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Mind Map for NLA
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Education with AI

C.-S. Zhang, AMSS 0.4

01

博文强识

广泛积累知识与技能

02

触类旁通

跨领域迁移能力

03

一叶知秋

由细节洞察规律

04

无中生有

由问题驱动创造

AI时代的能力闭环

问 提问能力
触发 AI 输出

鉴 鉴赏能力
校正 AI 输出

把能力变成动作

发现问题 形成问题 分解问题

好的提问，打开输出；好的鉴赏，决定答案能否成为行动

港科大（广州）熊辉校长｜《AI时代的职业图谱》演讲
能力教育的四个境界



AI is Powerful, Yet “I” Decide

C.-S. Zhang, AMSS 0.5

思辨 (Critical Thinking) 创新 (Innovation) 品味 (Taste) 协作 (Collaboration)

重新定义“教学”：内容与方法

重构课程体系

• 强化人类独有能力（思辨、创新、品味）

• 普及AI通识教育，理解技术边界，提升人机协作能力

AI赋能实战

• 利用AI实现个性化学习路径规划

• 推行项目式学习，在实战中掌握人机协作

田刚“三个能力”（大湾区大学2026开学典礼）：提出问题的能力、独立思考的能力、终身学习的能力



Human Comprehension as a Gatekeeper

C.-S. Zhang, AMSS 0.6

Springer-Nature AI Publishing Policy (2025)
Human accountability is non-transferable... Authors must be able to understand, 

verify and take responsibility for all content.

Stephen Wolfram (2024)

"Without such interpretive landmarks, we 
merely have a black-box computation, not 
assimilable human knowledge."

Source: StephenWolframWritings, "Can AI Solve Science?"

Creator of Mathematica and Wolfram Alpha

Terence Tao (2026)

“… a verified proof of a major result that 
no human understands well enough to 
explain... The bottleneck shifts from 
generating proofs to human understanding."
Source: arXiv:2608.08562

Fields Medal Winner



The Future of Knowledge

C.-S. Zhang, AMSS 0.7

Takeaway Message: These perspectives are not mutually exclusive. The key takeaway is that 

human oversight remains paramount—whether at the level of deep understanding of complex proofs 

or defining robust tests that guide AI systems.

Father of Linux and Git

"It is not acceptable to merge code that 
passes tests but cannot be understood... 
by human maintainers."

Source: Open Source Summit NA 2026

Linus Torvalds (2026) Uncle Bob Martin (2026)

"We do not need to read every line of 
implementation code generated by AI 
agents... Humans own specifications, 
architecture, test definitions."
Source: Swarm-Forge Workflow

Originator of Clean Code principles
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Grades
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Exercises

算法、理论、推导

20%

Homework

实践、编程、应用

30%

Final

50%

计算、证明



Contact Me
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Office hours: By appointment

zhangcs@lsec.cc.ac.cn

https://lsec.cc.ac.cn/~zhangcs
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第一章、绪论与应用背景

数值代数
Numerical Algebra

Chensong Zhang, AMSS
https://lsec.cc.ac.cn/~zhangcs

Introduction and Applications



课程内容

C.-S. Zhang, AMSS

第一章、绪论与应用背景

第二章、线性代数基础

第三章、矩阵计算基础

第四章、线性方程组的直接方法

第五章、线性方程组的迭代方法

第六章、最小二乘问题的数值方法

第七章、Krylov子空间方法

第八章、特征值问题的数值方法

1.1



本章主要内容

C.-S. Zhang, AMSS

第一章、绪论与应用背景

本章作为课程导论，介绍数值线性代数的核心问题及其在科学与工程中的实际背景。

内容涵盖线性空间、线性变换与矩阵的基本概念，并通过典型应用，如线性回归、主

成分分析、PageRank等，展示数值线性代数的重要性。同时，讨论数值实现中的一些

关键挑战，包括浮点运算、稀疏矩阵处理、数据移动与并行效率等，为学生建立课程

的整体框架。

1.2



基础知识

Basics of numerical linear algebra



Numerical Linear Algebra

C.-S. Zhang, AMSS

“If any other mathematical topic is as fundamental to the mathematical sciences 

as calculus and differential equations, it is numerical linear algebra.”

l L. N. Trefethen and D. Bau, III on NLA (1997):

l Real-world problems are too complex for pen-and-paper solutions. 

§ Scientific/Engineering Computing: Simulates physical systems governed by ODEs/PDEs/IEs

§ Principal Component Analysis: Uses SVD for dimensionality reduction and feature extraction

§ Image Compression: Uses the Discrete Cosine Transform, like in JPEG

§ Recommendation Systems: Uses matrix factorization techniques (a form of low-rank approximation)

§ PageRank: Models the web as a graph and finds the principal eigenvector of the link matrix

§ Deep Learning: Training DNNs involves massive matrix multiplications and solving optimization problems

1.4

l Some applications (NLA or Applied Linear Algebra): 



Classical Problems in NLA

C.-S. Zhang, AMSS

l Prob 1. Linear System solving (LS) problems

l Prob 3. EigenValue problems (EVP)

l Prob 2. Least SQuares (LSQ) problems

Numerical linear algebra (NLA) is the essential computational engine powering modern science and

engineering, enabling scientific discoveries like large-scale simulations, AI, quantum computing, and

financial analytics, via matrix decompositions, linear system solvers, eigenvalue solvers, etc.

1.5



Other Problems in NLA

C.-S. Zhang, AMSS

l Prob 4. Singular Value Problems

l Prob 6. Matrix Function Action Problems

l Prob 5. Low-Rank Approximation Problems

1.6

AI and data science: matrix completion, sparse representation, spectral graph learning, kernel methods, …

Core building blocks: BLAS, LU, Cholesky, QR, SVD, Schur, and other related matrix factorizations, …

such that !! ≥ 0, %! = '! = 1



典型应用问题

Some practical applications



Linear Regression

C.-S. Zhang, AMSS

Practical Applications:

§ Predicting house prices based on size, location, and amenities

§ Forecasting temperature based on historical weather data

§ Estimating blood pressure based on age, weight, and lifestyle

§ Predicting stock prices based on market indicators

l Regression problem:

To predict a continuous model of a target variable 

based on one or more input features

where

<latexit sha1_base64="klqYP3o8p81dw1vlExViW6hM3H0=">AAACPnicbVDLSgMxFM3UV62vUZdugkVooZSZIrXLghuXFewDOmXIZNI2NJMMSUYsQ7/Mjd/gzqUbF4q4dWmm7UJbL4QczjmXe+8JYkaVdpwXK7exubW9k98t7O0fHB7ZxycdJRKJSRsLJmQvQIow yklbU81IL5YERQEj3WBynendeyIVFfxOT2MyiNCI0yHFSBvKt9teWvICwUI1jcyXPsx8twKnvluuwFWhlgk1I3gsFFqtG3hm4GVv5ttFp+rMC64DdwmKTbColm8/e6HASUS4xgwp1XedWA9SJDXFjMwKXqJIjPAEjUjfQI4iogbp/PwZvDBMCIdCmsc1nLO/O1IUqWxJ 44yQHqtVLSP/0/qJHjYGKeVxognHi0HDhEEtYJYlDKkkWLOpAQhLanaFeIwkwtokXjAhuKsnr4NOrerWq/Xby2KzsYwjD87AOSgBF1yBJrgBLdAGGDyCV/AOPqwn6836tL4W1py17DkFf8r6/gELm657</latexit>

{(x1, y1), (x2, y2), . . . , (xn, yn)}
<latexit sha1_base64="u4uvz/vCxb0z22f8xLfmODtfeQc=">AAACLHicbVDLSsNAFJ34rPUVdelmsAguJCQitShCoRuXVewDmlomk0k7dDIJMxOxhHyQG39FEBcWcet3OGm70NYDwxzOuZd77/FiRqWy7bGxtLyyurZe2Chubm3v7Jp7+00ZJQKTBo5YJNoekoRR ThqKKkbasSAo9BhpecNa7rceiZA04vdqFJNuiPqcBhQjpaWeWXO9iPlyFOovfcp6FLqUQzdEauB56V324J9C9wqOFoyJTK+dS271zJJt2RPAReLMSKkKpqj3zDfXj3ASEq4wQ1J2HDtW3RQJRTEjWdFNJIkRHqI+6WjKUUhkN50cm8FjrfgwiIR+XMGJ+rsjRaHM79GV +bJy3svF/7xOooJKN6U8ThTheDooSBhUEcyTgz4VBCs20gRhQfWuEA+QQFjpfIs6BGf+5EXSPLOcslW+PS9VK7M4CuAQHIET4IALUAU3oA4aAINn8Ao+wNh4Md6NT+NrWrpkzHoOwB8Y3z+P2KcZ</latexit>

xi → R
d, yi → R, i = 1 : n.

l Linear regression model:
<latexit sha1_base64="SVnsZ4D+Y4bF+NhqEDHr0+pc+iI=">AAACNnicbVBNSwMxEM36WetX1aOXYBEEoewWqb0IBS9eBAWrhbaUbHaqwWyyJLPFUvqrvPg7vHnxoIhXf4LZtopaHwy892aGZF6YSGHR95+8mdm5+YXF3FJ+eWV1bb2wsXlpdWo41LmW2jRCZkEK BXUUKKGRGGBxKOEqvD3O+lc9MFZodYH9BNoxu1aiKzhDZ3UKp316RFshIOv4dH/CAnrn6kuVnSpnikca7bcdOTvKVI8ZSKyQWuU7haJf8keg0ySYkGKNjHHWKTy2Is3TGBRyyaxtBn6C7QEzKLiEYb6VWkgYv2XX0HRUsRhsezA6e0h3nRPRrjauFNKR+3NjwGJr+3Ho JmOGN/ZvLzP/6zVT7FbbA6GSFEHx8UPdVFLUNMuQRsIAR9l3hHEj3F8pv2GGcXRJZyEEf0+eJpflUlApVc4PirXqJI4c2SY7ZI8E5JDUyAk5I3XCyT15Ii/k1Xvwnr037308OuNNdrbIL3gfny9HqBw=</latexit>

y = ω0 + ω1x1 + ω2x2 + · · ·+ ωdxd + ε

Provided that ) 
has full column 
rank

<latexit sha1_base64="nI6bzSkKj/ODMH6kJ/PialeQFyE=">AAACRXicbVDLSsNAFJ34rPUVdelmsAiCWJIitcuCG5dV7AOatkwm03boZBJmJkJI83Nu3LvzD9y4UMStTtouatsDwxzOPZd773FDRqWyrDdjbX1jc2s7t5Pf3ds/ODSPjhsyiAQmdRywQLRcJAmj nNQVVYy0QkGQ7zLSdEe3Wb35RISkAX9UcUg6Phpw2qcYKS31TMfxKe8ljhswT8a+/jQnCqXQoRw6PlJD100e0m7iXdqpVsdw3hun8Aq24Kr2cbfUMwtW0ZoALhN7RgpVMEWtZ746XoAjn3CFGZKybVuh6iRIKIoZSfNOJEmI8AgNSFtTjnwiO8kkhRSea8WD/UDoxxWc qPMdCfJltqN2ZmfJxVomrqq1I9WvdBLKw0gRjqeD+hGDKoBZpNCjgmDFYk0QFlTvCvEQCYSVDj6vQ7AXT14mjVLRLhfL99eFamUWRw6cgjNwAWxwA6rgDtRAHWDwDN7BJ/gyXowP49v4mVrXjFnPCfgH4/cP5bWzpw==</latexit>

min
ω→Rd+1

→y ↑Xω→2
<latexit sha1_base64="R+Pciy6I3wNuqvhXI0bXEw8Gui8=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwISURqd0IBTcuK/QRaGKZTCbt0EkmzEyEEPodbvwVNy4UcSdu/BsnbRe19cAwh3Pu5d57/IRRqSzrxyitrW9sbpW3Kzu7e/sH5uFRV/JUYNLBnHHh+EgS RmPSUVQx4iSCoMhnpOePbwu/90iEpDxuqywhXoSGMQ0pRkpLA9N2HtrQge4FdH3OAplF+stdnyg0gTewcBeNbFIZmFWrZk0BV4k9J9UmmKE1ML/cgOM0IrHCDEnZt61EeTkSimJGJhU3lSRBeIyGpK9pjCIivXx62gSeaSWAIRf6xQpO1cWOHEWy2E1XRkiN5LJXiP95 /VSFDS+ncZIqEuPZoDBlUHFY5AQDKghWLNMEYUH1rhCPkEBY6TSLEOzlk1dJ97Jm12v1+6tqszGPowxOwCk4Bza4Bk1wB1qgAzB4Ai/gDbwbz8ar8WF8zkpLxrznGPyB8f0LFdegWA==</latexit>

X
T
X ω = X

T
y

<latexit sha1_base64="mxXpfRS5ksVh1pn6AAKfhbzn3d8=">AAACj3icbVFdS8MwFE3r15xfnT76EhyKT6MdouIXA1/0TcG5wTpGmt7NYJqWJB0bpX/HH+Sb/8Zsq0w3LwQO5+Se3JwbJJwp7bpflr2yura+Udosb23v7O45lf1XFaeSQpPGPJbtgCjgTEBTM82h nUggUcChFbzfT/TWEKRisXjR4wS6ERkI1meUaEP1nI82vrrFZT+AARNZEBEt2Sgve/gEj3qZ5+UG+DSMtSqYMMe+/6PXl/T6TPeHBTUH4V9mbiKWTESYl30Q4XyenlN1a+608DLwClBtoFk99ZxPP4xpGoHQlBOlOp6b6G5GpGaUg7FPFSSEvpMBdAwUJALVzaZ55vjY MCHux9IcofGU/d2RkUipcRSYm2bAN7WoTcj/tE6q+5fdjIkk1SDo7KF+yrGO8WQ5OGQSqOZjAwiVzMyK6RuRhGqzwkkI3uKXl8Frvead186fz6qNyyKOEjpER+gUeegCNdADekJNRK1tq25dWzd2xb6w7+wiOtsqeg7Qn7IfvwGlmb8/</latexit>

X :=

⎡

⎢

⎢

⎢

⎣

1 x11 · · · x1d

1 x21 · · · x2d

.

.

.
.
.
.

. . .
.
.
.

1 xn1 · · · xnd

⎤

⎥

⎥

⎥

⎦
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Clustering and Eigen Decomposition

C.-S. Zhang, AMSS

l Clustering:

Partition a set of data points into groups called 

clusters such that:

§ Points in the same cluster are similar

§ Points from different clusters are dissimilar

l k-Means clustering (MacQueen, J. 1967):

Limitations of k-means:

✘ Assumes clusters are 

convex and isotropic

✘ Sensitive to initialization

✘ Performs poorly with 

nonlinearly separable data

1.9

l Spectral Clustering:



A More Involved Example

C.-S. Zhang, AMSS 1.10

Baarle-Hertog/Nassau: 

The World's Most Confusing Border
The twin municipalities of Baarle-Hertog (Belgium) and 

Baarle-Nassau (Netherlands) together form what is widely 

considered the most complex international border in the world. 

Within and around the town of Baarle, there are 30 separate 

enclaves — 22 Belgian parcels within the Netherlands and 8 

Dutch parcels within those Belgian enclaves, creating enclaves 

within enclaves that defy conventional cartography.

https://blogs.transparent.com/dutch/baarle-one-of-the-strangest-municipalities-on-earth/

Q: How to design a method to label the BE / NL parts?BE NL



Principal Component Analysis

C.-S. Zhang, AMSS

Practical Applications:

l Data visualization (reducing to 2D/3D)

l Noise reduction

l Feature extraction

l Speeding up machine learning algorithms

EV
D

-B
as

ed
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et
ho

d
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Given centered data ! ∈ ℝ!×# ($ samples, % features), PCA finds 

orthogonal directions that maximize variance, i.e.

l Principal Component Analysis (PCA):

<latexit sha1_base64="KVmDq3cb891LcvoK+GmfHxCJTo8=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSlKkdiMUBNFdhTYtNGmYTCft0MmDmYlY0nyHG3/FjQtF3Ikb/8ZJ24W2Hhg4nHMvd87xYkaFNIxvbWV1bX1js7BV3N7Z3dvXDw4tESUckxaOWMQ7HhKE 0ZC0JJWMdGJOUOAx0vZGV7nfvidc0ChsynFMnAANQupTjKSSXN203BG8hHaA5DCKUxvxgeIPmZtavSa0lHXrjjJoTzqWPXGve5Wiq5eMsjEFXCbmnJTqYIaGq3/a/QgnAQklZkiIrmnE0kkRlxQzkhXtRJAY4REakK6iIQqIcNJptAyeKqUP/YirF0o4VX9vpCgQYhx4 ajKPIBa9XPzP6ybSrzkpDeNEkhDPDvkJgzKCeU+wTznBko0VQZhT9VeIh4gjLFWbeQnmYuRlYlXKZrVcvTsv1WvzOgrgGJyAM2CCC1AHN6ABWgCDR/AMXsGb9qS9aO/ax2x0RZvvHIE/0L5+AByYn6o=</latexit>

Vk = argmax

V TV=Ik

→XV →2F
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l Maximum projected variance

        ⟺ Minimum orthogonal reconstruction error
<latexit sha1_base64="SO3pgJzs/KGX+KJAU6Jxqjb3jzY=">AAACU3icbVFNSwJBGJ7drMyyrI5dhiTokuxKmJdACKJuBroKri6z46iTs7PLzGwkq/8xgg79kS4dalY9pPbCwMPzwcz7jB8xKpVlfRrmVmZ7Zze7l9s/yB8eFY5PHBnGApMmDlko2j6ShFFOmooq RtqRICjwGWn547tUb70QIWnIG2oSkW6AhpwOKEZKU17h2Q2QGoVR4iIx1Ph15iVOrwEdeAsfvfEMutM2dNypd98ra2rVTfmG26fDNHEFdQpqaUGk6ZxXKFolaz5wE9hLUKyBxdS9wrvbD3EcEK4wQ1J2bCtS3QQJRTEjs5wbSxIhPEZD0tGQo4DIbjLvZAYvNNOHg1Do wxWcs38TCQqknAS+dqY7yXUtJf/TOrEaVLsJ5VGsCMeLiwYxgyqEacGwTwXBik00QFhQ/VaIR0ggrPQ3pCXY6ytvAqdcsiulytN1sVZd1pEFZ+AcXAIb3IAaeAB10AQYvIEv8GMA48P4Nk0zs7CaxjJzClbGzP8Cc8uxPA==</latexit>

argmax
V TV=Ik

→XV →2F = argmin
V TV=Ik
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T
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PageRank and Eigenvectors

C.-S. Zhang, AMSS

l PageRank:
PageRank is a link analysis algorithm developed by Google founders (1998). 

A random surfer follows an outgoing link with probability +, and jumps 

uniformly to any page with probability 1 − +.

L. Page & S. Brin, 1998: Find the principal eigenpair of the so-called Google 

matrix (need to handle dangling node . by setting /:,& = 1/$): 

The spectral radius of 1 is 1 and its eigenvector (PageRank vector) is positive.

1.12

Q: How to solve it?



Landscape of Parallel Computing

C.-S. Zhang, AMSS 1.13

“To maximize programmer productivity, future programming 

models must be more human-centric than the conventional focus 

on hardware or applications.”



Thirteen Dwarfs in Parallel Computing

C.-S. Zhang, AMSS 1.14

Dwarf Name Description Examples Performance Limitations (Current Understanding)

Dense Linear Algebra Operations on dense matrices/vectors with 
regular memory access patterns BLAS, ScaLAPACK Computationally limited; modern GPUs and TPUs excel here

Sparse Linear Algebra Operations on matrices with many zero 
values using compressed storage formats SpMV, OSKI, SuperLU 50% computation, 50% memory bandwidth; hybrid approaches 

work best

Spectral Methods Computations in frequency domain rather 
than time or spatial domains FFT, Cooley-Tukey algorithm Memory latency limited; can be optimized with cache-oblivious 

algorithms

N-Body Methods Calculations based on interactions between 
discrete points Barnes-Hut, Fast Multipole Computationally limited; use spatial partitioning (octrees, k-d trees)

Structured Grids Regular grid computations where points are 
updated together Cactus, Lattice-Boltzmann Memory bandwidth limited; excellent scaling with proper blocking

Unstructured Grids Irregular grid where data locations and 
connectivity must be explicit ABAQUS, FIDAP Memory latency limited; partitioning and graph-based approaches

MapReduce Parallel execution on independent data sets 
with combined results Monte Carlo, Google MapReduce Problem dependent; communication overhead becomes dominant at 

scale

Combinational Logic Functions implemented with logical 
operations and stored state Encryption, CRC computation CRC problems bandwidth limited; excellent for SIMD/ASIC 

acceleration

Graph Traversal Visiting nodes in a graph by following edges Breadth-first search (BFS), DFS Memory latency limited; significant gains from prefetching and 
locality

Dynamic 
Programming

Solving problems by combining solutions to 
overlapping subproblems Optimization algorithms Memory latency limited; can be parallelized with wavefront 

approaches, but suffers from synchronization overhead
Backtrack and 
Branch-and-Bound

Finding optimal solutions by recursive 
subdivision and pruning Search, global optimization Memory latency limited with synchronization overhead; irregular 

workloads and load imbalance issues

Graphical Models Graphs representing random variables as 
nodes and dependencies as edges

Bayesian networks, Hidden Markov 
Models Memory bandwidth limited with communication overhead

Finite State Machine Systems defined by states, transitions based 
on inputs and current state

Parsing algorithms, protocol 
implementations

"Nothing helps!"; remains difficult to parallelize; modern 
approaches use speculative execution and state partitioning



Dwarf Popularity (Red Hot → Blue Cool)

C.-S. Zhang, AMSS 1.15

Source: David Patterson, https://web.stanford.edu/class/ee380/Abstracts/070131-BerkeleyView1.7.pdf



Foundation & Future of Scientific Computing

C.-S. Zhang, AMSS

l Numerical Linear Algebra (NLA) is the cornerstone of scientific computing, more generally 

computational science: numerical stability and fundamental understanding matter more than 

computational sophistication alone.

l Today's Landscape:
§ Scientific computing: NLA kernels dominate runtime in climate modeling, quantum chemistry, and various 

other engineering simulations;

§ AI/ML backbone: Matrix operations power neural networks, transformers, optimization algorithms, etc.

l Pressing Imperatives:

§ Stability at scale: As systems become larger, numerical error accumulation requires new analysis;

§ Hardware-aware algorithms: NLA must evolve with novel architectures (quantum, neuromorphic);

§ Cross-domain integration: Bridging SC with AI demands è unified numerical frameworks.

1.16


