STOCHASTIC CONVERGENCE OF A NONCONFORMING FINITE
ELEMENT METHOD FOR THE THIN PLATE SPLINE SMOOTHER
FOR OBSERVATIONAL DATA
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Abstract. The thin plate spline smoother is a classical model for finding a smooth function from
the knowledge of its observation at scattered locations which may have random noises. We consider
a nonconforming Morley finite element method to approximate the model. We prove the stochastic
convergence of the finite element method which characterizes the tail property of the probability
distribution function of the finite element error. We also propose a self-consistent iterative algorithm
to determine the smoothing parameter based on our theoretical analysis. Numerical examples are
included to confirm the theoretical analysis and to show the competitive performance of the self-
consistent algorithm for finding the smoothing parameter.
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1. Introduction. The thin plate spline smoother is a classical mathematical
model for finding a smooth function from the knowledge of its observation at scattered
locations which may be subject to random noises. Let €2 be a bounded Lipschitz
domain in R? (d < 3) and uy € H?(2) be the unknown smooth function. Let
{z:}7=1 C Q be the scattered locations in the domain where the observations are
taken. We want to approximate ug from the noisy data y; = wup(x;) +e;, 1 < i <
n, where {e;}? ; are independent and identically distributed random variables on
some probability space (X, F,P) satisfying Ele;] = 0 and E[e?] < o2. Here and in
the following E[X] denotes the expectation of the random variable X. The thin
plate spline smoother is defined to be the unique solution of the following variational
problem

B R 2 2
L ; (w(zi) = yi)” + Anlulfrz(q), (1.1)

where A, > 0 is the smoothing parameter.
The spline model for scattered data has been extensively studied in the liter-

ature. For @ = R? and when the minimizer is sought in D™2L2(R%) = {u
D € L*(RY),|a| = 2}, [10] proved that (1.1) has a unique solution when the
set T ={z; :4=1,2,---,n} is not collinear (i.e. the points in T are not on the

same plane). An explicit formula of the solution is constructed in [10] based on radial
basis functions. [15] derived the convergence rate for the expectation of the error
[y, — uo|f{j(m, j = 0,1,2. Under the assumption that e;, i = 1,2,--- ,n, are also
sub-Gaussian random variables, [17] proved the stochastic convergence of the error
in terms of the empirical norm [[u, — ug||n := (P71 30, |un(2;) — uo(2;)|?)/? when
d = 1. The stochastic convergence which provides additional tail information about
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probability distribution function for the random error is very desirable for the ap-
proximation of random variables. We refer to [19] for further information about thin
plate spline smoothers.

It is well-known that the numerical method based on radial basis functions to
solve the thin plate spline smoother requires the solution of a symmetric indefinite
dense linear system of equations of size O(n), which is challenging for applications
with very large data sets [13]. Conforming finite element methods for the solution
of the thin plate model are studied in [2, 3, 4] and the references therein. In [13] a
mixed finite element method for estimating Vu,, is proposed and the expectation of
the finite element error is proved. The advantage of the mixed finite element method
in [13] lies in that one can use simple H' conforming finite element spaces. The H!
smoother in [13] that the mixed finite element method aims to approximate is not
equivalent to the thin plate spline model (1.1).

In this paper we consider the nonconforming finite element approximation to the
problem (1.1). We use the Morley element [12, 14, 16] which is of particular interest
for solving fourth order PDEs since it has the least number of degrees of freedom (6 in
2D and 10 in 3D) on each element. As a comparison, the H? conforming Argris finite
element for fourth order PDEs requires 21 degrees of freedom in 2D and 220 degrees
of freedom in 3D on each element. The difficulty of the finite element analysis for
the thin plate smoother is the low stochastic regularity of the solution w,. One can
only prove the boundedness of E[|u,|% (@] (see Theorem 2.2 below). This difficulty

is overcome by a smoothing operator based on the C'-element for any Morley finite
element functions. We also prove the probability distribution function of the empirical
norm of the finite element error has an exponentially decaying tail. For that purpose
we also prove the convergence of the error ||u, — ugl|, in terms of the Orlicz 12 norm
(see Theorem 4.8 below) which improves the result in [17].

One of the central issues in the application of the thin plate model is the choice
of the smoothing parameter \,,. In the literature it is usually made by the method of
cross validation [19]. The analysis in this paper suggests the optimal choice should be

A/ZFAE = =12 (Jug| 2y + o~ H2) 7L (1.2)

Since one does not know ug and the standard deviation ¢ in practical applications,
we propose a self-consistent algorithm to determine \,, from the natural initial guess
Ap = n~ 7. Our numerical experiments show that this self-consistent algorithm
convergences very fast and it is very robust with respect to the noises.

The layout of the paper is as follows. In section 2 we recall some preliminary
properties of the thin plate model. In section 3 we introduce the nonconforming finite
element method and show the convergence of the finite element solution in terms of
the expectation of Sobolev norms. In section 4 we study the tail property of the
probability distribution function for the finite element error based on the theory of
empirical process for sub-Gaussian noises. In section 5 we introduce our self-consistent
algorithm for finding the smoothing parameter \,, and show several numerical exam-
ples to support the analysis in this paper. In the appendix we prove a technical lemma,
on the smoothing operator.

2. The thin plate model. In this section we collect some preliminary results
about the thin plate smoother (1.1). In this paper, we will always assume that Q is a
bounded Lipschitz domain satisfying the uniform cone condition (see e.g. [15, P.6]).
We will also assume that T are uniformly distributed in the sense that [15] there exists
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a constant B > 0 such that }}lﬁ?ﬁ < B, where

Panaoe = sup b Vo~ il B =, I =
It is easy to see that there exist constants Bjp, By such that BinYe < B <
Bhpin < Bg?’l_l/d.

We write the empirical inner product between the data and any function v €
C(Q) as (y,v), = 237 | yiv(z;). We also write (u,v), = 237" | u(x;)v(x;) for any
u,v € C() and the empirical norm [|ull, = (£ Y1, u?(z;))/? for any u € C(Q). By
[15, Theorems 3.3-3.4], there exists a constant C' > 0 depending only on Q, B such
that for any u € H?(f2) and sufficiently small Ay ax,

lullz2(@) < Cllulln + hpaxlulaz@), ulln < ClullLz@) + hhaxlulm2@).  (2.1)

It follows from (2.1) and the Lax-Milgram lemma that the minimization problem (1.1)
has a unique solution u, € H?().
Define the bilinear form a : H2(Q2) x H?(2) — R as

%u 0%

= — H?(Q). 2.2

alw)= Y /aniaxjaxiaxj v Vuv e H(Q) (2.2)
1<i,<d :

It is obvious that |u|§12(9) = a(u,u) for any u € H?*(Q2). We also denote (-,-) the
inner product of L?(Q2). The following lemma from [15] plays a key role in studying
the convergence of u, to ug.

LEMMA 2.1. Let pg < po < -+ < pp < -+ be the eigenvalues of the problem

0(1/),1}) = M(l/% ’U) Vv e H2(Q) (23)

Then p1 = po =« -+ = pgr1 = 0 and there exist constants C1,Cy > 0 independent of
k such that Cy(k — 1) < pp, < Cok¥ kb =d+2,--- .

Proof. The eigenvalue problem (2.3) obviously has d + 1 zero eigenvalues with
linear polynomials as the eigenfunctions. The rest of the argument is the same as
that in the proof of [15, Theorem 5.3]. The key is to use a general theorem in Agmon
[1, Theorem 14.6], which concludes that the number of eigenvalues of the biharmonic
operator A? less than or equal to C_:d/4k4/d is k(1 + o(1)). The constant C; is
independent of & and o(1) goes to zero as k — co. The remainder of the proof follows
by using some simple argument in [15, Theorem 5.3]. O

THEOREM 2.2. Let u,, € H?(Q) be the unique solution of (1.1). Then there exist
constants A\g > 0 and C > 0 such that for any A, < Ao,

Co?

NAn
Co?
E[|un|%20)] < Cluolfzq) + — TR (2.5)
NAR

This theorem is proved in [15] when @ = R? and the minimizer is sought in
D2L3RY) = {u : D®u € L*(RY),|a| = 2} in the problem (1.1). Here we give a
simpler proof based on Lemma 2.1.

Proof. Tt is clear that u, € H?(Q2) satisfies the following variational equation

M@ty 0) + (Un, V) = (y,0)n Yo € H2(Q). (2.6)
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For any v € H?(Q), denote the energy norm |[||v[|3 = := Apa(v,v) + [Jv[|2. By taking
v = Uy — Up in (2.6) one obtains easily

e,V)p
s~ wolln, < AYZJuolsraey + sup {20, 27)
ver2(@) llIvllix,
where e represents the random error vector. Let p; < po < --- < pp < -+ be the
eigenvalues of the problem
a(y,v) = p(¥,v), Vv € H*(Q). (2.8)
It is clear that p; = -+ = pg+1 = 0 with the linear polynomials as the eigenfunctions.

By using (2.1) and the max-min principle of the Rayleigh quotient for the eigenvalues,
one obtains easily

Let {9, }72 , be the eigenfunctions of (2.8) corresponding to eigenvalues {pj}72 | sat-
isfying (¢, ¥1)n = Opi, where Jy; is the Kronerker delta function, k,l = 1,2,---
{¢x}72, is an orthonormal basis of L?(f2) in the inner product (-,-),. Now for any
v € H%*(Q), we have the expansion v(z) = > po, vkt(z), where vy = (v,9g)n,
k=1,2,---. Thus [[v]ll} = >p=; (Anpk + 1)vi. By the Cauchy-Schwarz inequality

oo oo 2
2 < ni Z L+ Anpr)vi - Z 1+ Xnpr)” (Z eiti(z; > )
k=1 k=1

This implies

2 oo n 2
E| sup (6’”3”] < (1 ) 'E (Z eiwkm))
k=1

veH?(Q) |||U|||>\n i=1

oo

=o?nt Z(l + Anpr) ",
where we have used the fact that |||, = 1. Now by Lemma 2.1 and (2.9) we obtain

(e, )7

E| sup <Co*n™1) (14 N kYL
vEH?2(Q) |||'U|||/\ ,;
< Co?n! / (14 At~ Lar
0
2
o
=C—¢-—.
nad/*

This completes the proof by using (2.7). O
Theorem 2.1 suggests that an optimal choice of the parameter A, is such that
14+d/4 _ —
AT = O((0n uol 52 -
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Fi1G. 3.1. The degrees of freedom of 2D (left) and 3D (right) Morley element.

3. Nonconforming finite element method. In this section we consider the
nonconforming finite element approximation to the thin plate model (1.1) whose so-
lution u,, € H%(Q) satisfies the following weak formulation

M@ty 0) + (Un, ) = (y,0)n Yo € HA(Q). (3.1)

We assume € is a polygonal or polyhedral domain in R? (d = 2,3) in the reminder
of this paper. Let M}, be a family of shape regular and quasi-uniform finite element
meshes over the domain Q. We will use the Morley element [12] for 2D, [16] for 3D
to define our nonconforming finite element method. The Morley element is a triple
(K, Px,Yk), where K € My, is a simplex in R, Px = P,(K) is the set of second
order polynomials in K, and Yk is the set of the degrees of freedom. In 2D, for the
element K with vertices a;,1 < i < 3, and mid-points b; of the edge opposite to the
vertex a;, 1 < i < 3, Sx = {p(a;),d,p(b;),1 <i < 3,Vp € CYHK)}. In 3D, for the
element K with edges S;; which connects the vertices a;,a;, 1 <7 < j <4, and faces
Fj opposite to a;j, 1 < j <4, Bx = {5 5, 2,1 S0 <j <4 5y [ Oup1 < j <
4,¥p € CH(K)}. Here §,p is the normal derivative of p of the edges (2D) or faces (3D)
of the element. We refer to Figure 3.1 for the illustration of the degrees of freedom of
the Morley element.
Let V}, be the Morley finite element space

Vi, = {Uh : Uh|K € PQ(K) VK € Mh,f(U}L|K1) = f(vh|K2) Vf € ZK1 n EKQ}.

The functions in V}, may not be continuous in Q. Given a set G C R?, let M (G) =
{K € M, : GN K # (} and N(G) the number of elements in Mj(G). For any
vy, € Vi, we define

) = —— S (@), i=1,2n. (3.2)

N(xz) KeMyp(z;)

Notice that if z; is located inside some element K, then My, (x;) = {K} and 0y (z;) =
vp(x), 1 = 1,2, ,n. With this definition we know that (0p, W), and (e, wy), are
well-defined for any vy, wy, € Vi,. We recall that (e, 1), = n~! Yo eqtp (24).

Let

82uh 82vh
ah(uh,vh) = E E dx  Yup,vp € Vp.
— K (9562(91'3 amiaxj
KeM, 1<i,5<d
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The finite element approximation of the problem (3.1) is to find u; € V3, such that
)\nah(uh, Uh) + (ﬁh,f)h)n = (y,@h)n Yoy € Vj,. (33)

Since the sampling point set T is not collinear, by the Lax-Milgram lemma, the
problem (3.3) has a unique solution. Here we recall that (y, 95), = n~ ' > 1| yidn ().
The following theorem is the main result of this section.
THEOREM 3.1. Let u,, € H%(Q) be the unique solution of (3.1) and uy, € Vj, be
the solution of (3.3). Then there exist constants Ag > 0 and C' > 0 such that for any

>\n S )\0;
) . ) n4 h4 1-d/4 o2
Bl o~ nl2] < OO + W) lualfey + € |1+ 5+ (5 e (34

In particular, if h* < C\,, we have

~ 2 2 CJ2
E[”uo - uh”n] < C)\n|uO|H2(Q) + W (3.5)

This theorem suggests that one should take the mesh size h = O( i/ 4) to achieve
the optimal balance of controlling the finite element error and the modeling error due
to A,. The proof depends on several lemmas that follow.

Let Ix : H%(K) — P2(K) be the canonical local nodal value interpolant of Morley
element [14, 16] and Iy, : L2(Q) — V}, be the global nodal value interpolant such that
(Inu)|x = Ixu for any K € My, and piecewise H2(K) functions u € L?(1).

LEMMA 3.2. We have

|u — IKU|HM(K) < Chi(_m|u|H2(K) Yu e H™(K),0 <m < 2, (3.6)
lu = Thulln < Ch?|ulpzi)  Vu e HA(SQ), (3.7)

where hi is the diameter of the element K and h = maxxem, hi.

Proof. Since Ixp = p for any p € Py(K) [16], the estimate (3.6) follows from the
standard interpolation theory for finite element method [9]. Moreover, we have, by
local inverse estimates and the standard interpolation estimates

— Ixull gy < inf — pll oo K|Y2 || I (u — }
lw = ITxullL a0 = inf lu = pllzoe ey + 1K™ Z [T (u = p)ll L2
2—d/2
< Chige " ul a2 i)

Let Ty = {a; € T: a; € K,1 <i <n}. By the assumption T is uniformly distributed
and the mesh is quasi-uniform, we know that the cardinal #Tx < Cnh?. Thus

_ 1
lu = Inull; < o Z #Txcllu — Tl Foe o) < Ch|uffpe(q)-
KeMy
This proves (3.7). O

LEMMA 3.3. Let K,K' € My, and F = K N K'. There exists a constant C
independent of h such that for any v, € Vi, |a| <2,

10 (il — vnl k)| Loe () < CR*T1=Y2(Jug | 20y + [0n] 12 (1)
6



Proof. By [16, Lemma 5] we know that
lonli = valkrl2cry < OB ([l i) + [onl 2 cy)-
By using the inverse estimate we then obtain

10 (vl — vnl k) lLoe(ry < CRT1 uplie — vi k|| e ()
< Ch™1=E=D2 e — wp ke[| 2y

< CR2V= 2 (o |z i) + Jvn |2 (i) -

This proves the lemma. O
Let M), C Mj, be a collection of elements K € My, we introduce the mesh

dependent semi-norm |- | i, m=0,

1/2

‘U|m7/\7h, = Z |U|§1m(K) ] (3.8)
KEM\h
for any function v|g € H™(K), K € M. We set |v|m.n = |V|m,m, for m =0,1,2.
The following technical lemma will be proved in the appendix of this paper.
LEMMA 3.4. There exists a linear operator 11y, : Vi, — H?*(Q) such that

‘Uh — Hhvh|m7h < Ch2_m|vh|2,h, m=20,1,2, Vv, € V, (39)
||’lA}h — Hh’l}th < Ch2|’l)h|2’h V’Uh S Vh. (310)

where the constant C' is independent of h.
For any function v which is piecewise in H?(K) for any K € My, we use the
convenient discrete energy norm

2y 1/2
vllna, = (Aalvf3 +11907)
Here o(z;), i =1,2,--- ,n, is defined as in (3.2), that is, 9(z;) is the local average of
all v|k(x;), where K € My, such that z; € K.
LEMMA 3.5. Let u, € H*(Q) be the unique solution of (3.1) and up, € Vj, be the
solution of (3.3). Then there exists a constant C > 0 such that

N h?
A2 lunlop + Il = uolln < C(B? + X)) unl 52 + CWH“” = ton

I C sup |(6,@h — Hhvh)n|
O;Avhth |||Uh|Hh;>\n

(3.11)

Proof. Since up, € V3, satisfies (3.3), we have

Anan(up — v, wr) + (U — On, Wh)n = Anap(Un — Vp, wh) + (Up — Op, Wh)n
- )‘nah(umwn) - (Un — Y, Wh)n  YUp,wp € Vj.

By taking wy, = up, — vy, one obtains easily the following Strang lemma [9]

(l[tn — UhH hoan S Cv;ig{/h l[tn — Uh|||h7>\n
+C  sup |/\nah(unvvh) + (un - yvﬁh)n| (3 12)
0£vn €V, lonllln,,

7



By Lemma 3.2 we have

Jonf (llun = ok, < COY? + %) un |2 (0)- (3.13)

Since for any vy, € Vi, v, € H?(Q), by (3.1), and the fact that y; = ug(z;) + e,
i=1,2,---n, we obtain

)\nah(una Uh) + (un - Y, @h)n

= A (Un, vy — Hpon) 4+ (Un — ¥, 00 — Ipop)y,

< Aalun| g2 lvn — Tpvnl2n + [un — vollnl|On — Tpvplln + (€, 95 — Hpvn)n
B2

< ON/? N l[un = wollnlllvallln, +[(€;0n = Thvn)al,

where we have used Lemma 3.4 in the last inequality. This completes the proof by
inserting the above estimate and (3.13) into (3.12). O

Now we are ready to prove the main result of this section.

Proof of Theorem 8.1. From Lemma 3.5 and Theorem 2.2 we know that we are
left to estimate the expectation of the last term in (3.11). By using Lemma 3.4 again
we obtain

2 A
sup <C 73 Sup M (3.14)
ozonevi  llvnllna, A2 0w ew, lwnllz2@)’

|(€, ’ﬁh — Hhvh) ‘

where Wy, = {wy, = vp, — Ipop : vy € Vi } and we set Hhvh(xi) = I,vp(x;) which is
legible since II,,v;, is a continuous function. Now we use a general argument in [18,
P.334]. Let N, be the dimension of W} and {%} 1 be the orthonormal basis of W},
in the L?(Q) inner product. Then for any wy, = Ej:1(wha )1, by Cauchy-Schwarz
inequality

Nn Nn [/ n 2
R 1
el < 5 3wy 5 (zemj(m)
j=1 j=1 \i=1
" 2
= ”wh”L2 Q) - Z (Z z"/{] T > .
j=1 \i=1
Since e;, i = 1,2,--- ,n, are independent and identically distributed random variables,

we have then

E

(e, o’ Ay
sup ] < 2221/)] ()2 (3.15)

0w, €Wy, ||wh||L2(Q) j=11i=1

Now since 1; € W}, is piecewise polynomial, we obtain by inverse estimate that

N;L n N}L Nh
SO i)’ <> > #TKH%HMK)<ch||%||m(m<0nh ¢
j=11i=1 j=1 KeMy

where T = TN K and we have used the fact that #Tx < Cnh?, ||¢;||12() = 1, and
Ny, < Ch~? because the mesh is quasi-uniform. This implies by (3.14)-(3.15) that

214—d
<2

E| sup e,on 2hvh)n|2
0£v, €V, |thmh,,\n
8

1
- (3.16)



Now from Lemma 3.5 and (3.16) we obtain

2 4 2 ht 2 o’htd
B = @4]2] £ OO+ HE fn e o] + OB i = woll2] + €T

This completes the proof by using Theorem 2.2. [J

4. Stochastic convergence. In this section we study the stochastic convergence
of the error ||ug — tpnl|, which characterizes the tail property of P(|lug — tnlln > 2)
for z > 0. We assume the noises ¢;, i = 1,2,--- ,n, are independent and identically
distributed sub-Gaussian random variables with parameter ¢ > 0. A random variable
X is sub-Gaussian with parameter o if it satisfies

E {eA(X_E[X])} <e2”M  WAeER. (4.1)

The probability distribution function of a sub-Gaussian random variable has a expo-
nentially decaying tail, that is, if X is a sub-Gaussian random variable, then

P(IX —E[X]| > 2) <2727/ ¥z >0. (4.2)
In fact, by Markov inequality, for any A > 0,
P(X —E[X] > 2) = P(ANX — E[X]) > \2) < e ME[eXEEXD] < gmA2+307A7

By taking A = z/0? yields P(X — E[X] > 2) < e~32°/7" Similarly, one can prove
P(X — E[X] < —2) < e~2% /%", This shows (4.2).

The following theorem is the main result of this section.

THEOREM 4.1. Let up € V}, be the solution of (3.3). Denote by po = [uo| =) +
on~ Y2, If we take h = O()\}«/4) and Ay/*T8 = O(on=2pgt), then there exists a
constant C' > 0 such that for any z > 0,

P(||ap — wolln > )\il/gpoz) < Ze_czz, P(|lunl2,n > poz) < 2e=C%" (4.3)

This theorem indicates that the probability distribution function of the random
error ||ty — upl|, decays exponentially as n — co. In terms of the terminology of the
stochastic convergence order, we have ||iy, — ug|l, = Op( Y *)po. The proof of this
theorem will be given in the subsection 4.2 after we study the stochastic convergence

of ||uy, — ug|| in the next subsection.

4.1. Stochastic convergence of the thin plate splines. We will use several
tools from the theory of empirical processes [18, 17] for our analysis. We start by re-
calling the definition of Orlicz norm. Let 1 be a monotone increasing convex function
satisfying 1(0) = 0. Then the Orilicz norm || X]||, of a random variable X is defined

||X||w:inf{c>o:]E{¢ ('XCN g1}. (4.4)

By using Jensen’s inequality, it is easy to check || X ||, is a norm. If ¢)(t) = tP,p > 1, the
Orilicz norm is exactly the LP norm of the random variable. In the following we will use
the || X ||y, norm with ¢ (t) = e'” —1 for any ¢ > 0. By definition, for any C' > || X||y,,
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we have E[elXI*/C%] < 2. Thus, for any z > 0, = /OP(|X| > z) < E[XI7/¢°] < 2,
which yields by letting C' — || X||y, that

P(IX| > 2) <2 = /IXI, vz > 0. (4.5)

Our strategy to prove Theorem 4.1 is to estimate the Orlicz ¥s-norm of ||ty — o],
|un |2, and then use (4.5). The following lemma from [18, Lemma 2.2.1] is the inverse
of (4.5).

LEMMA 4.2. If there exist positive constants C, K such that P(|X| > z) <
Ke C% Yz >0, then 1 X]w <A+ K)/C.

Let T be a semi-metric space with the semi-metric d and {X; : ¢ € T'} be a random
process indexed by T. The random process {X; : t € T} is called sub-Gaussian if

P(IX, — Xo| > 2) <2725 /460° vy e T, 2> 0. (4.6)

For a semi-metric space (T,d) and € > 0, the covering number N(e,T,d) is the
minimum number of e-balls that cover T and log N(e,T,d) is called the covering
entropy which is an important quantity to characterize the complexity of the set T'.
The following maximal inequality [18, Section 2.2.1] plays an important role in our
analysis.

LEMMA 4.3. If {X;:t € T} is a separable sub-Gaussian random process, then

diam T c
| sup |Xs — Xellly, < K/ 1/1ogN(f,T,d) de.
s,teT 0 2

Here K > 0 s some constant.

The following result on the estimation of the covering entropy of Sobolev spaces
is due to Birman-Solomyak [8].

LEMMA 4.4. Let Q be the unit square in R? and SW*P(Q) be the unit sphere of
the Sobolev space W*P(Q), where a > 0,p > 1. Then for € > 0 sufficient small, the
entropy

logN(&\’SWOQP(Q), || ' HL‘I(Q)) < Ca_d/aa

where if ap > d, 1 < q < oo, otherwise ifap < d, 1 < q < ¢* with ¢* = p(1—ap/d)~'.
For any § > 0,p > 0, define

Sg’p(Q) = {u € HZ(Q) : ||u||n <6, |U|H2(Q) < p}. (4.7)

The following lemma estimates the entropy of the set S; ,().
LEMMA 4.5. There exists a constant C independent of 8, p, e such that

p+ 5)d/2

log N (, S5,,(): | - (@) < € (

Proof. By (2.1) we have for any u € S5 ,(9), [|ullg2(0) < C(||lull2(0) +|ulg2(0)) <
C(|lulln+ulfr2(q)) < C(6+p), where we have used the fact that hmax < Cn~4 < C.
The lemma now follows from Lemma 4.4. O

The following lemma is proved by the argument in [18, Lemma 2.2.7].

LEMMA 4.6. {E,(u) = (e,u), : u € H?(Q)} is a sub-Gaussian random process
with respect to the semi-distance d(u,v) = |Ju — v||%, where |Jul|% = on=?||ul|,.
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Proof. By definition E,(u) — E,(v) = >, cie;, where ¢; =  (u — v)(z;). Since

T n

e; is a sub-Gaussian random variable with parameter o and Ele;] = 0, by (4.1),
E[e’\ei] < e%‘fz’\z,V)\ > 0. Thus, since e;, i = 1,2,--- ,n, are independent random
variables,

E |:8AZ?Z] c,1613:| < 6%02)\2 " el — 6%0'2?171)\2"“—1)“% — e%d(u,v)z)\z.

This shows E, (u) — E,(v) is a sub-Gaussian random variable with parameter d(u, v).
By (4.2) we have

P(|En(u) — En(v)] > 2) < 2735/ -y, g,

This shows the lemma by the definition of sub-Gaussian random process (4.6). O
The following lemma which improves Lemma 4.2 will be used in our subsequent
analysis.
LEMMA 4.7. If X is a random variable which satisfies

P(|X|>a(l+2)) < Cre # /K Yo >0,2> 1,

where C1, K1 are some positive constants, then || X|y, < C(C1, K1)a for some con-
stant C(C1, K1) depending only on C1, K.
Proof. If y > 2a, then z = (y/a) — 1 > 1. Thus

P(|X| > y) = P(|X| > a(1 + 2)) < C1 exp [;12 (% - 1)2] .

Since (£ —1)2 > 1(£)2 — 1 by Cauchy-Schwarz inequality, we obtain
2 y2

e %2

Y

1
B(X| > y) < Cre¥e I = Cye

= ‘H
=)
M

where Ky := v/2aK;. On the other hand, if y < 2, then y?/K3 < 4a%/(202K?) =
2/K%. Thus

y? y? _u

P(|X|>y) <efle T <eFfe 3.

‘m
=l
ww‘ L

Therefore, P(|X]| > y) < C’ge_yz/Kg, Yy > 0, where Cy = maX(Clel/Kf,ez/Kf). This
implies by Lemma 4.2,

1 X |4y < V14 CoKy = C(Ch, K1)a, where C(Cy, K1) = V2K1/1 + Co.

This completes the proof. O
THEOREM 4.8. Let u, € H?*(Q) be the solution of (3.1). Denote by py =

[uo| 2 () +on~Y2. If we take A28 - O(mfl/ngl), then there exists a constant
C > 0 such that

P(lun — ol > AY2p02) < 2677, Bllunla(ay > poz) < 26~
Proof. By (4.5) we only need to prove

Hwn = uollully. < CA/2po, llunllly < Cpo. (4.8)
11



We will only prove the first estimate in (4.8) by the peeling argument. The other
estimate can be proved in a similar way. It follows from (2.6) that

et — w0112 + Anltn 22 gy < 2(es 1t — w0 + Ao s - (4.9)
Let 6 > 0, p > 0 be two constants to be determined later, and
Ag =1[0,68), A; = [20716,2%5), By =1[0,p),B; =[27"'p,27p), i,5>1. (4.10)
For 4,5 > 0, define
Fij={ve H*(Q): |[vlln € Ai , |v]a2(9) € Bj}-

Then we have
P([[tn — olln > 6) <Y Y Pun —ug € Fyy). (4.11)
=1 j=0

Now we estimate P(u, — ug € Fj;). By Lemma 4.6, {(e,v), : v € H*(Q)} is a sub-
Gaussian random process with respect to the semi-distance d(u,v) = on='/2|ju—v,.
It is easy to see that

diam Fj; < on~1/2 sup ([ = uolln + || = wolln) < 20n~1/2 . 2%,

u—ug,v—uo€Fi;

Then by the maximal inequality in Lemma 4.3 we have

—1/2 gitlg z
| sup [(ecu—ull, <K [ \/logN(z,Fij,d> de
0

u—uo€Fi;
on~1/2.9it1g _

By Lemma 4.5 we have the estimate for the entropy

9
10g N (575 Figs || In) <108 N(5——75. Fiy. || - l2=(s0)

—-1/2 (9t J /2
SC(Zan (2(5+2p))
€
Therefore,
on~1/2.9it+1g —1/2 i . d/4
20n (26 4+ 27
I s e =l < K [ ( 220N e
u—ug€Fyj 0 3
— Can—1/2(2i6 + 2]p)d/4(2’t6)1—d/4
< Con™ Y2215 + (216) 1= 4/4(27 p)¥/4]. (4.12)

By (4.9) and (4.5) we have for 4,j > 1:
P(u, — ug € Fij) <P(2207D6% 11,2202 <2 sup  |(e,u — uo)n| + Anpd)
u—ug€Fyj

=P(2 supF (e, — ug)p| > 220762 4 ),220-1 2 _ ) p2)
u—uo€F;;

1 92(i—1) 52 92(j—1) y2 _ 2\ 2

~ Co?p-1 215 + (210)1-4/4(27 p)d/4

12



Now we take
62 = Aupa(14+2)%, p=po, where z > 1. (4.13)

Since by assumption )\,1/2+d/8 = O(Un_l/Qpal) and Jn_1/2p61 <1, we have A\, < C
for some constant. By some simple calculation we have for i,j > 1,

. 226-D5(1 4 2) + 220D ’
- (2i(1+z)+(2i(1+z))1d/4(2j)d/4> ‘

By using the elementary inequality ab < %a” + %bq for any a,b > 0,p,q¢ > 1,p~ ' +
¢ ' =1, we have (2(1 + 2))'~¥%(2))¥* < (1 + 2)2" 4+ 27. Thus

P(un, —up € Fij) < 2exp

P(u, — ug € Fij) < 2exp [—C(2%2° +2%)] .
Similarly, one can prove for i > 1,j = 0,
P(u,, — ug € Fiy) < 2exp [-C(2%'2%)] .

Therefore, since Zjoil e—C(2¥) <e ¢ <1and Zfil e—C(272?) < e_CZQ, we obtain
finally

Z ZP(UTL —ug € Fij) <2 Z 26—0(221224-2%) 4+ 2 26—0(2%22) < 46—Cz2.
i=1 j=1

i=1j=0 i=1

Now inserting the estimate to (4.11) we have
P(|lun — tolln > AV 2p0(1 4 2)) < 4e7 % vz > 1. (4.14)

This implies by using Lemma 4.7 that ||||u, — uol|n|ly, < C)\,l/2p0, which is the first
estimate in (4.8). This completes the proof. O
In terms of the terminology of the stochastic convergence order, we have |ju, —

uglln = Op()\}/ *)po which by the assumption of Theorem 4.8 yields

__4_
i+d
0 .

ltn = o lln = Op(n~ 7)o 5
This estimate is proved in [17, Section 10.1.1] when d = 1. Our result in Theorem
4.8 is stronger in the sense that it also provides the tail property of the probability
distribution function of the random error |lu, — ug||x.

We remark that Theorem 4.8 can be proved by using the theory of concentration
inequalities [5, 7] under stronger assumptions on the random noise e;,i = 1,--- ,n.
In fact, one can prove Theorem 4.8 by using McDiarmid bounded difference equality
[7, Theorem 6.2] when e;, i = 1,2,--- ,n, are bounded random variables or by using
the Gaussian concentration inequality [7, Theorem 5.6] when e;, ¢ = 1,2,--- ,n, is the
Gaussian random variable. One may also derive upper bounds for higher centered
moments of the error ||u, — ugl|/, by using the moments inequalities [6], [7, Chapter
15] if the random variables e;,i = 1,2,--- ,n, are not sub-Gaussian.

13



4.2. Proof of Theorem 4.1. We start by recalling the following lemma in
[17, Corollary 2.6] about the estimation of the covering entropy of finite dimensional
subsets.

LEMMA 4.9. Let G be a finite dimensional subspace of L*()) of dimension N > 0
and Gr={f € G : || fllL2() < R}. Then

]\/v(&',GR7 || . ||L2(Q)) < (1 —|—4R/€)N, Ve > 0.

LEMMA 4.10. Let Gy, = {Uh IS |||'Uh|||h,)\n = ()\n|1]h|§,h + ||1A)h||31)1/2 < 1}

Assume that h = O()\}/Zl) and n)\ﬁl,/4 > 1. Then

| sup |(e,on — IMpop)nl |y, < Can_l/z)\;d/g.
v €Gh

Proof. Similar to the proof of Lemma 4.6 we know that {E,(vs) == (e, 0, —
I vp)n Yoi € G} is a sub-Gaussian random process with respect to the semi-distance
a(vh,wh) = on~Y2?|(6p, — Oypvn) — (Wp — Ipwp)||n. By Lemma 3.4, for any v, € Gy,
Ion — Myvnlln < Ch2|vnlan < Ch2An"? < €, where we have used the assumption

h = O()\il/ 4) in the last inequality. This implies that the diameter of G}, is bounded
by Con~'/2. Now by the maximal inequality in Lemma 4.3

Con~1/2
| sup |(eson — Tvn)n oy < K/ \Jlog N (E,Gh,d) de. (4.15)
v €Gh 0 2

By Lemma 3.4 and the inverse estimate,
a(vh,wh) < Con71/2h2|vh - ’wh|2_’h < CJnil/gth — 'th||L2(Q) Yop, wp, € Vj,.
Thus

log N (g,Gh,a) =log N (m’Ghm [ - ||L2(Q)> . (4.16)

Our next goal is to show that G, is a bounded set in the L?(€2) norm so that we can
use Lemma 4.9 to estimate the covering entropy of G. For any v, € G}, we have
lvnl2,n < An /2, lon|ln < 1. By Lemma 3.4, v, € H%(Q) and thus by (2.1)
Ihon 22 (0) < C(hax Mnvnl a2 () + [Mhvalln)
< Cn™2/ N2 4 |[Tyop — bl + [[9n]ln)
S C(n72/dk7fbl/2 + ChQ)\:Ll/Q 4 1)
<C VY, € Gy,
where we have used h < C’)\}L/ * and n/\fl/ 4 > 1 in the last inequality. This yields
||’UhHL2(Q) < ||’Uh—HhUh||L2(Q)+||Hh’l)h||L2(Q) < Ch2>\;1/2+0 < C Vv, € Gy, (417)

Since the dimension of V}, is bounded by Ch~¢, we obtain then by using Lemma 4.9
and (4.16) that

log N (%,Gh,a> < Ch~ (1 +on"12/e).
14



Inserting this estimate to (4.15)

1

Con~1/2
| sup 1€ o — Daon)al s < c/ JCh—(1+ on112e) de
0

vp €Gh
< Ch~¥2gn=1/2,

This completes the proof since h = O(/\}L/4). O
Now we are in the position to complete the proof of Theorem 4.1.
Proof of Theorem 4.1. By Lemma 3.5 we have

Il — wollnllvs + A2l unlznllv.
h2
< C(R* + N unl 2o, + 07/\1/2 [ l|tn — wolln s
n

+C|l sup [[[(e; on = nvn)nlllp-

vhEGH

The theorem follows from (4.8), Lemma 4.10, the assumption on~/2 < C)\%/Hd/spo
and (4.5). This completes the proof. OJ

)

5. Numerical examples. In this section, we present several examples to con-
firm the theoretical results in this paper. From Theorem 4.1 we know that the mesh
size should be comparable with )\71/ * The smoothing parameter ), is usually deter-
mined by the cross-validation in the literature [19]. Here we propose a self-consistent
algorithm to determine the parameter A\, based on the equation

A28 = on = 2 (Jug| oy + on /)7L, (5.1)

which is indicated from Theorem 4.1. In the algorithm we estimate |ug|g2(q) by
lupl2,n and o by |lup, — yl|n since ||ug — Y|l = |le]|» provides a good estimation of the
variance by the law of large numbers.

ALGORITHM 5.1. (SELF-CONSISTENT ALGORITHM FOR FINDING \,,)
1° Given an initial guess of Ay o;
2° For k > 0 and A\, known, compute uy with the parameter A, i over a quasi-

uniform mesh with the element width h = )\711/:;
8% Compute 111" = llan = yllan™2(lunlos + in = yllan=/2)7".

A natural choice of the initial guess is An,0 = n~ @ which is used in our all
computations. We will always take = (0,1) x (0,1) and {z;}?; being uniformly
distributed over €. The finite element mesh of 2 is constructed by first dividing the
domain into A~! x h~! uniform rectangles and then connecting the lower left and
upper right vertices of each rectangle. We set e;, ¢ = 1,2,--- ,n, being independent
normal random variables with variance o.

EXAMPLE 5.1. In this example we show that the choice of the smoothing param-
eter A\, by (5.1) is optimal. Let uy = sin(2wa? + 37ry)e"”3+y whose surface plot is
depicted in Figure 5.1. Table 5.1 shows the relative empirical error |G, — wo||n/||wolln
for different choices of A, = 107% k = 2,---,9, when on~'/% = 1/10,1/50, 1/500,
respectively. We observe that the relative empirical errors are always the smallest
when A, is closest to the optimal choice given by (5.1). In this example we choose
h = 0.002 sufficiently small so that the finite element errors are negligible.

EXAMPLE 5.2. In this ezample we show the convergence of the finite element
method. We fix X\, = 10~% and choose o,n according to (5.1). Figure 5.2 shows the
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102 103 10~4 10~° 10—6 10~7 10~8 1072

1 0.9170 | 0.8453 | 0.6325 | 0.4474 | 0.5540 | 0.6394 | 0.6530 | 0.6544
2 0.9582 | 0.8764 | 0.5528 | 0.3340 | 0.4559 | 0.7588 | 1.0274 | 1.0838
4 0.9785 | 0.8997 | 0.6007 | 0.3290 | 0.4715 | 0.8055 | 1.4036 | 2.0460
10 0.9826 | 0.8951 | 0.5875 | 0.3466 | 0.4647 | 0.7741 | 1.3284 | 2.3813

102 10—3 10~ 10~5 106 10~7 10-8 1079

1 0.9745 | 0.8935 | 0.5877 | 0.2333 | 0.1125 | 0.1636 | 0.3009 | 0.4837
2 0.9807 | 0.8964 | 0.5878 | 0.2343 | 0.1062 | 0.1563 | 0.2859 | 0.5243
4 0.9838 | 0.8997 | 0.5908 | 0.2359 | 0.1151 | 0.1684 | 0.2885 | 0.5061
10 0.9858 | 0.8999 | 0.5934 | 0.2459 | 0.1207 | 0.1680 | 0.2855 | 0.5008

10~2 10-3 10~¢ 10-° 106 10~7 10-8 1079

0.1 0.9745 | 0.8928 | 0.5840 | 0.2211 | 0.0573 | 0.0207 | 0.0306 | 0.0490
0.2 0.9810 | 0.8974 | 0.5887 | 0.2267 | 0.0556 | 0.0184 | 0.0281 | 0.0516
0.4 0.9840 | 0.8996 | 0.5916 | 0.2309 | 0.0575 | 0.0202 | 0.0284 | 0.0501

1 0.9858 | 0.9009 | 0.5935 | 0.2328 | 0.0577 | 0.0191 | 0.0280 | 0.0503

TABLE 5.1
The relative empirical error |G — wo||ln/||uol|n for different choices of the parameter \n,. In
the first table, n is chosen such that on~1/2 = 1/10. The error is smallest when Ay, = 10~° which
agrees with the optimal choice A, ~ 2.1 x 107° by (5.1). In the second table, n is chosen such
that on—1/2 = 1/50. The error is smallest when Ay, = 106 which agrees with the optimal choice
An A 2.4 x 1076 by (5.1). In the third table, n is chosen such that on~1/2 = 1/500. The error is
smallest when A, = 10~7 which agrees with the optimal choice An, ~ 1.1 X 10~7 by (5.1).

FIG. 5.1. The surface plot of the exact solution ug = sin(27x? + 37ry)613+y,

3
finite element convergence rate when ug = sin(2rz? + 37y)e* Y and ug = (zy)t>+e

with o = 0.001. The H? norm of (xy)'5T® blows up when o — 0. We observe
that before the finite element error reaches the modeling error controlled by A\,, the
convergence rate is about h%, which conforms with our theoretical analysis. We also
remark that the first test function is very smooth and the second test function is almost
only in H?. This explains the difference between the two graphs in Figure 5.2.

EXAMPLE 5.3. We first show the empirical error ||ug — @ ||, depends linearly on
16



A =10® A =10°

reference line

tog(llu,u,|I,)
tog(llu,u,|I,)

5 Y ) —*— n=4x 10* N

) — -~ n=25x 10* N
n=10° N
reference line >

-log(h) -log(h)

(a) (b)

FiG. 5.2. (a) The convergence of the finite element when ug = sin(27z? + 37ry)ex3+y. (b) The
convergence of the finite element method when ug = (zy)'-57® with o = 0.001. The reference line
is the line with the slope —2 corresponding to the convergence rate h2.

A2 to confirm (4.3). Let ug = sin(2rz? + 37Ty)e”33+y. We choose o = 10,5,1,0.5
and n varying from 2500 to 25 x 10*. We use (5.1) to determine the parameter \,

and take the mesh size h = )\,1/4. Figure 5.8 shows clearly the linear dependence of
the empirical error on )\71,/2.

Next we show that the probability density function of the empirical error || —uo||n
has an exponentially decaying tail as indicated by (4.3). We set the variance o = 0.2,
n = 10*, and the mesh size h = )\71/4. We take 10,000 samples and compute the
empirical error |4y — ugl|n for each sample. Figure 5.4(a) shows the histogram plot
of the empirical errors for ug = sin(2rx? + 37ry)e”3+y.

Figure 5.4(b) plots the quantile-quantile (Q-Q) plot to compare the sample distri-
bution of the empirical error with the standard normal distribution. The Q-Q plot is
a standard graphic tool in statistics to check the data distribution [11]. If the sample
distribution is indeed normal, the Q-Q plot will give a scattered plot in which the points
show a linear relationship between the sample and the theoretical quantiles. We ob-
serve from Figure 5.4(b) that almost all the points are concentrated around the dotted
line, which implies that the overall distribution of the error is very close to a normal
distribution. Moreover, the points around the two ends are also not far from the line,
which indicates that the tail distribution of the error is also close to a Gaussian tail.
The probability density function is computed by the Matlab function ‘qgplot’.

In above examples, we have verified the optimality of the choice A, in (5.1), the
convergence of the finite element method, and the stochastic convergence in Theorem
4.1. In practical computations, one usually does not know the exact solution and
the variance of the noise. Our next example shows the efficiency of Algorithm 5.1 to
determine A,, without knowing uy and o.

EXAMPLE 5.4. We test the efficiency of the Algorithm 5.1 to estimate the smooth-
ing parameter \,. Algorithm 5.1 is terminated when |Apx — Apgr1] < 10710 We
show the predicted parameter A9 and the corresponding relative empirical error er®9
for different choices of o and n in Table 5.2 for ug = sin(2rx? —|—3ﬂ'y)eza+y and Table
5.8 for ug = sin(27x) sin(2wy). For the ease of comparison, we also show the optimal
parameter APt by (5.1) and the corresponding relative empirical error er°P® in the
tables.

Algorithm 5.1 usually stops within 20 iterations. We observe that when on~
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Fic. 5.3. The linear dependence of the empirical error ||ug — @p|/n on )\711/ 2 for different choices
of 0. (a)-(d) refer to o = 10,5, 1, 0.5, respectively.

QQ Plot of Sample Data versus Standard Normal
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Fi1c. 5.4. (a) The histogram plot of the empirical errors ||@), — uo||» of 10,000 samples when

uo = sin(2rx? + 37ry)ex3+y. (b) The quantile-quantile plot of the 10,000 sample empirical error
distribution versus the standard normal distribution.

is small, the outcome of Algorithm 5.1 agrees quite well with the optimal choice of
the parameter. However, when on~'/? is large (e.g. larger than 0.1 in Table 5.2),
the predicted parameters N2 are much larger than the optimal choice from (5.1).
The corresponding relative empirical errors with both optimal choice (5.1) and the
predicted parameter from Algorithm 5.1 are quite large. Intuitively, in these cases,
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g 0.1 1 5 10
n
AP [ 2.2434e-07 | 4.8326e-06 | 4.1295¢-05 | 1.0399¢-04
L — 000 Xalg | 1.4122e-07 | 9.9249¢-06 |  0.7528 0.8393
erP | 0.0303 0.1754 0.5059 0.9895
er™7 | 0.0300 0.2169 0.0883 1.0898
AP [1.1353¢-07 | 2.4457¢-06 | 2.0904e-05 | 5.2652¢-05
o500 | w7 [ 9.3216e-08 | 3.7356¢-06 | 0.6697 0.8948
erPt | 0.0203 0.1301 0.3760 0.5136
er® | 0.0202 0.1465 0.9920 0.9900
XoPt |1 5054e-08 | 9.7062e-07 | 8.2973¢-06 | 2.0904¢-05
10t Xalg [ "1.0800e-08 | 1.1661e-06 | 2.4146e-05 | 0.7256
erP® | 0.0130 0.0772 0.2603 0.4340
er® | 0.0130 0.0805 0.3616 0.0968
AP [ 5.2695e-09 | 1.1353¢-07 | 9.7062e-07 | 2.4457¢-06
o 10t | e | 4:8469e-09 | 1.1312e-07 | 1.1480e-06 | 3.5483¢-06
erP | 0.0039 0.0210 0.0686 0.1184
er™7 | 0.0040 0.0210 0.0714 0.1352
TABLE 5.2

Algorithm 5.1: The predicted parameter )\%lg, the corresponding relative empirical error er®9,
the optimal parameter )\Zpt, and the corresponding relative empirical error er®Pt for different choices

of o and n. ug = sin(27x? + 37ry)ezs+y.

the exact solution is strongly polluted by the noises and more information (e.g. more
measurements) is needed for recovering the exact solution. It is interesting to observe
that even when the predicted parameter from Algorithm 5.1 is quite far from the op-
timal choice, the corresponding empirical errors with the predicted parameter are of
the same order as the errors with the optimal choice of N\, , see e.g., the case when
o =>5,n=900. This suggests that Algorithm 5.1 is a good alternative for finding the
regqularization parameter in practical applications.

6. Appendix: Proof of Lemma 3.4. We first prove the lemma for the case
d = 2. The case of d = 3 will be briefly discussed later. We will construct II,vy,
by using the Agyris element. We recall [9, P.71] that for any K € M, Agyris
element is a triple (K, Pk, Ak ), where Px = P5(K) and the set of degrees of freedom,
with the notation in Figure 6.1, Ax = {p(a;), Dp(a;)(a; — a;), D*p(a;)(a; — a;,a, —
a;), 0up(bi),1 < i,k < 3,5 # i,k # i,Vp € C*(K)}. Let X}, be the Agyris finite
element space

Xn = {vn 1 up|x € Ps(K),VK € My, f(vn|k,) = f(vnlk,),Vf € Ak, N Ak, }.

It is known that X;, C H%(Q).
We define the operator Il as follows. For any v, € Vi, wy := Hpv, € X, such
that for any K € My, wp|x € P5(K) and

O (unl)w) = e > P(le)lw) 1<i<8 ol <2 ()
" K'eMp(a;)
8y(wh|K)(bi) = 8y(vh\K)(bi)7 1 S ) S 3. (62)
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g 0.1 1 5 10
n
APt [73.7573e-06 | 8.0865e-05 | 6.8826e-04 0.0017
= 900 A\al9 173 8646e-06 | 5.6663e-04 0.5203 0.8795
eropt 0.0530 0.3220 0.8352 0.9461
erdd 0.0533 0.5418 1.1182 1.1760
APt 11.9015e-06 | 4.0941e-05 | 3.4909e-04 | 8.7667e-04
< 2500 a9 171.8521e-06 | 1.2797e-04 0.5817 0.8009
eropt 0.0405 0.2784 0.6589 0.9869
ereld 0.0403 0.3936 1.0158 1.2421
APt | 7.5464e-07 | 1.6253e-05 | 1.3877e-04 | 3.4909e-04
" — 10 A9 17.2955e-07 | 2.1903e-05 0.0027 0.7171
eropt 0.0224 0.1211 0.4207 0.7499
er®ld 0.0223 0.1351 0.7220 1.0268
APt 18.8265e-08 | 1.9015e-06 | 1.6253e-05 | 4.0941e-05
= 95 x 104 19178 2733e-08 | 1.9686e-06 | 2.3759e-05 | 1.0877e-04
eropt 0.0067 0.0386 0.1379 0.2478
erad 0.0067 0.0388 0.1596 0.3523
TABLE 5.3

Algorithm 5.1: The predicted parameter )\%lg, the corresponding relative empirical error er®9,
opt

the optimal parameter )\Zpt, and the corresponding relative empirical error er®P® for different choices

of o and n. up = sin(2wx) X sin(27y).

F1G. 6.1. The degrees of freedom of Agyris element (left) and Hermite triangle of type (5) (right).

Here Mj,(a;) and N (a;) are defined above (3.2). To show the estimate (3.9) we follow
an idea in [9, Theorem 6.1.1] and use the H! conforming but affine equivalent element
Hermite triangle of type (5) [9, P.102], which is a triple (K, Pk, ©f), where Px =
Ps(K) and the set of degrees of freedom O = {p(a;), Dp(a;)(a; — ai), D*p(a;)(a; —
aiyax — a;), Dp(bi)(a; — b),1 < i,jk < 3,5 # i,k # i,¥p € C%(K)}. For any
K € My, denote by p;, pij, Dijk, ¢; the basis functions associated with the degrees of
freedom p(a;), Dp(a;)(a; — a;), D*p(a;)(a; — ai, ar, — ai), Dp(b;)(a; — b;), 1 <i,j,k <
3,54,k #i.

For any v, € V},, we also define a linear operator g := Apvy as follows: for any
K € My, qn|k € P5(K) and

) = s > P(ulk)e) 1i<3 ol <2 (63
Y KreMp(ai)
D(qh|K)(bi)(ai — bl) = D(’Uh|[()(bl)(al — bi), 1 S 7 S 3. (64)
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Then from the definition of Morley element and Hermite triangle of type (5), we know
that ¢p|x = (v — qn)|x € P5(K) satisfies

¢n(z)= > D(énlx)(ai)(a; — ai)pi;(z)
i,j=1,2,3,j%i
+ > D?(¢n|re)(ai)(aj — ai, ar — ai)piji ().

1,5,k=1,2,3,j71,k#i

Since a regular family of Hermite triangle of type (5) is affine-equivalent, by stan-
dard scaling argument [9, Theorem 3.1.2], we obtain easily |q;|gm x) + |Pi|mm (k) +
|pijl Em (i) + |Pigrl B () < Ch}(_m, m =0,1,2. Thus, for m =0,1,2,
5 1/2
|bnlamae) < Chic™ | Y2 Y BN0™(val k) (ai) — 0% (gnlx) (i) . (6.5)

i=11<|a|<2

By Lemma 3.3 and the fact that 9*(gn| i )(a;) is the local average of 9“vj, over elements
around a; in (6.3)

0% (onl k) (ai) = 8% (an|r) (@i)] < CR 1ol p, 0y V1 < ol <2,

/2
we recall from the notation in (3.8) that [vp|o ), (ar) = (ZKth( Uhl%IQ(K)) .

ai)

Inserting above estimate into (6.5), we get
|Uh — qh|Hm(K) < ChQ_m|’U]~b|2’/\/(h(K)7 m=20,1,2. (6.6)

By (6.1)-(6.4) we know that ¢, — wy, € Ps(K) and satisfies

3

qn(x) — wi(2) =Y D(gnlx — walk)(bi)(ai — bi)gi(x).
=1

On the other hand, for 1 <34 < 3,

D(qn|re — wnlr)(bi)(ai — bi) = 0u(qn|x — valr)(bi)[(a; — bi) - ],

since O, (wp|x)(b;) = Oy (vn|Kk)(b;) by (6.2) and the tangential derivative of (qp|x —
wp|r) vanishes as a consequence of (6.1) and (6.3). Since |q;|gmx) < Chy=™ for
m =0, 1,2, we obtain then

3 1/2
lgn — walgm ) < CR*™™ (Z |0 (qn| K — Uh|1<)(bz')|2>

=1
< CR* ™ nlo,my (), m=0,1,2, (6.7)

where in the second inequality we have used the fact that by the inverse estimate and
(6.6),

10, (qn|k — vnl)(03)] < lgn — vnlwree () < Chi lan — vl (x) < Clonle, vy (k)

Combining (6.6) and (6.7) shows (3.9).
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To show (3.10), we use the notation in the proof of Lemma 3.2, the inverse
estimate and (3.9) to get

R C
[, — wal|7, < . > #Txkllvn — whllFoe () < Cllvn — wal 72y < Ch*|val3 -
KeMy,

Now we prove the 3D case which is very similar to the proof for 2D case above. We
will construct IT,v;, by using the three dimensional C' element of Zhang constructed
in [20] which simplifies an earlier construction of Zenisek [21]. For any tetrahedron
K € M, the C* — Py element in [20] is a triple (K, Pg,Ak), where Px = Py(K)
and the set of degrees of freedom Ag consists of the following 220 functionals: for
any p € C2(K),
1° The nodal values of p(a;), Dp(a;)(a; — a;), D*p(a;)(aj — a;, ax — a;), D3(a;)(a; —
ai,ar — a;,a; — a;), D*p(a;)(a; — ai, ax — az,ap — azyan —a;),1 <i <4,1<
j<k<l<n<4,i¢g{jkln}, where {a;}}_; are the vertices of K; (120
functionals)

2° The 2 first order normal derivatives 0,, p(a;;) and 3 second order normal derivatives
92 ,p(biz), 02, ,p(cij) on the edge with vertices a;,a;, 1 < i # j < 4, where
vg, k = 1,2, are unit vectors perpendicular to the edge, and a;; = (a; +a;)/2,
bij; = (2a; + a;)/3, cij = (a; + 2a;)/3; (48 functionals)

3° The nodal value p(a;;x) and 6 normal derivatives d,p(aj},.) on the face with vertices
ai,aj,a, 1 < 4,5,k < 4,4 # 5,5 #kk#i,n=12---,6, where a;j;, is
the barycenter of the face and ajj;, = (2a; + a; + ax)/4, a3, = (a; + 2a; +
a)/4, a3y, = (ai + a; + 2ar) /4 ajy, = (da; + aj + ax)/6, a7, = (a; + 4a; +
ax)/6,a%, = (a; + a; + 4ay)/6; (24 functionals)

4° The nodal values p(d;), 1 <i < 4, at internal points d; = (2a1+as+asz+aq)/5,ds =
(a1—|—2a2—|—a3+a4)/5,d3 = ((11 +a2—|—2a3+a4)/57d4 = (a1 —|—a2+a3—|—2a4)/5.
(4 functionals)

Let X}, be the finite element space

X =A{vn : vnlx € Po(K),VK € Mp, f(valk,) = f(vnlk,), Vf € Ag, N Ak, }-
It is known that X, C H?(Q)). We define the operator II; as follows. For any

vp € Vi, wp, := Hpvp € X, such that for any K € My, wy|x € Po(K), for the
degrees of freedom at vertices a;, 1 <1 < 4,

O wl)(w) = e > (o)), ol <4, (63)
Y K'eMy,(as)

for the degrees of freedom on the edge with vertices a;,a;, 1 <1 # j < 4,

1
Onlwnli)an) = 5= DL dnl(wlw)lay), k=12, (6.9)
I KreMy, (aiy)
1
8ym(wh|1<)(b¢j)=m > Ounlval)(bi), k1=1,2,  (6.10)
YK€ My (biy)
1
al’le<wh|K)<cij) = N(C]) Z aukyl(’vh|K’)(Ci]’), k,l: 1,2, (611)
Y KreMu(eis)

22



for the degrees of freedom on the faces with vertices a;,aj,ar, 1 < 4,5,k < 4,47 #
3,0 # kk#14,

(wnlxe) (@izk) =~ ST (ol (i), (6.12)

N(aiji) K/eMy (ann)
n 1 n
9y (wn| Kk )(aije) = N > Ou(nlr)(afy), n=1,2---,6, (6.13)
ik

K'eMy(a],,)
and finally for the degrees of freedom at the interior points d;,1 < i < 4,

(walx)(di) = (vn]r)(di)- (6.14)

To show the desired estimate (3.9) in 3D we use the C?-Py element in [20] which is

a triple (K, Pk,©f), where Px = Py(K) and the set of degrees of freedom O is

defined by replacing some of the degrees of freedom of the C! — Py element Ag as

follows:

1° For the edge with vertices a;,a;, 1 < i # j < 4, replace the 2 edge first order
normal derivatives by Dp(a;;)(ar — @i;), Dp(aij)(a; — a;;) and denote the
corresponding nodal basis functions pfj (z), pﬁj(x), where ay, a; are the other
2 vertices of K other than a;, a;;

2° For the edge with vertices a;,a;, 1 < i # j < 4, replace the 3 edge second order
normal derivatives by D?p(b;;)(ax—bij, ai—bij), D*p(cij)(ar —bij, a;—b;j) and
denote the corresponding nodal basis functions pf} (), qul (), where ag, a; are
the other 2 vertices of K other than a;, a;;

3° For the face with vertices a;,aj,ar, 1 < 4,5,k < 4,1 # j,j # k,k # 1, replace the
face normal derivatives by Dp(a;;)(a; — a;) and denote the corresponding
nodal basis functions pfjk(m), where q; is the vertex of K other than a;, a;, ax,
n=1,2 6.

A regular family of this C° — Py element is affine-equivalent. For any v, € V},,
we also define an operator ¢, := Ajvy in a similar way as the definition of II; by re-
placing the average normal derivatives in (6.9)-(6.11) and (6.13) by the corresponding
directional derivatives in the definition of degrees of freedom for the C° — Py element.
By the same argument as that in the proof of 2D case in section 3 we have

[vn = anl gm0y < CR* "™ oplo my (), m =0,1,2. (6.15)

Next we expend g, — wp, € Po(K) in terms of the nodal basis functions of the
C° — Py element. From the definition of the C' — Py and C° — Py elements, we have
gn — Wy = ¢e + @5 in K, where the edge part of the function ¢, — wy, is

delz) = 3 [ Dlanlic = wali)(aij)(ar = ai;)pl ()
1<i#j<4
{k,1}€{1,2,3,4}\{4,5},k#l
+ Dlanlx = walie) (@) (@ — ai,)ply (@)]
+ Z [DQ(%\K — wlx ) (bij)(ar — bij, ar — bij)pi; ()
1<i#£j<4

{k,1}€{1,2,3,4}\{4,j},k<l

+ D*(qn|x — wn|x)(cij)(ar — cij, ar — Cij)qz‘l(ﬂi)],
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and the face part of the function ¢, — wy, is

6
os(x) = > > D(anlx — walx)(af) (@ — all )P ().
1<i,j,k<4,i#j,j#k,k#i n=1
{13€{1,2,3,4}\{4,5,k}
Since the tangential derivatives of gq;, — wy, along the edges vanish, we obtain by the
same argument as that in the proof of 2D case in section 3 that

|bel rm (i) < CR* ™ vnl2,my (i), m=0,1,2. (6.16)

On any face F' of K, g, —wp, — ¢ € Py(F) and its nodal values at 3 vertices up to
4th order derivatives vanish, its first order normal derivative at the midpoint and two
second order normal derivatives at two internal trisection points on 3 edges vanish,
and the nodal value at the barycenter also vanishes. This implies g5, — wp — ¢ = 0
on any face of the element K. Let 7,7, be the tangential unit vector on the face of
vertices a;, aj, ap, such that

ar — ajy, = [(ar — afyy) - 7)o + [ — afyy) - vy,
Now by (6.11), (6.15)-(6.16), and the inverse estimate we have

|D(qn|re — wnlr)(aisy)(ar — ajy)|
< |l(ar = aly) - 5l Déelaf) il + (@ — afiy) - vID(anlic = wilie) (v

< Ch1/2|vh|2,Mh(K)~ (6.17)

Since a regular family of C° — Py element is affine-equivalent, we have |pfjk| Hm(K) <
Ch3/?=™ m = 0,1,2. Therefore, by (6.17) we obtain

‘¢f|H‘m(K) < Ch2im|1}h|27Mh(K), m=20,1,2. (6.18)

Combining (6.15), (6.16), (6.18) yields the desired estimate (3.9) in 3D since v, —wp, =
(vh — qn) + ¢e + &5 in K. The estimate (3.10) can be proved in the same way as the
proof for the 2D case in section 3. This completes the proof. [
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