195G v ) N2
Now by using (3.10)-(3.11) we get
Ing x BV [ly(r,y < C(L+kd)e | A g-1/2(py)-

This completes the proof. O

4 The PML equation in the layer

We consider in this section the Dirichlet problem of the PML equation in the layer

V x AV x w— kA" 'w =0 in 2™, (4.1)

n xw=0on I}, ng xw=gqon [3,
where q € Y (I72). Introduce the following sesquilinear form

c(u,v) = / (AVxu-V xv—k A u-v)dx.
QPML

Then the weak formulation for (4.1)-(4.2) is: Given q € Y (%), find w € H (curl; 27")
such that ny x w=0o0n I}, no X w =q on I3, and

c(w,v) =0, Vv e Hy(curl; 2°M"). (4.3)

We will extend the idea in [7] to show the well-posedness of the problem (4.3) for
sufficiently large d. The first objective is to show that under the assumption (H1) the
matrix A is coercive. We start with the following elementary lemma.

Lemma 7 Let C = (¢;5) € R3*3 be q symmetric matriz such that co3 = c32 = 0 and
c29 = c33. Assume that c11 + co2 > 0 and ci11co2 > 0%2 + 6%3. Then the eigenvalues of

2 2
C' is bounded below by %ﬁ

Proof. It is easy to see that
det(C' — AI) = (caz — N)(A2 = (c11 + c22)A + 11022 — (Cia + C33)).

The eigenvalues of C' are A\ = coo and Ay = %(011 + coo £ \/Z)7 where A = (¢11 +
022)2 —4cy1c99 + 4(0%2 + 0%3) > 0. It is clear that Ay > A_ and

P —

14ci1ea9 — 4(c3y + 2 c11¢22 — (Cho + €2
(11 + a9 — VA) = LAcuica (c12 +ci3) > C11622 (ci2 +c13)
2 e 4cep+VA c11 +c22

N | =

where we have used the fact that A < (¢11 + 022)2 since c11¢99 — (0%2 + 0%3) > 0. This
completes the proof because

2 2
crice2 . €162 — (c12 +ci3)

A1 =co2 > >
c11 + c22 c11 + €22
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Lemma 8 Let (H1) be satisfied. Then

_ 1 _
Re(AGE-8) 2 Ty AT anapBES &

Ve e €3 x e Q7ML

Proof. We only prove the lemma for x € Qf': The other cases are similar. By (2.20),
write A(x) = (a;;(x)) we know that for any x € Qf':,

3
Re(A()E-§) = 3 Re(ag; (x)6:&)) > [ min M(x)} (€9,

j=1,2,3
ij=1 J=12,

where \j(x), j = 1,2, 3, are the eigenvalues of the symmetric matrix Re A(x).
We will use Lemma 7 to prove the lemma. First it is obvious that Re(ag2) > 0.
Next by direct calculation we have

Re [(a = 8)°aB*| = (0 = 5)°[(* = D@i® = n5” = 2061) + 20 — 06” + 257)]

> (0 —6)*(¢* = 1) (i — né® — 2064),

where we have used ﬁ2 > 62 It is easy to show that nﬁ2 - 7][72 — 2061 > 7C0&2 since
¢? > 2 by (H1). Thus

Cod? Co6?

a8t = 181t

;2
Rel® =Pl > - o) - 1)

On the other hand, it is easy to check that

22 a2 PN 2 N
o n(n°® —o6%)+206nm _ M+ 060
Regy = M0 > Pl (4

where we have used o7} > 16 from the definition of 7 and 7. Therefore, since |sa| <
Lo/2,|s3| < L3/2 and |s1| = L1/2, we obtain by using (H1) that

ni®  (oé

Reten) 2 e ~ e 2 3 2 s ~ e 2 3 e =
This show that Re(a11) + Re(az2) > 0.
To proceed we notice that by (2.20)
Re(a11)Re(az) — (Re(ar2)” + Re(as)®)
= Reﬁ&2 : é + Re% . é - <Reaa_ﬂﬁ)2 8%;%8%
= Reﬁi‘2 : é + Reﬁi‘2 -Reé - <Re%)2 33;%5%

a 1 (0-6)2s3+s3

B2 o aflplt T s2
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By (4.4) and (H1) we know that
Re(a11)Re(agz) — (Re(a12)” + Re(ar3)°)

2.2 PSP 212 2
_ L2
> 170 ;Uznn (o - 0)4 2 max 2
o 2[B |l ?18] ij L3
A2 ~2 2 2
n°+o o 2 L
+ — 2max —%
= JaP[a * Tarian << o 12
1
> TaPIBP &)

where we have used the fact that n?4? > 72 4+ (202 and (o — )% < 0. This completes
the proof by Lemma 8 by the fact that Re(ai1) 4+ Re(age) < (1+¢%)(1+ o). O
We remark that if { = 0, then n =% = 1 and (4.5) becomes

1+o006 o—6)? L?
Re(au)Re(azz) — (Re(a12)” + Re(a1s)*) > oy ~ (|o¢|2|,6|)4 2max 7
’ J

2
Thus, in order to guarantee the ellipticity, we require (o — &)2 - 2max; ; % < 1. Since
i

o — 6 =16, if we take 6" = co(rg — t)%(t — 1)% for 1 < ¢ < rq as suggested in [7] and
used in our numerical experiments, then ¢y should be taken very small. On the other
hand, there is no such restriction for the choice of ¢ in (H1) by Lemma 8.

Lemma 9 Let (H1) be satisfied and fix some r1 > ro. Then any solution of the problem
(4.1)-(4.2) satisfies
IVxwlrze,) < Clwlr (g, ),

where 2r, = {x € 2"™" : |z;| <r;L;/2,5=1,2,3},i=0,1.

Proof. The argument is standard. Let y € C°°(£2"™") be the cut-off function such that
0<x<1,x=1in 2, x =0in Q™\2,, and |Vx| < C/[(r1 — 70)Lmin/2] < C.
By multiplying (4.1) by x?w € Hg(curl; 2°M), we obtain
/ (AV xw-Vx(x*w) —k*A 'w. XQW) dx = 0.
(QPML
Since V x (x?w) = xV x (xW) + Vx X (xW), we have
/ AV X w -V X (XQ\TV)dx
QPML
:/ (AXVXW~V><(XV_V)+AV><W~VX><(XV_V))dX
QPML
:/ (AVXXW~V><(XW)fA(Vxxwax(XW))dx
PML
+/ (AVXXw-VxxW—AVxxw~Vx><W)dx.
!ZPI\/[L

On the other hand, since ||A|| < C and ||[A™!|| < C, by using Lemma 8 and standard
argument we obtain that

[ 19 Cow)Pax < Cllwlaga, .

This completes the proof. O
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Lemma 10 Let (H1)-(H2) be satisfied. Then any solution of the problem (4.1)-(4.2)
satisfies the following estimate

[n2 x AV x W |ly(r,) £ C(A+kd)[[ally(r,) + CllwllL2(e,,)-

Proof. Denote by D = Q"™“\ 2. Let U € H(curl; D) such that ng x U = q on I}
and n x U = 0 on I},. Multiplying (4.1) by w — U and integrating by parts over D
we obtain

/(Awa-vakaAflw-v-v)dx
D

:/(AVXW-VXﬁ*k2A71W~ﬁ)dX+<n><AvXW,W)F
D

o "

Since A = 0461[ in D, where ag = a(rp), we have by taking the imaginary part of the
equation and using the standard argument that

/ (—002 |V x w|2 + k200|w|2) dx
p \ ool
< (I x Uy + KU () + in x AV x w, W), |

0

< C(l + kd)2||U||§-I(curl;D) + |<Il X AV x w, W>F |

0

The estimate holds for any U € H (curl; D) such that ng x U =qon Iz and nx U =0
on Ir,. By (2.5) we get

70

/D IV x wl® + K lw|?> < C(1+kd)?| ally (1) + [(n x AV x w,w)p, | (4.6)

To estimate the second term, we multiply the equation (4.1) by w and integrate by
parts over {2, to get

/ (AV x w -V x W — kA7 'w - w)dx + (n x AV x w,W)aq, =0,
2y
which implies, since n x w =0 on I7,

(0 x AV x w,w)r,, | < CUIY x Wi, ) + K Iwl3200,.)

2
< Cllwlze (e, )

where we have used Lemma 9. Substitute the estimate to (4.6) we have
L 19w+ 2w < O+ kPl alfn + Clwlitae,,) @1

Again by (2.5) and the equation (4.1) we have then

[n2 x AV X W [ly (1) < Cl|AV X W|| g (curt;D)
= C(d 2| AV x W|72(py + [k A~ wl|72(p)) ">

This competes the proof by using (4.7). O
In the following we need the following assumption on the medium property.
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1
H 5 ()] < s
(H3) ro max |6°(t)] < EYORE

The following theorem is the main result of this section.
Theorem 1 Let (H1)-(H3) be satisfied. The problem (4.1)-(4.2) has a unique solution

for sufficiently large d. Moreover, there exists a constant C' > 0 independent of d such
that

[n1 x (Vxw)llym) < Clallyr)- (4.8)

We will use the duality argument to prove the theorem. We first recall the following
lemma formulated in 7, Theorem 3.2] (see also Girault and Raviart [22, Theorem 2.1]).
The lemma can be viewed as a variant of the Fredholm alternative.

Lemma 11 Let Ag(-,-), I(-,-) be bounded sesquilinear forms on a complex Hilbert
space V. with norm || - ||y,. Let W be another Hilbert space with V' compactly embedded
in W. Suppose that |I(v,v)| < Cyllv|ly||lvllw for all v € V and ||v||3 < CalAg(v,v)|
forallv e V. Set A= Ag+ I and assume that the only u € V satisfying A(u,v) =0
for allv € V is u = 0. Then, there exists C3 > 0 such that for allu € V,

A(u,v
lully < C5 sup AL
vev  lvllv

The proof of the following lemma will be given in the appendix of the paper.

Lemma 12 Let (H1)-(H3) be satisfied. Then for any U € L?(R3)® supported in 2y,
there ezists a function v in H(curl; R®) such that

VXAV xv—kA'v=4a"'U inR> (4.9)
Moreover, we have the estimate ||V|| g (curt;rs) < CHUHLZ(QTI)-

Lemma 13 Let (H1)-(H3) be satisfied and 0 > r1. Then there exists a function u in
H (curl; R*\By) such that
VxAVxu—kAlu=A4"'0 inR3\B, (4.10)
ngxu=0 only. (4.11)
Moreover, the following estimate holds

—koo(0—7r1)Lmin/2

[n2 xully(r,) +[n2 x AV x ully(p,) < C(1+ kd)e 1022, )-

Proof. We first construct the function u that satisfies (4.10)-(4.11). Let v be the func-
tion defined in Lemma 12 and u; = E(n; X v|p, ) the PML extension given in (2.15).
Then

V x AV x (Buy) —k*A"Y(Bu;) =0 in R*\B,

ny Xxu; =ny Xxv onl].
Moreover, by the argument in Lemmas 5-6 we know that

Inr x Builly(r,,) + [Inry X AV x Builly(r, ) < C(1+ kd)|n1 X vy (ry)(4.12)
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It is clear that u = v — Bu; satisfies (4.10)-(4.11). It remains to show that u satisfies
the desired estimate.

Since A = aall outside (2r,, we know that u is the solu‘Eion of a time-harmonic
Maxwell scattering problem with the complex wave number k = kag = k(ng + iog),
10,00 > 0. By the Stratton-Chu integral representation we have, for x € Rg\f)m,

u(x) = Wy (1) (%) + U (M) (%),

where A = n,, X uon Frmp,:%nr1 XV xuon I, and
1

WE () (%) = R0E () (x) + k'Y [w{i(dimlu)(x)] vx € R\ 2y,
TG =V x PR (x)]  vx e R\,

with the vector and scalar single layer potentials
A0 = [ Grxyamix w0 = [ Grxyevx
T1 1

eiklx—y|

Recall that Gy (x,y) = Ty For any x € Ib,y € Iy, |x —y| > (6 — 1) Linin/2.
Thus |Gy (x,y)] < Cd te koo@=r)lmin/2 g5, x € Iy, y € Iy, . Similarly, we have

VG (x,y)| + |VyGr(x,y)| < Ckdte koo0mmlmn/2 yy e 1y y € Iy,
VxVy Gy (x,¥)] < C,kzcr164«70(031)Lm;n/27 Vx € Iy, y € Ty

By the similar argument in Lemma 5 and Lemma 6, we can obtain

2 X ully(r,) + [In2 X AV xally(p,)

—koo(60—71)Lmin/2
< O+ kd)e P02 Xy o+ sy r,)-
This completes the proof since by (4.12) and Lemma 12

[ My + T elly ) < ClVIiaEuse,,) < ClUlL2@e,,)- O

Now we are in the position to prove Theorem 1.

Proof of Theorem 1. Multiply the equation (4.1) by u, integrate by parts over 27",
and use (4.10), we have

/ A_IU -wdx + (n X AV x W,ﬁ>6QPML + <Il X AV X u, W)aQPML =0.
(QPML

This yields, by ny xu=0,n; Xxw =0on I,

‘/ AU - wdx
(QPML

< |{ny x AV X w,ng x @ X ng)r,| + (n2 Xx AV x u,q X n2), |

< |ln2 x AV X Wy ()l n2 X ully(r,) + [In2 x AV xully iy llally -
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By Lemma 10 and Lemma 13 we know that
[n2 x AV X W |y () n2 X ully ()
< |+ kd)lally () + [Wlza(e,,)| - CO+ kdye™ 0 bmn 2y o
< C [lally () + (1 + ke * I 2w 2 ] U2, ) (4.13)
where we have used the fact that (1 + kd)2e *70(0="1)Imin/2 < ¢ for sufficiently large

d. By Lemma 13 and the fact that (1+ kd)e_]w"(G_Tl)Lm‘“/2 < C for sufficiently large
d we have

[n2 x AV x ully(r,) < Cl[Ul[L2(0,,)- (4.14)

Thus combining (4.12)-(4.14) and taking U = x1Aw, where X1 is the characteristic
function of {2, we obtain

Iwli2(a,, ) < OO+ kd)e kol Emn 2l oo 3+ Cllallyry).  (4.15)

To prove the uniqueness of the problem (4.1)-(4.2), we set @ = 0. Then it is easy to see
from (4.15) that w = 0 in 25, for sufficiently large d. The uniqueness of the solution
then follows by the principle of unique continuation. The existence of the solution
then follows from Lemma 11 and the uniqueness (see [7, Theorem 5.1] for a similar
argument).

To show the desired estimate (4.15), we first note that it follows from (4.15) that
for sufficiently large d

IWllL2(2,,) < Cllallyr)-
Now by using the trace inequality (2.5) and Lemma 9
-2
[n1 XV xwlyr) <CUV X wWlrg,)+ L Iwle,)) < Clwlie,,)-

This completes the proof. O

5 The convergence of the PML method

We first reformulate (2.17)-(2.18) in the bounded domain 2; by imposing the boundary
condition

n x (v X E)|F1 = ée(nl X E|F1):

where the approximate Calderon operator Ge : Y(I'1) — Y (I1) is defined as

Ge(N) = %nl % (V % ), (5.1)

with u satisfying

Vx AV xu)—k2A lu=0 in 2™ (5.2)

ngxu=Aonlj, ngxu=0on [5.
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By Theorem 1 we know that G is well-defined for sufficiently large d. Based on the
operator Ge, let a : H(curl; £21) x H(curl; £21) — C be the sesquilinear form

a(B,v) :/Q (VXE-Vxv—kE-v)dx+ik(Ge(n; x E),ny x v xni)p,.
1

Then the weak formulation of (2.17)-(2.18) on the bounded domain (2; is: Given g €
Y(I'p), find E € H(curl; £21) such that np x E =g on I'p, and

a(E,v) =0, Vve& Hp(curl;2;). (5.4)
Lemma 14 Let (H1)-(H3) be satisfied. Then, for sufficiently large d, we have
N — kNG
[(Ge = Ge)N) ly(ryy < CA+kd)e” [ M ly(ry),
for any XA € Y (I).

Proof. For any A € Y (I1), let E(A) be the PML extension defined in (2.15). It is
easy to see that %nl X E(A) = Ge(A) on Ih. Now by (5.2)-(5.3), we know that
(Ge — Ge)(A) = %nl x (V x v), where v satisfies

Vx AV xv)—k2A" v =0 in 2™,

n; xv=0onI7, nyxv=mnyx BE(A)on I5.
By Theorem 1, Lemma 5 and Lemma 6, we have
—k~Go
01 % (V x BY) ly () < Cllnz2 x BE(A) [y (1) < C(A+kd)e™ | Mly ()

This completes the proof. O
The following theorem is the main result of this section.

Theorem 2 Let (H1)-(HS) be satisfied. Then for sufficiently large d > 0, the PML
problem (2.17)-(2.18) has a unique solution E € H (curl; £22). Moreover, we have the
following estimate

. _ kG
IE — Ell g cur;2,) < C(A+kd)e” "7 n1 x Elly (). (5.5)

Proof. First by (2.9) and (5.4) we have, for any v € Hp (curl; £21),

W(E—-E,v) =aE,v)—a(E,v)
= ik((ée — Ge)(nl X E),nl X Vv X n1>p1. (56)

By Lemma 1, Lemma 6 and Lemma 14 we know that for sufficiently large d,

a(E,v —kvG
sip B Bl ) — O ke x Bl
vEHp(curl;f2y) ”V”HD(curl;Ql)

> CHEHHD(curl;Ql)'
This shows that the PML problem (2.17)-(2.18) has a unique solution. The desired

estimate then follows from (5.6), the above inf-sup condition, and Lemma 14. This
completes the proof. O
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6 Finite element approximation

We start by introducing the weak formulation of the PML problem (2.17)-(2.18). Let
b(u,v) = / (AVxu-V xv—kA  u-v)dx. (6.1)
25

Then the weak formulation of (2.17)-(2.18) is: Given g € Y (I'p), find E € H(curl, £23),

such that np XE:gonFD,ng X E =0 on I3, and
b(E,v) =0, Vv e Hy(curl;(29). (6.2)

Let My, be a regular partition of the domain {29 whose elements may have curved
boundaries on I'p. We will use the lowest order Nédélec edge element [31] for which
the finite element space Uy, over My, is defined by

U, = {u € H(Curl; _(22) : u|K =ag +bg xx,Vag,bg € Rs,VK € ./Vlh}

Degrees of freedom of functions u € Uy, on every K € M,;, are fe_ u-dli=1,...,6,

[e]
where e, ..., eg are the six edges of K. Denote by Uy, = Uy, N Hy(curl; £22). The finite
element approximation to (6.2) reads as follows: Find E;, C Uy, such that n x Ej, = gy,
on I'p, n X E;, =0 on I3, and

b(Eh,Vh) =0, Vv, € Uy. (63)

Here gy, is some edge element approximation of g on I'p. The existence and uniqueness
of the discrete problem (6.3) is a difficult problem due to the non-coerciveness of the
sesquilinear form b : H(curl; £22) x H(curl; f22) — C. By extending the argument in
[30, Section 7.2] for the Maxwell cavity problem, the unique existence of (6.3) for a
sufficiently small mesh size h < h* can be proved by using the unique existence of the
continuous problem (6.2). In this paper we are interested in a posteriori error estimates
and the associated adaptive algorithm. Thus in the following, we simply assume the
discrete problem (6.3) has a unique solution Ej,.

For any K € My, we denote by hy its diameter. Let F} be the set of all faces
of the mesh M), that do not lie on I'p and I5. For any F € Fj,, hp stands for its
diameter. For any interior face F' which is a common face of K; and Ko in My, we
define the following jump residuals across F'

[1’1 X (AV X Eh)] =ng X (AV X (Eh|K1 — ]’Eh|[(2))7
[*A7'E), -n] = kA7 (By |k, — Eilk,) - np,

using the convention that the unit norm vector ng to F' points from Ko to K;. The
local error indicator ng for any K € My, is defined as

N = Wik AT By — V x (AV x Bp) [{2(x)
+ |l div(k* A7 Ep) |72k
+ hic|l [ (AV X Bp)] [ 2(a50) + hic | R AT B - 0] 72 o5

The following theorem is the main result of this paper.
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Theorem 3 Let (H1)-(H3) be satisfied. Then for sufficiently large d, there ezists a
constant C depending on the minimum angle of the mesh My but independent of d
such that the following a posteriori error estimate is valid

1/2
IE ~ Epllmeun < Cllg—enllyao +C( D i)
KeMy,

+C(1 + kd)e ™7 || ny x By, Iy (1y)-

The proof of this theorem will be given in Section 7. One of the key ingredients of the
a posteriori error analysis is the Birman-Solomyak decomposition theorem in Lipschitz
domains [6], [21], [13]. More precisely, the following result whose proof can be found in
[21], [13] will be used.

Lemma 15 For any v € Ho(curl, 23), there exists a vs € Ho(curl, 22) N HY(29)3
and a ¢ € HE(22) such that v = vs + Vo in 2o, and

Vsl (2. @l (2) < ClVIECurl;2,)-

Let V3 be the standard H 1—conforming linear finite element space over My and

o o
V5, = Hg(22) NV, In Section 7, we will use the Clément operator rj, : Hi(£22) — V7,
in [18] and the Beck-Hiptmair-Hoppe-Wohlmuth interpolation operator 7, : H!(£22)3n

o
Hy(curl; £22) — Uy, in [4] which satisfy the following estimates

o
=~

e =rnellrzk) < Chrll Vel 2 gy

1/2
le = rne N2y < ChEL2I Ve 2y,

> @
2R

v =7nviliLze) < Chrl VY2 gy,

.G)
3
J 2 &£

o~ o~ o~ —~

1/2
v —mnvilLz(r) SChF/ ||VV||L2(13)7

where A is the union of elements in M, with non-empty intersection with A4, A =
K e My or F € Fy.

7 A posteriori error analysis

In this section, we prove the a posteriori error estimates in Theorem 3. To begin with,
let u € H(curl; £21) such that np xu=g—gy, on I'p, then E—E;, —u € Hp(curl; £27).
Thus by (2.10) we have

|a(E — Ep —u,v)|
HE -E, - uHH(curl;Ql) <C sup
vEHp(curl;£2y) ||V||H(Cur1;91)

Since |a(u, V)| < C”uHH(curl;Ql)||V||H(curl;.(21)7 we obtain

la(E —Eyp, v)|
||E7EhHH(curl;Ql) < C”uHH(curl;Ql) +C sup —_—_
vEHp(curl;£2y) HVHH(curl;Ql)
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The above estimate is valid for any u € H(curl; £21) such that n x u=g — g, on I'p,
we get by the trace theorem

IE - Enllgeutey < Cle—snllyay) (7.1)
v wp BBV
vEHp (curl;f2y) ||V||H(Cur1;(21)

For any v € Hp(curl; £21), we extend v to 27", denoted by &(v), such that
w = &(v)|rur satisfies

VXAV Xxw—kEA'w=0 in Q™" (7.2)
nxw=mn; xv onlj, ngxw=0 on 5.

We know from Theorem 1 that &(v) is well-defined. Moreover, by (5.1)

Ge(ny x v) = %nl X V x &(v).

Lemma 16 (Error representational formula) For any v € H (curl; £21), let v in H (curl; 25)
be its extension defined by

Then for any vy, € Iojh, we have
(B — Ep,v) = —b(Ep,, v —v},) +ik((Ge — Ge)(n1 x Ep),ny X v X n1)p .
Proof. By (2.9) and the definition of the sesquilinear forms a(-,-) and b(-, ), we have
a(E—Ep,v)
:7/9 (Vth~V><\"/fk2Eh~\7)dx
1

7ik)<Ge(n1 X Eh),nl X Vv X n1>p1

= —b(Ep,V) +/

(QPML

(AV xEj -V xv—kA'E,- 6) dx
—ik(Ge(n1 X Ep),ny X v X ny)p,.
But v = &(¥) satisfies

VXAV x ¥ —Kk*A79 =0 in Q"M

we have
/ (AVth-VX\:/—kQA_lEh-\:/)dx
(QPML
=MmxE,nx AV XV xn)prurn,.
Since n x E;, = 0 on Iy and n = —nj on I for the domain 2°™", we then get

/ (AVth-vXé—kQAflEh-é)dx
QPI\/{L

—(n1 x Ep,n; x AV XV xm)p

7<n1 X (’S(Eh),nl X AV X ¥V X n1>p1,
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where €(E},) is the extension of Ej, in 27" by (7.2)-(7.3). Now integrating by parts
twice and using the equation (7.2) we obtain

/ (AVth~V><\:r—k2A_1Eh~‘:/)dx
(QPML

/ (Av x €(Ep) -V x v — kK*A7'¢(Ey,) - 6) dx
(QPML

= 7<n1 X \:/,nl x V x G(Eh) X n1>p1

= ik(ée(nl X Eh),nl XV X n1>p1.

This completes the proof because v=v on [7. O
Now we are in the position to prove the main result of this paper.

Proof of Theorem 8. Our starting point is (7.1). To estimate the second term in
(7.1), for any v € H(curl;{21) such that np x v = 0 on I'p, we denote v = &(v)
its extension to 2°™". Thus v € Hy(curl;{22). By Lemma 15, there exists vs €
Ho(curl; 25) N H(£22)% and ¢ € H}(§22) such that v = vs + Vo, and

Vsl a1 (2.) + el a1 (20) < ClVIH(Curl;02)-

By Theorem 1, ||| g7 (curt; 2pnvary < Cln1 X V| g-1/2(piy; ry)- Thus by the trace theorem
in H(curl; £21), we have

Vsl (2,) + 1ol a1 (2.) < ClVIEECws21)- (7.4)

Let
vy = Vrpp + Vs,

[e] o
where rj, : Hi(£22) — V3, and 7, : H(£22)3 N Hy(curl; £23) — Uy, are the interpolation
operators defined at the end of Section 6. By the error representation formula in Lemma
16, we have

a(E - Eh7v)
= —b(Ep, Vs + Vo — (mpvs + V) + ik((Ge — Ge) (X x Ep), (ng x v) x ny)
= f/ (Av X Ej, -V x (Vs — mpvs) — K2ATVEy, - (Vs — whvs))dx
2

+/ K°AT'E, - V(¢ — rp@)dx
25

+ik((Ge — Ge)(ny X Ey), (ny X v) x 1)y
i= I 41T + 1L

By using integration by parts, the estimates (6.4)-(6.7), and standard argument in the
a posteriori error analysis, we obtain

1/2
e <Y nk) " (el + Ivsllm (@z)
KeMy

1/2
<c( X k) IVlauma):
KeMy
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where we have used (7.4) in the last inequality. By Lemma 6 and trace inequality for
H (curl; £21), we have

—k~G
1 < C(1+kd)e™ ™7 || n1 X By ly () VI curt; 1) -

This completes the proof by (7.1). O

8 Numerical examples

In this section we report two numerical examples to illustrate the performance of the
adaptive anisotropic PML method. The implementation of the adaptive finite element
method is based on the parallel adaptive finite element package PHG [33], [37] which
is based on the unstructured mesh and MPI. The computations are performed on the
cluster LSSC-III in the State Key Laboratory of Scientific and Engineering Computing
of Chinese Academy of Sciences.

First we choose Ly, Lo, L3 such that D C B;. We take ¢ = \/imaxm» f—; inn=

1 + ¢o and choose the medium property o such that 6 = co(rg — 7)2(r — 1)? for
1 <7 < rg. Then we choose g, cop and 6 such that the exponentially decaying factor:

w=e M7 <1078, (8.1)

which makes the PML error negligible compared with the finite element discretization
errors. Once the PML region and the medium property are fixed, we use the standard
finite element adaptive strategy to modify the mesh according to the a posteriori error
estimate.

The adaptive finite element algorithm is based on the a posteriori error estimate
in Theorem 3. With the local error estimator nx in Theorem 3 we define the global a
posteriori error estimate

1/2

e={ > nk

KeMy
Now we describe the adaptive algorithm used in this paper.

ALGORITHM. Given a tolerance tol > 0 and the initial mesh Mg. Set M, = M.

1. Solve the discrete problem (6.3) on My.
2. Compute the local error estimator ng on each K € My, the global error estimate
E.
3. While & > tol do
— Refine the elements in M;, C M}, where M}, is the minimum subset of M,
such that

1/2
) 1
Z K > 554
KEMh

— Solve the discrete problem (6.3) on My,.
— Compute the local error estimator nx on each K € My, the global error
estimate £.
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end while.

This discrete algebraic system is solved by the MUMPS (MUltifrontal Massively
Parallel Sparse direct Solver) [1], [2].

Example 1. Let the scatterer D = [—0.5,0.5] x [—1,1] x [-1.5,1.5], L1 =2, Ly =
3,L3 = 4 and k = 4w. We consider the scattering problem whose exact solution is
known as

E = MY(|x|,%) = V x {xh{" (|x)YL (%)},

where hgl)(|x|) is the spherical Hankel function of the first kind and order one, Y (%)
is the zeroth spherical harmonics of order one. In this example we are interested in
the accuracy of our adaptive PML method and the influence of different choices of the
thickness of the PML layer to the performance of the adaptive PML method. For this
purpose we choose different thickness of the layer dy = 4,d2 = 6,d3 =8, 0 = 3, rg = 2,
co=13ord; =6,ds =9,d3 =12,0 =4, rg = 2, ¢g = 10.

Figures 8.2 shows the logN-log||E — Ep|[f(cur1) and logN-log€ curves with dif-
ferent choices of 6, where N is the number of the degrees of freedom. It indicates
clearly that the meshes and the associated numerical compexity are quasi-optimal:
[IE — Enll 5 (curl) = CN™3% and € ~ CN™7 are valid asymptotically. This figure also
shows the total computational costs are insensitive to the choice of the thickness of the
PML layer using the adaptive PML method.

Fig 8.3 shows the far fields in the direction (1, 0, 0) when 6 = 3.

Example 2. Let the scatterer be the screen X = [—0.5,0.5] x [—0.5,0.5] x {0}. We
set the incident wave E* = (e””“"7 0, O)TA Let k = 27 and take L1 = Lo = 2, L3 = 1,
dy =do=4,d3 =2,rg=2and ¢y = 13.

Figure 8.4 indicates t}}at the meshes and the associated numberical compexity are
quasi-optimal: £ ~ CN ™3 is valid asymptotically. The adaptive mesh on the z3 = 0
is plotted in Figure 8.5 with 1370291 elements (3237584 DOF's). We observe the mesh
is much refined around the scatterer.

Figures 8.6 shows the modulus of the far fields on the 1 — x2 plan for the different
choices of the incident waves. We observe the far fields converge rather fast in our
adaptive mesh refinement steps.

9 Appendix: Proof of Lemma 12

We prove the lemma by a constructive argument. For any z € CTT = {z : Re(z) >
0,Im(z) > 0} and x € R3, we let x. = F»(x) = B:(r(x))x, where §:(r(x)) = 1 +
26 (r(x)). Let y(z) be the multivalued analytic function satisfying v(z)? = z defined on
the Riemann surface corresponding to /2. We define the stretched complex distance

~ ~ ~1 ~1\2 ~2 ~27\2 ~3 ~34\2 3
d(Xz7yZ):W[($z*yz) + (@2 —92)° + (&2 — 72) ]7 vx,y € R”,
Where iz = (ii7§7§7§7§)7‘7 yZ = (gg7g§7g§)T

on the top sheet of the Riemann surface in which Rey(z) > 0. By the argument in the
proof of [28, Theorem 2.8] we know that J,(y)Gg(Xz,yz), where J.(y) = det(DF:(y))

. We require that for z € R, d(%x:,y:) is
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Fig. 8.2 The quasi-optimality of the adaptive mesh refinemensts of the error ||E —
Epll g (curs;(21)) and the a posteriori error estimate for Example 1 (60 = 3,4).

oikd(%2.,52)

t-d% 5 is the fundamental solution of the stretched Helmholtz
U (x27§’z)

and Gy (X2,¥2) =
equation

(Az + k2)Gk(7~‘Z7S’z) =-i(x-vy), (9.1)

where A, = J; 'div(J.DF; 'DF;TV). When z = ¢ + i, we write F¢;(x) = F(x),
Xcyi =X, and A¢qyy = A, to be in conform with the notation in section 2.

Lemma 17 Let (H1)-(H3) be satisfied. We have
d(%,9)| > Clx —y|, ~Im[d(%,9)]<C, VvxyeR” (92)

Proof. By definition we have ¥; — §; = a; + ib;, where

a; =z —yi + C(6(r(x)zi — 6(r(y))yi), bi=0(r(x))zi —6(r(y))vi-
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Fig. 8.3 The module of the far fields in the direction (1, 0, 0) for Example 1 (0 = 3).

Simple calculation shows that

2

2
ld(%, 3)|* +4

3
Z aibi:|
i=1

Z(a? +b2)% + 2(arag + bibe)* + 2(a1a3 + b1b3)? + 2(agas + babs)?
i=1
— albg — a2b1)2 - 2((11()3 - (13()1)2 — 2(a2b3 — a3b2)2.

3
[Zm? )
=1

It is easy to see by Young’s inequality that
24,2 1 2
a; + b7 = (zi —i)* + (14 b7 + 2¢ (i — yi)bs > WM —vil"

On the other hand, for a = (a1, ag, ag,)T7 b = (b1, s, bg,)T7 we have

(a1bs — asb1)? + (a1bs — azb1)® + (agbs — azb2)® = |a x b|* = |(x — y) x b|*.
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1000 a line with slopé -1/3 - ]
a posteriori error estimate -+

100

10

The a posteriori error estimate

1
0.3M 0.5M M 2M 4M  6M 8M.OM 20M
nDOF

Fig. 8.4 The quasi-optimality of the adaptive mesh refinemensts of the a posteriori error
estimate for Example 2.

For x,y € R3\ 2, we have 6(r(x)) = 6(r(y)) = 00 and consequently |(x —y) x b| = 0.
If one of x,y is in {2,, without loss of generality, we may assume y € (2,, we have
|(x —y) xb| = |(x—y) x (6(r(x))x —6(r(y))y)|
=l(x—y) xy(6(r(x)) —o(r(y)))l

< — .rol/2 - 5! oo -yl
<|x—yl-roL/ llgntﬁgob ONIVTll oo (gs)lx —yl

From the definition we know that HVTHLOO(RS) < maxizlygﬁg(Li/Q)_ll Now by (H1)
we have

- b| < L/L; 5 (1)|1x — y|?
I(x —y) x |,roi;nl§§3( / z)lgltegola()llx Y

2\1/2 ~ 2
<ro(1+¢)Y? max 16/ (0)]x — v

Thus by the assumption (H3) we obtain

ld(x, 9)[* > |

1 A ) 1
—aux -yl —2(x—-y)xb]" = WP(—Y
This shows the first inequality in (9.2). To show the second estimate in (9.2). We
first notice that if x,y € ]RS\(_ZTO, Im (Z?:l(iz — §1)2) = 223’:1 a;b; > 0. Thus
Im[d(%,¥)] = 0. For y € £2r,, if |x| > roL, then 6(r(x)) = 00,6(r(y)) < oo,ly| <
roL/2, and thus

3
D aib = (x —y) - (6(r(x))x = &(r(y))y) = oolx|(|x| = 2|y]) > 0.
i=1
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Fig. 8.5 The adaptive mesh on the x3 = 0 plane with 1370291 elements (3237584 DOF's) for
Example 2.

Far Field Pattern
0.25 T T T
477910
1548254
0.2 3237584 - 4
10136504 -
/\ 14979054 = - v+ v =

Far Field Pattern

0.05 \

W6 T3 T2 213 5TY6 TU 7106 4173 3102 5TU3 11106 21N
direction of observation ( X;-X, plane)

Flg 8.6 The module of the far fields on the 1 — x2 plane for Example 2 when El =
(2730, )T, dy = d2 = 4, d3 = 2.
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This implies Im[d(X, y)] > 0. For the remaining case of y € 2y, |x| < rgL, we obviously
have —Im[d(X,y)] < |d(X,¥)| < C. This completes the proof. O

Now we are in the position to complete the proof Lemma 12.

Proof of Lemma 12. Let HE(R?) denote the completion of C§°(R3) in the norm
Vvl 2 (r3)- By Lemma 8

Re(A™ ' (x)¢,€) = Re(A(ATY¢), A= T¢) > ClAT ¢ > Cl¢)>, veeC? xeR3.

Thus for any U € L?(R?)3 supported in 2, there exists a function ¢ € H}(R?) such
that

(A71V, Vu)gs = (A71U, Vo)ps, Yo € H(R?). (9.3)
Let U = U - V¢, then V- (A7'0U) = 0 in R? and [|U||2@s) < C|[U||L2(g, ). Now

we define

Vi) = | Gu%9)J()B (¥)0W)dy, B=DF. (9-4)
Since J(y)Gi(X,y) is the fundamental solution of the stretched Helmholtz equation,
we know that
(A+ kv, = -B~'U0. (9.5)
Moreover, since VG, (%x,¥) = f@ka (%X,¥), we have

Vovi(x) = - [ VgGi(x,¥) J(y)B™ ' (y)U(y)dy

Il
I
—
<
<
@
-
o
<
h
L
=
ch
<
QU
<«

Thus V-v; = 0 because V- (A~ U) = 0 and G, (%X, y) decays exponentially as |y| — co
for fixed x. Now by the well-known identity —A = V x V-V -V, we obtain from (9.5)
that

@ X @ X V] — k2V1 = Bilfj,
which by (2.16) is equivalent to
V x AV x (Bvy) — k*A™}(Bvy) = A7'U0.

This shows that v = Bv; — V¢ satisfies the equation (4.9).
Now we estimate ||v|g(curi;rs)- By (9.3) we have [V p2rs) < C||U|p2(0
which yields

)

VIl (curl,rs) < 1BVl g (cur r3) + CllUlL2(2,,) < Cllvillgrs) + CllUlL2(o,,)-

It is clear that

/Q Gr(%,9)J(y)B~ () U(y)dy

Vil re\2,,) <
H(R\2,,)

L. 6&9I0)87 0) 0y
R3\ 2,

H(R3\2y)
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Since G (X,y) decays exponentially as |x| — oo for y € 2r,, we have

Notice that for x € R®\2,, and y € R3\2;,, 6(r(x)) = 6(r(y)) = 00, by Lemma 2 we
have Im[d(%,¥)] > og|x — y|, and consequently

< C|IU| 202

)"

/Q G (%,9)(¥) B~ (y)O(y)dy

HY(R3\(2;)

[ Gu&9I0)B7 0)0m)dy
R3\ 2,

H(R3\$2r,)

<C

o—koolx=y| _
[, SOy
R\Q,, [X—Yl

HY(R3\(2;)

Denote by hi(x,y) = e #70*=¥l(|x —y| =1+ |x —y|~2). By Cauchy-Schwarz inequality

we have
6—ko’g\x—y| 5 - 2
/¢ Tyl U (y)ldy <C [ || h(xy)|Oy)ldy| dx
R3 y HL(R?) R3 |JR3
<o [ meyOmPivix [ ey
R3 JRR3 R3
< C|U|| 2 (gs)- (9.6)

Thus we have HV1HH1(]R3\QT1) < C||I~JHL2(]R3)A To estimate ||v1| g1 (e, ), we split the

integration in (9.4) in two domains 25, and R3\(2,,. Since Gj(X,¥) decays expo-
nentially as |y| — oo for x € 2, we have

/  GHE I 3)Oy)dy < OO ey
R3\ 22,

Hl(_er)

For the integral in {29, , we first note that since r(x) is Lipschitz continuous, |Z; — ;| <
C|x — y|. Thus the first estimate in (9.2) implies that |Z; — g;|/|d(X,¥)| < C. By the
second estimate in (9.2) we have |eikd(’~"5’)| < C. Thus |0Gy(%k,¥)/0x;| < Cha(x,y)
for any x,y € R?, where ha(x,y) = |x — y|_1 +|x — y|_2A Now it is easy to see that

<C
HY ()

< C||ﬁ|\L2(Q2T1)7

/ Gi(%,5)7(y) B~ (y)U(y)dy

/ ha(x,y)|O(y)\dy
o)

LQ(QZH)

where we have used the similar argument in (9.6) in the last inequality. This shows
Ivillzr(e,,) < CllUllL2 sy < CllU||L2(g,,) and completes the proof. 0O
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