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课程内容
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第一章、绪论与应用背景

第二章、线性代数基础

第三章、矩阵计算基础

第四章、线性方程组的直接方法

第五章、线性方程组的迭代方法

第六章、最小二乘问题的数值方法

第七章、Krylov子空间方法

第八章、特征值问题的数值方法
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本章主要内容

C.-S. Zhang, AMSS

第三章、矩阵计算基础

本章聚焦于数值线性代数中的基本问题与工具，重点讲解浮点数表示与误差分析、病

态问题的识别与条件数估计、算法的数值稳定性评估。同时，本章将介绍矩阵计算方

法中的几个核心工具，如Householder变换、Givens旋转与QR分解，为学生后续学习

线性方程组、最小二乘、特征值问题的常用数值方法提供必要的基础。
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浮点数与浮点误差
Floating-point numbers and arithmetic error



Sources of Error in Simulation

C.-S. Zhang, AMSS

A theory is something nobody 
believes, except the person 
who made it. An experiment is 
something everybody believes, 
except the person who made it.

3.4
Albert Einstein 

G. Golub and C. F. van Loan, Matrix Computations, 4th Ed, 2013: 

“Rounding errors are part of what makes the field of matrix 

computations so challenging”

Due to floating-point computations

l Rounding error: Error caused by storing an 

exact value with finite precision in FP storage 

formats or doing FP computations

l Balance b/w Accuracy vs Cost



Why My Code Gives Different Output

C.-S. Zhang, AMSS

l When?
ü From one run to the other

ü From one compiler to another

ü From one option to another

ü From one computer to another

Reproducibility

• Produce the same result at any time

• Expect deterministic behaviors

• Give up some possible optimizations

Performance

• Produce a result as fast as possible

• Do whatever is good for speed

• Usually, the results are close

l How?
ü Compiler

ü Compiler options

ü Libraries linked

ü Multi-threading
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Wake-Up Calls

C.-S. Zhang, AMSS

Q: Can you trust what was produced by your code? Or even by anyone’s code?

FP Model Year = 0 Year = 1 Year = 5 Year = 10

Precise 3525.136841724400 3445.016272216141 3034.082337708471 2608.065832970213

Strict 3525.136841724400 3445.016272216141 3034.082337708471 2608.065832970213

Fast 3525.136841724400 3445.050433013021 3034.789033440240 2609.016046486710

Pressure (psia) at one grid cell for SPE3 benchmark (compiled using Intel® oneAPI 2022) 
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Floating-Point Number Storage

C.-S. Zhang, AMSS 3.7

IEEE 754 single-precision floating-point number

Fraction field, with hidden 
leading 1 (normalized)



Normal SP Floating-Point Numbers

C.-S. Zhang, AMSS

Exponent Decimal Value Shift-127 Value

1111,1111 255 128

0111,1111 127 0

0000,0001 1 -126

0000,0000 0 N/A
Reserved for 0.0 
(all bits are 0)

1.f * 2 0000,0000 ? 
No! Need special 
treatment …

1.f * 2 0111,1111

Overflow
2^128 ≈ 
3.40E38

Min Normal
2^(-126) ≈ 
1.18E-38

Q: What do we
do if a number
falls out of this
range?

Exponent Value Mantissa Purpose

1-254 anything normal

255 zero INF

255 nonzero NaN

0 nonzero subnormal

Reserved for 
INF/NAN

Max number
1.1……1 * 2 1111,1110

Range:
[-126,127]
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Subnormal SP Floating-Point Numbers

C.-S. Zhang, AMSS

(–1)s × 20-127+1 × 0.f

l The largest possible subnormal number is 0.111…11 x 2-126 < 1.0…0 x 2-126 ≈ 1.18E-38

l The smallest possible subnormal number is 0.000…01 x 2-126 ≈ 1.40E-45

l Some compilers support “flush subnormals to zero” (FTZ)

l Caution: Floating-point operations in the subnormal region can be very slow!

l Subnormal numbers (or denormals) are useful in filling gaps of floating-point system near zero

l Numbers that are smaller than the smallest normal positive number (consider positive part only)

Cannot add leading-1 anymore: 

fewer bits è less accurate

Subnormal numbers have all zero 

bits for the exponent

Q: Why +1? Shift by -126 instead of -127! 

Reminder: the exponent of the smallest normal
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Range of FP Representation

C.-S. Zhang, AMSS

l fp16 is likely to overflow / underflow; bfloat16 has low precision.

l We can ignore the small numbers (underflow); but the real problem is: how to handle 

the large numbers? For low-precision FP systems, need to scale the problem first.

l IEEE-754 rounding rules: round to nearest, ties to even.

𝑡 = Number of bits in the fractional field + 1
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Precision of Floating-Point System

C.-S. Zhang, AMSS

Precision describes the “accuracy” or “resolution” of numbers that a floating-point system is able to

represent. It is typically expressed in terms of the number of significant digits, namely 𝑡.

3.11

§ Floating-point arithmetic:

§ Floating-point storage:

l Unit round-off (often denoted as 𝑢) refers to the upper bound on the relative error caused by 

rounding when performing a basic floating-point operation:

l Machine epsilon is the gap between 1 and the next larger representable floating-point number



Rounding Errors

C.-S. Zhang, AMSS 3.12

l Let 𝛽 be the base (2 for binary numbers) and let 𝑡 be the number of digits (bits) in the significand.

𝑢 = !
"
𝛽!#$ = 2#$

𝑢 = 𝜀/2

l Some Remarks: 

§ There is usually no essential meaning to figure out the exact constant in front of machine epsilon 

and/or unit round-off.

§ In practice and in many publications, the terms “machine epsilon 𝜀” and “unit round-off 𝑢” are 

often used interchangeably.

l Q: How big is the unit round-off / machine epsilon in a floating-point system? 

for binary numbers

𝜀 = 𝛽!#$



Examples of FP Arithmetic

C.-S. Zhang, AMSS

l Note: Associative property of addition does NOT hold in FP!

and

l Catastrophic cancellation in FP:

Round half up (四舍五入)

l Be careful in numerical methods, for example:

<latexit sha1_base64="oEUDxAlvAE5XadGW1i48k71bYdw=">AAACD3icbVDLSgMxFM3UV62vUZdugkVpkZaZorUboeDGZQX7gHYsmTTThmYyQ5IRytA/cOOvuHGhiFu37vwb0+kstPXAhZNz7iX3HjdkVCrL+jYyK6tr6xvZzdzW9s7unrl/0JJBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O76e+e0HIiQN+J2ahMTx0ZBTj2KktNQ3Tz0Gey4dFqDHCnbJLp5V7uNS5WKaqMWr9NU381bZSgCXiZ2SfB3M0eibX71BgCOfcIUZkrJrW6FyYiQUxYxMc71IkhDhMRqSrqYc+UQ6cXLPFJ5oZQC9QOjiCibq74kY+VJOfFd3+kiN5KI3E//zupHyak5MeRgpwvH8Iy9iUAVwFg4cUEGwYhNNEBZU7wrxCAmElY4wp0OwF09eJq1K2a6Wq7fn+XotjSMLjsAxKAAbXII6uAEN0AQYPIJn8ArejCfjxXg3PuatGSOdOQR/YHz+AL3EmVk=</latexit>

fl
(
fl(1→ 1) + 2→25

)
= 2→25

<latexit sha1_base64="r3gSim0eHtUOBmiyzDRFufauFog=">AAACCXicbZC7SgNBFIbPeo3xtmppMxiEBEnYDRrTCAEbywjmAskaZiezyZDZCzOzQljS2vgqNhaK2PoGdr6Nk00KTfxh4OM/53Dm/G7EmVSW9W2srK6tb2xmtrLbO7t7++bBYVOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NH1tN56oEKyMLhT44g6Ph4EzGMEK231TORx1HXZIK8hb5+V75Ni+WJSKNqpW7iyembOKlmp0DLYc8jVYKZ6z/zq9kMS+zRQhGMpO7YVKSfBQjHC6STbjSWNMBnhAe1oDLBPpZOkl0zQqXb6yAuFfoFCqft7IsG+lGPf1Z0+VkO5WJua/9U6sfKqTsKCKFY0ILNFXsyRCtE0FtRnghLFxxowEUz/FZEhFpgoHV5Wh2AvnrwMzXLJrpQqt+e5WnUeRwaO4QTyYMMl1OAG6tAAAo/wDK/wZjwZL8a78TFrXTHmM0fwR8bnD7u5lzE=</latexit>

fl
(
fl(1 + 2→25)→ 1

)
= 0

<latexit sha1_base64="vpt+rk0WBjeceZX6isRp8ExE77w=">AAACDHicbVDLSgMxFM3UV62vqks3wSK2iGVGpHZZcOOygn1AZyiZNNMJzWRCkpGWYT7Ajb/ixoUibv0Ad/6N6WOh1QMhh3POJbnHF4wqbdtfVm5ldW19I79Z2Nre2d0r7h+0VZxITFo4ZrHs+kgRRjlpaaoZ6QpJUOQz0vFH11O/c0+kojG/0xNBvAgNOQ0oRtpI/WIpOC2PK9BFQsh4DN1AIpwG5fFZWDk3VyVLw8yk7Ko9A/xLnAUpNcAczX7x0x3EOIkI15ghpXqOLbSXIqkpZiQruIkiAuERGpKeoRxFRHnpbJkMnhhlAINYmsM1nKk/J1IUKTWJfJOMkA7VsjcV//N6iQ7qXkq5SDTheP5QkDCoYzhtBg6oJFiziSEIS2r+CnGITB/a9FcwJTjLK/8l7YuqU6vWbi9Ljfqijjw4AsegDBxwBRrgBjRBC2DwAJ7AC3i1Hq1n6816n0dz1mLmEPyC9fEN2eaaRA==</latexit>

f →(x) → f(x+ h)↑ f(x)

h

<latexit sha1_base64="RZlJUs/1vY8QRYjDrwOEwYgbxaM=">AAACEnicbZDLSgMxFIYz9VbrbdSlm2ARWpAy05uFUii4cVnBXqBTSibNtKGZC0lGKEOfwY2v4saFIm5dufNtzEwraOuBkI//P4fk/HbAqJCG8aWlNja3tnfSu5m9/YPDI/34pCP8kGPSxj7zec9GgjDqkbakkpFewAlybUa69vQ69rv3hAvqe3dyFpCBi8YedShGUklDPe+wnFkolsqVPGzAmCqX0KpbdfhjlPKN5B7qWaNgJAXXwVxCtgkW1Rrqn9bIx6FLPIkZEqJvGoEcRIhLihmZZ6xQkADhKRqTvkIPuUQMomSlObxQygg6PlfHkzBRf09EyBVi5tqq00VyIla9WPzP64fSqQ0i6gWhJB5ePOSEDEofxvnAEeUESzZTgDCn6q8QTxBHWKoUMyoEc3XldegUC2a1UL0tZ5u1ZRxpcAbOQQ6Y4Ao0wQ1ogTbA4AE8gRfwqj1qz9qb9r5oTWnLmVPwp7SPb/tFl2k=</latexit>

fl(1.2345) = 1.235, f l(1.2343) = 1.234

<latexit sha1_base64="828UqTEALEJWQqavWsbogcrRU4s=">AAACCHicbVDLSgMxFM34rPU16tKFwSK0C4eZttZuhIIblxXsA9qhZNJMG5rJDElGKEOXbvwVNy4UcesnuPNvzLQVtPVAyMk593JzjxcxKpVtfxkrq2vrG5uZrez2zu7evnlw2JRhLDBp4JCFou0hSRjlpKGoYqQdCYICj5GWN7pO/dY9EZKG/E6NI+IGaMCpTzFSWuqZJz7LO1axVL4owHP48ygV4BW0Ldt2emYuvVPAZeLMSa4GZqj3zM9uP8RxQLjCDEnZcexIuQkSimJGJtluLEmE8AgNSEdTjgIi3WS6yASeaaUP/VDowxWcqr87EhRIOQ48XRkgNZSLXir+53Vi5VfdhPIoVoTj2SA/ZlCFME0F9qkgWLGxJggLqv8K8RAJhJXOLqtDcBZXXibNouVUrMptOVerzuPIgGNwCvLAAZegBm5AHTQABg/gCbyAV+PReDbejPdZ6Yox7zkCf2B8fAOM9pSZ</latexit>

fl(1.2345)→ fl(1.2343) = 0.001
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Storage:              < 𝟏𝟎#𝟑

Computation:       𝟒𝟎𝟎%

Relative error



Comparison: Double vs Single Precisions

C.-S. Zhang, AMSS

>>> x = 5e-4

>>> print((1 - np.cos(x))/np.pow(x,2))

0.49999998941174795

>>> xs = np.float32(5e-4)

>>> print((1 - np.cos(xs))/np.pow(xs,2))

0.4768371

>>> x = 1e-4

>>> print((1 - np.cos(x))/np.pow(x,2))

0.4999999969612645

>>> xs = np.float32(1e-4)

>>> print((1 - np.cos(xs))/np.pow(xs,2))

0.0

>>> h = 1e-6

>>> print((np.cos(np.pi/2+h)-np.cos(np.pi/2))/h)

-0.9999999999175667

>>> h = 1e-8

>>> print((np.cos(np.pi/2+h)-np.cos(np.pi/2))/h)

-0.999999993922529

>>> hs = np.float32(1e-6)

>>> print((np.cos(np.pi/2+hs)-np.cos(np.pi/2))/hs)

-0.9973857712212236

>>> hs = np.float32(1e-8)

>>> print((np.cos(np.pi/2+hs)-np.cos(np.pi/2))/hs)

-4.371138861362497

Compute:
<latexit sha1_base64="r85uVvOiLiNDqA6cSbZ8ibDE6Pk=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhFobdIDGNELCxjGAekI1hdjKbDJmdWWZmJWHZxsZfsbFQxNZ/sPNvnDwKTTxw4XDOvdx7jx8xqrTjfFuZldW19Y3sZm5re2d3z94/aCgRS0zqWDAhWz5ShFFO6ppqRlqRJCj0GWn6w+uJ33wgUlHB7/Q4Ip0Q9TkNKEbaSF37OCiMzuAV9AKJcOKee1goo6TJ6L6Udu28U3SmgMvEnZN8FcxQ69pfXk/gOCRcY4aUartOpDsJkppiRtKcFysSITxEfdI2lKOQqE4y/SKFp0bpwUBIU1zDqfp7IkGhUuPQN50h0gO16E3E/7x2rINKJ6E8ijXheLYoiBnUAk4igT0qCdZsbAjCkppbIR4gk4c2weVMCO7iy8ukUSq65WL59iJfrczjyIIjcAIKwAWXoApuQA3UAQaP4Bm8gjfryXqx3q2PWWvGms8cgj+wPn8Amn6XaA==</latexit>

f(x) =
1→ cos(x)

x2 Approximate:
<latexit sha1_base64="HfDfrmclBdaH+zZg3i2mFaL6tPg=">AAACFXicbZDLSgMxFIYz9VbrrerSTbCILWqZEaldFty4rGAv0Cklk2Y6oZlkSDLSMsxLuPFV3LhQxK3gzrcxvSy09YfAx3/O4eT8XsSo0rb9bWVWVtfWN7Kbua3tnd29/P5BU4lYYtLAggnZ9pAijHLS0FQz0o4kQaHHSMsb3kzqrQciFRX8Xo8j0g3RgFOfYqSN1cufu1io0+KoBF0URVKMoOtLhJOJXRydBaWLGZXSJEh7+YJdtqeCy+DMoVADM9V7+S+3L3AcEq4xQ0p1HDvS3QRJTTEjac6NFYkQHqIB6RjkKCSqm0yvSuGJcfrQF9I8ruHU/T2RoFCpceiZzhDpQC3WJuZ/tU6s/Wo3oTyKNeF4tsiPGdQCTiKCfSoJ1mxsAGFJzV8hDpBJRZsgcyYEZ/HkZWhelp1KuXJ3VahV53FkwRE4BkXggGtQA7egDhoAg0fwDF7Bm/VkvVjv1sesNWPNZw7BH1mfP0fLnk8=</latexit>

cos→(x) → cos(x+ h)↑ cos(x)

h
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Effects of Floating-Point Arithmetic

C.-S. Zhang, AMSS

l We are doing floating-point calculations è Nothing is “exact”

§ Reassociation:    (a + b) + c è a + (b + c)

§ Division to multiplication:    a / b è a * (1 / b)

§ Zero folding:    a + 0 è a, a * 0 è 0 (Attention: But “a” might be INF or NaN)

§ Math functions:    sin(a), log(a), … (No international standard on these functions)

§ Handel subnormal FP numbers and underflow (flush to zero or not)

§ Utilize fused multiply-add (FMA) units or not

§ Different code paths (SIMD or non-SIMD, AVX2 v.s. SSE)

l Compiler options (FP model) might be doing something for you, under the hood!

l Takeaway Message: FP error analysis should be better done ahead of time!
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Error Analysis for Inner Product

C.-S. Zhang, AMSS

Define partial sum:

<latexit sha1_base64="2kkiYe/sMzo6hanb5r1ZHeA837g=">AAACG3icbVDLSgMxFM3UV62vUZdugkWoKGWmSO1GKLhxWcE+oFOGTOa2Dc08TDJiafsfbvwVNy4UcSW48G9MH4K2HrjhcM693NzjxZxJZVlfRmppeWV1Lb2e2djc2t4xd/dqMkoEhSqNeCQaHpHAWQhVxRSHRiyABB6Hute7HPv1OxCSReGN6sfQCkgnZG1GidKSaxaka+MLfK/fvq6cfeL4wBVx7eNT7NwmxMfDH2WIHQ44cc2slbcmwIvEnpFsGU1Rcc0Px49oEkCoKCdSNm0rVq0BEYpRDqOMk0iICe2RDjQ1DUkAsjWY3DbCR1rxcTsSukKFJ+rviQEJpOwHnu4MiOrKeW8s/uc1E9UutQYsjBMFIZ0uaiccqwiPg8I+E0AV72tCqGD6r5h2iSBU6TgzOgR7/uRFUivk7WK+eH2WLZdmcaTRATpEOWSjc1RGV6iCqoiiB/SEXtCr8Wg8G2/G+7Q1Zcxm9tEfGJ/fWz6elw==</latexit>

s1 = x1y1(1 + ω1), |ω1| → u

<latexit sha1_base64="RyBdDbz743tpR3KgfNh6ZeBYITc="></latexit>

sp := fl

(
p∑

k=1

xkyk

)
, p = 1, . . . , n

<latexit sha1_base64="3gwROUuQTDfse4oeyDNviK9odww="></latexit>

sp = fl
(
sp→1 + fl(xpyp)

)
=

(
sp→1 + xpyp(1 + ωp)

)
(1 + εp)

<latexit sha1_base64="2GxecIA97sbbbBusNafF92mWooE="></latexit>

|ωp| → u, |εp| → u, p = 2, . . . , n

…
…

<latexit sha1_base64="1wGA0MmdOug4THHK+ioJf4qQgNE=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBg4RdkZiLEPDiMYJ5QLKE2UknGTI7u8zMBsKSP/HiQRGv/ok3/8bJ46CJBQ01Vd1Md4WJ4Np43reT29jc2t7J7xb29g8Oj9zjk4aOU8WwzmIRq1ZINQousW64EdhKFNIoFNgMR/czvzlGpXksn8wkwSCiA8n7nFFjpa7rdsZUYaK5sC//zrvqukWv5M1B1om/JMUqLFDrul+dXszSCKVhgmrd9r3EBBlVhjOB00In1ZhQNqIDbFsqaYQ6yOabT8mFVXqkHytb0pC5+nsio5HWkyi0nRE1Q73qzcT/vHZq+pUg4zJJDUq2+KifCmJiMouB9LhCZsTEEsoUt7sSNqSKMmPDKtgQ/NWT10njuuSXS+XHm2K1sowjD2dwDpfgwy1U4QFqUAcGY3iGV3hzMufFeXc+Fq05ZzlzCn/gfP4AHlOTVA==</latexit>

ω1 = 0,

3.16

𝜃&,( is the accumulated perturbation 

of the 𝑘-th product in 𝑠(
Taking 𝑝 = 𝑛



Higham’s Lemma

C.-S. Zhang, AMSS

Another useful and simple bound can be 

written roughly as

if we ignore the dependence on 𝑛 for higher 

order terms.

Error bounds for inner product:

3.17

and

Exercise



Running Error Analysis

C.-S. Zhang, AMSS

l Standard inner product

l Inner product with running error

<latexit sha1_base64="9C+Rh+67nBqJqjp59lVJlIxgFD4="></latexit>

ŝi→1 + ẑi = ŝi(1 + ωi), |ωi| → u

<latexit sha1_base64="zWs0tcBliPXjwfk+++11VrskHMA=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiCWBKR2mXBjcsK9gFNCJPpTTt08mBmItS03+HGX3HjQhF34sa/cdIW1NYDA+eecy937vETzqSyrC9jaXlldW29sFHc3Nre2TX39psyTgWFBo15LNo+kcBZBA3FFId2IoCEPoeWP7jK/dYdCMni6FYNE3BD0otYwChRWvJMewQeG2GHA9YsY2f2eIRPcYpHTp8oLHPzp7zXpWeWrLI1AV4k9oyUamiKumd+ON2YpiFEinIiZce2EuVmRChGOYyLTiohIXRAetDRNCIhSDebnDbGx1rp4iAW+kUKT9TfExkJpRyGvu4MierLeS8X//M6qQqqbsaiJFUQ0emiIOVYxTjPCXeZAKr4UBNCBdN/xbRPBKFKp1nUIdjzJy+S5nnZrpQrNxelWnUWRwEdoiN0gmx0iWroGtVRA1H0gJ7QC3o1Ho1n4814n7YuGbOZA/QHxuc3N2Cfwg==</latexit>

|ei| → |ei→1|+ u|ŝi|+ u|ẑi|

<latexit sha1_base64="+3CHv9ZrA82PZ8ghmp5cmtJFsjY=">AAAB/XicbVDJSgNBEO1xjXGLy81LYxA8SJgRiTkGvHiMYBbIDENPp5I06ekZehHiJPgrXjwo4tX/8Obf2FkOmvig4PFeFVX1opQzpV3321lZXVvf2Mxt5bd3dvf2CweHDZUYSaFOE57IVkQUcCagrpnm0EolkDji0IwGNxO/+QBSsUTc62EKQUx6gnUZJdpKYeF4BKEYYZ8DNti/wH5sQisX3ZI7BV4m3pwUq2iGWlj48jsJNTEITTlRqu25qQ4yIjWjHMZ53yhICR2QHrQtFSQGFWTT68f4zCod3E2kLaHxVP09kZFYqWEc2c6Y6L5a9Cbif17b6G4lyJhIjQZBZ4u6hmOd4EkUuMMkUM2HlhAqmb0V0z6RhGobWN6G4C2+vEwalyWvXCrfXRWrlXkcOXSCTtE58tA1qqJbVEN1RNEjekav6M15cl6cd+dj1rrizGeO0B84nz9sZpST</latexit>

|en| → uµn

<latexit sha1_base64="aRoaaU7XEv9ytM5MfWuCSmJXhhc="></latexit>

|ei| → uµi, µi = µi→1 + |ŝi|+ |ẑi|
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Blocked Algorithms

C.-S. Zhang, AMSS

l Simple summation (forward error analysis)

l Blocked summation improves accuracy

3.19

Note: The algorithm does NOT reduce the 
number of calculations; but it reduces error 
accumulation.



Further Improvement on Inner Product

C.-S. Zhang, AMSS

Ref: Blanchard, Pierre, Nicholas John Higham and Théo Mary. “A Class of Fast and Accurate
Summation Algorithms.” SIAM J. Sci. Comput. 42 (2020): A1541-A1557.

l Pairwise or blocked summation does not reduce the total number of additions. The idea is to reduce

the length of each dependent accumulation chain and hence the error-growth depth.

l Using hardware: Fused Multiply-Add (FMA)

No FMA:

With FMA:

Not only faster in computation

Local first-order bound changes from approximately 2𝑢 to 𝑢

3.20

l A more advanced algorithm (FABsum) can give error bound independent of 𝑛 to first order.



Matrix-Vector Multiplication

C.-S. Zhang, AMSS

Source: Kenji Hiranabe, https://github.com/kenjihiranabe/The-Art-of-Linear-Algebra/, 2022

l Matrix-vector multiplication è vector-vector multiplication

Architecture  è  Ordering  è  Data Structure  è  Algorithm
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Challenges in Low-Precision FP

C.-S. Zhang, AMSS 3.22

l Smaller range of representable numbers
§ Limited range of lower precision FP might cause overflow

§ Rounding to lower precision may lose important numerical properties (e.g., positive definiteness)

§ Matrix balancing for preprocessing

l Larger unit round-off

§ Lose precision when storing: 𝑓𝑙(𝑥) = 𝑥(1 + 𝛿), |𝛿| ≤ 𝑢

§ Lose precision when computing: 𝑓𝑙(𝑥 op 𝑦) = (𝑥 op 𝑦)(1 + 𝛿), |𝛿| ≤ 𝑢

l Error bounds still apply?
§ Error bound in terms of 𝑛𝑢 provides no useful information if 𝑛𝑢 > 1

§ Developing new techniques and error estimates:

ü Scaling and shifting approach [Higham, Pranesh, 2019]

ü Probabilistic approach [Higham, Mary, 2019; Higham, Mary, 2020]



Working With Mixed Precisions

C.-S. Zhang, AMSS

l Compute matrix-vector multiplications in finite precision (forward error):

l Compute residual in finite precision (forward error):

l Q: How about working on two-precision computation? 

l Pessimistic bounds! Improvement using probabilistic error bounds, ...

First compute residual in one precision 𝑢 and then store it in another precision 𝑢

3.23

Why?



Matrix Balancing

C.-S. Zhang, AMSS

for i in range(n): # Process each row/column pair
# Calculate off-diagonal norms for row i and column i
row_norm = sum(abs(A_work[i,j]) for j in range(n) if j != i)
col_norm = sum(abs(A_work[j,i]) for j in range(n) if j != i)

# Avoid division by zero 
if row_norm > 1e-12 and col_norm > 1e-12:

# Compute ideal scaling factor
theoretical_factor = np.sqrt(row_norm / col_norm)

# Bound the factor to prevent extreme scaling
bounded_factor = max(0.5, min(2.0, theoretical_factor))

# Quantize to nearest power of 2 for numerical stability
exponent = np.round(np.log2(bounded_factor))
actual_factor = 2.0 ** exponent

… …

<latexit sha1_base64="tfy8lbw5wEXR+y8OxpppsGVndy4="></latexit>

D→1AD = [c1, . . . , cn] =





r1

...

rn





<latexit sha1_base64="RRnC3oIysWeoqtk4NHCTqHg+jfw=">AAACEXicbVC7SgNBFL0bXzG+Vi1tBoOQQsKuSEwZSWMZwTwgu4bZySQZMju7zMwKYdlfsPFXbCwUsbWz82+cPApNPDBw5tx7ueeeIOZMacf5tnJr6xubW/ntws7u3v6BfXjUUlEiCW2SiEeyE2BFORO0qZnmtBNLisOA03Ywrk/r7QcqFYvEnZ7E1A/xULABI1gbqWeXvEEkMefIO0fXyGMCeSHWoyBI69l9an6ahVQhkfXsolN2ZkCrxF2QYg3maPTsL68fkSSkQhOOleq6Tqz9FEvNCKdZwUsUjTEZ4yHtGiqw2eOns4sydGaUPjLWzBMazdTfEykOlZqEgemc2lXLtan4X62b6EHVT5mIE00FmS8aJBzpCE3jQX0mKdF8YggmkhmviIywxESbEAsmBHf55FXSuii7lXLl9rJYqy7iyMMJnEIJXLiCGtxAA5pA4BGe4RXerCfrxXq3PuatOWsxcwx/YH3+AGMTnMk=</latexit>

→A ↑ Cn→n

<latexit sha1_base64="0AjxT7YRq0Uc3bvYVA4VRjZDxqo=">AAACI3icbVDLSgMxFM34rPVVdekmWAQXUmZEaikIBTcuK9gHdIaSyaRtaCYZk4xQpv0XN/6KGxdKcePCfzEz7cK2Xgg5nHMP997jR4wqbdvf1tr6xubWdm4nv7u3f3BYODpuKhFLTBpYMCHbPlKEUU4ammpG2pEkKPQZafnDu1RvPROpqOCPehQRL0R9TnsUI22obqHqjl1fsECNQvMleNKl7hjewkVaZvQldJ9iFEBqdKdqzEW7ZGcFV4EzB8UamFW9W5i6gcBxSLjGDCnVcexIewmSmmJGJnk3ViRCeIj6pGMgRyFRXpLdOIHnhglgT0jzuIYZ+9eRoFCl25rOEOmBWtZS8j+tE+texUsoj2JNOJ4N6sUMagHTwGBAJcGajQxAWFKzK8QDJBHWJta8CcFZPnkVNK9KTrlUfrgu1irzOHLgFJyBC+CAG1AD96AOGgCDF/AGPsCn9Wq9W1Pra9a6Zs09J2ChrJ9fe/Wkug==</latexit>

→ci→ = →ri→, i = 1 : n

l Matrix balancing is a crucial 

preprocessing technique with 

significant practical importance

l Bit-shifting: powers-of-two scaling 

is exact in binary FP arithmetic 

(within the normal exponent range)

3.24



Intel® Compilers

C.-S. Zhang, AMSS 3.25



FP Accuracy and Reproducibility

C.-S. Zhang, AMSS 3.26
Ref: https://www.intel.com/content/www/us/en/developer/articles/technical/consistency-of-floating-point-results-using-the-intel-compiler.html

l Use /fp:precise /fp:source (Windows*) or -fp-model precise -fp-

model source (Linux*) to improve the consistency and reproducibility 

of FP results while limiting the impact on performance.

l If reproducibility between different processor types of the same 

architecture is important, include /Qimf-arch-consistency:true 

(Windows) or -fimf-arch-consistency=true (Linux). 

l For best reproducibility between processors that support fused multiply-

add (FMA) instructions and processors that do not, include /Qfma-

(Windows) or -no-fma (Linux).

l For version 17 or later of the compiler, the best reproducibility may be 

obtained with the single switch /fp:consistent (Windows) or -fp-model 

consistent (Linux), which sets the above options.

2018 Version



FP Model for Intel® Compilers

C.-S. Zhang, AMSS

FP model Description
precise • Allow value-safe optimizations only
source • Specify the intermediate precision used for FP expression evaluation
except • Enable strict floating point exception semantics
strict • Enable access to the FPU environment 

• Disable floating point contractions such as fused multiply-add instructions 
• Imply “precise” and “except”

fast[=1] (default) • Allow value-unsafe optimizations compiler chooses precision for expression evaluation
• Floating-point exception semantics not enforced
• Access to the FPU environment not allowed
• Floating-point contractions are allowed

fast=2 • Additional approximations allowed

Source: Georg 
Zitzlsberger, 
Intel, 2014
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An Example of FP Option

C.-S. Zhang, AMSS

l A loop can be auto-vectorized (requires partial sum – reordering is done under the hood)

for (int i = 0; i < n; i++ ) sum = sum + x[i]*x[i];

l If you compile with –fp-model precise or –fp-model consistent, the loops are not auto-vectorized

l But you can do it by hand by adding OpenMP directives (for instance)

#pragma omp simd reduction(+:sum)

for (int i = 0; i < n; i++ ) sum = sum + x[i]*x[i];
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条件数与病态问题
Condition number and ill-conditioned problems



Condition of Function Evaluation

C.-S. Zhang, AMSS

l Function Evaluation (FE): Evaluating a function at 𝑥, namely, 𝑓(𝑥)

§ Forward error:

l Q: How sensitive is function evaluation w.r.t. perturbations?

§ Backward error:

<latexit sha1_base64="dVkyeXX2T/g+jt68r04nqdWQpvs=">AAACKXicbZDLSgMxFIYz9VbrrerSTbAIdWGZEalFEApuXFawF+iUkkkzbWjmQnJGHKZ9HTe+ihsFRd36IqadCtp6IPDx/+dwcn4nFFyBaX4YmaXlldW17HpuY3Nreye/u9dQQSQpq9NABLLlEMUE91kdOAjWCiUjniNY0xleTfzmHZOKB/4txCHreKTvc5dTAlrq5qsju8cEEByP8MUlth3eH+EYn2B7QEBDKvwYbvH+eM7r5gtmyZwWXgRrBoUqSqvWzb/YvYBGHvOBCqJU2zJD6CREAqeCjXN2pFhI6JD0WVujTzymOsn00jE+0koPu4HUzwc8VX9PJMRTKvYc3ekRGKh5byL+57UjcCudhPthBMyn6SI3EhgCPIkN97hkFESsgVDJ9V8xHRBJKOhwczoEa/7kRWiclqxyqXxzVqhWZnFk0QE6REVkoXNURdeohuqIogf0hF7Rm/FoPBvvxmfamjFmM/voTxlf3ykkpCU=</latexit>

|ωy| :=
∣∣y → ŷ

∣∣ =
∣∣f(x)→ ŷ

∣∣

<latexit sha1_base64="7ypwq7a5P2HLusQ2LtgVn1TOiRo="></latexit>

|ωx| :=
∣∣x→ x̂

∣∣, s.t. y = f(x̂) = f(x+ ωx)

l Error Analysis:

<latexit sha1_base64="PytRXgDS0gl8wnwBh6knz+HHdoU=">AAACGXicbVDNS8MwHE3n15xfVY9egkPcUEYrMnccePE4wX3AWkaapltYmpYklY2yf8OL/4oXD4p41JP/jek2RDcfhDzeez+S3/NiRqWyrC8jt7K6tr6R3yxsbe/s7pn7By0ZJQKTJo5YJDoekoRRTpqKKkY6sSAo9Bhpe8PrzG/fEyFpxO/UOCZuiPqcBhQjpaWeaQWlETyDjk+YQnBUhg6KYxGNoNbL2ghOs9s5/0n0zKJVsaaAy8Sek2IdzNDomR+OH+EkJFxhhqTs2las3BQJRTEjk4KTSBIjPER90tWUo5BIN51uNoEnWvFhEAl9uIJT9fdEikIpx6GnkyFSA7noZeJ/XjdRQc1NKY8TRTiePRQkDKoIZjVBnwqCFRtrgrCg+q8QD5BAWOkyC7oEe3HlZdK6qNjVSvX2slivzevIgyNwDErABlegDm5AAzQBBg/gCbyAV+PReDbejPdZNGfMZw7BHxif3ypVnVA=</latexit>

f(x+ ωx) → f(x) + f →(x) ωx
<latexit sha1_base64="DqKzD9gWc9GbU/7hxRJRRuIl6uY=">AAACDXicbVDJSgNBEO1xjXGLevTSGMUIGmZEYo4BLx4jmAUyIdR0epImPQvdNZIQ8gNe/BUvHhTx6t2bf2NnOWjig4LHe1VU1fNiKTTa9re1tLyyurae2khvbm3v7Gb29qs6ShTjFRbJSNU90FyKkFdQoOT1WHEIPMlrXu9m7NceuNIiCu9xEPNmAJ1Q+IIBGqmVOXa7gNSnF6ZciGMV9al/muufUfecum0uEWi/lcnaeXsCukicGcmWyBTlVubLbUcsCXiITILWDceOsTkEhYJJPkq7ieYxsB50eMPQEAKum8PJNyN6YpQ29SNlKkQ6UX9PDCHQehB4pjMA7Op5byz+5zUS9IvNoQjjBHnIpov8RFKM6Dga2haKM5QDQ4ApYW6lrAsKGJoA0yYEZ/7lRVK9zDuFfOHuKlsqzuJIkUNyRHLEIdekRG5JmVQII4/kmbySN+vJerHerY9p65I1mzkgf2B9/gDqBZmY</latexit>

f̂ → f ↑ f →(x) ωx
<latexit sha1_base64="RDslX9HUZjMqCEOczzn2TiVF6kE=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WsICURqV0W3LisYB/QhDKZTNqhk2SYmUhD2l9w46+4caGIW3fu/BunD0FbD1w4c869zL3H44xKZVlfRm5ldW19I79Z2Nre2d0z9w+aMk4EJg0cs1i0PSQJoxFpKKoYaXNBUOgx0vIG1xO/dU+EpHF0p1JO3BD1IhpQjJSWumZp5PiEKQTTEXQQ5yIewlFwWhqe6fc5/HGHo65ZtMrWFHCZ2HNSrIEZ6l3z0/FjnIQkUpghKTu2xZWbIaEoZmRccBJJOMID1CMdTSMUEulm04vG8EQrPgxioStScKr+nshQKGUaerozRKovF72J+J/XSVRQdTMa8USRCM8+ChIGVQwn8UCfCoIVSzVBWFC9K8R9JBBWOsSCDsFePHmZNC/KdqVcub0s1qrzOPLgCByDErDBFaiBG1AHDYDBA3gCL+DVeDSejTfjfdaaM+Yzh+APjI9vUq6ctQ==</latexit>

|ωy| → |f →(x)| |ωx|

Error amplifier 

è Condition of FE

3.30

▪



Backward and Forward Error Analysis

C.-S. Zhang, AMSS

Input Output

Backward error
What problem did we solve 

actually? Can we trust it?

Forward error
How accurate is the solution? But 

we don’t have the true solution.

exact

computed

Error Analysis

3.31

Remark (Mixed forward-backward error)
In some cases, we might be interested in a more involved relation:



Backward and Forward Errors

C.-S. Zhang, AMSS

Forward Error ≤ Condition Number × Backward Error

l Large condition number usually indicates that the 

problem is ill-conditioned.

l For well-conditioned problems, backward stability of 

numerical methods implies forward stability.

l Even if the numerical method is backward stable, it 

could still yield a large forward error; In this case, we 

can tell that the trouble is caused by the problem itself, 

instead of the numerical method.

Some remarks:

3.32

James Wilkinson, 1970 Turing Award for 
his research in NA to facilitate the use of 
the digital computer, work in computations 
in LA and backward error analysis.



Measuring Sensitivity, Revisited

C.-S. Zhang, AMSS

l Now consider relative errors instead of absolute errors  

l Special Example: condition number of a linear system

l Condition number is crucial to the accuracy of finite-precision linear solvers; understanding it is

essential in numerical linear algebra -- it tells you whether computational results can be trusted!

Condition 
number

<latexit sha1_base64="eAlKzf5RhVxf+ipAPyQ2ZeYSX34="></latexit>

max
b,ωb →=0

→A↑1ωb→
→ωb→ · →b→

→A↑1b→ = max
ωb →=0

→A↑1ωb→
→ωb→ max

b →=0

→b→
→A↑1b→

= max
ωb →=0

→A↑1ωb→
→ωb→ max

x →=0

→Ax→
→x→ = →A↑1→→A→

<latexit sha1_base64="f4MeHH4DQwOOBtf4SimgYxsnCIk=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyI1G6EihuXFewD2qFkMpk2NJMMSUYsw+zd+CtuXCji1h9w59+YabuwrQdCDufcy733+DGjSjvOj1VYW9/Y3Cpul3Z29/YP7MOjthKJxKSFBROy6yNFGOWkpalmpBtLgiKfkY4/vsn9zgORigp+rycx8SI05DSkGGkjDezyNez7ggVqEpkvfczg1YLgZ6WBXXGqzhRwlbhzUmmAGZoD+7sfCJxEhGvMkFI914m1lyKpKWYkK/UTRWKEx2hIeoZyFBHlpdNbMnhqlACGQprHNZyqfztSFKl8N1MZIT1Sy14u/uf1Eh3WvZTyONGE49mgMGFQC5gHAwMqCdZsYgjCkppdIR4hibA28eUhuMsnr5L2edWtVWt3F5VGfR5HEZyAMjgDLrgEDXALmqAFMHgCL+ANvFvP1qv1YX3OSgvWvOcYLMD6+gURt5sY</latexit>

Ax = b

3.33



Condition Number, Revisited

C.-S. Zhang, AMSS

It is characteristic of ill-conditioned 
sets of equations that small percentage 
errors in the coefficients given may 
lead to large percentage errors in the 
solution

Alan Turing, Rounding-off errors in 
matrix process, 1948

l For an invertible square matrix, the condition number is

l Usually, we use the spectral norm

<latexit sha1_base64="zduSx6g/kM0Z+GMZWDohpPChttc=">AAACKnicbZDLSsNAFIYn9VbrLerSzWAR6qYkRaobocWNSwVbhSaEk8lEh04mYWYiltjnceOruHGhFLc+iNPLQlsPDPx8/zkzc/4w40xpxxlZpaXlldW18nplY3Nre8fe3euqNJeEdkjKU3kXgqKcCdrRTHN6l0kKScjpbdi/GPu3j1QqloobPcion8C9YDEjoA0K7LbXhyyDoFFrH+Nz7MUSSOEl8BQw/Oxxc1EEATPm89BgJhZxYFedujMpvCjcmai20LSuAvvdi1KSJ1RowkGpnutk2i9AakY4HVa8XNEMSB/uac9IAQlVfjFZdYiPDIlwnEpzhMYT+nuigESpQRKazgT0g5r3xvA/r5fr+MwvmMhyTQWZPhTnHOsUj3PDEZOUaD4wAohk5q+YPIBJS5t0KyYEd37lRdFt1N1mvXl9Um2dzeIoowN0iGrIRaeohS7RFeoggl7QG/pAn9ar9W6NrK9pa8mazeyjP2V9/wAzdaaX</latexit>

ω2(A) =
maxi |εi(A)|
mini |εi(A)|
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if 𝐴 nonsingular

if 𝑄 unitary

if 𝐴 normal 

if 𝑈 is unitary



Backward Error of Linear System Solver

C.-S. Zhang, AMSS

Theorem 3.1 (Normwise Backward Error of A Linear System)

Let

Then we have

Sketch of proof: 

Let                    è

Set

1 2Show that the 

RHS is always 

less than or equal 

to 𝜂(𝒚).

<latexit sha1_base64="yQ+ErIkdvO6BH8sSb3BYjTOmikc=">AAACJnicbVDLSsNAFJ34rPUVdelmsAiuSlKkFqFQcOOygn1AE8tkMmmHTh7MTISY5mvc+CtuXFRE3PkpTtou+vDAMIdz7uXee5yIUSEN40fb2Nza3tkt7BX3Dw6PjvWT07YIY45JC4cs5F0HCcJoQFqSSka6ESfIdxjpOKO73O88Ey5oGDzKJCK2jwYB9ShGUkl9vW45IXNF4qsvfcngbR1aHkc4XdSTLEut8bJijZ8qWV8vGWVjCrhOzDkpNcAMzb4+sdwQxz4JJGZIiJ5pRNJOEZcUM5IVrViQCOERGpCeogHyibDT6ZkZvFSKC72QqxdIOFUXO1Lki3w/VekjORSrXi7+5/Vi6dXslAZRLEmAZ4O8mEEZwjwz6FJOsGSJIghzqnaFeIhUSlIlW1QhmKsnr5N2pWxWy9WH61KjNo+jAM7BBbgCJrgBDXAPmqAFMHgF72ACPrU37UP70r5npRvavOcMLEH7/QNefqg6</latexit>

z :=
y

→y→2

3.35



Forward Error of Linear System Solver

C.-S. Zhang, AMSS

Theorem 3.2 (Sensitivity Analysis of Linear Solver)

Consider linear systems:

If ,  then we have:

Example (Perturbation on RHS):

3.36



Proof of Sensitivity Analysis

C.-S. Zhang, AMSS

1

2

3

Inverse of Perturbed Matrix (Theorem 2.11) 

Inverse of Perturbed Matrix

<latexit sha1_base64="rSHA/WhXfA9Zn5w6IlYlTq1Yk0g="></latexit>

(I +A→1!A)y = x+A→1!b

Exercise

3.37

is nonsingular



Ill-Conditioned Systems

C.-S. Zhang, AMSS

l Suppose that the computed solution is the exact solution of the following perturbed equation:

l Using Theorem 3.2, we can estimate the error of linear solution

l If the system is ill-conditioned, , then the relative error could be very large. 

l In such cases, solving the linear system is sensitive to floating-point error; so we should not blame 

numerical methods alone if the quality of the solution is not satisfactory.

l We will further discuss stability of numerical methods in later chapters.  

3.38



Some Remarks on Condition Numbers

C.-S. Zhang, AMSS 3.39

l Some other useful condition-number-like terms:
<latexit sha1_base64="w/T91dGOxZHTonbNSut3x4bixsg="></latexit>

cond(A) :=
∥∥|A→1| |A|

∥∥
↑

<latexit sha1_base64="puvjn/b/wGPMrOM5U9an79jCs7E="></latexit>

cond(A,x) :=

∥∥|A→1| |A| |x|
∥∥
↑

→x→↑
<latexit sha1_base64="aLofXwsBBNaacIwWR1v6NqMzsms="></latexit>

cond(A,x) → cond(A) → ω→(A)

l Some properties of condition number for  nonsingular matrix 

§ Lower bound:

§ Inversion & scaling:

l Key Takeaways: (1) A small residual does not guarantee a small error when the condition number 

is large; (2) Even a stable algorithm can produce inaccurate results for an ill-conditioned problem; 

(3) Improving conditioning through preconditioning can accelerate iterative convergence.

= 1 for induced norms



A Simple Example

C.-S. Zhang, AMSS 3.40

l Condition number will increase when ℎ is getting smaller

l Five-point finite difference stencil for the Poisson’s equation on a unit square (Dirichlet boundary) 

l Note: Diagonal preconditioning does not work in this case



迭代精校方法
Iterative refinement (IR) methods



Iterative Refinement Methods

C.-S. Zhang, AMSS

l Sometimes, the condition number of a linear system could be very large.

l Solvers might not be able to give a solution as accurate as we need them to provide; This has been 

noticed long ago (Wilkinson 1948), but using high-precision is costly.

l One can improve accuracy iteratively using the 3-precision iterative refinement (IR) method:

3.42



Accuracy of IR Methods

C.-S. Zhang, AMSS

Maximum nnz
in any row of 
the equation

The limiting accuracy depends on the 
residual and work precisions, but does not 
depend on the solve precision, the initial 
guess, or how the system (Line 5) is solved.

Convergence factor Condition number

Theorem 3.3 (Carson and Higham, 2018)

3.43

is sufficiently small



Different Versions of IR

C.-S. Zhang, AMSS

l Traditional IR methods for old hardware (some old computers can compute residual using higher 

precision than working precision without extra work)

l Mono-precision IR methods: focus on improving stability

l IR methods with low-precision solvers: emphasize efficiency and energy consumption

3.44



Example: LU-IR Method

C.-S. Zhang, AMSS

l The Carson–Higham theorem can be applied to this method

l LU factorization only needs to be computed once for each coefficient matrix 

l Less stable but faster factorization methods can be used to improve efficiency (e.g. in SuperLU and 

PARDISO) [Li and Demmel 1998; Arioli, Duff, Gratton, and Pralet 2007]
3.45

3-precision



If                                           is small, GMRES-IR will converge till 

Example: GMRES-IR Method

C.-S. Zhang, AMSS 3.46

5-precision



Accuracy of IR Methods

C.-S. Zhang, AMSS

l GMRES-IR shows advantages 

compared with LU-IR in 

practice

l GMRES-IR is used in HPL-AI

l One can also use GMRES for 

the original equation instead of 

the error equation

l One can use low precision for 

GMRES iterations

Source: Erin Carson and Nicholas J. Higham. “A New Analysis of Iterative Refinement and Its Application to Accurate Solution of Ill-Conditioned
Sparse Linear Systems”. SIAM Journal on Scientific Computing 2017 39:6, A2834-A2856
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MP Methods for Sparse Problems

C.-S. Zhang, AMSS

l More difficult to predict speedups of MP iterative methods for sparse matrices.

l LU factorization of a sparse matrix:

§ Sparsity-based reordering and symbolic analysis mainly operate on graph and index data, so reducing

floating-point precision offers little direct speedup in these phases.

§ Numerical factorization can generate tiny fill entries that propagate through subsequent elimination steps.

§ Even if all nonzero matrix entries are scaled into the normal range of single precision, subnormal numbers

may still arise during factorization, potentially affecting performance depending on the arithmetic precision

and hardware.

l Reminder: On some hardware, operations involving subnormal numbers can be much slower than

those involving normal numbers.

Ref: Zounon M, Higham NJ, Lucas C, Tisseur F. “Performance impact of precision reduction in sparse linear systems solvers”. Peer J Computer
Science 2022, 8:e778
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Reading and Thinking

C.-S. Zhang, AMSS

l Did you have trouble with floating-

point precision related problems?

l Did you have trouble reaching the 

desired accuracy?

l What was the reason? How did you 

handle them? 

l Are the solvers or other algorithms 

you use numerically stable? 

l Can you use mixed precision 

somewhere in your code?

3.49



矩阵计算基本工具
Basic tools of matrix computation



Orthogonalization

C.-S. Zhang, AMSS

l The goal of orthogonalization: 

To transform a set of linearly independent vectors (which may not be orthogonal and could have very small

angles between them) into a new set of vectors that are mutually orthogonal, while ensuring this new set can

span the same vector space as the original set.

l Orthogonality offers several important advantages:

§ Simplified computations: Orthogonal bases simplify orthogonal projections (see §2.2) and the computation

of expansion coefficients, for example.

§ Numerical stability: Orthogonal transformations preserve the 2-norm and therefore do not amplify existing

perturbations in that norm, a property that underpins the numerical stability of many algorithms.

§ Broad applicability: Orthogonal bases and transformations play central roles in QR factorization, eigenvalue

algorithms, signal processing, and principal component analysis.
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QR Decomposition

C.-S. Zhang, AMSS 3.52

l Three standard tools for the QR decomposition:
§ Gram–Schmidt orthogonalization: Construct orthonormal vectors column by column. Simple concept, but 

numerically unstable in floating-point computation;

§ Householder reflections: Use successive orthogonal reflection transformations to zero out subdiagonal 

entries (industry standard, good numerical stability);

§ Givens rotations: Apply plane rotations to eliminate individual non-zero entries (convenient for sparse 

matrices and updating QR after small matrix changes).

QR decomposition (QR factorization) factors a matrix into the product of an orthogonal matrix and 

an upper triangular matrix:

For



Properties of QR Decomposition

C.-S. Zhang, AMSS

𝐴 has full column-rank, so

Remarks:

1

2

3 Reduced QR decomposition

If 𝐴 ∈ ℝ)×+ has full column-rank and 𝐴 = 𝑄𝑅	is a QR decomposition, then

Theorem 3.4

Let . Then

<latexit sha1_base64="3b7FC88dC1g8qGpz27PFAatZm8U="></latexit>

span{a1, . . . ,ak} = span{q1, . . . , qk}, k = 1 : n

<latexit sha1_base64="5QzBVU76up0Fj6m+S9kIG3Bew3w="></latexit>

span{a1, . . . ,ak} → span{q1, . . . , qk}
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Reduced QR decomposition

C.-S. Zhang, AMSS

If 𝐴 ∈ ℝ)×+ has full column-rank, the reduced QR decomposition 𝐴 = 𝑄!𝑅! is unique, where

Theorem 3.5 (Reduced QR)

Moreover, we have

,  𝐺 is the upper Cholesky factor of 𝐴,𝐴

For SPD, the Cholesky factorization is unique and diagonal entries of 𝐺 are positive. Hence, 𝑄! =

𝐴𝑅!#! is also unique.

Remarks:

1

2

Q: Can we find the reduced/thin QR decomposition without knowing the full decomposition?
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Gram–Schmidt Orthogonalization

C.-S. Zhang, AMSS

l Assume 𝒒! = 𝒂!/ 𝒂! " and that 𝒂" is linearly independent of 𝒒!

3.55

l Enforce the orthogonality condition

l Normalize the remaining component:

l Applying this procedure successively to the columns of a full-column-rank matrix 𝐴 ∈ ℝ)×+, with

𝑚 ≥ 𝑛, yields the thin QR factorization

where 𝑄,𝑄 = 𝐼+ and 𝑅 is upper triangular. Only 𝑛 orthonormal vectors are constructed; no extension

to a full basis of is needed.



Classical Gram–Schmidt Method

C.-S. Zhang, AMSS

Orthonormal

l Orthogonalization

l Classical G-S:

<latexit sha1_base64="wMMhifLwMl/BXGzbkwqHDALGjxQ=">AAACLXicbVDLSsNAFJ3UV62vqEs3g0VwoSUpUrss6MJlBfuAJoTJZNKOnWTCzEQoIT/kxl8RwUVF3PobTtoutPXAMIdz7uXee/yEUaksa2qU1tY3NrfK25Wd3b39A/PwqCt5KjDpYM646PtIEkZj0lFUMdJPBEGRz0jPH98Ufu+JCEl5/KAmCXEjNIxpSDFSWvLMWydzfM4COYn0l6Hcsy/gklLXCgu4kitO9nhp507umVWrZs0AV4m9INUWmKPtmW9OwHEakVhhhqQc2Fai3AwJRTEjecVJJUkQHqMhGWgao4hIN5tdm8MzrQQw5EK/WMGZ+rsjQ5EsVtSVEVIjuewV4n/eIFVh081onKSKxHg+KEwZVBwW0cGACoIVm2iCsKB6V4hHSCCsdMAVHYK9fPIq6dZrdqPWuL+qtpqLOMrgBJyCc2CDa9ACd6ANOgCDZ/AKpuDDeDHejU/ja15aMhY9x+APjO8fv+eprg==</latexit>

{a1,a2, . . . ,aj→1}
<latexit sha1_base64="3G2eOq+kDjW7PTO2fuFgVcBcEQM=">AAACLXicbVDLSsNAFJ3UV62vqEs3g0VwoSUpUrss6MJlBfuAJoTJZNKOTjJxZiKUkB9y46+I4KIibv0NJ20X2npgmMM593LvPX7CqFSWNTFKK6tr6xvlzcrW9s7unrl/0JU8FZh0MGdc9H0kCaMx6SiqGOkngqDIZ6TnP1wVfu+JCEl5fKfGCXEjNIxpSDFSWvLMaydzfM4COY70lz3mnn0GF5S6VljAlVxysvtzO3dyz6xaNWsKuEzsOam2wAxtz3xzAo7TiMQKMyTlwLYS5WZIKIoZyStOKkmC8AMakoGmMYqIdLPptTk80UoAQy70ixWcqr87MhTJYkVdGSE1koteIf7nDVIVNt2MxkmqSIxng8KUQcVhER0MqCBYsbEmCAuqd4V4hATCSgdc0SHYiycvk269ZjdqjduLaqs5j6MMjsAxOAU2uAQtcAPaoAMweAavYAI+jBfj3fg0vmalJWPecwj+wPj+AQ7Gqd4=</latexit>

{q1, q2, . . . , qj→1}
<latexit sha1_base64="AsiHNgFGtfUQsDEvBqAQz+SsHhU=">AAACE3icbVC7TgMxEPTxDOEVoKSxiJAQRXSHUKAMoqEMEgGkJIp8vj0w+OyTvQdEp/wDDb9CQwFCtDR0/A2+JAWvaTya2ZVnJ0ylsOj7n97E5NT0zGxprjy/sLi0XFlZPbU6MxxaXEttzkNmQQoFLRQo4Tw1wJJQwll4fVj4ZzdgrNDqBPspdBN2oUQsOEMn9SrbHYQ7zA+iiDKq4JbeAEdt6IB2Qi0j20/ck7NB76rcq1T9mj8E/UuCMak2yAjNXuWjE2meJaCQS2ZtO/BT7ObMoOASBuVOZiFl/JpdQNtRxRKw3Xx404BuOiWisYsSa4V0qH7fyFlii3RuMmF4aX97hfif184w3u/mQqUZguKjj+JMUtS0KIhGwrgKZN8Rxo1wWSm/ZIZxdDUWJQS/T/5LTndqQb1WP96tNvbHdZTIOtkgWyQge6RBjkiTtAgn9+SRPJMX78F78l69t9HohDfeWSM/4L1/ARK2nk8=</latexit>

Add a new vector aj

<latexit sha1_base64="tL2KuXlnnnhGI0oh4+xwg5Vwtm8=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJUZkdqNWHDjsoJ9QDsMmUzaxmYyY5IRylDwV9y4UMSt3+HOvzHTdqHVAyGHc+4lJydIOFPacb6swtLyyupacb20sbm1vWPv7rVUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyucr/9QKVisbjV44R6ER4I1mcEayP59kEviHmoxpG5svuJf4cu0GXJt8tOxZkC/SXunJTrMEPDtz97YUzSiApNOFaq6zqJ9jIsNSOcTkq9VNEEkxEe0K6hAkdUedk0/gQdGyVE/ViaIzSaqj83MhypPKGZjLAeqkUvF//zuqnu17yMiSTVVJDZQ/2UIx2jvAsUMkmJ5mNDMJHMZEVkiCUm2jSWl+AufvkvaZ1W3GqlenNWrtfmdRThEI7gBFw4hzpcQwOaQCCDJ3iBV+vRerberPfZaMGa7+zDL1gf36iilUk=</latexit>

qj =?

<latexit sha1_base64="baYhB8me2tatv5XxoSACkOHg3QE=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQlCpQtSJRbGItGH1EaR4zitqWNHtgOqov4AC7/CwgBCrOxs/A1O26G0HMny0Tn36t57goRRpR3nxyqsrK6tbxQ3S1vbO7t79v5BS4lUYtLEggnZCZAijHLS1FQz0kkkQXHASDsYXud++4FIRQW/06OEeDHqcxpRjLSRfPukFwgWqlFsvuxx7N/DKzgvISOVfLvsVJwJ4DJxZ6RcB1M0fPu7FwqcxoRrzJBSXddJtJchqSlmZFzqpYokCA9Rn3QN5Sgmyssm14zhqVFCGAlpHtdwos53ZChW+XamMkZ6oBa9XPzP66Y6qnkZ5UmqCcfTQVHKoBYwjwaGVBKs2cgQhCU1u0I8QBJhbQLMQ3AXT14mrfOKW61Uby/K9dosjiI4AsfgDLjgEtTBDWiAJsDgCbyAN/BuPVuv1of1OS0tWLOeQ/AH1tcvUTycWw==</latexit>

wj = aj
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Known to be NOT stable!



Modified Gram–Schmidt Method

C.-S. Zhang, AMSS 3.57

Orthonormal

l Orthogonalization

l Modified G-S:

<latexit sha1_base64="wMMhifLwMl/BXGzbkwqHDALGjxQ=">AAACLXicbVDLSsNAFJ3UV62vqEs3g0VwoSUpUrss6MJlBfuAJoTJZNKOnWTCzEQoIT/kxl8RwUVF3PobTtoutPXAMIdz7uXee/yEUaksa2qU1tY3NrfK25Wd3b39A/PwqCt5KjDpYM646PtIEkZj0lFUMdJPBEGRz0jPH98Ufu+JCEl5/KAmCXEjNIxpSDFSWvLMWydzfM4COYn0l6Hcsy/gklLXCgu4kitO9nhp507umVWrZs0AV4m9INUWmKPtmW9OwHEakVhhhqQc2Fai3AwJRTEjecVJJUkQHqMhGWgao4hIN5tdm8MzrQQw5EK/WMGZ+rsjQ5EsVtSVEVIjuewV4n/eIFVh081onKSKxHg+KEwZVBwW0cGACoIVm2iCsKB6V4hHSCCsdMAVHYK9fPIq6dZrdqPWuL+qtpqLOMrgBJyCc2CDa9ACd6ANOgCDZ/AKpuDDeDHejU/ja15aMhY9x+APjO8fv+eprg==</latexit>

{a1,a2, . . . ,aj→1}
<latexit sha1_base64="3G2eOq+kDjW7PTO2fuFgVcBcEQM=">AAACLXicbVDLSsNAFJ3UV62vqEs3g0VwoSUpUrss6MJlBfuAJoTJZNKOTjJxZiKUkB9y46+I4KIibv0NJ20X2npgmMM593LvPX7CqFSWNTFKK6tr6xvlzcrW9s7unrl/0JU8FZh0MGdc9H0kCaMx6SiqGOkngqDIZ6TnP1wVfu+JCEl5fKfGCXEjNIxpSDFSWvLMaydzfM4COY70lz3mnn0GF5S6VljAlVxysvtzO3dyz6xaNWsKuEzsOam2wAxtz3xzAo7TiMQKMyTlwLYS5WZIKIoZyStOKkmC8AMakoGmMYqIdLPptTk80UoAQy70ixWcqr87MhTJYkVdGSE1koteIf7nDVIVNt2MxkmqSIxng8KUQcVhER0MqCBYsbEmCAuqd4V4hATCSgdc0SHYiycvk269ZjdqjduLaqs5j6MMjsAxOAU2uAQtcAPaoAMweAavYAI+jBfj3fg0vmalJWPecwj+wPj+AQ7Gqd4=</latexit>

{q1, q2, . . . , qj→1}
<latexit sha1_base64="AsiHNgFGtfUQsDEvBqAQz+SsHhU=">AAACE3icbVC7TgMxEPTxDOEVoKSxiJAQRXSHUKAMoqEMEgGkJIp8vj0w+OyTvQdEp/wDDb9CQwFCtDR0/A2+JAWvaTya2ZVnJ0ylsOj7n97E5NT0zGxprjy/sLi0XFlZPbU6MxxaXEttzkNmQQoFLRQo4Tw1wJJQwll4fVj4ZzdgrNDqBPspdBN2oUQsOEMn9SrbHYQ7zA+iiDKq4JbeAEdt6IB2Qi0j20/ck7NB76rcq1T9mj8E/UuCMak2yAjNXuWjE2meJaCQS2ZtO/BT7ObMoOASBuVOZiFl/JpdQNtRxRKw3Xx404BuOiWisYsSa4V0qH7fyFlii3RuMmF4aX97hfif184w3u/mQqUZguKjj+JMUtS0KIhGwrgKZN8Rxo1wWSm/ZIZxdDUWJQS/T/5LTndqQb1WP96tNvbHdZTIOtkgWyQge6RBjkiTtAgn9+SRPJMX78F78l69t9HohDfeWSM/4L1/ARK2nk8=</latexit>

Add a new vector aj

<latexit sha1_base64="tL2KuXlnnnhGI0oh4+xwg5Vwtm8=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJUZkdqNWHDjsoJ9QDsMmUzaxmYyY5IRylDwV9y4UMSt3+HOvzHTdqHVAyGHc+4lJydIOFPacb6swtLyyupacb20sbm1vWPv7rVUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyucr/9QKVisbjV44R6ER4I1mcEayP59kEviHmoxpG5svuJf4cu0GXJt8tOxZkC/SXunJTrMEPDtz97YUzSiApNOFaq6zqJ9jIsNSOcTkq9VNEEkxEe0K6hAkdUedk0/gQdGyVE/ViaIzSaqj83MhypPKGZjLAeqkUvF//zuqnu17yMiSTVVJDZQ/2UIx2jvAsUMkmJ5mNDMJHMZEVkiCUm2jSWl+AufvkvaZ1W3GqlenNWrtfmdRThEI7gBFw4hzpcQwOaQCCDJ3iBV+vRerberPfZaMGa7+zDL1gf36iilUk=</latexit>

qj =?

<latexit sha1_base64="baYhB8me2tatv5XxoSACkOHg3QE=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQlCpQtSJRbGItGH1EaR4zitqWNHtgOqov4AC7/CwgBCrOxs/A1O26G0HMny0Tn36t57goRRpR3nxyqsrK6tbxQ3S1vbO7t79v5BS4lUYtLEggnZCZAijHLS1FQz0kkkQXHASDsYXud++4FIRQW/06OEeDHqcxpRjLSRfPukFwgWqlFsvuxx7N/DKzgvISOVfLvsVJwJ4DJxZ6RcB1M0fPu7FwqcxoRrzJBSXddJtJchqSlmZFzqpYokCA9Rn3QN5Sgmyssm14zhqVFCGAlpHtdwos53ZChW+XamMkZ6oBa9XPzP66Y6qnkZ5UmqCcfTQVHKoBYwjwaGVBKs2cgQhCU1u0I8QBJhbQLMQ3AXT14mrfOKW61Uby/K9dosjiI4AsfgDLjgEtTBDWiAJsDgCbyAN/BuPVuv1of1OS0tWLOeQ/AH1tcvUTycWw==</latexit>

wj = aj



QR Decomposition via Householder

C.-S. Zhang, AMSS

X X X

X X X

X X X

X X X

X X X

0 X X

0 X X

0 X X

X X X

0 X X

0 0 X

0 0 X

X X X

0 X X

0 0 X

0 0 0

l Use Householder transforms

<latexit sha1_base64="BjUwPspS3LKmuOTDNklKu/1D9uI=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWaq1G6EgpsuW+gL2nHIpJk2NJMZkoxSaj/FjQtF3Pol7vwb08dCWw8cOJxzL7k5QcKZ0o7zbW1sbm3v7Gb2svsHh0fHdu6kpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gdDfL2w9UKhaLhh4n1IvwQLCQEayN5du5+n0D3aKqf2VYNHR9O+8UnDnQunCXIl+BBWq+/dXrxySNqNCEY6W6rpNob4KlZoTTabaXKppgMsID2jVS4IgqbzI/fYoujNNHYSwNhUZz9/fGBEdKjaPATEZYD9VqNjP/y7qpDsvehIkk1VSQxUNhypGO0awH1GeSEs3HRmAimbkVkSGWmGjTVtaU4K5+eV20igW3VCjVr/OV8rKODJzBOVyCCzdQgSrUoAkEHuEZXuHNerJerHfrYzG6YS13TuEPrM8f9IaR4Q==</latexit>

Q
T = H3H2H1

3.58

l Householder reflections provide a stable and efficient method to compute the QR decomposition.

l Computational complexity: Full QR ≈ 2𝑚"𝑛 − "
-𝑛

-; Thin QR ≈ 2𝑚𝑛" − "
-𝑛

-.

l This method is the backbone of several robust numerical libraries (LAPACK, Eigen, SciPy). For 

production code, use LAPACK's DGEQRF—it handles edge cases and optimizes cache usage.

Key: Product of 
orthogonal matrices 
remains orthogonal



Householder Transformation, Revisited

C.-S. Zhang, AMSS

Q: How to implement this in practice?

3.59

l Householder matrix or transformation

§ The Householder transformation reflects a vector 𝒙 such 

that only the first entry is nonzero.

§ The vector 𝒖 is called a Householder vector.

abbr. H transformation



Practical Householder Method

C.-S. Zhang, AMSS

l Try to avoid cancellations and overflows

l Applying the Householder transformation

Rank-one update

l There is no need to store a full matrix 𝐻; in practice, we 

can just store a vector and a scalar.

<latexit sha1_base64="WQRD89Nmfmbsy/6gmJKCtWImuRc="></latexit>

HA =
(
I → ωvvT

)
A = A→ vwT

, w = ωA
Tv
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QR Decomposition via Givens

C.-S. Zhang, AMSS

X X X
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3.61

l Use Givens transforms

X X X

0 X X

0 0 X

0 0 0

l Givens rotations offer an alternative to Householder reflections for computing QR ≈ 6𝑚"𝑛 − 3𝑚𝑛"

l While less efficient for dense matrices, Givens excels in structured, sparse, and dynamic settings



Givens Transformation, Revisited

C.-S. Zhang, AMSS

l Givens matrix or transformation

<latexit sha1_base64="C+oREKjEdZ6Nnla7zN4pmNtPAhE="></latexit>

c = cos(!), s = sin(!), and ! → R

<latexit sha1_base64="nG97pfxEtOnQyoGIsctLOrC+X/M="></latexit>

Gi,k(!) =





1
. . .

1
c s

1
. . .

1
→s c

1
. . .

1





Geometrically, it represents a plane rotation, 

and its objective is to annihilate a specific 

entry in a vector with minimal changes to 

other entries

Passive Rotation View:

3.62

Q: How to implement this in practice? abbr. G transformation



Representing a Givens Matrix

C.-S. Zhang, AMSS

l Used when “surgical precision” is needed:

§ Updating the QR decomposition after minor modifications

§ The matrix is sparse or has specific structure (e.g., upper Hessenberg)

§ A small portion of the matrix needs to be zeroed out (e.g., in SVD)

l Givens transformation on a vector:

3.63



Reducing Cost of Givens Transformation

C.-S. Zhang, AMSS

l Square-root is expensive

§ Modern CPUs have dedicated hardware instructions (such as x86’s sqrtsd/sqrtss) to accelerate sqrt, the

calculation process often cannot be fully pipelined or requires multiple pipeline stages.

§ For instructions like sqrtsd on Intel processors (Skylake architecture), the latency is between 13 to 19 cycles.

§ Certain compilers offer fast approximate mathematical functions (such as -ffast-math), which may trade

accuracy for speed; you must be aware of their impact on accuracy and standard compliance.

l Making Givens transformations square-root-free

orthonormal (column-wise)

orthogonal columns

Using this idea, 
we can represent 
an orthonormal 
matrix with 𝑀 
and 𝐷! 

3.64

l Q: How to eliminate nonzeros in this setting? 



Fast Givens Transformation

C.-S. Zhang, AMSS

We wish it to be diagonal

is diagonal

<latexit sha1_base64="cXe2gtX6nYzy5Ti4enzShYohn8U="></latexit>

MT
1 DM1 =

[
d2 + ω2d1 d1ω + d2ε

d1ω + d2ε d1 + d2ε2

]
=: D1

Such transformations are cheaper to 

apply: Only need 2 multiplications 

and 2 additions!

Another form:

3.65

l Square-root-free Givens transformations:



Scaled Transformation for QR

C.-S. Zhang, AMSS

When applying such scaled 
form, we don’t need to 
compute sqrt in each step!

l Define a new scaled transformation:

l Maintain the transformation in a scaled form during elimination and only compute the actual rotation

l The corresponding orthogonal transformation preserves the elimination of the second component:

l Let 𝐷. = 𝐼. Using a sequence of scaled transforms 𝑀!, 𝑀", …, 𝑀/ for QR:

<latexit sha1_base64="AOO8D7Hsv47PIJLJsDjFN5KtPCs=">AAACC3icbZDLSsNAFIYn9VbrLerSzdAiuLEmRWo3QkEXLiq0YC/QxjCZTNqhk0yYmQgldO/GV3HjQhG3voA738bpZaGtPxz4+M85zJzfixmVyrK+jczK6tr6RnYzt7W9s7tn7h+0JE8EJk3MGRcdD0nCaESaiipGOrEgKPQYaXvDq0m//UCEpDy6U6OYOCHqRzSgGCltuWa+AS/hrWvrKsEe9rmSGmvw2q3dp6f2WWkMXbNgFa2p4DLYcyhUwUx11/zq+RwnIYkUZkjKrm3FykmRUBQzMs71EklihIeoT7oaIxQS6aTTW8bwWDs+DLjQFSk4dX9vpCiUchR6ejJEaiAXexPzv143UUHFSWkUJ4pEePZQkDCoOJwEA30qCFZspAFhQfVfIR4ggbDS8eV0CPbiycvQKhXtcrHcOC9UK/M4suAI5MEJsMEFqIIbUAdNgMEjeAav4M14Ml6Md+NjNpox5juH4I+Mzx/2/5fe</latexit>

Q = M1M2 · · ·MLD
→1/2
L

l The matrix 𝑄 is orthogonal because

<latexit sha1_base64="Fn2DMhpz+vGIL3lFKf4f9qOLPtg="></latexit>

(D→1/2
L MT

LD1/2
L→1) · · · (D

→1/2
1 MT

1 D1/2
0 )A = D→1/2

L MT
L · · ·MT

2 MT
1 A = R
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Making A Matrix Upper Hessenberg

C.-S. Zhang, AMSS

<latexit sha1_base64="Y12T6nYtVkMCyjno9NJP/24N/fc=">AAACDXicbVA9T8MwEL3wWcpXgBEJWVRITFGCUClbEQtjQZRWakLluE5r1XEi20Gqom4s/BUWBhgRKzsb/wb3Y4CWJ1l6fu9Od/fClDOlXffbWlhcWl5ZLawV1zc2t7btnd07lWSS0DpJeCKbIVaUM0HrmmlOm6mkOA45bYT9y5HfeKBSsUTc6kFKgxh3BYsYwdpIbfvgAvlMID/GuheG+c3wPjc/zWKqkBiitl1yHXcMNE+8KSlVYYJa2/7yOwnJYio04VipluemOsix1IxwOiz6maIpJn3cpS1DBTaDgnx8xxAdGaWDokSaJzQaq787chwrNYhDUznaV816I/E/r5XpqBLkTKSZpoJMBkUZRzpBo1BQh0lKNB8YgolkZldEelhiok10RROCN3vyPPFPHK/slB3PdZ3z69NStTINpQD7cAjH4MEZVOEKalAHAo/wDK/wZj1ZL9a79TEpXbCmPXvwB9bnD/5hmi4=</latexit>

A ∈ R
n×n

X X X X

X X X X

0 X X X

0 X X X<latexit sha1_base64="A2caI35VWPiyjRbLtBYqFKfQFr4=">AAAB9nicbVBNTwIxEJ3FL8Qv1KOXRmLiabNrDOIN44UjJiIY2JBu6UJD2920XROy4Vd48aBH49Xf4s1/Y1k4KPiSNi/vzWRmXphwpo3nfTuFtfWNza3idmlnd2//oHx49KDjVBHaIjGPVSfEmnImacsww2knURSLkNN2OL6d+e0nqjSL5b2ZJDQQeChZxAg2Vnps9H10g+zfL1c818uBVom/IJU6zNHsl796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyxfeIrOrDJAUazskwbl6u+ODAutJyK0lQKbkV72ZuJ/Xjc1US3ImExSQyWZD4pSjkyMZtejAVOUGD6xBBPF7K6IjLDCxNiMSjYEf/nkVdK7cP2qW3V9z3Ov7y4r9doilCKcwCmcgw9XUIcGNKEFBAQ8wyu8Ocp5cd6dj3lpwVn0HMMfOJ8/louQhA==</latexit>
H1AH1

X X X X

X X X X

0 X X X

0 0 X X

X X X X

X X X X

X X X X

X X X X <latexit sha1_base64="6T6aXpAKLXVwzslkAzPKlSNEHLI=">AAAB93icbVDLTgIxFL2DL8QX6tJNIzG6mnSIQdxh3LDERIQIE9IpHWjodCZtx4RM+As3LnRp3Por7vwby2Oh4Emanpxzb+69J0gE1wbjbye3tr6xuZXfLuzs7u0fFA+PHnScKsqaNBaxagdEM8ElaxpuBGsnipEoEKwVjG6nfuuJKc1jeW/GCfMjMpA85JQYKz3We2V0c47s1yuWsItnQKvEW5BSDeZo9Ipf3X5M04hJQwXRuuPhxPgZUYZTwSaFbqpZQuiIDFjHUkkipv1stvEEnVmlj8JY2ScNmqm/OzISaT2OAlsZETPUy95U/M/rpCas+hmXSWqYpPNBYSqQidH0fNTnilEjxpYQqrjdFdEhUYQaG1LBhuAtn7xKumXXq7gV18PYvb67LNWqi1DycAKncAEeXEEN6tCAJlCQ8Ayv8OZo58V5dz7mpTln0XMMf+B8/gD8e5C3</latexit>
H2A

′
H2

<latexit sha1_base64="yilns6XcJnfGOdGbEY1GnssnlAc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNoddyJxNhFbCyjGBNIQtjb7CVL9vaO3TkhHPkHNhZaiq1/x85/4+aj0MQHA4/3ZpiZFyRSGPS8bye3srq2vpHfLGxt7+zuFfcPHk2casbrLJaxbgbUcCkUr6NAyZuJ5jQKJG8Ew5uJ33ji2ohYPeAo4Z2I9pUIBaNopfvr026x5LneFGSZ+HNSqsIMtW7xq92LWRpxhUxSY1q+l2AnoxoFk3xcaKeGJ5QNaZ+3LFU04qaTTS8dkxOr9EgYa1sKyVT9PZHRyJhRFNjOiOLALHoT8T+vlWJY6WRCJSlyxWaLwlQSjMnkbdITmjOUI0so08LeStiAasrQhlOwIfiLLy+T9rnrl92y63uee3V3UapW5qHk4QiO4Qx8uIQq3EIN6sAghGd4hTdn6Lw4787HrDXnzGcO4Q+czx/Lpo51</latexit>

A
′

<latexit sha1_base64="zam5QcNhIAxJdJOpW6UxUu4++MI=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYpBYHXciMXYRG8uIxgSSI+xt5pIle3vH7p4QQn6CjYWWYuvPsfPfuPkoNPHBwOO9GWbmhang2njet7Oyura+sZnbym/v7O7tFw4OH3WSKYZ1lohENUOqUXCJdcONwGaqkMahwEY4uJn4jSdUmifywQxTDGLakzzijBor3V+XSp1C0XO9Kcgy8eekWIUZap3CV7ubsCxGaZigWrd8LzXBiCrDmcBxvp1pTCkb0B62LJU0Rh2MpqeOyalVuiRKlC1pyFT9PTGisdbDOLSdMTV9vehNxP+8VmaiSjDiMs0MSjZbFGWCmIRM/iZdrpAZMbSEMsXtrYT1qaLM2HTyNgR/8eVl0j53/bJbdn3Pc6/uLorVyjyUHBzDCZyBD5dQhVuoQR0Y9OAZXuHNEc6L8+58zFpXnPnMEfyB8/kDLQ+Opg==</latexit>

A
′′

Matrix Hessenbergization is a fundamental preprocessing technique that transforms a general square

matrix into an upper Hessenberg form through orthogonal similarity transformations. This creates an

almost triangular matrix that preserves the original matrix's eigenvalues.

<latexit sha1_base64="cDn3yDpQ/+/yMwLWf45vTbMxtqU="></latexit>

H1 :=

[

1 0

0 H̃1

]

<latexit sha1_base64="seIHZBSaS3Xk9WFHEURWZeYmnUE="></latexit>

H̃1A(2 : n, 1) =

⎡

⎢

⎢

⎢

⎣

X
0
...
0

⎤

⎥

⎥

⎥

⎦

3.67



Making A Matrix Bidiagonal

C.-S. Zhang, AMSS

Matrix bidiagonalization is another crucial preprocessing technique that reduces a rectangular matrix to a

bidiagonal form through orthogonal transformations. This reduction is achieved through alternating

Householder reflections from the left and right, making it numerically stable and efficient.

<latexit sha1_base64="PbtoEyfPaE0k/mHB1OT7gZbTHgQ=">AAACDXicbVBNS8NAEN34WetX1KMgi0XwFBKRWm8VLx6rWFtoYtlsN+3S3U3Y3Qgl5ObFv+LFgx7Fq3dv/hs3bQ/a+mDg8d4MM/PChFGlXffbWlhcWl5ZLa2V1zc2t7btnd07FacSkyaOWSzbIVKEUUGammpG2okkiIeMtMLhZeG3HohUNBa3epSQgKO+oBHFSBupax9cQJ8K6HOkB2GY3eT3GYe+ppwoKHLYtSuu444B54k3JZU6mKDRtb/8XoxTToTGDCnV8dxEBxmSmmJG8rKfKpIgPER90jFUILMoyMZ/5PDIKD0YxdKU0HCs/p7IEFdqxEPTWdyrZr1C/M/rpDqqBRkVSaqJwJNFUcqgjmERCuxRSbBmI0MQltTcCvEASYS1ia5sQvBmX54n/onjVZ2q47muc359WqnXpqGUwD44BMfAA2egDq5AAzQBBo/gGbyCN+vJerHerY9J64I1ndkDf2B9/gD8zJot</latexit>

A ∈ R
m×n

X X X

X X X

X X X

X X X

X 0 0

X X X

X X X

X X X

X 0 0

X X X

0 X X

0 X X

X 0 0

X X 0

0 X X

0 0 X

X 0 0

X X 0

0 X X

0 X X
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l This bidiagonalization algorithm is numerically stable by applying Householder transformations. 

l It is very useful in various methods, such as LSQR and SVD.

Remarks:



Method of Minimal Iteration

C.-S. Zhang, AMSS

l In 1950, Lanczos introduced a revolutionary approach for the eigenvalue problem:

Ref: Lanczos, Cornelius. "An iteration method for the solution of the eigenvalue problem of linear differential and
integral operators." Journal of research of the National Bureau of Standards 45.4 (1950): 255-282.

<latexit sha1_base64="VJo/sJkIzROFl1HCDM1l3eSWlsY="></latexit>

Av = ωv, where A → Rn→n. Assume that 𝐴 is symmetric for the moment.
<latexit sha1_base64="O2sVa7NjdO5N8blEfDTe6U2C+RY=">AAACLHicbVDLSsNAFJ34tr6qLt0MFsFVSURqlwUXulSwrdCEMJnetkMnkzhzUywhH+TGXxHEhSJu/Q6nj4WvA5d7OOdeZu6JUikMuu6bs7C4tLyyurZe2tjc2t4p7+61TJJpDk2eyETfRsyAFAqaKFDCbaqBxZGEdjQ8n/jtEWgjEnWD4xSCmPWV6AnO0Eph+dxHuMf8QoxAUaaoUAIFk7SfgTG0oH6UyK4Zx7bloyJ0qa/g7ofqFmG54lbdKehf4s1JpUFmuArLz3434VkMCrlkxnQ8N8UgZxoFl1CU/MxAyviQ9aFjqWIxmCCfHlvQI6t0aS/RthTSqfp9I2exmXzNTsYMB+a3NxH/8zoZ9upBLlSaISg+e6iXSYoJnSRHu0IDRzm2hHFtY+KUD5hmHG2+JRuC9/vkv6R1UvVq1dr1aaVRn8exRg7IITkmHjkjDXJJrkiTcPJAnsgreXMenRfn3fmYjS4485198gPO5xftRqlH</latexit>

Given an initial guess v0 →= 0
<latexit sha1_base64="qUU2CCKQ8zUphKGonuLMsknCm7s=">AAACLXicbVDLSsNAFJ34rPUVdelmsAgutCQitRuhoguXFewDmhAmk0k7dJIJM5NCCf0hN/6KCC4q4tbfcNJ2oakHhjmccy/33uMnjEplWVNjZXVtfWOztFXe3tnd2zcPDtuSpwKTFuaMi66PJGE0Ji1FFSPdRBAU+Yx0/OFd7ndGREjK4yc1TogboX5MQ4qR0pJn3js+Z4EcR/rLRhPPhjfwFjrnsKBb8AI6iCUDpGnR88yKVbVmgMvEXpBKA8zR9Mw3J+A4jUisMENS9mwrUW6GhKKYkUnZSSVJEB6iPulpGqOISDebXTuBp1oJYMiFfrGCM/V3R4YimS+nKyOkBrLo5eJ/Xi9VYd3NaJykisR4PihMGVQc5tHBgAqCFRtrgrCgeleIB0ggrHTAZR2CXTx5mbQvq3atWnu8qjTqizhK4BicgDNgg2vQAA+gCVoAg2fwCqbgw3gx3o1P42teumIseo7AHxjfP2mjqEk=</latexit>

v1 = Av0 → ω0v0 residual for EV
<latexit sha1_base64="obecUxjzFkBCLixClTpDcScxjlM="></latexit>

ω0 = argmin
ω

∥∥Av0 → ωv0

∥∥2
2

<latexit sha1_base64="WifJodRFmTOenbN11OZJOzu9PSs="></latexit>

ω0 =
(v0, Av0)

(v0,v0)
=

vT
0 Av0

vT
0 v0

minimize residual
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l We immediately notice the following orthogonality condition:
<latexit sha1_base64="UxqKnpX7sNhCRhYZv7cdAKJ34CM=">AAACWXicbVFbS8MwGE2rm7Peqnv0JTiECTpakbkXYeKLjxPcBdZS0jTdwtILSToYZX/SB0H8Kz6YbnvQbgdCDud8X/LlxE8ZFdKyvjR9b79SPagdGkfHJ6dn5vnFQCQZx6SPE5bwkY8EYTQmfUklI6OUExT5jAz92UvhD+eEC5rE73KREjdCk5iGFCOpJM9Mm46fsEAsIrXl86Vn38KSYt3AJ9h8hs62A++gg1g6RYqWvd3nWJ7ZsFrWCnCb2BvS6II1ep754QQJziISS8yQEGPbSqWbIy4pZmRpOJkgKcIzNCFjRWMUEeHmq2SW8FopAQwTrlYs4Ur925GjSBQTqsoIyakoe4W4yxtnMuy4OY3TTJIYry8KMwZlAouYYUA5wZItFEGYUzUrxFPEEZbqMwwVgl1+8jYZ3Lfsdqv99tDodjZx1MAluAJNYINH0AWvoAf6AINP8KNVtKr2rWt6TTfWpbq26amDf9Drv3aZsw4=</latexit>

(v1,v0) = (Av0 → ω0v0,v0) = 0 1

orthogonal projection



<latexit sha1_base64="/g/aOlMVOHcJkQWYb9KZtkqAJBk="></latexit>∥∥Av1 → ωv1 → εv0

∥∥2
2
= (Av1, Av1)→ 2ω(v1, Av1) + ω2(v1,v1)

→ 2ε(v0, Av1) + ε2(v0,v0) + 2ωε(v1,v0)

Lanczos Method

C.-S. Zhang, AMSS

<latexit sha1_base64="i/LkU9vROryRZli+aDXbfRRX6jM=">AAACLXicbVDLSsNAFJ3UV62vqEs3g0VwoSUpUrsRKrpwWcE+oAlhMpm2QyeZMDMplNAfcuOviOCiIm79DSdtF5p6YJjDOfdy7z1+zKhUljUzCmvrG5tbxe3Szu7e/oF5eNSWPBGYtDBnXHR9JAmjEWkpqhjpxoKg0Gek44/uMr8zJkJSHj2pSUzcEA0i2qcYKS155r3jcxbISai/dDz1qvAG3kLnAuZ0G15CB7F4iDTNe55ZtirWHHCV2EtSboAFmp755gQcJyGJFGZIyp5txcpNkVAUMzItOYkkMcIjNCA9TSMUEumm82un8EwrAexzoV+k4Fz93ZGiUGbL6coQqaHMe5n4n9dLVL/upjSKE0UivBjUTxhUHGbRwYAKghWbaIKwoHpXiIdIIKx0wCUdgp0/eZW0qxW7Vqk9XpUb9WUcRXACTsE5sME1aIAH0AQtgMEzeAUz8GG8GO/Gp/G1KC0Yy55j8AfG9w9wFKhN</latexit>

v2 = Av1 → ω1v1

<latexit sha1_base64="dPvjWNhCuknLZe1a9pq2bRQOKbE=">AAACSHicbZBLSwMxFIUz9VXrq+rSTbAILrTMFKndCBU3LivYB3TKcCeTaYOZyZBkCmXoz3Pj0p2/wY0LRdyZPhba9kLIxzn3kpvjJ5wpbdtvVm5tfWNzK79d2Nnd2z8oHh61lEgloU0iuJAdHxTlLKZNzTSnnURSiHxO2/7T3cRvD6lUTMSPepTQXgT9mIWMgDaSV/RcX/BAjSJzZcOxV8E3+Ba7F3hBd/AldoEnAzC4yvOpBs9etGyvWLLL9rTwMjhzKNXRrBpe8dUNBEkjGmvCQamuYye6l4HUjHA6LripogmQJ+jTrsEYIqp62TSIMT4zSoBDIc2JNZ6qfycyiNRkOdMZgR6oRW8irvK6qQ5rvYzFSappTGYPhSnHWuBJqjhgkhLNRwaASGZ2xWQAEog22RdMCM7il5ehVSk71XL14apUr83jyKMTdIrOkYOuUR3dowZqIoKe0Tv6RF/Wi/VhfVs/s9acNZ85Rv8ql/sFElSyAA==</latexit>

v2 = Av1 → ω1v1 → ε0v0

Using the linear combination 
of the previous directions

<latexit sha1_base64="/1jXVu3pfHEuNe6O/SBxepefPX8=">AAACS3icbVDNS8MwHE2n0zm/qh69BIcwYYxWZO4iTLx4nOA+YC0lzdItmKYlSQej9P/z4sWb/4QXD4p4MN120G0PQh7vvR/55fkxo1JZ1ptR2Ngsbm2Xdsq7e/sHh+bRcVdGicCkgyMWib6PJGGUk46iipF+LAgKfUZ6/tNd7vcmREga8Uc1jYkbohGnAcVIackzfQexeIw8G95AJxAIp1XHj9hQTkN9pZPMs2vwFjo1uCxfZOuiqynomRWrbs0AV4m9IJUWmKPtma/OMMJJSLjCDEk5sK1YuSkSimJGsrKTSBIj/IRGZKApRyGRbjrrIoPnWhnCIBL6cAVn6t+JFIUy308nQ6TGctnLxXXeIFFB000pjxNFOJ4/FCQMqgjmxcIhFQQrNtUEYUH1rhCPkW5U6frLugR7+curpHtZtxv1xsNVpdVc1FECp+AMVIENrkEL3IM26AAMnsE7+ARfxovxYXwbP/NowVjMnIB/KBR/AW94s78=</latexit>

ω1 =
(v1, Av1)

(v1,v1)

<latexit sha1_base64="BCfz5ROsbu0NslJKrq65PqJ/t+E="></latexit>

ω0 =
(v0, Av1)

(v0,v0)
and

orthogonality
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2

3

l We then continue this procedure by minimizing residuals at each iteration:  

It is NOT a good idea to forget 
the previous directions



Orthogonality Conditions

C.-S. Zhang, AMSS

l It is easy to notice that the following orthogonality conditions:
<latexit sha1_base64="V64gHy5ZyaWIIDgrvJ8l+evTlEQ=">AAACWXicbVFbS8MwGE2r01lv1T36EhzCBB3tkLkXYeKLjxPcBdZS0jTdwtILSToYZX/SB0H8Kz6YbnvQbgdCDud8X/LlxE8ZFdKyvjR9b79ycFg9Mo5PTs/OzYvLgUgyjkkfJyzhIx8JwmhM+pJKRkYpJyjyGRn6s5fCH84JFzSJ3+UiJW6EJjENKUZSSZ6ZNhw/YYFYRGrL50uvdQdLin0Ln2DjGTrbDryHDmLpFCla9nafY3lm3WpaK8BtYm9IvQvW6HnmhxMkOItILDFDQoxtK5VujrikmJGl4WSCpAjP0ISMFY1RRISbr5JZwhulBDBMuFqxhCv1b0eOIlFMqCojJKei7BXiLm+cybDj5jROM0livL4ozBiUCSxihgHlBEu2UARhTtWsEE8RR1iqzzBUCHb5ydtk0Gra7Wb77aHe7WziqIIrcA0awAaPoAteQQ/0AQaf4EeraAfat67pVd1Yl+rapqcG/kGv/QKA1LMU</latexit>

(v2,v1) = (Av1 → ω1v1,v1) = 0
<latexit sha1_base64="zQr2fQ512JrWatnRV2uyZk/zOi4=">AAACWHicbVFbS8MwGE3r5i7e6nz0JTiECTraIXMvwsQXHye4C2ylpFm6BdOmJOlglP1JwQf9K76YbnvQdR+EHM75TvLlxI8Zlcq2vwzzoFA8LJUr1aPjk9Mz67w2kDwRmPQxZ1yMfCQJoxHpK6oYGcWCoNBnZOi/P2f6cEGEpDx6U8uYuCGaRTSgGClNeRZvTHzOpnIZ6i1drLzWLdxh7Bv4CBtPcJJTHHinKaKQZ+dM+4+xPatuN+11wTxwtqDeBZvqedbHZMpxEpJIYYakHDt2rNwUCUUxI6vqJJEkRvgdzchYwwiFRLrpOpgVvNbMFAZc6BUpuGb/OlIUymxC3RkiNZe7Wkbu08aJCjpuSqM4USTCm4uChEHFYZYynFJBsGJLDRAWVM8K8RwJhJX+i6oOwdl9ch4MWk2n3Wy/3te7nW0cZXAJrkADOOABdMEL6IE+wOAT/BgFo2h8m8AsmZVNq2lsPRfgX5m1X4nGspw=</latexit>

(v2,v0) = (Av1 → ω0v0,v0) = 0

l Geometric interpretation:
<latexit sha1_base64="7cbG3RcksMcikBVA65Dc3UXN6G8=">AAACK3icbVDLSsNAFJ34rPUVdelmsAgupCQitQhC0Y3LivYBTQiTybQdOpmEmUmhhPyPG3/FhS584Nb/cJJ2oa0Xhjlzzr3MPcePGZXKsj6MpeWV1bX10kZ5c2t7Z9fc22/LKBGYtHDEItH1kSSMctJSVDHSjQVBoc9Ixx/d5HpnTISkEX9Qk5i4IRpw2qcYKU155rUTIjXEiKX3Gby8gsVThKmMEc+c1PEjFshJqK90nHnWKZxjbCfzzIpVtYqCi8CegUoDTKvpmS9OEOEkJFxhhqTs2Vas3BQJRTEjWdlJJIkRHqEB6WnIUUikmxZeM3ismQD2I6EPV7Bgf0+kKJT5eroztyLntZz8T+slql93U8rjRBGOpx/1EwZVBPPgYEAFwYpNNEBYUL0rxEMkEFY63rIOwZ63vAjaZ1W7Vq3dnVca9VkcJXAIjsAJsMEFaIBb0AQtgMEjeAZv4N14Ml6NT+Nr2rpkzGYOwJ8yvn8A9EupZA==</latexit>

S := span{v0,v1}

<latexit sha1_base64="9sm24pOpzxQYv6uNycUhTncc1zI=">AAACHnicbVDLSgMxFM3UV62vqks3wSJUkDIjWrsRKm5cVrQP6AxDJpO2sZnJkGQKZZgvceOvuHGhiOBK/8ZM24W2Hgg5Ofdecu7xIkalMs1vI7e0vLK6ll8vbGxube8Ud/dakscCkybmjIuOhyRhNCRNRRUjnUgQFHiMtL3hdVZvj4iQlIf3ahwRJ0D9kPYoRkpLbvHcDpAaiCBpCP6QusnkiRFL7tK0fAXtE2h7nPlyHOgrGaWudQwvoVssmRVzArhIrBkp1cEUDbf4afscxwEJFWZIyq5lRspJkFAUM5IW7FiSCOEh6pOupiEKiHSSyXopPNKKD3tc6BMqOFF/TyQokJlB3Zm5l/O1TPyv1o1Vr+YkNIxiRUI8/agXM6g4zLKCPhUEKzbWBGFBtVeIB0ggrHSiBR2CNb/yImmdVqxqpXp7VqrXZnHkwQE4BGVggQtQBzegAZoAg0fwDF7Bm/FkvBjvxse0NWfMZvbBHxhfP5IUorY=</latexit>

ProjS(Av1) =

<latexit sha1_base64="u88AlSqijRTwNZKMfIPQ1D8HtxY="></latexit>

(v0, Av1)

(v0,v0)
v0 +

(v1, Av1)

(v1,v1)
v1

<latexit sha1_base64="7fqdwFGfaB+U3dnhx19D77iqHbI=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0UQhJKI1G6EghuXFewDmhBuJpN26OTBzKRQQv/Ejb/ixoUi4q5/46TtQlsPDPdwzr3MvcdPOZPKsmZGaWNza3unvFvZ2z84PDKPTzoyyQShbZLwRPR8kJSzmLYVU5z2UkEh8jnt+qP7wu+OqZAsiZ/UJKVuBIOYhYyA0pJn1u+w41MFnqVrwgM5iXTJx1MtXGEHeDoEz171bM+sWjVrDrxO7CWpNtECLc/8doKEZBGNFeEgZd+2UuXmIBQjnE4rTiZpCmQEA9rXNIaISjef3zfFF1oJcJgI/WKF5+rviRwiWSynOyNQQ7nqFeJ/Xj9TYcPNWZxmisZk8VGYcawSXISFAyYoUXyiCRDB9K6YDEEAUTrSig7BXj15nXSua3a9Vn+8qTYbyzjK6Aydo0tko1vURA+ohdqIoGf0it7Rh/FivBmfxteitWQsZ07RHxizH24/oqo=</latexit>

= ω0v0 + ε1v1

<latexit sha1_base64="lcmo5shcO1tCTlH5GgBPp4qHMQ8="></latexit>

v2 = Av1 → ω1v1 → ε0v0 = Av1 → ProjS(Av1)
<latexit sha1_base64="9RJaZAk+RGmUeTstbsJEqZedXvo=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWZEapcFNy4r2ge0Q8mkmTY0kwlJRiljP8WNC0Xc+iXu/BszbRfaeiBwOOde7skJJWfaeN63s7a+sbm1Xdgp7u7tHxy6paOWTlJFaJMkPFGdEGvKmaBNwwynHakojkNO2+H4OvfbD1Rploh7M5E0iPFQsIgRbKzUd0s9SZVEvRibEcE8u5v23bJX8WZAq8RfkHId5mj03a/eICFpTIUhHGvd9T1pggwrwwin02Iv1VRiMsZD2rVU4JjqIJtFn6IzqwxQlCj7hEEz9fdGhmOtJ3FoJ/OIetnLxf+8bmqiWpAxIVNDBZkfilKOTILyHtCAKUoMn1iCiWI2KyIjrDAxtq2iLcFf/vIqaV1U/GqlentZrtcWdRTgBE7hHHy4gjrcQAOaQOARnuEV3pwn58V5dz7mo2vOYucY/sD5/AGs8JRK</latexit>

→ S

The updated residual is orthogonal to the previous residuals!
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Short Recurrence Property

C.-S. Zhang, AMSS

l Q: How about the next iteration?

l If we continue the procedure like this, we will need to save more and more vectors during iteration!

<latexit sha1_base64="M3WtW8a+VRZGBHBK9+/Ck4lJwD4="></latexit>

v3 = Av2 → ω2v2 → ε1v1 → ϑ0 v0

<latexit sha1_base64="+NLo+KFtQh8Nqsqt67pLbzB2tOY="></latexit>

ω0 =
(v0, Av2)

(v0,v0)

l Lanczos noticed that only need to store the previous two iterations!
<latexit sha1_base64="16pWT90GUVBk6mKCHdMZ7KWE7JI="></latexit>

(Av1,v0) = (v1, Av0) = (v1,v1 + ω0v0) = (v1,v1)
<latexit sha1_base64="Mp+De98iKM3UNArtuyb+R9MRyWo="></latexit>

(Av2,v1) = (v2, Av1) = (v2,v2 + ω1v1 + ε0v0) = (v2,v2)

<latexit sha1_base64="xDK18sdDATrw7zp+cydaEn8tbhk="></latexit>

(Av2,v0) = (v2, Av0) = (v2,v1 + ω0v0) = 0
<latexit sha1_base64="PD/IWWc+LbmPLLpEryoAhnirAOo=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKxFyEgBePEcwDskvoncwmQ2Z2l5lZISz5DS8eFPHqz3jzb5w8DppY0FBUddPdFaaCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHWSKcpaNBGJ6oaomeAxaxluBOumiqEMBeuE47uZ33liSvMkfjSTlAUShzGPOEVjJd8fopTYd8ktcfvlilt15yDrxFuSSgMWaPbLX/4goZlksaECte55bmqCHJXhVLBpyc80S5GOcch6lsYomQ7y+c1TcmGVAYkSZSs2ZK7+nshRaj2Roe2UaEZ61ZuJ/3m9zET1IOdxmhkW08WiKBPEJGQWABlwxagRE0uQKm5vJXSECqmxMZVsCN7qy+ukfVX1atXaw3WlUV/GUYQzOIdL8OAGGnAPTWgBhRSe4RXenMx5cd6dj0VrwVnOnMIfOJ8/rRmQzg==</latexit>

ω0 = 0

orthogonality
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Lanczos and Matrix Polynomials

C.-S. Zhang, AMSS

l Denote the previously generated, unnormalized vectors as follows

…

3.73

<latexit sha1_base64="ECwB4iBdKb+kS4EXfX9hXBkP0pA=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQxCPBh2RWIuQsCLxwjmAUlYZiezyZDZ2WGmVwhLwF/x4kERr36HN//GyeOgiQUNRVU33V2hEtyA5307K6tr6xubua389s7u3r57cNgwSaopq9NEJLoVEsMEl6wOHARrKc1IHArWDIe3E7/5yLThiXyAkWLdmPQljzglYKXAPVaBX4RzfIMBX+AOEWpAAi9wC17JmwIvE39OClU0Qy1wvzq9hKYxk0AFMabtewq6GdHAqWDjfCc1TBE6JH3WtlSSmJluNj1/jM+s0sNRom1JwFP190RGYmNGcWg7YwIDs+hNxP+8dgpRpZtxqVJgks4WRanAkOBJFrjHNaMgRpYQqrm9FdMB0YSCTSxvQ/AXX14mjcuSXy6V768K1co8jhw6QaeoiHx0jaroDtVQHVGUoWf0it6cJ+fFeXc+Zq0rznzmCP2B8/kDVG6T0g==</latexit>

p1(t) = t→ ω0
<latexit sha1_base64="xpcNY3HgmfpIh2pxf8ni25D5YFw=">AAACEnicbVC7SgNBFJ31GeMramkzGISkMOwGiWmEgI1lBPOAJCx3J5NkyOzuMHNXCCHfYOOv2FgoYmtl5984eRSaeGDg3HPu5c49gZLCoOt+O2vrG5tb26md9O7e/sFh5ui4buJEM15jsYx1MwDDpYh4DQVK3lSaQxhI3giGN1O/8cC1EXF0jyPFOyH0I9ETDNBKfiav/GIO8/Sa5pBe0DZINQDfy1Ple9M64Ai+ayvXz2TdgjsDXSXegmQrZI6qn/lqd2OWhDxCJsGYlucq7IxBo2CST9LtxHAFbAh93rI0gpCbznh20oSeW6VLe7G2L0I6U39PjCE0ZhQGtjMEHJhlbyr+57US7JU7YxGpBHnE5ot6iaQY02k+tCs0ZyhHlgDTwv6VsgFoYGhTTNsQvOWTV0m9WPBKhdLdZbZSXsSRIqfkjOSIR65IhdySKqkRRh7JM3klb86T8+K8Ox/z1jVnMXNC/sD5/AFFHJog</latexit>

p2(t) = (t→ ω1)p1 → ε0p0
<latexit sha1_base64="kzQ6ogAK/1+turEjN8an4uuiXMQ=">AAACEnicbVA9SwNBEN2LXzF+nVraLAYhKQx3UaKNELCxjGBUSI5jbrMxS/bult05IQR/g41/xcZCEVsrO/+Ne0kKvx4svHlvhtl5kZLCoOd9OoW5+YXFpeJyaWV1bX3D3dy6NGmmGW+zVKb6OgLDpUh4GwVKfq00hziS/Coanub+1S3XRqTJBY4UD2K4SURfMEArhW5VhQcVrNITWkG6T7sg1QDCepWqsJ7XEUcIfVv5oVv2at4E9C/xZ6TcJFO0Qvej20tZFvMEmQRjOr6nMBiDRsEkvyt1M8MVsCHc8I6lCcTcBOPJSXd0zyo92k+1fQnSifp9YgyxMaM4sp0x4MD89nLxP6+TYf84GItEZcgTNl3UzyTFlOb50J7QnKEcWQJMC/tXygaggaFNsWRD8H+f/Jdc1mt+o9Y4Pyw3j2dxFMkO2SUV4pMj0iRnpEXahJF78kieyYvz4Dw5r87btLXgzGa2yQ84719M+5ol</latexit>

p3(t) = (t→ ω2)p2 → ε1p1

l To summarize, we have the matrix polynomial form of the Lanczos iteration:

<latexit sha1_base64="dL9OPxaTJWdpUEwBG7uSVXCgp8w=">AAACKHicbZDNSgMxFIUz/tb6N+rSTbAIdWGZKVK7EQtuXCpYFdoyZNLUBjOZkNwRyjCP48ZXcSOiSLc+iZlOF9p6IXA4373c3BMqwQ143thZWFxaXlktrZXXNza3tt2d3VsTJ5qyNo1FrO9DYpjgkrWBg2D3SjMShYLdhY8XOb97YtrwWN7ASLFeRB4kH3BKwFqBe64CWYUjfIargI9xlwg1JEEqj/3sCKtC5NyikMGE1LMC1HMQuBWv5k0Kzwt/KiotVNRV4L53+zFNIiaBCmJMx/cU9FKigVPBsnI3MUwR+kgeWMdKSSJmeunk0AwfWqePB7G2TwKeuL8nUhIZM4pC2xkRGJpZlpv/sU4Cg2Yv5VIlwCQtFg0SgSHGeWq4zzWjIEZWEKq5/SumQ6IJBZtt2Ybgz548L27rNb9Ra1yfVFrNaRwltI8OUBX56BS10CW6Qm1E0TN6RR/o03lx3pwvZ1y0LjjTmT30p5zvHzJ6oxI=</latexit>

pn(t) = (t→ ωn→1)pn→1(t)→ εn→2pn→2(t)



Lanczos Iteration

C.-S. Zhang, AMSS

l From now on, we use normalized Lanczos vectors indexed from 1, and redefine the coefficients

3.74

Q: What happens if 𝜷𝒎 = 𝟎?

Invariant Subspace

On the other hand, if no earlier breakdown occurs, 𝒗!, … , 𝒗+
form an orthonormal basis of ℝ+



Lucky Breakdown and Finite Termination 

C.-S. Zhang, AMSS

l Early breakdown is lucky

3.75

§ If 𝛽! = 0, it is not a failure; in this case, every eigenpair of 𝑇! yields an eigenpair of 𝐴.

§ This is called a lucky breakdown, namely, the iteration terminates successfully.

§ If the desired eigenpairs have already been found, stop; otherwise, just restart with another unit vector

orthogonal to all previously generated Lanczos vectors.

l Finite termination (in exact arithmetic)

If no earlier breakdown occurs, the procedure finishes at step 𝒏



Approximating Eigenpairs

C.-S. Zhang, AMSS

l Before termination, the Lanczos relation gives

3.76

Ritz value: Eigenvalues of 𝑇)
l Construct an approximate eigenvector

l A real symmetric matrix has an orthonormal eigenbasis. Hence we have



Lanczos and Characteristic Polynomial

C.-S. Zhang, AMSS 3.77

In exact arithmetic, if no breakdown occurs 

before step 𝑛 of the Lanczos method, then 𝑝+
is the characteristic polynomial of 𝐴.



Extension to Nonsymmetric Matrices

C.-S. Zhang, AMSS

l For a nonsymmetric matrix, consider the right and left eigenvalue problems:

l Construct two sets of vectors 𝒗1  and 𝒘1 , that satisfy the bi-orthogonality condition

l Initialization

<latexit sha1_base64="Ssidl9HWJEmnjgJnwxJFHMqSQio="></latexit>

v1 → v1

↑v1↑2
, w1 → w1

wT
1 v1

,

3.78

<latexit sha1_base64="6prKHYvWUblIDKrg4tpzMJ4Nf7g=">AAACHXicbVDLSgMxFM3UV62vUZdugkVwVWak1G6EghuXFewD2mHIZDJtaCYZkkylDPMjbvwVNy4UceFG/BvTx6K2Hgg5nHMv994TJIwq7Tg/VmFjc2t7p7hb2ts/ODyyj0/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHodup3xkQqKviDniTEi9GA04hipI3k29V+IFioJrH5snHuO/AGLkuP65KT+3bZqTgzwHXiLki5AeZo+vZXPxQ4jQnXmCGleq6TaC9DUlPMSF7qp4okCI/QgPQM5Sgmystm1+XwwighjIQ0j2s4U5c7MhSr6WqmMkZ6qFa9qfif10t1VPcyypNUE47ng6KUQS3gNCoYUkmwZhNDEJbU7ArxEEmEtQm0ZEJwV09eJ+2rilur1O6r5UZ9EUcRnIFzcAlccA0a4A40QQtg8ARewBt4t56tV+vD+pyXFqxFzyn4A+v7F3cooso=</latexit>

v0 = w0 = 0
<latexit sha1_base64="91+ihlksxbYFhsxPOLB2JwOGnqo=">AAACE3icbVC7TsMwFHXKq5RXgJHFokJCDFWCUOlYiYWxSH1JTYgcx2mtOk6wnaIq6j+w8CssDCDEysLG3+C0HUrLkSwfnXOv7r3HTxiVyrJ+jMLa+sbmVnG7tLO7t39gHh61ZZwKTFo4ZrHo+kgSRjlpKaoY6SaCoMhnpOMPb3K/MyJC0pg31TghboT6nIYUI6Ulz7xw/JgFchzpL3ucePZ9Ey5KIy1Bh5MHaHlm2apYU8BVYs9JuQ5maHjmtxPEOI0IV5ghKXu2lSg3Q0JRzMik5KSSJAgPUZ/0NOUoItLNpjdN4JlWAhjGQj+u4FRd7MhQJPMddWWE1EAue7n4n9dLVVhzM8qTVBGOZ4PClEEVwzwgGFBBsGJjTRAWVO8K8QAJhJWOsaRDsJdPXiXty4pdrVTvrsr12jyOIjgBp+Ac2OAa1MEtaIAWwOAJvIA38G48G6/Gh/E5Ky0Y855j8AfG1y+SVp6V</latexit>

wT
1 v1 →= 0and

l For nonsymmetric problems, we can replace the previous single orthonormal Lanczos basis with two

biorthogonal bases generated using 𝐴 and 𝐴,, respectively.



Lanczos Method for Nonsymmetric Matrices

C.-S. Zhang, AMSS

l General Lanczos method

Exercise!

3.79

Assuming no breakdown occurs before step 𝑛, 

prove using induction:



Historic Comments on Lanczos Methods

C.-S. Zhang, AMSS

l 1950: The Lanczos iteration was published. Cornelius Lanczos was looking for a way to find the

eigenvalues of large matrices (instead of thinking about solving linear systems) by reducing them to a

tridiagonal form. This laid the groundwork for modern Krylov subspace methods.

l 1952: Magnus Hestenes and Eduard Stiefel published their landmark paper, “Methods of Conjugate

Gradients for Solving Linear Systems.” They were looking for an iterative way to solve systems of

linear equations that would converge in at most 𝑛 steps in exact arithmetic; see Chapter 7. 

l Even though invented in the early 1950s, both methods were largely ignored for 20 years.

§ Lanczos suffered because, in finite-precision arithmetic, the vectors lost orthogonality quickly, making it

seem “unstable”.

§ CG initially attracted limited practical interest, because too much emphasis was placed on finite-termination. 

Interest revived when using it as an iterative method for large sparse SPD systems.
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