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© Multigrid method
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Section 1: Multigrid method

@ Solve the linear system: Apup = fh.

Multigrid method for linear problem

(k)

Current approximation: Uy,

Presmoothing: ugkﬂ/?’) = Shugk)

Compute the residual: r, = f, — A

Solve the correction equation on the coarse space: Agey = I,flrh.
(k+2/3) _  (k+1/3)

Do the correction:

Do the postsmoothing: w

h

huék-i—l /3)

+ I?IGH.
(551) _ g, (+42/3)

The linearity: Ah(uh + 5h) = Apup, + Apdy, = Apup, + AhII}-LjeH-

Nonlinear problem?
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Multigrid method for nonlinear problems

o Outer iteration (nonlinear iteration) + inner iteration (multigrid
method);

e Full Approximation Scheme (FAS);
e Brandt (1977), Hackbusch (1979).

Brandt (1977): Full Approximation Scheme (FAS)

@ Restrict the fine-grid approximation and its residual:
ri = IH(fn — Ap(vp)) and vg = IH vy,

@ Solve the coarse-grid problem: Ay (upy) = Ag(vy) + rH.

@ Compute the coarse-grid approximation to the error: ey = ug — vpy.

@ Interpolate the error approximation to the fine grid and correct the
current fine-grid approximation: vy, < vy + I}‘IeH.
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Section 2: Finite element method: Aubin-Nitsche

Finite element method for Laplace problem

—Au = f, in €,
w = 0, on 0.

@ Variation form

(Vu, Vv) = (f,v), Vo€ H}(Q),

o Construct a triangulation 7T, of €2 and build the linear finite element
space

Vi = {Uh & H&(Q) : Uh|K e P, VK € 771}

@ Discrete equation
(vuhv Vvh) = (f? Uh)a vUh € Vh-
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Error estimate for finite element method

Error estimates

|lu —uplt = inf |u—ovpli.
v EVR

When Q is convex, u € H2(Q), |u — upl1 < Chllula.

Aubin [1967], Nitsche [1968], Oganesyan-Rukhovets [1969]
Choose ¢ € L%(Q) such that |lu —unllo = (u — upn, @),
lu—upllo = (u—wun,¢)=(V(u—u), Vi)
= (V(u—wn), V(¥ —wp)), Vou €V,

where 1) satisfies (Vv, Vi) = (v, ¢), Yo € H} ().
Then we have

[l — unllo

IN

Clu—up|y inf | —ovpli < Chlu — up|;
v EVE

IN

Ch?||ullz.

v
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Aubin-Nitsche% 15 i) —~ N H

KIEJ77£[Q. Lin: RAIRO Numerical Analysis, 16(1) (1982), 39-47]

SR AR TR i) it
(Vu, Vo) + (b - Vau,v) + (¢u,v) = (f,v), Vv e H(Q).
T2 IE 71 (2R Pk ) 1)
o RIFAMRITITHE: Kup, € VI 2
(Vup, Vop) + (b - Vug,vp) + (dup,vp) = (f,vn), Vop € V.
o JE XN (Laplace /7#E: Ku € HL(Q)ii &
(Vu®, Vv) = (f,v) — (b - Vuy,v) — (¢up,v), Yo e Hi(Q).
o RZEAG: |u® — ull1 < Cllu — unllo < Ch|lu — ugl|1.

o MRBE, N %24 (Acta Math. Sinca), 22(2) (1979), 219-230.
o M. WAL, BlA-iEHR, 26(8) (1981), 449-452.
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Two-grid method

Two-grid method: Lin(1979), Lin-Xie(1981), Xu-Zhou(2001), - - -

© Solve the eigenvalue problem on an coarse mesh Ty:
Find (A, umr) € R x Vi such that ||ug|lo =1 and

(VUH,VUH) = )\H(UH,UH), VUH € VH

@ Construct a finer finite element space V3, and solve the following
symmetric positive definite boundary value problem: Find uj € V3,
such that

(Vuh,VUh) = )\H(UH,vh), Yo € Vj,.

© Compute the Rayleigh quotient:
)\h _ (Vu;“ Vuh).
(up, up)

Then we have a better eigenpair approximation (Ap, up).

v
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Error estimate of two-grid method

Error estimates

o (A, @) denote the exact finite element solution.

@ The original eigenpair approximation (Mg, ug) (€2 convex):
lan —upllh S H, |un—unllo S H? [ —Aul S H?.
@ V) linear finite element space on a finer mesh 7, (produced from Tg
with regular refinement)
@ The corrected eigenpair approximation (Ap, up):
[an = unlle S H> +h, [An = | S H + 1%
@ The good choice: h = H?.

@ But there is no ||uy, — upllo < ||up, — up|l1 (No Aubin-Nitsche
technique).

@ We can not do correction again.

@ It is not an eigensolver such that ||y — up|lq — 0.

v
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A new version of the duality argument

A new case for duality argument [Lin-Xie (2010)]
@ The finite element function %y has no Aubin-Nitsche estimate.

@ We construct a low dimensional space Vi (Vi C V},) and build the
finite element space Vpj, = Vi + span{uy}. Then solve the
following small equation: Find u € Vg such that

(Vun, Voun) = (f,ven), Yomn € Vap.
@ Accuracy

|u—uh]1 = inf |u—vH’h|1 < ]u—ﬁhh.
v, hEVH, L

@ Duality argument
||U—Uh||0 = (U—Uh,gb) = (V(U—Uh)avw)

= (V(u—up), V(¥ —vn)).
Then we have

lu—upllo < |u—wuph inf | —ovgli <CH|u—upl;.
’L)HEVH,h
v
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A new version of the duality argument

Linear vs nonlinear

@ The function in ths space Vi, = Viz + span{uy} can be denoted by
up, = ug + auyp, where ug € Vg and o € R.

o If Fis linear, F(ug + aup) = F(ug) + oF (up). The normal
multigrid method for linear problem with the choice of & = 1 and
recursive iteration. Then we do not need to define the space Vi .

@ When F'is nonlinear, F(ug + auy) # F(un) + oF (up,). We should
do the nonlinear solving process in the space Vi j.

e Since dimVp;, = dimVy + 1, the algebraic scale is very small.

o Different from the normal way: Outer iteration (nonlinear iteration) +
Inner iteration (multigrid method).

v
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Aubin-Nitsche# /2 2L 3 H

AR 1]
(Vun, Vo) + (b - Vug, vp) + (dup, vn) = (f,vn), Vo € V.

— /M IE J5i%[Lin-Xie (2010)]
B BATE— &L, € Vi
o RMAUNT JTHE: Kuy, € Vi, 113
(Vﬂh, VUHJL) + (b . Vﬁh,UHJL) + ((pah;vH,h) = (f, UH,h)a VUH’h e VH,h-
wZEAbT
[@n — unlly < Cllan — upllr,  [[un —unllo < CH|[un — upll-
o RRUNT W Laplace /7 1
(Vip, Vop) = (f,vn) — (b - Vg, vp) — (¢Un, vs), Vop € Vi
RZEEAG T

lan, — unlls < Cllun — upllo < CH|[up — uplly < CH|lup — upllz
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e Augmented subspace method for semilinear problem
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Section 3: Augmented subspace method for semilinear
problem

Semilinear elliptic equation

Find « such that
-V (AVu) + f(z,u) = g, inQ,
u = 0, on 0L,

® where A = (a;)qxq is a positive symmetric definite matrix with
Qij € WLOO (17.7 = 1727 T 7d)'

@ f(z,u) is a nonlinear function corresponding to the second variable.

v

Variational form

@ The weak form can be described as: Find « € V such that

a(u,v) + (f(z,u),v) = (g,v), Vv eV,
where V := H}(Q2) and a(u,v) = (AVu, Vo).
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Semilinear elliptic problem

Some settings

@ Obviously, a(u,v) is bounded and coercive on V, i.e.,
a(u,v) < Collullrollvlie and cllulli g < a(u,u), Vu,veV.

@ Then we use the norm ||w||, := y/a(w,w) for any w € V to replace
the standard norm || - ||;.
@ Poincaré inequality
Jwlo < Cpllwlles Ve €V,

where the constant ), depends on (.

Assumption for nonlinear function

The nonlinear function f(z,-) satisfies the following assumptions
(f(z,w) — f(z,v),w —v) >0, VYw, vV :=HQ),
(f(z,w) - F(@,0),8) < Cyllw—vlollélls, Yuw, v, ¢ € V.

Hehu Xie ( ) Augmented Subspace Method Online 2022 17 / 48
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Finite element method

@ We generate a regular triangulation 75, and build the simplest linear
finite element space V}, on 7},.

@ The standard finite element scheme is: Find @ € V}, such that
a(tn, vn) + (f (2, 4p),vn) = (9,v8), Vvp € V.

@ Denote a linearized operator L : H}(Q) — H~1(Q) by:
(Lw,v) = (AVw, Vv), Yw,v € V.

@ In order to measure the error for the finite element approximations,

we denote
op(u) = UlIelf llu — vpla-

@ For the global prior error estimates, we introduce 7,(V},) as follows:

Na (V) = sup inf ||L™ 1f—vhHa
FEL2(Q),[|flo=1"rEVR

Hehu Xie ( ) Augmented Subspace Method Online 2022 18 / 48



Finite element method

Lemma (Error estimate: Xie-Xie-Xu)

When Assumption A is satisfied, the semilinear equation is uniquely
solvable and the following estimates hold

lv = @nlla < (1 + Cpna(Vi))on(w),
lu—anllo < (1+CrCp)na(Va)llu — unlla-
Hehu Xie ( ) Augmented Subspace Method Online 2022
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Aubin-Nitschefs 15 it 37 FH

PRSI (-, ) R ARG T

Q EILTEHHMME Ty LSRR REE AR K uy € Vy 2
a(ug,vg) + (f(@,um),ve) = (g,ve), Yvm € Vg.
Q XTHHMIME T HEAT 0% CAAS B E A KT IRAS T, FELELLAH A SR A
R AR I 3R uy, € VW AR
a(up,vp) = —(f(:r;,uH),vh) + (g,vn), Yop € V.

PR A 7 15 R AR
o MMM ITEIUNSICEIE (w, KAHEHA RITE):
’ﬂh = uhh < (1 aF C’pr)(l T CfH)Cva;Ié{‘/H |u = UH’l-

o fHup Nl |lu — upllo < CHlu — upl1, REEM—IALIE.
o HTRMBORZE uy, — up | NI B HURZE, TEMRIEAME R b
KA ERLNAS RS H. SOdok, 24 H g %, h iR T

v
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Augmented subspace method

Assume we have obtained an approximate solution ugf) e V.

1. Define the following auxiliary boundary value problem: Find

() ¢ Vi, such that

ah
a(a§f+1)7 Uh) = _(f($) ugf)% Uh) + (g, 'Uh), V'Uh S Vh.

Solve this linear boundary value problem with multigrid method

”ﬂ;(fH) _ ﬂgfﬂ)ﬂa < 0||u§f) _ aﬁf“)lla, 0 <1.

2. Define a finite element space Vi p, := Vg + span{ﬂgﬂ)} and solve

the following semilinear equation: Find ugfﬂ) € Vi p, such that
¢ +1
CL(U;(1 +1),UH,h) + (f(JU,UELJr ))aUH,h) = (9,vm.n), Yogn € V.

In order to simplify the notation and summarize above two steps, we define

ugfﬂ) = SemilinearAug(Vy, ug), Vi).

Hehu Xie ( ) Augmented Subspace Method Online 2022 21 /48



Error estimate

Theorem (Error estimate)

BAELE B AL Oy B R oY B iR E T
lan —ullo < Crna(Ver) i — 1 la-
AT B TE S 2 R, BT o) 0 T iR it

_ +1
an — ul

_ l
Ne < A — w2,
_ ¢ _ l
lan — w0 < 1+ CoCPna(Var)lan — ul™+ o,

Hrf g o= (0+ (1+0)C1Cpma(Vi)) (1 + Cpna(Vir)).

@ Enhanced error estimates: 6 = 0 (F&HfiRAEL T HE),
v = C1C5 (1 + Cyna(Vir) )2 (V).
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Multigrid method for semilinear problem

@ We first generate a coarse mesh T with the mesh size H and define
the linear finite element space Vi on Tg.

@ The mesh Ty, is produced from Ty by regular refinements. The
sequence of meshes 7p,, (k=1,---,n) are produced by regular
refinements such that

1

hk:Bhkfh I{?ZQ,"‘,H,

where 8 > 1 (always equals 2).

@ Based on this sequence of meshes, we construct the corresponding
nested linear finite element spaces

Ve CVy, CVpy C-o- C Vg,

@ The sequence of finite element spaces satisfied the following property

1 1
na(vhk) ~ Ena(vhkﬂ)a Oy, (u) ~ E(Shkq(u)v k=2 n.
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e AT AP

Algorithm (564> 2 H M FEX)
Q 1t Vi, TR T ELNENE: K up, € Vi, 157

a(uh17vh1) + (f(xauhl)7vh1) = (gvvh1)7 vvhl € Vhl'

Q X k=2, n, AT TFEA:

o % ugk) = Uphy,_, -
@ X ¢=0,---,p—1, BATIIFIEM
uge:l) = SemilinearAug(Vy, ugfk), Vh)-

o & up, =ul.
B JEAR B —ANE R AR 23 A W HBE R wn, € Vi, .
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e % H A SLIA IR E A T

Theorem (i ZAffi1t)
FEALMRE ST H R /IMERR SR A28 < 1 RO, AT H S &2 EMKE
SRR R up, B W IRZEM T
9P
lan, —un, lla < 1 —’nygﬁ(gh”(u)’
[, —un,llo < (14 CpCp)na(Var)l|tn, — un, lla,

Hrfy= (041 +0)(1+ CpCr)Cna(Vi)) (1 + Cna(Va)).

o M LT FIR ZEAG THAT LLRE G K p (3900 52D 1 IE B CH) K i
R HIAEBRS L (|an, — un, [la

o RIVIX B 5] DMES AR 2B BN LA L.
o X5 % HE A% ISR M e 1tk 120 18 1) R ) P o — .
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e % H A SLIA IR E A T

Corollary (fXEiR Z+ B HURZE)

H1 25 B R A% SIS B 1 B Ja I AU wp,,,, A 00T Af T

P8
1—~Pp
(a+@@mwm+a+%@>

5hn (u)

<

ot = i (1 - Ca(Vi,) +

lu—un,llo <

)onte

)7

2B

D (Vi) )
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Estimate of computational work

o First, we define the dimension of each level finite element space as
Nk = dlthk Then

1\ d(n—k)
)" N, k=1,2,--.,n.

Nk%(g

@ We need to solve a semilinear elliptic problem by some type of
nonlinear iteration in the low dimensional subspace Vi, , ;-

@ In each nonlinear iteration step, it is required to assemble the matrix
on the finite element space Vi 5, (k= 2,---,n) which needs the
computational work O(Ny).

@ Fortunately, the matrix assembling can be carried out by the parallel
way easily in the finite element space since it has no data transfer.
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Estimate of the computational work

Computational work

@ We use 6 computing-nodes, nonlinear iteration times: .

o Semilinear elliptic solving in the coarse spaces Vi, (K =2,---,n)
and V3, need work O(Mp) and O(Mpy,).
@ Linear boundary value problem solving work O(Ny) (k =2,--- ,n).

@ The computational work in each computing node has the following
estimate

Total work = O ((1 + %)Nn + My log N,, + Mhl) .
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An efficient implementation method

22 WY 2U Y 2R )

K w2 TR
—Au+wu+Cud = g, inQ,
{ u = 0, ondQ, (3.1)
Hefw>0M¢ > 0.

o {EHUIBHIESFVAIEE — 20 i BORM N T BULRMETT R, BIOASKRAR
BRI R K ol € Vi, 7R

(vl Vogn) + (el o) + W) o)

= (9,ven), Yvun € Vi

o MAARZMIEAFIL (A B FIEN), ARSI K
TR LA AA 7] L
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An efficient implementation method

e Working space: Vi, = Vi + span{up},

Vi = span{¢1 u, -+, dNy,H}-
@ The function in V5, is denoted by uy + oy, = Zivfl URQk H + QUp,.
@ The matrix version of the nonlinear eigenvalue problem:

G ") ()= (%))

b};h £ a c, )’
where ug € RV# and a € R.

@ The matrix Ay has the following expansion

(Am); = / ViV mdS + / W 11y 112
Q Q

+/ Clup + adip)* i s dQ
Q

= (Ama)ij + (Am2)iy,
where the linear part

(Ar1)i; = /QV@',HV(ﬁj,HdQ*—/Qw¢i,H¢j,HdQ-
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An efficient implementation method

@ Ap o has the following expansion

(Am2)ij /C upg + otip) b g ¢jdQ
/C(UH) ¢i,H¢j,HdQ+2Oé/ Cunug i, g dj rdsd
Q Q
+042/ C(an)*pi by mdS
Q

= (An21)ij +20(Ap22)ij + o’ (Amas)i;.

o It is obvious that the computational work for Ag 21 is O(Ng).
o Assembling A 23 need work O(Ny,).
@ But Ap 3 it will not change during the nonlinear iteration process.

@ The problem is how to compute Af 2 2.
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The application of tensor

@ Assume ug = chvfl U@k i, where Ny := dimVy and
{¢k,H }1<k<n, denotes the Lagrange basis functions for V.
@ The matrix Ap 22 has the following expansion

Ny
(Am2.2)ij = Zuk/ CunPr, 1 Gi, 1 5, dSL.
k=1 /9
@ The expansion gives a hint to define a tensor T as follows

(TH)i,j,kZACﬂh¢k,H¢i,H¢j,HdQ.

@ Then the matrix A 22 has the following computational scheme
Afp2o =Ty -ug,

where uy = [uy, - ,un,]?’.
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Implementation method with the tensor

@ The number of nonzero elements for the sparse tensor T is O(Npg).

@ The computational work for the multiplication of the tensor Ty and
the vector uy is O(Ng).

@ The assembling for the Tensor T needs computational work O(N},).

@ The tensor will not change during the nonlinear iteration.

@ The computational work for each nonlinear iteration step is only
O(Mpg).

@ Assume there needs w nonlinear iteration times.

@ Then the computational work for the multigrid method is only
O(N}, +wMjpr). (The asymptotic computational work is absolute
optimal).
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Numerical results

FERFR B RE AT LIRIMGIE AR, B M GIEAR ) fi ik
17 2R CGIEARIN AT 5 i

. CPU time for original multigrid method . CPU time for multigrid method with Algorithm 3
10 10 T T

10°

CPU time (in seconds)
s

CPU time (in seconds)
PN
S

== slope=1
10’ 10’ S 4
& —+=i=1
i —#-1=10
107 10" t{’ =20 |4
{:«' =20
2 ra | 2| P |
107 - - 1077 . s
10 10 10 10 10 10
Number of elements Number of elements

Figure: /YR 46 2 B A& 7R I CPUIN ], 3 B i 302 B A% 5 72
I CPU [a].
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Outline

e Augmented subspace for eigenvalue problem
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Section 4: Augmented subspace for eigenvalue problem

Eigenvalue problems: fREURFIE(E. PDE. HIRTE. HFiEiL
o Eigenvalue problem: Find v € R™ and A € R such that
Au = \u,
where A € R™*" is a positive symmetric definite matrix.
@ Second order elliptic problem: Find (A, u) such that
{ —Au = JAu, in §,
u = 0, on 0.
e Eigenvalue dependent nonlinear eigenvalue problem: Find (A, u) such
that { A2u 4+ AAu = MNu, inQ,
v = 0, on 0N.
e Eigenfunction dependent nonlinear eigenvalue problem: Find (A, u)
such that { —Au+ N(u) = Au, inQ,
u = 0, on 0.

@ Large-scale eigenvalue problems by High Performance Computers.
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Numerical methods for algebraic eigenvalue problem

Numerical methods for eigenvalue problem
o FiF: 2D = Az, REE: Azl = (O
@ Lanczos (symmetric matrix) and Arnoldi (nonsymmetric matrix)
methods: Krylov subspace: span{z, Az, -, A"z}

@ Symmetric positive definite: LOBPCG, Optimization methods, ...
o Rayleighf& 14X Jacobi-Davidson iR E 7k
o Integral type methods (E¥Uz 5, KR LT3 m &7 12)

SRR 7 G
o HAETFEVRMRESS: MM LAPACK, ELPA £;
FRIRAE[E: ARPACK, SLEPc, Hypre £
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Augmented subspace for eigenvalue problem

Laplace eigenvalue problem
o Laplace FFAIE{H n] &
—Au = Alu in Q,
u = 0 on 0f2.

o Weak form: Find (\,u) € R x V := H}(2) such that ||ul|, = 1 and

a(u,v) = Ab(u,v) Yo €V,
where

a(u,v):/VqudQ, b(u,v):/ude.
Q Q

o 5 XAERAL: wll, = v/alw, w), LEEEL wlly = v/b(w, w),
Yw e V.

o MECHHALE 8 K (\p, ) € R x VifiifBa(an, ap) =1 H.
a(tn, vn) = Apb(Un, vp), Yoy, € V.
o REUEA: Auyp, = j\hM’L_Lh.
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Error estimates: K =V},

Assume the eigenpair approximation (A, @n) has the property that
fi, = 1/Ap is closest to the exact u = 1/A. The corresponding spectral
projectors Ej, : V — span{uy} is defined as follows

a(Epw, up) = a(w, up), Yw € V.

Then the following error estimates hold

o
lu—Epula < 1+ 50, (V)T = Pr)ula,

¥
Hi,h
=Bl < (1452 ) ma(Vid Ju — Bl
where 0, is defined as follows ’
1 1
) = min p—pul= min |— — —|.
0 AjhFEAR |Mj’h 'u‘ Aj R FEAR )\j,h A
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A FR o2 18] i i

A PR 702 I8 f1 3@ 3 R
XTA RV, ARl

Na(Vh) = sup inf ||Tf — wvplla < Ch,
FEL2(Q),lIfllp=1 PrEVh

HPHFT: L2(Q) - V EXWT
a(Tf,v) =b(f,v), VfeL*Q) and YweV.

R A PR 7673 7] 5 Krylov 7 [A] 1 EL

o AIRTCIREZE MR A Tne(Va) < Ch, FrUAL2- JEHORZE T EE
REEVIBORZ M= — .

o KrylovZ* [H] I, (K) A28/
o MRAJFA: G BR o2 A0 — M ek B AR A &I 14, Krylov R A X4 & (1)
[ F @
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PDEFFEAH i) @ (17 & 125 1A 3%

PDERFIEAE i BRI R T2 1 53 HIMEA )
Q 0> 0, 5 U R L M A Sk alTY e v, iR A R s

a(ﬁgﬂ), h) = A“)b(ug)?vh) Yoy, € Vj.

@ S BT Vig s = Vir + span{@l™ D), SRR A (8
K D WD) e R x vy 48578 oY), =1 B

a(uﬁf ),UH,h) = /\%H)b( (E+1) JUHR)s Yogp € Vi p.

K 7 THT PR AL 070 L, SR80 2 1) span @)} SR PR D )
TR u “Hmmmfmﬁﬁ@xHUWﬁﬁﬁ

oﬁfﬂ%&%ﬁﬁ%%ﬁm%fﬂ@+wm{#ﬁf~,JF}
o RIS AMEAER T LI L2190 FFIEAT 52, — BB RS LR
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Numerical results for eigenwise parallel

Erors for the first 1000 eigenvalues CPU time for the first 1000 eigenvalues Inner Products for the First 100 Different Eigenvalues

. :
g
ON

jl ‘‘‘‘‘ slope=1

Errors

CPU Time
Inner Products

- - ! 2 4 § 8

5 5 =
10 10 10 10 The Value ofmn

10
Number of elements Number of elements

Figure: 7c: HI1000MMFFAEAE I THE R ZE, e T L1000 MFFAEXS 1 BN [R], £
100 AN AR B B 18] A AR: F. Xu, H. Xie and N. Zhang, A parallel
augmented subspace method for eigenvalue problems, SISC, 42(5) (2020),
A2655-A2677.
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Compared with LOBPCG from slepc

Table: The CPU time of multigrid and LOBPCG for the first 200 eigenpairs,
where the symbol “—" means the computer runs out of memory.
Number of Dofs 274625 | 2146689 | 16974593
Time of LOBPCG 367.76 | 5857.029 -
Time of Multigrid 130.73 237.00 1107.68
Memory of LOBPCG 1342 6273 —
Memory of Multigrid 353 1554 7251

Table: The CPU time of multigrid and LOBPCG for the first 1000 eigenpairs,
where the symbol “—" means the computer runs out of memory.
Number of Dofs 274625 | 2146689 | 16974593
Time of LOBPCG 2826.92 — —
Time of Multigrid 132.50 242.77 1150.86
Memory of LOBPCG 3802 - -
Memory of Multigrid 366 1627 7452
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Outline

© Concluding remarks
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I RRRLRTR A

o NMAMIT:
www . Xyzgate. com/article?id=5b93bca54£022e53886e4b3a
o MatlabfE/F (/48 T BRI /72, AT LAEAT 51 )

lsec.cc.ac.cn/~hhxie

o CIH T B MFtuGitHub (I& &I 1TMatrix-Free fllVector-Freell)):
https://github.com/pase2017/pase

o RFALAE FFAT R P A ELGCGE:

https://github.com/Materials-0f-Numerical-Algebra/GCGE

o Ongoing: 734 RIFATAH FRITHAA

Thank You Very Much!
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