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Section 1: Multigrid method

Solve the linear system: Ahuh = fh.

Multigrid method for linear problem

Current approximation: u
(k)
h

Presmoothing: u
(k+1/3)
h = Shu

(k)
h

Compute the residual: rh = fh −Ahu
(k+1/3)
h

Solve the correction equation on the coarse space: AHeH = IHh rh.

Do the correction: u
(k+2/3)
h = u

(k+1/3)
h + IhHeH .

Do the postsmoothing: u
(k+1)
h = Shu

(k+2/3)
h

The linearity: Ah(uh + δh) = Ahuh +Ahδh = Ahuh +AhI
h
HeH .

Nonlinear problem?
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Multigrid method for nonlinear problems

Outer iteration (nonlinear iteration) + inner iteration (multigrid
method);

Full Approximation Scheme (FAS);

Brandt (1977), Hackbusch (1979).

Brandt (1977): Full Approximation Scheme (FAS)

Restrict the fine-grid approximation and its residual:
rH = IHh (fh −Ah(vh)) and vH = IHh vh.

Solve the coarse-grid problem: AH(uH) = AH(vH) + rH .

Compute the coarse-grid approximation to the error: eH = uH − vH .

Interpolate the error approximation to the fine grid and correct the
current fine-grid approximation: vh ← vh + IhHeH .
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Section 2: Finite element method: Aubin-Nitsche

Finite element method for Laplace problem{
−∆u = f, in Ω,

u = 0, on ∂Ω.

Variation form

(∇u,∇v) = (f, v), ∀v ∈ H1
0 (Ω),

Construct a triangulation Th of Ω and build the linear finite element
space

Vh =
{
vh ∈ H1

0 (Ω) : vh|K ∈ P1, ∀K ∈ Th
}
.

Discrete equation

(∇uh,∇vh) = (f, vh), ∀vh ∈ Vh.
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Error estimate for finite element method

Error estimates

|u− uh|1 = inf
vh∈Vh

|u− vh|1.

When Ω is convex, u ∈ H2(Ω), |u− uh|1 ≤ Ch‖u‖2.

Aubin [1967], Nitsche [1968], Oganesyan-Rukhovets [1969]

Choose φ ∈ L2(Ω) such that ‖u− uh‖0 = (u− uh, φ),

‖u− uh‖0 = (u− uh, φ) = (∇(u− uh),∇ψ)

= (∇(u− uh),∇(ψ − vh)), ∀vh ∈ Vh,

where ψ satisfies (∇v,∇ψ) = (v, φ), ∀v ∈ H1
0 (Ω).

Then we have

‖u− uh‖0 ≤ C|u− uh|1 inf
vh∈Vh

|ψ − vh|1 ≤ Ch|u− uh|1

≤ Ch2‖u‖2.
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Aubin-NitscheE|���A^

���{[Q. Lin: RAIRO Numerical Analysis, 16(1) (1982), 39-47]

¦)�é¡¯K

(∇u,∇v) + (b · ∇u, v) + (φu, v) = (f, v), ∀v ∈ H1
0 (Ω).

���{(�5¯K)

¦)k���§: ¦uh ∈ Vh÷v
(∇uh,∇vh) + (b · ∇uh, vh) + (φuh, vh) = (f, vh), ∀vh ∈ Vh.

½ÂXe�Laplace �§: ¦u ∈ H1
0 (Ω)÷v

(∇u0,∇v) = (f, vh)− (b · ∇uh, v)− (φuh, v), ∀v ∈ H1
0 (Ω).

Ø��O: ‖u0 − u‖1 ≤ C‖u− uh‖0 ≤ Ch‖u− uh‖1.

�+, A^êÆÆ�(Acta Math. Sinca), 22(2) (1979), 219-230.

�+!�Z�, �ÆÏ�, 26(8) (1981), 449-452.
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Two-grid method

Two-grid method: Lin(1979), Lin-Xie(1981), Xu-Zhou(2001), · · ·
1 Solve the eigenvalue problem on an coarse mesh TH :

Find (λH , uH) ∈ R× VH such that ‖uH‖0 = 1 and

(∇uH ,∇vH) = λH(uH , vH), ∀vH ∈ VH

2 Construct a finer finite element space Vh and solve the following
symmetric positive definite boundary value problem: Find uh ∈ Vh
such that

(∇uh,∇vh) = λH(uH , vh), ∀vh ∈ Vh.

3 Compute the Rayleigh quotient:

λh =
(∇uh,∇uh)

(uh, uh)
.

Then we have a better eigenpair approximation (λh, uh).
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Error estimate of two-grid method

Error estimates

(λ̄h, ūh) denote the exact finite element solution.

The original eigenpair approximation (λH , uH) (Ω convex):

‖ūh − uH‖1 . H, ‖ūh − uH‖0 . H2, |λ̄h − λH | . H2.

Vh: linear finite element space on a finer mesh Th (produced from TH
with regular refinement)

The corrected eigenpair approximation (λh, uh):

‖ūh − uh‖1 . H2 + h, |λ̄h − λh| . H4 + h2.

The good choice: h = H2.

But there is no ‖ūh − uh‖0 � ‖ūh − uh‖1 (No Aubin-Nitsche
technique).

We can not do correction again.

It is not an eigensolver such that ‖ūh − uh‖a → 0.

Hehu Xie (LSEC, AMSS) Augmented Subspace Method Online 2022 11 / 48



A new version of the duality argument

A new case for duality argument [Lin-Xie (2010)]

The finite element function ũh has no Aubin-Nitsche estimate.

We construct a low dimensional space VH (VH ⊂ Vh) and build the
finite element space VH,h = VH + span{ũh}. Then solve the
following small equation: Find uh ∈ VH,h such that

(∇uh,∇vH,h) = (f, vH,h), ∀vH,h ∈ VH,h.
Accuracy

|u− uh|1 = inf
vH,h∈VH,h

|u− vH,h|1 ≤ |u− ũh|1.

Duality argument

‖u− uh‖0 = (u− uh, φ) = (∇(u− uh),∇ψ)

= (∇(u− uh),∇(ψ − vH)).
Then we have

‖u− uh‖0 ≤ |u− uh|1 inf
vH∈VH,h

|ψ − vH |1 ≤ CH‖u− uh‖1.
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A new version of the duality argument

Linear vs nonlinear

The function in ths space VH,h = VH + span{ũh} can be denoted by
uh = uH + αũh, where uH ∈ VH and α ∈ R.

If F is linear, F (uH + αũh) = F (uH) + αF (ũh). The normal
multigrid method for linear problem with the choice of α = 1 and
recursive iteration. Then we do not need to define the space VH,h.

When F is nonlinear, F (uH + αũh) 6= F (uH) + αF (ũh). We should
do the nonlinear solving process in the space VH,h.

Since dimVH,h = dimVH + 1, the algebraic scale is very small.

Different from the normal way: Outer iteration (nonlinear iteration) +
Inner iteration (multigrid method).
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Aubin-Nitsche#/ª�A^

�é¡¯K

(∇uh,∇vh) + (b · ∇uh, vh) + (φuh, vh) = (f, vh), ∀vh ∈ Vh.

�����{[Lin-Xie (2010)]

b�·�k��%Cũh ∈ Vh
¦)Xe�§: ¦ûh ∈ VH,h¦�

(∇ûh,∇vH,h) + (b · ∇ûh, vH,h) + (φûh, vH,h) = (f, vH,h), ∀vH,h ∈ VH,h.
Ø��O

‖ûh − uh‖1 ≤ C‖ũh − uh‖1, ‖ûh − uh‖0 ≤ CH‖ûh − uh‖1.
¦)Xe�Laplace�§

(∇ūh,∇vh) = (f, vh)− (b · ∇ûh, vh)− (φûh, vh), ∀vh ∈ Vh.
Ø��O

‖ūh − uh‖1 ≤ C‖ûh − uh‖0 ≤ CH‖ûh − uh‖1 ≤ CH‖ũh − uh‖1.
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Section 3: Augmented subspace method for semilinear
problem

Semilinear elliptic equation

Find u such that{
−∇ · (A∇u) + f(x, u) = g, in Ω,

u = 0, on ∂Ω,

where A = (ai,j)d×d is a positive symmetric definite matrix with
ai,j ∈W 1,∞ (i, j = 1, 2, · · · , d),

f(x, u) is a nonlinear function corresponding to the second variable.

Variational form

The weak form can be described as: Find u ∈ V such that

a(u, v) + (f(x, u), v) = (g, v), ∀v ∈ V,

where V := H1
0 (Ω) and a(u, v) = (A∇u,∇v).
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Semilinear elliptic problem

Some settings

Obviously, a(u, v) is bounded and coercive on V , i.e.,

a(u, v) ≤ Ca‖u‖1,Ω‖v‖1,Ω and ca‖u‖21,Ω ≤ a(u, u), ∀u, v ∈ V.

Then we use the norm ‖w‖a :=
√
a(w,w) for any w ∈ V to replace

the standard norm ‖ · ‖1.

Poincaré inequality

‖w‖0 ≤ Cp‖w‖a, ∀w ∈ V,

where the constant Cp depends on Ω.

Assumption for nonlinear function

The nonlinear function f(x, ·) satisfies the following assumptions

(f(x,w)− f(x, v), w − v) ≥ 0, ∀w, v ∈ V := H1
0 (Ω),

(f(x,w)− f(x, v), φ) ≤ Cf‖w − v‖0‖φ‖1, ∀w, v, φ ∈ V.
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Finite element method

We generate a regular triangulation Th and build the simplest linear
finite element space Vh on Th.

The standard finite element scheme is: Find ūh ∈ Vh such that

a(ūh, vh) + (f(x, ūh), vh) = (g, vh), ∀vh ∈ Vh.

Denote a linearized operator L : H1
0 (Ω)→ H−1(Ω) by:

(Lw, v) = (A∇w,∇v), ∀w, v ∈ V.

In order to measure the error for the finite element approximations,
we denote

δh(u) = inf
vh∈Vh

‖u− vh‖a.

For the global prior error estimates, we introduce ηa(Vh) as follows:

ηa(Vh) = sup
f∈L2(Ω),‖f‖0=1

inf
vh∈Vh

‖L−1f − vh‖a.
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Finite element method

Lemma (Error estimate: Xie-Xie-Xu)

When Assumption A is satisfied, the semilinear equation is uniquely
solvable and the following estimates hold

‖u− ūh‖a ≤ (1 + Cfηa(Vh))δh(u),

‖u− ūh‖0 ≤ (1 + CfCp)ηa(Vh)‖u− ūh‖a.
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Aubin-NitscheE|�A^

ü���{: f(·, ·)´��5�
1 Äk3o�� TH þ¦)Xe���5¯K: ¦ uH ∈ VH ¦Ù÷v

a(uH , vH) +
(
f(x, uH), vH

)
= (g, vH), ∀vH ∈ VH .

2 éo�� TH ?1\�±���[��� Th, ¿3d[��þ¦)
Xe��5¯K: ¦ uh ∈ Vh÷v

a(uh, vh) = −
(
f(x, uH), vh

)
+ (g, vh), ∀vh ∈ Vh.

ü���{�A:

ü���{�Âñ�Ý (ūhL«°(k��)):

|ūh − uh|1 ≤ (1 + CfCp)(1 + CfH)CfH inf
vH∈VH

|u− vH |1.

�uhØ÷v‖u− uh‖0 ≤ CH|u− uh|1, �U��g��.

e�¦�êØ�|ūh − uh|1Ø�LlÑØ�, I��â[��º� h
5(½o��º� H. �L5, � H À½��ÿ, h�Ò���
.
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Augmented subspace method

Assume we have obtained an approximate solution u
(`)
h ∈ Vh.

1. Define the following auxiliary boundary value problem: Find

û
(`+1)
h ∈ Vhk such that

a(û
(`+1)
h , vh) = −(f(x, u

(`)
h ), vh) + (g, vh), ∀vh ∈ Vh.

Solve this linear boundary value problem with multigrid method

‖ũ(`+1)
h − û(`+1)

h ‖a ≤ θ‖u(`)
h − û

(`+1)
h ‖a, θ < 1.

2. Define a finite element space VH,h := VH + span{ũ(`+1)
h } and solve

the following semilinear equation: Find u
(`+1)
h ∈ VH,h such that

a(u
(`+1)
h , vH,h) +

(
f(x, u

(`+1)
h ), vH,h

)
= (g, vH,h), ∀vH,h ∈ VH,h.

In order to simplify the notation and summarize above two steps, we define

u
(`+1)
h = SemilinearAug(VH , u

(`)
h , Vh).
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Error estimate

Theorem (Error estimate)

b��3~ê C1¦��½) u
(`)
h kXeØ��O

‖ūh − u
(`)
h ‖0 ≤ C1ηa(VH)‖ūh − u

(`)
h ‖a.

K�1üÚ���{��, ¤�Cq) u
(`+1)
h kXeØ��O

‖ūh − u
(`+1)
h ‖a ≤ γ‖ūh − u

(`)
h ‖a,

‖ūh − u
(`+1)
h ‖0 ≤ (1 + CpCf )ηa(VH)‖ūh − u

(`+1)
h ‖a,

Ù¥ γ :=
(
θ + (1 + θ)C1Cfηa(VH)

)(
1 + Cfηa(VH)

)
.

Enhanced error estimates: θ = 0 (°(¦)�5�§),
γ := C1Cf

(
1 + Cfηa(VH)

)
η2
a(VH).
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Multigrid method for semilinear problem

We first generate a coarse mesh TH with the mesh size H and define
the linear finite element space VH on TH .

The mesh Th1 is produced from TH by regular refinements. The
sequence of meshes Thk (k = 1, · · · , n) are produced by regular
refinements such that

hk =
1

β
hk−1, k = 2, · · · , n,

where β > 1 (always equals 2).

Based on this sequence of meshes, we construct the corresponding
nested linear finite element spaces

VH ⊆ Vh1 ⊂ Vh2 ⊂ · · · ⊂ Vhn .

The sequence of finite element spaces satisfied the following property

ηa(Vhk) ≈ 1

β
ηa(Vhk−1

), δhk(u) ≈ 1

β
δhk−1

(u), k = 2, · · · , n.
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õ­���{

Algorithm (��õ­��{)

1 3 Vh1 ¥¦)Xe��5¯K: ¦ uh1 ∈ Vh1 , ¦�

a(uh1 , vh1) + (f(x, uh1), vh1) = (g, vh1), ∀vh1 ∈ Vh1 .

2 é k = 2, · · · , n, ?1XeS�:

1 - u
(0)
hk

= uhk−1
.

2 é ` = 0, · · · , p− 1, ?1XeS�

u
(`+1)
hk

= SemilinearAug(VH , u
(`)
hk
, Vhk

).

3 ½Â uhk
= u

(p)
hk

.

������3�[��mS�Cq) uhn ∈ Vhn .
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��õ­���{�Ø��O

Theorem (Ø��O)

3o��º� H v
�¦�^� γpβ < 1¤á�, �1d��õ­��
�{���Cq) uhn kXeØ��O:

‖ūhn − uhn‖a ≤
2γpβ

1− γpβ
δhn(u),

‖ūhn − uhn‖0 ≤ (1 + CpCf )ηa(VH)‖ūhn − uhn‖a,

Ù¥ γ =
(
θ + (1 + θ)(1 + CpCf )Cfηa(VH)

)(
1 + Cfηa(VH)

)
.

lþ¡�Ø��O�±��O� p (O\üÚ���gê)5Jp%
C)��ê°Ý ‖ūhn − uhn‖a
=ùp��{�±¦��êØ���Åì°Ý.

ù�õ­���{¦)�5>�¯K�5���.
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��õ­���{�Ø��O

Corollary (�êØ�+lÑØ�)

dõ­���{�����Cq) uhn , kXe�O

‖u− uhn‖a ≤
(

1 + Cfηa(Vhn) +
2γpβ

1− γpβ

)
δhn(u),

‖u− uhn‖0 ≤
(

(1 + CfCp)ηa(Vhn) + (1 + CpCf )
2γpβ

1− γpβ
ηa(VH)

)
×

δhn(u).
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Estimate of computational work

First, we define the dimension of each level finite element space as
Nk := dimVhk . Then

Nk ≈
( 1

β

)d(n−k)
Nn, k = 1, 2, · · · , n.

We need to solve a semilinear elliptic problem by some type of
nonlinear iteration in the low dimensional subspace VH,hk+1

.

In each nonlinear iteration step, it is required to assemble the matrix
on the finite element space VH,hk (k = 2, · · · , n) which needs the
computational work O(Nk).

Fortunately, the matrix assembling can be carried out by the parallel
way easily in the finite element space since it has no data transfer.
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Estimate of the computational work

Computational work

We use θ computing-nodes, nonlinear iteration times: $.

Semilinear elliptic solving in the coarse spaces VH,hk (k = 2, · · · , n)
and Vh1 need work O(MH) and O(Mh1).

Linear boundary value problem solving work O(Nk) (k = 2, · · · , n).

The computational work in each computing node has the following
estimate

Total work = O
((

1 +
$

θ

)
Nn +MH logNn +Mh1

)
.
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An efficient implementation method

õ�ª/ª���5¯K

¦ u÷vXe��§{
−∆u+ wu+ ζu3 = g, in Ω,

u = 0, on ∂Ω,
(3.1)

Ù¥ w ≥ 0Ú ζ > 0.

3üÚ���{�1�Ú¥I�¦)Xe���5�§, =�¦)
Xe���5�§: ¦ u

(`+1)
h ∈ VH,h¦�

(∇u(`+1)
h ,∇vH,h) + (wu

(`+1)
h , vH,h) + (ζ(u

(`+1)
h )3, vH,h)

= (g, vH,h), ∀vH,h ∈ VH,h.

|^��5S��{(XØÄ:S�), 3zg��5S���ÿI
�¦)�5>�¯K.
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An efficient implementation method

Working space: VH,h = VH + span{ũh},
VH = span{φ1,H , · · · , φNH ,H}.
The function in VH,h is denoted by uH + αũh =

∑NH
k=1 ukφk,H + αũh.

The matrix version of the nonlinear eigenvalue problem:(
AH bHh
bTHh ξ

)(
uH
α

)
=

(
cH
ch

)
,

where uH ∈ RNH and α ∈ R.
The matrix AH has the following expansion

(AH)i,j =

∫
Ω
∇φi,H∇φj,HdΩ +

∫
Ω
wφi,Hφj,HdΩ

+

∫
Ω
ζ(uH + αũh)2φi,Hφj,HdΩ

:= (AH,1)i,j + (AH,2)i,j ,
where the linear part

(AH,1)i,j =

∫
Ω
∇φi,H∇φj,HdΩ +

∫
Ω
wφi,Hφj,HdΩ.
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An efficient implementation method

AH,2 has the following expansion

(AH,2)i,j =

∫
Ω
ζ(uH + αũh)2φi,Hφj,HdΩ

=

∫
Ω
ζ(uH)2φi,Hφj,HdΩ + 2α

∫
Ω
ζũhuHφi,Hφj,HdΩ

+α2

∫
Ω
ζ(ũh)2φi,Hφj,HdΩ

:= (AH,2,1)i,j + 2α(AH,2,2)i,j + α2(AH,2,3)i,j .

It is obvious that the computational work for AH,2,1 is O(NH).

Assembling AH,2,3 need work O(Nh).

But AH,2,3 it will not change during the nonlinear iteration process.

The problem is how to compute AH,2,2.
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The application of tensor

Assume uH =
∑NH

k=1 ukφk,H , where NH := dimVH and
{φk,H}1≤k≤NH

denotes the Lagrange basis functions for VH .

The matrix AH,2,2 has the following expansion

(AH,2,2)i,j =

NH∑
k=1

uk

∫
Ω
ζũhφk,Hφi,Hφj,HdΩ.

The expansion gives a hint to define a tensor TH as follows

(TH)i,j,k =

∫
Ω
ζũhφk,Hφi,Hφj,HdΩ.

Then the matrix AH,2,2 has the following computational scheme

AH,2,2 = TH · uH ,

where uH = [u1, · · · , uNH
]T .
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Implementation method with the tensor

The number of nonzero elements for the sparse tensor TH is O(NH).

The computational work for the multiplication of the tensor TH and
the vector uH is O(NH).

The assembling for the Tensor TH needs computational work O(Nh).

The tensor will not change during the nonlinear iteration.

The computational work for each nonlinear iteration step is only
O(MH).

Assume there needs $ nonlinear iteration times.

Then the computational work for the multigrid method is only
O(Nh +$MH). (The asymptotic computational work is absolute
optimal).
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Numerical results
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Section 4: Augmented subspace for eigenvalue problem

Eigenvalue problems: �êA��!PDE!k���{!�f%C

Eigenvalue problem: Find u ∈ Rn and λ ∈ R such that

Au = λu,

where A ∈ Rn×n is a positive symmetric definite matrix.

Second order elliptic problem: Find (λ, u) such that{
−∆u = λu, in Ω,

u = 0, on ∂Ω.

Eigenvalue dependent nonlinear eigenvalue problem: Find (λ, u) such
that {

∆2u+ λ∆u = λ2u, in Ω,
u = 0, on ∂Ω.

Eigenfunction dependent nonlinear eigenvalue problem: Find (λ, u)
such that {

−∆u+N(u) = λu, in Ω,
u = 0, on ∂Ω.

Large-scale eigenvalue problems by High Performance Computers.
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Numerical methods for algebraic eigenvalue problem

Numerical methods for eigenvalue problem

�{: x(`+1) = Ax(`), ��{: Ax(`+1) = x(`)

Lanczos (symmetric matrix) and Arnoldi (nonsymmetric matrix)
methods: Krylov subspace: span{x,Ax, · · · , Amx}
Symmetric positive definite: LOBPCG, Optimization methods, ...

RayleighûS�: Jacobi-Davidson S��{

Integral type methods (Eê$�, ¦)A�ÛÉ�5�§)

A��^��

8cÌ6){ì: È�Ý
: LAPACK, ELPA �;
DÕÝ
: ARPACK, SLEPc, Hypre�
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Augmented subspace for eigenvalue problem

Laplace eigenvalue problem

Laplace A��¯K:{
−∆u = λu in Ω,

u = 0 on ∂Ω.

Weak form: Find (λ, u) ∈ R× V := H1
0 (Ω) such that ‖u‖a = 1 and

a(u, v) = λb(u, v) ∀v ∈ V,
where

a(u, v) =

∫
Ω
∇u∇vdΩ, b(u, v) =

∫
Ω
uvdΩ.

½ÂUþ�ê:‖w‖a =
√
a(w,w), L2�ê:‖w‖b =

√
b(w,w),

∀w ∈ V .

�êA��¯K: ¦(λ̄h, ūh) ∈ R× Vh¦�a(ūh, ūh) = 1 �

a(ūh, vh) = λ̄hb(ūh, vh), ∀vh ∈ Vh.

�ê/ª: Aūh = λ̄hMūh.
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A��¯K�k���m%C: Vh ⊂ V

Error estimates: K = Vh

Assume the eigenpair approximation (λ̄h, ūh) has the property that
µ̄h = 1/λ̄h is closest to the exact µ = 1/λ. The corresponding spectral
projectors Eh : V 7→ span{ūh} is defined as follows

a(Ehw, ūh) = a(w, ūh), ∀w ∈ V.

Then the following error estimates hold

‖u− Ehu‖a ≤
√

1 +
µ̄1,h

δ2
λ,h

ηa(Vh)‖(I − PK)u‖a,

‖u− Ehu‖b ≤
(

1 +
µ̄1,h

δλ,h

)
ηa(Vh)‖u− Ei,hu‖a,

where δλ,h is defined as follows

δλ,h := min
λj,h 6=λh

|µj,h − µ| = min
λj,h 6=λh

∣∣∣ 1

λj,h
− 1

λ

∣∣∣.
Hehu Xie (LSEC, AMSS) Augmented Subspace Method Online 2022 39 / 48



k���m�%C5

k���m�%C5�

éuk���mVh, kXe��O

ηa(Vh) = sup
f∈L2(Ω),‖f‖b=1

inf
vh∈Vh

‖Tf − vh‖a ≤ Ch,

Ù¥�fT : L2(Ω)→ V ½ÂXe

a(Tf, v) = b(f, v), ∀f ∈ L2(Ω) and ∀v ∈ V.

g�: k���m�Krylov�m�'�

k���­��A:´duηa(Vh) ≤ Ch, ¤±L2- �êØ��O'
Uþ�êØ��Op��.

Krylov�m�þηa(K)Ø¬C�.

���Ï: k���mé��¼êÑk%C5, Krylov�kéA½�
�mk%C5.
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PDEA��¯K�*Ðf�m�{

PDEA��¯K�*Ðf�m�{: Ð�� u
(0)
h

1 �` > 0, ½ÂXe��5>�¯K:¦ û
(`+1)
h ∈ Vh÷vXe��§

a(û
(`+1)
h , vh) = λ

(`)
h b(u

(`)
h , vh), ∀vh ∈ Vh.

2 ½Â*Ðf�m VH,h = VH + span{û(`+1)
h }, ¦)XeA��¯K:

¦ (λ
(`+1)
h , u

(`+1)
h ) ∈ R× VH,h¦� ‖u

(`+1)
h ‖a = 1�

a(u
(`+1)
h , vH,h) = λ

(`+1)
h b(u

(`+1)
h , vH,h), ∀vH,h ∈ VH,h.

¦)þ¡�A��¯K, À�l�m span{ũ(`+1)
h }�C�A���

�� u
(`+1)
h , (Ü�A�A�� λ

(`+1)
h ��ÑÑ.

í2�õ�A�é��¹: VH,h = VH + span
{
û

(`+1)
1,h , · · · , û(`+1)

k,h

}
.

¦)õ�A�é�±ò§�©m¿1O�, �«#.�A��¦)
�¿1�{.
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*Ðf�m��{Ú`:

Ø��O

�1*Ðf�m�{���A�é (λ
(`+1)
h , u

(`+1)
h )kXe�Âñ5

‖ūh − u
(`+1)
h ‖a ≤ CH2‖ūh − u

(`)
h ‖a,

‖ūh − u
(`+1)
h ‖b ≤ CH‖ūh − u

(`+1)
h ‖a.

*Ðf�m�{�5�

�éØÓ�A�é�±¿1?1S�.

;�
p��mVh¥���z, �I�3$��mVHþ?1��z.

·Ü¿1z¦)�5�A��¯K.

�;þ(for m eigenpairs): mNhn +MH .

O�þÌ�3¦)�5���5�§|: æ^õ­��¦)�5�
§�, z�A�é�O�þ�O(Nhn).
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Numerical results for eigenwise parallel

Figure: �: c1000�A���O�Ø�, ¥: c1000�A�é�O��m, m:
c100 �CqA�¼ê�m�SÈ: F. Xu, H. Xie and N. Zhang, A parallel
augmented subspace method for eigenvalue problems, SISC, 42(5) (2020),
A2655-A2677.
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Compared with LOBPCG from slepc

Table: The CPU time of multigrid and LOBPCG for the first 200 eigenpairs,
where the symbol “−” means the computer runs out of memory.

Number of Dofs 274625 2146689 16974593

Time of LOBPCG 367.76 5857.029 −
Time of Multigrid 130.73 237.00 1107.68

Memory of LOBPCG 1342 6273 −
Memory of Multigrid 353 1554 7251

Table: The CPU time of multigrid and LOBPCG for the first 1000 eigenpairs,
where the symbol “−” means the computer runs out of memory.

Number of Dofs 274625 2146689 16974593

Time of LOBPCG 2826.92 − −
Time of Multigrid 132.50 242.77 1150.86

Memory of LOBPCG 3802 − −
Memory of Multigrid 366 1627 7452
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����5¯K

¦)Xe��/ª���5¯K:{
−∇ · (A∇u) + f(x, u) = g, 3ΩS,

u = 0, 3∂Ωþ,

NewtonS��{´Äué��5¯K���õ�ª�Cq:

−∇ · (A∇u) +
∂f

∂u
(x, u0)(u− u0) = g − f(x, u0), 3ΩS.

^p�õ�ª5�E�A���5S��ª, 'Xn�õ�ª:
−∇ · (A∇u) + ∂f

∂u(x, u0)(u− u0) + 1
2
∂2f
∂u2

(x, u0)(u− u0)2

+1
6
∂3f
∂u3

(x, u0)(u− u0)3 = g − f(x, u0) 3ΩS,
u = 0, 3∂Ωþ,

|^ùp�õ­���{¦)þ¡���5¯K�I�ìC�`�
O�þ, =��ÚNewtonS��ª�O�þ��.

du¦^�´p�õ�ª�%C, ù����5S��Âñ�Ýò
¬�¯uNewtonS�l
¦�ª�O�þk�ÌÝ�eü.
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Section 4: o(ÚÐ"

o(

0�
¦)��5¯K�*Ðf�m�{

é��5¯K�)(��5ý�¯K!A��¯K!��5A��
¯K)��Eõ­���{Ú�êõ­���{

O�þO(Nh +$MH), ($: A��S�gê½��5S�gê)

·Üu¿1O�

Ð"

®�¤é(õºÝ)�5ý�!­NÚ!A����5!BEC��5
A��¯K, Ø�ª�å�`���¯K!Kohn-Sham�§�õ­
���{��O

VH�VhØi@�õY²���{(2021)

^pgõ�ª����5S�(NewtonS�´�gõ�ª)
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0�á�Ú^�

Information

0���:
www.xyzgate.com/article?id=5b93bca54f022e53886e4b3a

Matlab§S�(0�
�{¢y��{, �±?1�{�ÿÁ):
lsec.cc.ac.cn/~hhxie

C�ó^��GitHub (·Ü¿1Matrix-Free ÚVector-Free�):
https://github.com/pase2017/pase

A��¿1¦)^��GCGE:
https://github.com/Materials-Of-Numerical-Algebra/GCGE

Ongoing: ©Ùª¿1k��^��

Thank You Very Much!
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