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1 Introduction

We propose a reverse time migration (RTM) method to find the support of an unknown obstacle embedded in
a planar acoustic waveguide from the measurement of the wave field on part of the boundary of the waveguide
which is far away from the obstacle (see Figure 1). Let R? = {(z1,22) € R? : 25 € (0, h)} be the waveguide of
thickness h > 0. Denote by Iy = {(x1,22) € R? : 25 = 0} and 'y, = {(21,22) € R? : 25 = h} the boundaries
of R?. Let the obstacle occupy a bounded Lipschitz domain D included in Bg = (=R, R) x (0,h), R > 0,
with v the unit outer normal to its boundary I'p. We assume the incident wave is a point source excited at
s € I'y,. The measured wave field satisfies the following equations:

Au+ E*u = —5,_(z) in R7\D, (1.1)

*corresponding author



2 Zhiming Chen et al. Sci China Math for Review

Receiver x,. Source xg
A A A4 o,
Iy &L
.us
.ui

2

R
To

Figure 1 The geometric setting of the inverse problem in planar waveguides.

ou
W +ikn(z)u=0 onTp, (1.2)
u=0 on Iy, 88—;2:0 on I'p,. (1.3)

Here k > 0 is the wave number and 7(z) > 0 is a bounded function on I'p. The equation (1.1) is understood
as the limit when z; € R?\D tends to I';, whose precise meaning will be given below after we introduce the
definition of the radiation condition and the waveguide Green function. The impedance boundary condition
in (1.2) is assumed only for the convenience of the analysis of this paper. The RTM method studied in this
paper does not require any a priori information of the physical properties of the obstacle such as penetrable
and non-penetrable, and for the non-penetrable obstacles, the type of boundary conditions on the boundary
of the obstacle (see section 6 below).

Now we introduce the radiation condition for the planar waveguide problem [27]. Since D C Bpg, we have
by separation of variables the following mode expansion:

u(xy,x9) = Zun(xl) sin(unxza), V|xi| > R, (1.4)
n=1
where p, = 2’;;17r, n=1,2,---, are called cut-off frequencies. In this paper we will always assume
2n —1
ko "2h mon=1,2,-. (1.5)
The mode expansion coefficients u,(z1), n = 1,2, - -, satisfy the 1D Helmholtz equation:
ul + &2u, =0, V| >R, n=12, .., (1.6)

where &, = k2 —u2 if k > p, and &, = i\/p2 — k? if K < py,. The radiation condition for the planar
waveguide problem is then to impose the mode expansion coefficient ., (z1) to satisfy

i ((;Z? = iﬁnun> —0, n=1,2-, (1.7)
which guarantees the uniqueness of the solution of the 1D Helmholtz equation (1.6). The existence and
uniqueness of the waveguide scattering problem (1.1)-(1.3) with the radiation condition (1.7) is an intensively
studied subject in the literature, see e.g. [2,20-22,27]. The difficulty is the possible existence of the so-called
embedded trapped modes which destroys the uniqueness of the solution [19]. In this paper we will show that
the impedance boundary condition on the scatterer guarantees the uniqueness of the scattering solution. We
also prove the existence of the solution by the limiting absorption principle.
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It is well known that imaging a scatterer in a waveguide is much more challenging than in the free space.
Indeed, because of the presence of two parallel infinite boundaries of the waveguide, only a finite number
of modes can propagate at long distance, while the other modes decay exponentially [27]. We refer to [1]
for MUSIC type algorithm to locate small inclusions, [28] for the generalized dual space method, [3,6,24]
for the linear sampling method, [25] for a selective imaging method based on Kirchhoff migration, and the
inversion method in [23] for reconstructing obstacles in waveguides.

The RTM method, which consists of back-propagating the complex conjugated data into the background
medium and computing the cross-correlation between the incident wave field and the backpropagation field
to output the final imaging profile, is nowadays widely used in exploration geophysics [4,5,13]. In [10, 11],
the RTM method for reconstructing extended targets using acoustic and electromagnetic waves at a fixed
frequency in the free space is proposed and studied. The resolution analysis in [10,11] is achieved without
using the small inclusion or geometrical optics assumption previously made in the literature.

The purpose of this paper is to extend the RTM method in [10,11] to find extended targets in the planar
acoustic waveguide. Our new RTM algorithm is motivated by a generalized Helmholtz-Kirchhoff identity
for the waveguide scattering problems. We show our new imaging function enjoys the nice feature that it
is always positive and thus may have better stability properties. The key ingredient in the analysis is a
decay estimate of the difference of the Green function for the waveguide problem and the half space Green
function. We also refer to [17] for the study of the resolution of time-reversal experiments.

The rest of this paper is organized as follows. In section 2 we introduce some necessary results concerning
the direct scattering problem. In section 3 we prove the generalized Helmholtz-Kirchhoff identity and
introduce our RTM algorithm. In section 4 we study the resolution of the finite aperture Helmholtz-Kirchhoff
function which plays a key role in the resolution analysis of RTM algorithm in section 5. In section 6 we
consider the extension of the resolution results for reconstructing penetrable obstacles or non-penetrable
obstacles with sound soft or sound hard boundary conditions. In section 7 we report extensive numerical
experiments to show the competitive performance of the RTM algorithm. In section 8 we include some
concluding remarks. The appendix is devoted to the proof of the existence of the solution of the direct
scattering problem by the limiting absorption principle.

2 Direct scattering problem

We start by introducing the Green function N (z,y), where y € R?, which is the radiation solution satisfying
the equations:

AN (z,y) + E*N(z,y) = —0,(z) in RZ,

ON
N(xz,y) =0 on Iy, M:o on I'y,.
81‘2

Let N (&, x2) f N(z,y)e #1=¥1)8dx; be the Fourier transform in the first variable. Tt is easy to find
by the assumption that N ( x,y) is a radiation solution that

- A ; 2sin(pxs) . ;

N, — | Jiplza—y2| _ Jip(zaty2) _ 2PAPY2) iph 9.1

e = (¢ ‘ ) e ) (2.1)

where u = /k? — £2 and we choose the branch cut of /z such that Re (1/z) > 0 throughout the paper. By
using the limiting absorption principle one can obtain the following formula for the Green function by taking
the inverse Fourier transform on the Sommerfeld Integral Path (SIP) (see Figure 2):

N(z,y) = Ny@,m)ei“”l—yl)df. (2.2)

om

We refer to [12, Chapter 2] for more discussion on the SIPs. We will also use the following well-known
normal mode expression for the Green function N(z,y), see e.g. [27]:

Z E Sin(junw2) sin(pnga) e 211, (2.3)
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Figure 2 The Sommerfeld Integral Path (SIP).

where p, = 272?177 and &, = k%2 — p2 itk > pup, & =iv/p2 — k2 if k < pp, n=1,2,---. It is obvious that
the series in the normal mode expression is absolutely convergent if xy # y;. If 1 = y; but zo # ys, the
series in (2.3) is also convergent by using the method of Dirichlet’s test [26, §8.B.13-15].

Lemma 2.1. If |x1 —y1| = ah for some constant a > 0, then N(z,y) and VN (z,y) are uniformly bounded.
Proof. We only prove N(z,y) is uniformly bounded. The proof for V,N(z,y) is similar. Let M be the

Cakh/22
integer such that ppr < k < par41. Since % is a decreasing function in (1, 00), we know that

— 1 Lo 00 ,—akhyiZ—1 1 1
3 —lgnller—ul ¢ it < N .
n=M+1 h‘§n| h|£M+1‘ 1 \/tzj h|fM+1| Oék'h?'r

On the other hand, note that | Zn 1

hg Sin (fan ) Sin(pnys)eiérlm—ul| < M h{ , we obtain

Sy Y RN
n—1 hgn h|€M| hgn h‘§M| 1-— t2 h|£]V[‘ 27

where we have used the fact that \/1%7 is an increasing function in (0, 1). This completes the proof. O

Now we consider the existence and uniqueness of the radiation solution of the following waveguide problem:

Ay +k* =0  inRI\D, (2.4)

gzl/j +ikn(z)y =9 onTlp, (2.5)
0

1 =0 on Iy, a—;/;:O on I'y, (2.6)

where g € H=/2(T'p). We first show the uniqueness of the solution.

Lemma 2.2. Let n > 0 be bounded on I'p. The scattering problem (2.4)-(2.6) has at most one radiation
solution.

Proof. We include a proof here for the sake of completeness. Let g = 0 in (2.5). We multiply (2.4) by ¢ and
integrate over Br\D to obtain by integration by parts that

~Im [ ¢ wderI "
'p oBp OV

awd =0, (2.7)

where v is the unit outer normal to 9Br on Bg and to I'p on I'p. By the boundary condition satisfied by
Y, f(FOUFh)ﬁé)BR zﬁ%ds = 0. On the other hand, for |z1| > R, similar to (1.4) we have the mode expansion
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() = 307 n(@1) sin(pnae) with ¢, (z1) satisfying (1.6)-(1.7). Thus there exist constants ¢F such that
Yn(x1) = ireiénlml for £ > R. By the Parseval identity, we have then

M “+oc0

9= 1Y 24 ) - 2 2 4 |y |?)e2lenl R
/F;UFR%V“—QZ@(W ) =5 D Gl + e e ,

n=1 n=M+1

where Fli{ = {(z1,22) € R? : 1y = &R, 25 € (0,h)}. Thus by taking the imaginary part of the above identity
and inserting it into (2.7) we have

,aw h M o e
_Im/FD ¢5d3+§;§n(|wn| +|wn| )—0 (28)

By using the impedance condition and the assumption 7 > 0 on I'p we have ) = 0 on I'p and ¥;f = 0,n =
1,2,..., M. This implies that g—’f/’ = 0 on I'p. By the unique continuation principle we conclude 1 = 0 in
R?\D. This completes the proof. O

In this paper, we call 7, n = 1,2,--- , M, which are the coefficients of the propagating modes, the far-field
pattern of the radiation solution 1 of the planar waveguide problem (2.4)-(2.6).

We remark that under some assumption on the geometry of the obstacle, the uniqueness of the solution
to the acoustic waveguide scattering problem for the sound soft obstacle was first proved in [20] based on
the Rellich type identity. The proof was refined in [22] and was also used in Arens [2] for 3D scattering
problems. For general geometry of the obstacle, the embedded trapped mode may appear which makes the
uniqueness fail [19].

The following theorem which is useful in our resolution analysis for the RTM algorithm will be proved in
the Appendix by using the method of limiting absorption principle.

Theorem 2.3. Let g € H-'Y/2(T'p) and n(x) > 0 be bounded on T'p. Then the problem (2.4)-(2.6) admits a
unique radiation solution ¢ € H (R?\D) . Moreover, for any bounded open set O C R?\D, there exists a
constant C' such that (V[ g0y < Cllgll g-1/2(rp)-

To conclude this section we remark that the solution w in (1.1)-(1.3) is defined as u(z) = N(z,y) + u*(z)
with u®(z) being the radiation solution of (2.4)-(2.6) with g = —% —ikn(z)N(z,y).

3 The reverse time migration algorithm

In this section we develop the reverse time migration type algorithm for inverse scattering problems in the
planar acoustic waveguide. Let G(z,y) be the half-space Green function, where y € R2 = {(z1,22) € R? :
29 > 0}, which satisfies the Sommerfeld radiation condition and the following equations:

AG(z,y) + K°G(z,y) = —6,(x) in R%,
G(z,y) = 0 on I'y.

It is well known by the image method that

i

G('T7y) = 4

1 ioa
Hg (ke —yl) = JHq" (klz o)), (3.1)
where Ho(l)(z) is the first Hankel function of zeroth order and y’ = (y1, —y2) is the image point of y = (y1,y2)
with respect to y» = 0.

We start by proving the generalized Helmholtz-Kirchhoff identity which plays a key role in this paper.

Lemma 3.1. Let S(x,y) = N(z,y) — G(z,y). Then we have

/ anZ’ON(C,y)ds(C) =2iIm N(z,y) — S(x,y), Vr,ycR3. (3.2)
T 2
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Proof. Let z,y € Bg = (—R, R) x (0,h) for some R > 0. Since Im G(z, -) satisfies the Helmholtz equation,
by the integral representation formula we obtain

B d1m G(z,¢) _ON(Gy)
tnGeg) = [ (ZHEENC) - . )) )
Again by the integral representation formula we have
0G(, ) ON(C,y) _ _
[ (Tt - 56w, ) ast0) = =N+ Glawy) = =S(a.).
Thus, since Im G(z,y) = % (G(z,y) — G(z,y)), we have
2l Glay) + S) = - [ N (au«) N(C) - T o) as(¢)
9G(x, Q)
= - N d
L o NG )
/rﬁ <8V(C)N(C’y) - &/(OG(%O> ds(¢), (3.3)
where we have used ag}f&;’) =0on T} and G(z,{) = N({,y) =0 on I'g. By (3.1) we know that |G(z, ()| =
O(|lz — ¢|7'/?) and |%| = O(Jz — ¢|7Y/?) as |z — ¢| — oo. Therefore, by using Lemma 2.1 we conclude

that the integral on I'; in (3.3) vanishes as R — oo. This shows by letting R — oo that

. 9G(, ()
2iIm G(z,y) + S(x, :f/ ——=2N((,y)ds(C).
(@) + S = - [ ZEEINC )
This completes the proof by taking the complex conjugate and noticing 2i Im G(xz, y)+S(z,y) = 2i Im N (z,y)+
S(z,y) . O

Now assume that there are N, sources and N, receivers uniformly distributed on F‘é, where I‘ﬁ =
{(z1,22) € T : 1 € (—d,d)}, d > 0 is the aperture. We denote by Q@ C By = (—d,d) x (0,h) the
sampling domain in which the obstacle is sought. Let u’(z,7s) = N(x,z5) be the incident wave and
(2, w5) = u(z,,s) — u'(z, x5) be the scattered field measured at z,, where u(z, ) is the solution of
the problem (1.1)-(1.3) and (1.7). Our RTM algorithm consists of two steps. The first step is the back-
propagation in which we back-propagate the complex conjugated data u®(x,,xs) into the domain using
the half space Green function G(z,y). The second step is the cross-correlation in which we compute the
imaginary part of the cross-correlation of %fgy) and the back-propagated field.

Algorithm 3.1. (REVERSE TIME MIGRATION)

Given the data u®(z,, zs) which is the measurement of the scattered field at x, = (x1(x;), x2(x,)) when the
source is emitted at x5 = (z1(xs),z2(2s)), s=1,...,Ns, r =1,...,N,.

1° Back-propagation: For s = 1,..., N,, compute the back-propagation field

Z Mus(m,xs), Vz € Q. (3.4)

I4(2) = Im { ¥ 1%%(27%)}. (3.5)
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The back-propagation field v, can be viewed as the solution which satisfies the Sommerfeld radiation
condition and the following equations:

2

IThl §-

st

Avy(z, 74) + Koy (2, 25) = us (2, Ts)

0 . 9
(97.%‘26:” (z) inRZ,

=

ﬁ
I
s

vp(z,25) =0 on Ty.

Taking the imaginary part of the cross-correlation of the incident field and the back-propagated field in (3.5)
is motivated by the resolution analysis in the next section. It is easy to see that

N; N,
Id( ) { || z ZZ Z l’r 8G(Z :ES)US(I'T,CES)}7 Vs e Q. (36)

Oxo(x,) Oxa(xs)

This formula is used in all our numerical experiments in section 7. By letting Ny, N, — 0o, we know that
(3.6) can be viewed as an approximation of the following continuous integral:

i [ S 00 e s as(a), vz € )
rd¢ Jrg

Oxa(x,) Oxa(ws)

We will study the resolution of the function fd(z) in the section 5. To this end we will first consider the
resolution of the finite aperture Helmholtz-Kirchhoff function in the next section.

4 Resolution of the finite aperture Helmholtz-Kirchhoff function

By the Helmholtz-Kirchhoff identity (3.2) we know that for any =,y € Ry,

/ 8Ga(f N yds(C) = 21 N, y) — S(a9) — Sale.v), (4.1)
ré 2
where
- 9GO
Sa(z,y) :== /mfd o0, N(C,y)ds(C), Vz,y € Ry,. (4.2)

The integral on the left-hand side of (4.1), Ha(z,y) = [rs 2 IN(C,y)ds(C), will be called the finite
aperture Helmholtz-Kirchhoff function in the following. In this section we will estimate S (z,y) and Sg(z,y)
in (4.1) which provides the resolution of Hy(z,y).

We assume the obstacle D C 2 and there exist positive constants cg, ¢1, ca, where ¢g, ¢1 € (0,1), such that
|y1‘ g Cod, |y2| < Clh7 k’|y1 — Zl| g CoV kh, Vy, AS Q. (43)

The first condition means that the search domain should not be close to the boundary of the aperture. The

second condition is rather mild in practical applications as we are interested in finding obstacles far away from

the surface of the waveguide where the data is collected. The third condition indicates that the horizontal

width of the search domain should not be very large comparing with the thickness of the waveguide. This is

reasonable since we are interested in the case when the size of the scatterer is smaller than or comparable

with the probe wavelength and the thickness h is large compared with the probe wavelength, i.e., kh > 1.
We start with the following formula for S(z,y).

Lemma 4.1. Let S(z,y) = N(z,y) — G(z,y). Then we have

1
o

N i€lz1 —un A 21 sin(px . i
S(,y) = /S  SulEwa)e€inTlde, Sy (€ w) = uMsmwm)e”h.
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Proof. Let
A 0 . ~ e .
Gy(f, 1,2) _ / G(x7y)e—l(l‘1_yl)€dx17 Sy(f,l'g) _ / S(CL’, y)e—l(xl—yl)idxh
— 0 —o0

be the Fourier transform of G(xz,y) and S(z,y) in the first variable, respectively. It is easy to find that

Gy(f,l‘z) = i (ei‘””_y2| — ei“(”:?"’y?)).

Thus by (2.1) we know that

i sin(pw,)

inh
~ pu cos(uh) ’

Sy (& @) = sin(py2)e

This completes the proof by taking the inverse Fourier transform along SIP. O

Theorem 4.2. Let kh > 7/2 and (4.3) be satisfied. We have

C 1 Ck 1
S z, < ; VIS x, < —_— Y,
St | cos(kh)| Vkh Va5, y)l |cos(kh)| kR

where C' is a constant independent of k,h but may depend on cq,cs.

Va,y € Q, (4.4)

We remark that since pq = 7/(2h), the condition kh > 7/2 means that there exists at least one propagating
mode in the received scattering field on I'j,, which is the minimum requirement that any imaging method
could work. We also remark that the decay estimate (4.4) can not hold uniformly for z,y € R since N(z,y)
keeps oscillatory and bounded as |z1 — y1| — oo but G(z,y) decays to 0 as |z1 — y1| — 0.

Proof. Denote by v = 1/v2kh and by the assumption kh > 7/2, v < 1/y/m. Write € = & + 18, &1,&% € R.
Let SIP™ be the part of the SIP in the fourth quadrant. By taking the coordinate transform & — —¢ in the
second quadrant we know from Lemma 4.1 that

1

S(x,y) = by

/ Sy(&, @2) (e 7v) 4 @)Y e .= S (2, y) + Sa(z, y),
SIP+

where S;( = 5 fL y (&, z2)( (elé@1i=v1) 4 e=i(z1=v1))d¢, j = 1,2, and Ly, Ly are the sections of SIP™
(see Flgure 2)

L ={¢€C:& €(0,ky),& =6}, Lo={£e€C:& € (ky,00),& = —kv}.

Let p = /k? — €2 = puy + ips, pu1, p2 € R. It is easy to see that

V2¢&116|
W2 = /(2 - & + )2 +488, = WM pr et (45)
It is clear by using (4.3) that
|ei@—v1) 4 o=i(m—v1)| < ge=Coler-uil < 9ee2/V2 e e [, U L.
Thus, since | sin(pzs) sin(pys)el?| < e #2(2h=22-v2) e have
1S;(z,y)| < e g (4.6)
L, pl 11+ e?inh|

We first estimate S1(x,y) and thus assume & € Ly. By (4.5) it is clear that |u| > k. Next

1
|1+ e2inh|

1 1
1+ e2inh ] 4 2ikh

1
+ |1+ e2ikh|

h ’
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1 |62i,u,h _ e2ikh‘
= — (1l — . 4.7
2|cos(k:h)< T ] > (4.7)

By using the elementary inequality 1—e~* > t—t2/2 for t > 0, we have |1+e%#?| > 1—e=212h > 215 h(1—poh).

By (4.5) we have ug = \/% which implies psh < E%Th < % for &€ € Ly. Therefore |1 + e%rh| > \/%
1 n
On the other hand, since u = \/k? + 2i€? on Ly, p(0) = k, by using elementary calculus one obtains
. X deQi,uh
2iph 2ikh
e —e < V2 max |[—— X
| | te(0.6) | d&1 le=t 2
Ahte=22(Oh &h
— V3 max <) <avasl,
A8\ et ) 5

Thus by (4.7)

1L JwPFR_ c

|1+ e2irh| = | cos(kh)| k = Jcos(kh)|’

where we have used the fact that |u| = (k* 4 46})Y/* < k(1 4 49%)Y/* < Ck for € € Ly. Now it follows from
(4.6) that

c C 1
< < . 4.
|Sl(xay)| |COS(kh)|FY |COS(/€h)| Tih ( 8)
Now we estimate Sa(z,y) and thus let £ € Ly. By (4.5) we have |u|? < k% + &2 + €5 and thus

2 - = I
BTV Vs V2

which implies pizh > khy2/v/2 = 1/(2v/2) and consequently |1 + e?#h| > 1 — ¢=1/V2 for £ € L,. Now by
(4.6) we have
+oo 1
|Sa2(z,y)| < C — e H2(hmz2my2) e, (4.10)
k~y |N’|
For & € (kv,k/+/T), we know from (4.5) that |u| > \/k2 — & > ky/1—1/7. This implies by using (4.9)
that

k

k_ k_
/ﬁ iefliz(Qh*zz*yz)dgl < 9 T 6_(1_01)%df1
k

o ‘:U’| h k kv
- _ c [67(1751)%] % < Ci
Vkh ky Vkh
For & > %7 by (4.5), we have |u| > /2&1|&2| > % k~y'/2. Thus
+oo +oo
ie—lt2(2h—fﬂ2—92)d£1 < L e_(l_cl)%dgl
x|l Tk )
v v

C C(1—en) ST 1
= — e v <(C——.
; kh[ } & kR

This shows the first estimate in (4.4) upon substituting into (4.10) and noticing (4.8). The estimate for

V.S(z,y) can be proved in a similar way by noticing that

T : / < snlpta) iph( ig(z1—y1) —ig(z1—y1)
-~ ¥ — D> N\ A/ 1 15(x _ 1£(x d
dz1 21 Jgip+ p cos(ph) sin{uga)e (e ‘ %,

aS(x’y) 1 / i COS(MxQ) i iph( i€(z1—y1) —ig(z1—y1)
— _ 1 1, xr 1 xT d .
0xo 271 Joip+ ' cos(ph) sin(pyz)e™ (e te )

Here we omit the details. This completes the proof. O
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Now we consider the effect of the finite aperture by estimating Sy(z,y) in (4.2). We first recall the
following estimate for the first Hankel function in [29, P.197].

Lemma 4.3. For anyt > 0, we have

o\1/2 o\1/2
H(()l)(t) = () eilt=m/4) +Ro(t), Hfl)(t) — () ei(t=37/4) —I—Rl(t),

7t 7t

where |R;(t)] < Ct=3/2, j =0,1, for some constant C > 0 independent of t.
For any z,y € §, by the normal mode expression of the Green function N(z,y) in (2.3) we know that

oo

i oG 3
) = 3 g sinGua)sinGie) [ OO0 et (1)

For ¢ = (Ci,h) € Ty, G(a,¢) = 1HS (k[ — ¢|) — TH (k|lz — ¢|), where ¢’ = (¢1,—h). Thus, since
HY' (&) = —H{V(€) for any € € C,

9G(x,¢)

= f(z1,G, h+22) — fz1, (1, h— x2), V¢ €Ty, (4.12)
¢z

where
i kt 2 2
f(xva1at):ZH1 (k@)6’ O=(G—z1)*+12, telh—z2,h+xa
By Lemma 4.3 we have

i _jax

Lo (02 \P Rt o kt
f@1, G, t) = 1€ (Tl'k@) o° + ZRl(kG))@'

Inserting the above equation into (4.11) we obtain

s - k2%t
| d(l’,y)| X telh— z2)h+I2]Z hlfn

o0

/ @3/26ifn($1,41,t)d<1‘
Tp\T§

1 / Rl(k@)ﬁe—ifﬂﬁ—yﬂdgl ’
rp\I'¢ (C]

+ max e
te[h—x2,h+x2] el h|§n|

(4.13)

where f,,(71,(1,t) = kO — &,]¢1 — y1]. We note that for 1 < n < M, in which case &, = \/k2 — 12 is real,
fn(x1,(1,t) has a critical point at {1 = x1 + pu:

ﬁ(thl—}—pm)—() Wherepn—tg—n 1<n< M.

agl Hn

Lemma 4.4. Let 1 < n < M and (4.3) be satisfied. Then there exists a constant C' > 0 independent of
k,h,d such that for any x,y € Q and t € [h — x2, h + 23], we have,

kt2\ 7
/ O3/ g ’ <C ( ) (n—21)"*2, Vn > 21+ 2py, (4.14)
i

n

and if x1 +pn/2 > d

@1+pn /2 kt?
/ O~ 3/2pifn(w1,¢1:t) dé| < C( > (d—xl)*?’/Q. (4-15)
d P2

n

Proof. Tt is clear that for any (1 > n > x1 + 2p,,

afn Cl — X1 2pn Pn ktz
, 1, k -& 2k - >C—. 4.16
e} B, et = S : <\/4p% +12 /P2 +¢2 j23 (4.16)
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—3/2
Thus % — 0 as (; — oco. By integration by parts we have then
1Jn{T1,61,

o] —3/2
/ O 3/26i (e G ge, = Oy, ) oifn@mst)
n 18C1fn(x17777t)

~ 0 @($17C1at)_3/2> i (1,C1,8)
_ 9 (OGN et g, 417
,/77 8§1 (laflfn(xlvglvt) ¢ Cl ( )

ince Pdnl@,Gt) _ k2 o (OG22
Since # = 93> TCl m < 0. Thus

< 9 @(331,(1,25)73/2 i (21,01t <l 9 @(xl,cl,t)f‘q'/Q
/n 1 (iaclfn(xlaCl»t)) e )dCI' s /n s <a<1fn(x17ght) )‘dﬁ
- /OO 9 <@($17C17t)3/2) ¢y
n 0C \ O fu(21,C1,1)
< [aclfn($1>fl,f)]71(7l—1‘1)73/2-

This shows (4.14) by using (4.17) and (4.16). The estimate (4.15) can be proved similarly since for d < {7 <
Ty + pn/27

8fn Cl — I DPn DPn kt?
I L) =& — k >k — >C0—.
“%l( b )’ ‘ © VPL D A P
This completes the proof. O

We will use the following Van der Corput lemma, see e.g. in [15, Corollary 2.6.8], to estimate the oscillatory
integral around the critical point.
Lemma 4.5. There is a constant C > 0 such that for any —oco < a < b < oo, for every real-valued C?

function u that satisfies v’ (t) = 1 for t € (a,b), for any function ¢ defined on (a,b) with an integrable
derivative, and for any A > 0,

b
/ ei)\u(t) w(t)dt

a

b
<ox? [Iw(b)l +/ |¢’(t)ldt] ;

where the constant C' is independent of the constants a,b, A\ and the functions u,.

We remark that if the function ¢ in Lemma 4.5 is monotonic decreasing and non-negative in (a, b), then

we have
b
| v

Lemma 4.6. Let 1 < n < M and (4.3) be satisfied. Then there exists a constant C' > 0 independent of
k,h,d such that for any z,y € Q and t € [h — x9, h + 23], we have

b
()] +/ 9" ()]dt = [(b)] + = [¢(a)]. (4.18)

S Ckt™Ye32 > a1 +pa/2. (4.19)

z1+2pn
/ O—3/2¢ifn(@1.C0) g
n

Proof. Tt is easy to see that for any z1 + p,/2 < (1 < 21 + 2pp,

0 Jnl@1,C1 ) O(r1, 71 +pn,t)° <P§‘; +t2 >3/2 -

aglfn(wlaxl +pnat) B @($1,<17t>3 4p%+t2

3

86?1 fn (1‘1741 at)

_ 92 _ 3 2 _
We can use Lemma 4.5 and (4.18) for A = 0z, fn(z1,21 + pn,t)/8 = 5,/ (8k*t) and u((1) = I S e

to obtain, for any n > x1 + p,/2,

z1+2pn 3/2 ifn(er,Cot) MS -1/2 3/2
O ifn(x1,¢1,t d < C n — ,
A € Cl’ (8]€2t> Pn

This completes the proof by using p,, = t&,/n. O
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Lemma 4.7. Let n > M + 1 and (4.3) be satisfied. Let the aperture d > csh for some constant ¢z > 0
independent of k,h,d. Then there exists a constant C > 0 independent of k, h,d such that for any x,y € )
and t € [h — x9, h + x2], we have

/ 9_3/2€if"'(x1’C1’t)d<1 < Ck_ld_3/2Xn,

where x, = e~ (=c)l&nld forn > M +1 and xn =1 forn < M.

Proof. Since &, = i/u2 — k? for n > M + 1, by (4.3) we know that |e_‘5”‘Cl vil| < x,, for any ¢; > d. The
proof of this lemma is essentlally the same as that of Lemma 4.4 by using (4.17) and noticing that now we
have |0¢, fn(z1,(1,t)| > k% > Ck since |¢1 —21] 2 (1 —co)d = (1 — ¢g)esh and |t] < (14 ¢1)h. We omit
the details. O
Theorem 4.8. Let kh > T and (4.3) be satisfied. Let d > csh for some constant c3 > 0 independent of
k,h,d. Then there exists a constant C' > 0 independent of k, h,d such that for any x,y € €,

1 h

1 h
— + ) VSula ) < Ck [ —=+ 2.

Proof. The starting point is (4.13). We first estimate the second term. Since |R;(kQ)| < C(k©)~3/2 by
Lemma 4.3, we have

Sale,y)| < c(

kt o0 Cx,
Ry (kO)— 10— lde, | < Oxnk™?h max / 0~ %/%d¢, < =22,
/rh\fg i )@ 1) < Cxn je1l<cod Jg S

where x,, is defined in Lemma 4.7 and we have used d — 21 > (1 — ¢p)d = (1 — ¢g)czh. This implies
C
< — (4.20)

1 kt .
R: (kO 761§n|C1—y1|d < ,
2 e /wd 1kO)g “S Ui

where have used the fact that Y -, % < C by the argument in the proof of Lemma 2.1. For estimating
the first term in (4.13), we first use Lemma 4.7 to obtain that

= kY% / . = kY%t Cy c
S O 3/2eifn(@nCt) g | < < . (4.21)
wiarer MEnl ey n:%—o—l higal kd®/2 = Vkd
It remains to estimate
M 172
k1/2¢ / O—3/2¢ifn (@100 g
ne1 h‘£n| I, \T'¢
M 00
max k12103 2eifn(@1.Ct) g | 4.22
g h|€n| |z1|<cod /d Cl ( )
Let ng > 1 be such that x + 2p,, > d and z1 + 2p,,+1 < d, which is equivalent to
2t 2t
- d1 =d— xX1. (423)

k! < k! >,
fno S B T a2 Hnott =B T a2

Clearly ng < M since k™', < 1. For n > ng + 1, we have 21 + 2p,, < d and thus by (4.14) with n = d we
obtain

M 1/2 oo M 1/2 2\ 1
$° B [ g < o 35 MK
n=ng+1 &n d n=ng+1 én DPn
2t Lo C
< - { —, 4.24
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where we have used &, < k for n < M and the fact that by (4.23), M
7771#;01+1 < Cd/(kh).

1 —2 —-1,,—2
n=ng+1 h’ h luno—i-l +

For n < ng, by (4.23), we have §, > \/% > Ck. By (4.14) with n = 1 + 2p,, we obtain
20 kL2t /°° ae "o g 1/2 /2
@"3/2e‘f"($1’41’”d§ ‘ < C E n
— h&n |Jai4+2p, ! —~ hE, kt?
—-1/2
,Um C
< C § tl 7 < 7= (4.25)

where we have used the fact that 327 h=1u, '/ < 20/% < C(kh)1/2 /d/? by (4.23).
To proceed, let ny > 1 be such that z1 + p,, /2 > d and z1 + pn,+1/2 < d, which is equivalent to

t t
E e, < ———, k lpn >—, dy:=d—11. 4.26
S B 1 i it = @ e ' (4.26)
Clearly ny < ng. We write
no p1/24 | peit2e.
- / @*3/281fn(a:174‘1,t)d<1
—1 gn d
MoEl/2 T1+Pn/2 .
< ; / @*3/261fn($1741,t)d<1
1 gn d
Mopl/2 /w1+2pn .
+ @*3/2elfn($17C17t)dC1
z_:l hén T1+pn/2
no o p1/24 | poA.
+ - / 0326l @nGt e | =T+ 11 + 111 (4.27)
n=ni+1 fn d

Let ng = \/k%. If n1 < ng, then since &, > Ck for n < ny,

k2t n
I<C V2 <02 <0o=
,; hén Vkd = d

Otherwise, if ny > ng + 1, we split the sum and use (4.15) to have

ny k1/2t T1+pn/2 .
I < C + Z ne / 9_3/2€1fn(7517<17t)d<'1
n=ns+1 n
h A A h
< C C d=3?2 < o=
d+ Z+1 &n ( > d’
n=nso

where we have used the fact that

Z W Sh Tt + 1 g < Chngt = CRTV2dY2,

n=ns+1

Therefore, we have I < Ch/d. By using (4.19) with n = 1 +p, /2 for the term IT and with n = d > 1 +pn /2
for the term III, we have

EY2 e <1 h
1+ 111 < CZ ——— kTP <Oy <O,

where we have used ng < Ckh?/d by (4.23). Therefore, by (4.27),
n0 11/2 @1+2pn
k12t / L @—3/26ifn(ac1,C1,t)d<1

n=1 hfn

h C
<O=+ —.
\C’d+
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This shows the estimate for |Sy(x,y)| by (4.13), (4.20), (4.21)-(4.22), (4.24)-(4.25), and the above estimate.
The estimate for V,S4(z,y) can be proved similarly by noticing that

°G(x,() _ of
(9{,628(2 _E
0?G(x,¢) _of
9210C, Oy

(x1,C1,h+ x2) + or

ot (1,C1, h — x2),

0
(x1,C1,h 4+ x2) — aTi(xl, C1,h — xa),
where after using the identity H{l)'(g) = H(()l)(f) — %Hl(l)(f) for any £ € C,

g xl7§17 )7 7H(1 (k@)

Lo ko 2kt?
8t( 4 @2 Tt (k6) (@ o3 )’
of i) k2(zy — )t i 2k(x1 — 1)t
87361(171,(1,75) = ZHO (kG)T - 1H1 (k@)T~
We omit the details. This completes the proof. O

We remark that by Theorem 4.2 and Theorem 4.8, the resolution of the finite aperture Helmholtz-Kirchhoff
function Hgy(x,y) is the same as the resolution of Im N(x,y) for z,y € Q when kh > 1 and kd/(kh) > 1.

5 The resolution analysis of the RTM algorithm

In this section we study the resolution of the imaging function in (3.6). We first notice that since S(, z)
satisfies the Helmholtz equation in R?, it follows from Theorem 4.2 that

(2)

v HH—l/’z(rD)

I1SC. vy + || 2 < CUSC 2oy + 1ASC,2) 2y

C 1
Vz € Q, 5.1
| cos(kh)| kR : (5.1)
for some constant C independent of h. Similarly, since S4(-, 2) also satisfies the Helmholtz equation, by

Theorem 4.8, for any z € €,

9Sa4(-, )H

1 h
I5a(, )HH”?(FDﬁH v lgre, S C(x/ﬁ+d)’ (5:2)

for some constant C' independent of h,d. Here we have used the assumption d > csh.

Theorem 5.1. Let kh > 7/2, d > c3h, and (4.3) be satisfied. For any z € Q, let ¥ (x, z) be the radiation
solution of the problem

AY(x,2) + k*p(x,2) =0 in RZ\D, (5.3)
d

¥ =0 onTy, 671:1)2 =0 only, (5.4)

gl/) + iknyp = —(W—i—iknlm]\f(m,z)) onT'p. (5.5)

Then we have, for any z € €2,

M
Ta(2) =20 Y 6 + [0+ 4k [ Q) 10(6,2) + I N (G 2) [ ds(€) + wy ),

I'p

where oF ; n=1,2---,M, are the far-field pattern of the radiation solution of ¥ (-,z) and ||w;| re=) <
h
e v T Ch-
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Proof. By the integral representation formula we know that

s _ us T aN(l‘T,C) _auS(CV/L'S) T s
wiona) = [ (w0 s - 2SN, ) ) s

By using Lemma 4.2 we obtain that, for any z € 2,

; = [ L) s (e
i) = [ G st

- [ v O (im N (¢, 2) — S(C.2) — SalC.2))ds(0)
I'p (C)

— M ilm z) — z) — z))ds
[ T Em NG )~ S(¢2) - Sul, ) ),

where we have used the reciprocity relation N(¢,z) = N(z,(), G((, z) = G(#,¢). By (3.6) we obtain then

. 0
Ia(z) = Im i (G, 2) 5 (0 (20Im N (¢, 2) = S(¢, 2) — Sal¢, 2))ds(¢)
~ m /FD agi(i’)z)(mmjv(g,z) —5(C,2) — SalC, 2))ds(©), (5.6)
where v;(C, 2) frd %i(j(fj)) us((, xs)ds(xs). By taking the complex conjugate, we have
vs(C,2) = Mus(c,xs)ds(%).

rd Oxa(xy)

Thus v,(¢, 2) is a weighted superposition of the scattered waves u®(¢, zs). Therefore, v((, 2) is the radiation
solution of the Helmholtz equation

Acvs(C,2) + kQ’Us(C, z)=0 in R%\D,

ovs(¢, 2)

vs(¢,2) =0 on Iy, %

=0 on Fh,

satisfying the impedance boundary condition

(af(o + ikn(o) w(C2)

S ()
_ 0GGx) (0 . e
N /r O3(x2) <au<g)+ k”(o)( N(C,@4))ds(xs)

0 . .
B (au(o + m(@) (21Im N(C, 2) + S(¢, 2) + SalC,2))  on T,

where we have used (4.1) in the last equality. This implies by using (5.3)-(5.5) that vs(¢, z) = —2iY((, 2) +

w((, z), where w(+, z) satisfies the impedance scattering problem in Theorem 2.3 with g(-) = (a% + ikn( )) (S, 2)

Sd('7 Z))

By Theorem 2.3, (5.1)-(5.2), and the boundary condition satisfied by w on I'p, we know that w satisfies

< C 1
H-12(Tp) | cos(kh)| VER

Moreover, since N(-, z) = G(-, z) + S(-, z), we also have
(2)

v HH—l/?(rD)

[w(-, 2)| +C

[N, )||H1/2 I'p) +H <C, VzeQ.
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Now substituting v,(¢, z) = 2it(C, z) + w(C, 2) into (5.6) we obtain
. aImN : (=)
I(z) = —4Im <w g 2 _ gyéoz) Im N(¢, z)) ds(¢) + w;(2)

aImN(<, 2 (G 2)
wC) o0

~ 4mm (d}(C,Z)

I'p

I N (¢, z>) ds(C) + w;(2),

where

H%%z) + Sa(:, 2)) H

w2 =

H=1/2(Tp)
2156, 2)+ Sal arrawo | T || o soge

e Z)HHl/Z(rD)H d(2iIm N (-, z) _65(.7 z) — Sq(-, 2)) H

H-1/2(T'p)
2810 N (- 2) = 5, 2) = Sales 2l sy | = HHWQ(FD)
c 1 h

— 4+ (C-
| cos(kh)| vEh d

By (5.4) we have

(€.5)) astc)

(e
= [ [ (almN(g’ )—ikn@)ImN(c,z))
(‘ch) 4 (0)(6,2) ) N (G, 2) + 28k NG, (¢, )] as(c)
= [-w,z)-(@gﬁﬁg) —ikn(C)W>
(P50 ig(tn (G, 2) ) VG, 2) + 2k (1 NG (G, 2)] (0
e G >aw(f&)) SOk [ QG NG 2 ()

By (2.8) we know that the far-field pattern ¢F, n =1,2,--- , M, satisfy
- M
ob  h
~1 ——ds = — w ([0 ~12).
w [ w5 3 eIV + 10 ?)

This completes the proof. O

We remark that ¢(z, z) is the scattering solution of the Helmholtz equation in the waveguide with the
incoming field Im N(z, z). Since

ImN(z,z) = ImG(z,z)+ImS(x,z2)
1 1
= ZJo(l<;|a:—z|)—ZJO(I<;|Q:—Z’\)—|—ImS(ﬂv,z),

where Jy(t) is the first kind Bessel function of zeroth order and 2z’ = (z1, —22) is the imagine point of
z = (21,22). Tt is well-known that Jo(t) peaks at t = 0 and decays like t~'/? away from the origin. By
Theorem 4.2, S(x, z) is small when kh > 1 which implies Im N (x, z) of the problem (5.3)-(5.5) will peak at
the boundary of the scatterer D and becomes small when z moves away from dD. Thus we expect that the
imaging function I 4(2) will have contrast at the boundary of the scatterer D and decay outside the boundary
0D if kh > 1 and kd/(kh) > 1. This is indeed confirmed in our numerical experiments.
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6 Extensions

In this section we consider the reconstruction of the sound soft and penetrable obstacles in the planar
waveguide by our RTM algorithm. For the sound soft obstacle, the measured data u®(z,, zs) = u(z,, zs) —
u'(z,, z5), where u(z, x,) is the radiation solution of the following problem

Au + k*u = -6, (x) in RZ\ D, (6.1)
u=~0 on I'p, 2)
u=0 on Iy, (%Z =0 onIY}. (6.3)

The well-posedness of the problem under some geometric condition of the obstacle D is known [20,22]. Here
we assume that the scattering problem (6.1)-(6.3) has a unique solution. By modifying the argument in
Theorem 5.1 we can show the following result whose proof is omitted.

Theorem 6.1. Let kh > 7/2, d > csh, and (4.3) be satisfied. For any z € §Q, let ¥ (x, z) be the radiation
solution of the problem

Az, 2) + k2 (2,2) =0  in RI\D,
=0 onTy, 8—77&:0 on T'y,
8x2

Y(x,2) = -ImN(z,z) onTp.
Then we have, for any z € €2,

M
Ia(z) = 20y &alert [P + [ I?) + wi(2),

n=1
where ¥:X, n = 1,2,--- M, are the far-field pattern of the radiation solution of ¥(-,z) and |lwillLee () <
c 1 h
reosGehl vien T ¢
For the penetrable obstacle, the measured data u®(z,,zs) = u(x,, xs) — u'(z,,2s), where u(x,z4) is the
radiation solution of the following problem

Au+ E*n(z)u = —6,, () in RZ, (6.4)
uw=0 on I, % =0 onIYy, (6.5)

where n(z) € L= (R?) is a positive function which is equal to 1 outside the scatterer D. The well-posedness
of the problem under some condition on n(z) is known [8]. Here we assume that the scattering problem
(6.4)-(6.5) has a unique solution. By modifying the argument in Theorem 5.1, the following theorem can be
proved. We refer to [10, Theorem 3.1] for a similar result. Here we omit the details.

Theorem 6.2. Let kh > 7/2, d > csh, and (4.3) be satisfied. For any z € §, let ¥ (x, z) be the radiation
solution of the problem

Ap(z, 2) + k2n(x))(z, 2) = —k*(n(z) — )Im N(z,2)  in R},
=0 on Ty, 5,7#}:0 on T},
8%2

Then we have, for any z € €,

M
La(z) = 20y (P + [9n*) + w5 (2),
n=1
where W, n = 1,2,--- M, are the far-field pattern of the radiation solution of 1(-,z) and lwill Lo () <
c 1 h
reoseml vin T O
We remark that for the penetrable scatterers, i(x, z) is again the scattering solution with the incoming
field Im N (z, z). Therefore we again expect the imaging function I4(z) will have contrast on the boundary
of the scatterer and decay outside the scatterer if kh > 1 and kd/(kh) > 1.
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Figure 3 The imaging results with the aperture d = 10,20, 30, 50 from left to right, respectively.

7 Numerical experiments

In this section we present several numerical examples to demonstrate the effectiveness of our RTM method
for planar acoustic waveguide. To synthesize the scattering data we compute the solution u®(x,,xzs) of
the scattering problem by representing the ansatz solution as the double layer potential with the Green
function N(x,y) as the kernel and discretizing the integral equation by standard Nystrom methods [14].
The boundary integral equations on I'p are solved on a uniform mesh over the boundary with ten points per
probe wavelength. The sources and receivers are both placed on the surface I'{ with equal-distribution, where
d is the aperture. The boundaries of the obstacles used in our numerical experiments are parameterized as
follows:

Circle: x1 = pcos(0), xs = psin(@), 6 € (0,2n],
Kite: x1 = cos(0) + 0.65 cos(20) — 0.65, x2 = 1.5sin(f), 6 € (0, 27],
Rounded Square: x1 = 0.5(cos®(0) + cos(0)), o = 0.5(sin®(0) + sin(h)), 6 € (0, 2x].

Example 7.1. In this example we consider the imaging of a sound soft circle of radius p = 1 for different
values of the aperture d. We take the probe wavelength A = 0.5, where A = 27 /k, the thickness h = 10,
and Ny = N,. = 401. We choose the aperture d = 10, 20, 30, 50 for the tests. The imaging results are shown
in Figure 3. We observe that our RTM imaging function peaks at the boundary of the obstacle and the
imaging quality improves with the increase of the aperture d. This conforms with our theoretical results in
Theorem 6.1.

Example 7.2. In this example we first consider the imaging of a circle of radius p = 1, a kite, and
a rounded square with the impedance boundary condition with 7 = 1 or = 1000 on I'p. Let ©Q =
(—4,4) x (1,7) be the search region. The imaging function is computed at the nodal points of a uniform
201 x 201 mesh with the probed wavelength A = 0.5. The imaging results on the top and bottom row shown
in Figure 4 correspond to the surface impedance n = 1 and n = 1000, respectively. We observe our imaging
algorithm is quite robust with respect to the magnitude of the surface impedance 7.

We then consider to find a penetrable obstacle with the refraction index n(z) = 0.25, a non-penetrable
obstacle with homogeneous Neumann, homogeneous Dirichlet, and partially coated impedance boundary
condition (1 = 1000 on the upper half boundary and n = 1 on the lower half boundary), respectively. The
results are shown in Figure 5 which indicates clearly that our RTM method can reconstruct the boundary
of the obstacle without a priori information on penetrable or non-penetrable obstacles, and in the case of
non-penetrable obstacles, the type of the boundary conditions on the boundary of the obstacle.

Example 7.3. In this example we consider the stability of the imaging function with respect to the
complex additive Gaussian random noise. We introduce the additive Gaussian noise as follows (see e.g. [10]):

Unoise = Us T Vnoise)

where ug is the synthesized data and vyeise is the complex Gaussian noise with mean zero and standard

deviation p times the maximum of the data |ug|, i.e. vpoise = %’;‘"Sl(el +1ie9), and £, ~ N(0,1) for the

real (j = 1) and imaginary part (j = 2).
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Figure 4. The imaging results with the probe wavelength A = 0.5, the thickness h = 10, the aperture d = 30, and Ny = N, =
401 for a circle, a kite, and a rounded square, respectively, The top and bottom row show the imaging results of the RTM

method for the surface impedance n = 1 and n = 1000, respectively.

Figure 5. The imaging results, from left to right, for the penetrable obstacle with n(z) = 0.25, a non-penetrable obstacle
with homogeneous Neumann condition, homogeneous Dirichlet condition, and partially coated impedance boundary condition
(n = 1000 on the upper half boundary and n = 1 on the lower half boundary), respectively. The probe wavelength A = 0.5, the

thickness h = 10, the aperture d = 30, and Ngs = N, = 401.

Figure 6. The imaging results using data added with additive Gaussian noise and p = 10%, 20%, 30%, 40% from left to
respectively. The probe wavelength A = 0.5, the thickness h = 10, the aperture d = 30, and Ns = N, = 401.

right,
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Table 1. The signal level and noise level in the case of single frequency data (left) and multi-frequency data
(right).

p o | llusllez | l[vmoiselle2 pol o | uslle | lvnoiselle
0.1 | 0.0360 | 0.1033 | 0.0293 0.1 | 0.0355 | 0.1033 | 0.0290
0.2 | 0.0720 | 0.1033 | 0.0589 0.2 | 0.0710 | 0.1033 | 0.0580
0.3 | 0.1079 | 0.1033 | 0.0876 0.3 | 0.1064 | 0.1033 | 0.0869
0.4 | 0.1439 | 0.1033 | 0.1178 0.4 | 0.1419 | 0.1033 | 0.1159

For the fixed probe wavelength A = 0.5, we choose one kite and one circle in our test. The search domain
is Q = (—4,4) x (1,7) with a sampling 201 x 201 mesh. Figure 6 shows the imaging results with the noise

level = 10%, 20%, 30%, 40% in the single frequency scattered data, respectively. The left table in Table
s Ng,Np
u®(zs, )], HUS||?2 = ﬁzsmzl

1 shows the noise level in this case, where o = pmax,, . us (2.2, %,

[VnoisellZe = 5 Yomely [Vnoise (Ta-2r)|2.

The imaging quality can be improved by using multi-frequency data as illustrated in Figure 7, in which
we show the imaging results added with the noise level p = 10%, 20%, 30%, 40% Gaussian noise by summing
the imaging functions for the probed wavelengths A = 1/1.8,1/1.9,1/2.0,1/2.1,1/2.2. The right table in
Table 1 shows the noise level in the case of multi-frequency data, where o, |lus|lez, and ||¥noise|le2 are the
arithmetic mean of the corresponding values for different frequencies, respectively. The imaging result is
visually much more better than the single frequency imaging result, and the noise is greatly suppressed after
the summation over individual frequency imaging results.

Figure 7. The imaging results using multi-frequency data added with additive Gaussian noise and p = 10%, 20%, 30%, 40%
from left to right, respectively. The probe wavelengths A = 1/1.8,1/1.9,1/2.0,1/2.1,1/2.2, the thickness h = 10, the aperture
d = 30, and Ngs = N, = 401.

8 Concluding remarks

In this paper we have developed a novel reverse time migration algorithm based on the generalized Helmholtz-
Kirchhoff identity for the obstacle shape reconstruction in planar acoustic waveguide. The algorithm consists
of using the half space Green function instead of the waveguide Green function in both the back-propagation
and cross-correlation processes. The algorithm is quite robust with respect to the random noise. Our
numerical experiments indicate that the RTM algorithm based on multiple frequency superposition can
effectively suppress the random noise. Extending the results in this paper to the electromagnetic and elastic
waveguide imaging problem is of considerable practical interests and will be pursued in our future works.
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9 Appendix: Proof of Theorem 2.3

We will prove the existence of the radiation solution of the problem (2.4)-(2.6) by the method of limiting
absorption principle. The argument is standard and generalizes that for Helmholtz scattering problem in
the free space, see e.g. [18]. Here we only outline the main steps.

For any z = 1+ie, € > 0, f € L*(R}) with compact support in Bg = (=R, R) x (0, h), where R > 0, we
consider the problem

Au, + zk?u, = —f in R, (9.1)
u, =0 on Iy, g—zz =0 on I'y. (9.2)

By Lax-Milgram lemma we know that (9.1)-(9.2) has a unique solution u, € H'(R?). For any domain
D C R2, we define the weighted space L?#(D), s € R, by

L**(D) = {v € Li,o(D) : (1 + [a1[*)*/?v € L*(D)}

with the norm [|v|z2.:(py = ([(1 + |z1/|?)*|v[?dz)'/2. The weighted Sobolev space H'*(D),s € R, is
defined as the set of functions in L*#(D) whose first derivative is also in L?*(D). The norm |[v||g1.:(py =
o) + [F01 e )2

Lemma 9.1. Let f € Lz(R%) with compact support in Bg. For any z =141ie, 0 < e < 1, we have, for any
s> 1/2, |zl -2y < Cl|fllL2m2) for some constant independent of €, u, and f.

Proof. We first note that by testing (9.1) by (1 + |x1]?)"%%,, s > 1/2, one can obtain s ll 1o r2y <
Clluzl g2 w2y + C|l fll2mz) by standard argument. It remains to show [lus|[r2.m2) < Cllf[L2mz). It is
obvious that we only need to prove the estimate for f € C§°(R?). We start with the following integral
representation formula

us@) = [ N(@y)f@)dy, xR, (9.3)
h
Here N*(z,%) is the Green function of the problem (9.1)-(9.2) with the complex wave number kz'/2, where
Im (2'/2) > 0 for £ > 0. Similar to (2.3), it is easy to check that
Z 7 sin(un2) sin(pny2)e ighler—v| (9.4)

where 7 = \/zk? — u2 whose imaginary part Im&Z > 0. It follows from (9.3)-(9.4) that u, has the mode

expansion

uy(z) = Z ul (x1) sin(pnxsa), (9.5)

n=1

where, since f is supported in Bp,

hofod
uy, (1) = f/ e enlt=uil £ (g dyr,  fal21) /f sin(pnx2)des.
n

Since Im¢&Z > 0 and |€2]? = /(42 — k2)2 + (k2€)2 > |u2 — k?|, we have

h V2R
22 — k212 | frllz2®)-

|uz (z1)] <

Therefore

h - * S z
iy = 532 [ In e Pan
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< ()nfLZ(Rz)Z | e )y
< C||f\|L2(1R§)-

where we have used ||fHL2(]R2) =430 an||2LQ(R). This completes the proof. O

Now we are ready to prove Theorem 2.3.
Proof of Theorem 2.3. For any 0 < € < 1, we consider the problem

Au. + (1 +ig)k*u. =0 in R7\D, (9.6)
0

ue =0 on Iy, e — 0 on Ty, (9.7)
Oxg

N dkpue=g on T (9.8)

ov e =9 b '

We know that the above problem has a unique solution u. € H 1(IR%L\D) by the Lax-Milgram Lemma.

Let xy € C*°(R?) be the cut-off function such that 0 < y < 1, x = 0 in By, and y = 1 outside of Br1.
Let ve = xue, then v, satisfies the equation (9.1) with z =1 + ic and f = u.Ax + 2Vue- V. Obviously, f
is supported in Bri1. By Lemma 9.1, we have |[ve|[g1.—g2\p)y < Clluellg1(By,,\p)y- Since x = 1 outside
Bpr+1, we have then

[uellgr -« @2\py < Clluell a1 (Br,i\D)- (9.9)

Next let x1 € C§°(R?) be the cut-off function with that 0 < x; <1, x1 =1 in Bgy1, and x1 = 0 outside of
Bpryo. For g € H7Y/2(T'p), let u, € H'(R?\D) be the lifting function such that %129 +iknug =g on I'p and
gl g2\ 5y < Cllgllg-1/2(r,,) hold. By testing (9.6) with X3 (uz — ug), we have by the standard argument

el gt (Bronpy < Cllluell2Brionn) + 19lla-172(00))- (9.10)
Now we claim
||USHL2(BR+2\D) Cllgll - 1/2(Tp)» (9.11)
for any g € H-Y/2(Tp) and € > 0. If it were false, there would exist sequences {g,,} € H~'/?(T'p) and
{em} € (0,1), and {uc,, } be the corresponding solution of (9.6)-(9.8) such that

1
te, L2 (Brio\D) = 1 and |lgmllg-1/2(0,) < oo (9.12)

Then ||ue,, ||H1 —+®2\p) < C, and thus there is a subsequence of {¢,}, which is still denoted by {&,}, such
that e,, — &’ € [0, 1] and a subsequence of {uc,, }, which is still denoted by {uc,, }, such that it converges
weakly to some u.s € HV~*(R2\D). The function u. satisfies (9.6)-(9.8) with ¢ = 0 and e = ¢’ . By the
integral representation formula, we have, for x € ]Ri\D,

(N ) e Q@)
e () = /( Sy e )~ N () ay(y)>d<y>. (913)

If & > 0, we deduce from (9.13) that u. decays exponentially and thus u.r € H'(R2\D), then u.s = 0 by the
uniqueness of the solution in H*(R?\D) with positive absorption. If &’ = 0, (9.13) implies that u. satisfies
the mode radiation condition (1.7), and then u. = 0 by the uniqueness Lemma 2.2. Therefore, in any case,
uer = 0, which, however, contradicts to (9.12).

This shows (9.11). Consequently, by (9.9) and (9.10),

uellz1-sr2\ by < Cllgllzr-172(rp)- (9.14)

Now, it is easy to see that u. has a convergent subsequence which converges weakly to some u € H 1’_5(Ri\D)
and satisfies (2.4)-(2.6). The desired estimate follows from (9.14). This completes the proof. m
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