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Concepts, notations, and useful linear transformations




Linear Spaces

A linear space consists of two components: a set of objects (vectors, denoted as V) and a field of scalars

(usually real numbers, denoted as F), equipped with addition and scalar multiplication.
® Axioms of Addition (JI;%)

1) Commutativity of vector addition 3281E u+v=v+u, VYu,vel

2) Associativity of vector addition Z5&51E (u+v)+tw=u+(v+w), Yuv,weV
3) Additive identity T [R= 30V :0+u=u, YucV

4) Existence of additive inverses fA[AIE VueV,d(—u)eV:u+(-u)=0

® Axioms of Scalar Multiplication (fx=3E%)
1) Distributivity axiom (scalar addition) frESE#E (e +0)-u=a-u+b-u, VueVl
2) Distributivity axiom (vector addition) EHEE o (u+v)=a-u+a-v, Yu,veY
3) Associativity axiom of scalar multiplication 5512 a-(b-u) = (ab) -u, Yu eV

4) Identity scalar axiom AT Jl1eF:1-u=u, YuecV
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Basis of A Linear Space

A basis B is a set of vectors {v1,...,Vn}, v; € V(i =1,...,n) that defines the entire structure of a

vector space V through linear combinations.

Fourth Edition

® Llnearly lndependent I.INEAR AI.GEBRA
n AND ITS APPLICATIONS
If ZcivizO, thenci=---=¢,=0
i=1
® [t spans the whole space Unique representation
fweV, dai,...,a, € F : ’LL:ZCLZ"UZ'/
=1

® Dimension of V: the number of vectors in any basis for the linear space

Gilbert Strang

= [nvariance property: All bases of a vector space V contain the same number of vectors

» The dimension equals the maximum number of linearly independent vectors in V

Gilbert Strang: “The miracle of linear algebra: Simple rules generate profound structure."
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Linear Transformation and Matrix

A linear transformation between vector spaces V and W is a mapping T : V— W that satisfies:
» Additivity: T(u+v) =T(u) + T(v) forallu,v €V

» Homogeneity: T (o - v) = a - T(v) forall scalars « € Fand v € V

Matrix Representation

Given a linear transformation T : C™* — C™ and bases B1 for C™ and B2 for C™. There exists a

unique complex matrix [T]52 such that

[T(W)]2 = [T1Ez [V]B1

Q: Why are we interested in matrix operations?

= Provide concrete algorithms for applying transformations Composition 7S  Matrix multiplication [T][S]
= Allow studying transformations via matrix algebra Kernel of 7 Null space of [T]
= Applications in computer graphics, statistics, ML... Image/Range of 7" Column space of [T]
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Subspaces and Direct Sum

® Subspace

A subset § € V of a vector space V is a subspace if and only 1f § is a vector space under the same

operations as those of V.

® Direct sum @ of subspaces

Let 51,5, € PV be two subspaces of V. Then the following are equivalent:
(1) S1 +8 =885,
2 T1 €S, T2 €S x1+x2=0 = =z =x2=0
(3) S1 NSy = {0}
(4) dim(S7) 4+ dim(S3) = dim(S; + Ss)

® IfS; €V be a subspace, then there exists another subspace S, € V such that §5; D S, = V.
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Fundamental Subspaces

® Subspace spanned by

{vl,...,vm}, v, eR"(1=1,...,m)

m
Span{vl,...,vm} = {Zaivi :a; € ]R}
i=1

® Some special subspaces
range(A) = C(A)
={yeR™ : y= Az, z € R"}

null(4) = N(4) .= {z e R" : Az =0}

R™ = N(4) + C(A7) R™ = C(4) + N(47)

rank(A) = r := dim(range(A)) EMEHIFL N(4) L C(4T) C(4) L N(4T)

Source: Kenji Hiranabe, https://github.com/kenjihiranabe/The-Art-of-Linear-Algebra/, 2022
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Range and Null Spaces

® /A and AT A have same null space
null(A) = null(A* A)
We show one direction and the other direction is trivial: AT Az =0, Vz € null(ATA)

‘ |[Az||? =27 ATAx =0 = Ax=0 — x € null(4)
® A and AAT have same column space
range(A) = range(AAT)

null(A”) = null(4A47) - range(A) = null(AT)* = range(AAT)

® Remark: These relations can also be shown elegantly using SVD, which makes the range and null

structures transparent.
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Rank of A Matrix

® The rank of a matrix 1s defined to be the
maximum number of linearly independent

column vectors (column rank), or equivalently,
row vectors (row rank).

column rank = row rank

VA BeR™"
( rank(A) < min{m,n}
rank

AT = rank(A)

(
(

rank(A? A) = rank(A A1) = rank(A)
(

| rank(A + B) < rank(A) + rank(B)

Properties:

VX e R™*™ Y € R®™"™ nonsingular
rank(X A) = rank(AY') = rank(A)

If rank(A) = r, there exist nonsingular

matrices X and Y, such that

I, 0
0 O

rank(A) = rank(B) ﬁ
Jnonsingular X € R™*™_ Y ¢ R™*"

A= XBY

A=X Y, XeR™™ Y ecR"™"

C.-S. Zhang, AMSS
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Eigenvalues and Eigenvectors

® Eigenvalues of a square matrix A € C"*"™:
right eigenvector Au = \u, u #0
left eigenvector vH A = v, v#£0
spectrum (set of eigenvalues) \(A)
spectral radius p(A) := max {|\| : A € A\(4)}
® Characteristic Polynomial:
p(A) :=det(A\ — A)
AEAMNA) < det(A\[—A)=0

det(A — A) = det(\ — AT) Bp A\(A4) = \(A7)

P Algebraic Multiplicity ({C&4EEEakEZN)

r

p(A) = [T = 2)" X, X # X (i #5)

i=1
Z n(A;) =n
i=1
» Geometric Multiplicity (JL{RJEEZ%)
m(A;) =n —rank(\; I — A)

1s the number of linearly independent

eigenvectors of A;

[ 1< m(\) <n(d) <n ]

C.-S. Zhang, AMSS
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Eigenvalues of Some Matrices

Eigenvalues of some frequently-used types of matrices

0 lO 0 0]

0O 0 0

0 00
zZero

o
) —»
0

Vi=0

A [1 2 2‘
2 01
S 210
Symmetric
S=5"

VAER

Source: Kenji Hiranabe, https://github.com/kenjihiranabe/The-Art-of-Linear-Algebra/, 2022
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vi=1 Vi=0or1 vi=0 Vi=1z
0 0 001 0 02 09
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Positive definite ® Anti-symmetric * Orthogonal Markov
§=58T,xTSx > 0 (¥x) A=-=AT QT =1 ° 1TA=1
EOSO0) @ > —8 ! q—> —o—ol >
U 0 .
Vi >0 s VAEIR ° Vi =1 =1,
other || =1

- - @
0
L’A:O

1 0 0
A -

b1 )
Invertible
|A] #0
-

Aot

0 -1 -1
Singular
lAl=0

3A=0
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Geometric Meaning

® A symmetric example: 4 1
A =3, v = U, = Normalized eigenvectors
1
2 1 i
cly e 1
1 2 1
A2 =1, vy = ] Ug = [ Principle axes
—1
- a
® Geometric interpretation:
A A]_U]_
Ax

Ay
N

—

Along eigenvector directions,

v

semi-axis lengths = 3, 1

the transformation is just a

pure scaling Note: Only for real symmetric case

C.-S. Zhang, AMSS 2.13



Geometric Meaning: Alternative Perspective

® (Quadratic form

IfAisSPD, ||z||3 =z’ Az =1 Q: What is its shape?

x = cjuy + cous (not normalized) ‘ z' Az = cih||ui]]3 + Bralluzll3

1

Let [Juilja =1 ‘ 1 =u! Au; = \u; u; ‘ w2 = oy

U V(iztAxz —1)=2Ax n

Ai
S lel
\ /’ L
\\‘/«\ > ‘ n:=Ax ( N R
If x =an - Az =a tx \\J

-1 . . .
semi-axis lengths = 143, 1 - (@™, x) is an eigen-pair

C.-S. Zhang, AMSS 2.14



Eigenspace

® Eigenspace:
The eigenspace associated with 1 is ker(4 — AI) = {x € C™: Ax = Ax}

This subspace is called an eigenspace.  JF{EF=(8)
By definition, the dimension of the eigenspace of A is its geometric multiplicity, m(4).

® Invariant subspace:

SCC": €8 = Ax € S e.g., an eigenspace and range of A are both invariant subspaces

AX = XB, BeCF* X eC™* mmp {

l Special Case ‘ If X has full column rank, then A(B) C A\(A4)
AX = XB, BeC"™", X € C"™" nonsingular = \(A) = \(B), B=X"14X #A{Zix

range(X ) is invariant

By = Ay = A(Xy) = X(By) = A(Xy)
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Commonly Used Matrices

M atri X WO l" d /m Matrix Factorization

i / EEY A=cr ]
Linear Algebra row rank = column rank SVD: orthonormal basis U,V (in Linear Algebra for Everyone)
for Everyone e [1 2 3 Square Matrix (nxn)
4 5 6 Invertible <> Singular
det(A) # 0,allA#0 at least one A = 0,det(4) = 0
A A = QR - Triangularize A=LU \

5 5 Gram-Schmidt ~———%U has at least one zero row
A= z :
[o z] Diagonalizable
A [1 1 A = XAX-I ~ Diagonaliz - —
=)
Normal | : e
ATA = AAT ‘ ymmetric
‘ = s = ST all X are real
Positive
Semidefinite .
=0, allATA
¥ ! Projection
Q- YmiQT Permutation P2 =P =T, =1 or0
all |A|=1 permutation of I | 0 /
all Aareroots of 1 ; -
g _le 0 2 A 0
= Diagonal x=|72" %]/ a=[] §
Positive = /
Definite
\ ' allA>0 //

e RS s
anerse forall A

Al=vE YT «—— At =VztUT
Drawn by Kenji Hiranabe : P

with the h(’[p O/P)‘()/ Gilbert S[rang \_’//
(vl.5, Mar.2",2023)

Square matrix
Invertible matrix
Singular matrix
Diagonalizable matrix
Normal matrix
Orthogonal matrix
Symmetric matrix
Positive semidefinite matrix
Positive definite matrix
Projection matrix
Permutation matrix

Diagonal matrix

C.-S. Zhang, AMSS
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Example 1: Rotation Matrices

® 2D Rotation Transformation:

| cos(f) —sin(@) x' = x cos(f) — ysin(6)
Ro := sin(f)  cos(6) ] ‘ { y' = zsin(0) + y cos(f)

Convention: Positive angles rotate counterclockwise; negative angles rotate

clockwise. Applications in computer graphics, robotics, physics, etc.

= Orthogonality: Rotation matrices are orthogonal, RTR = R RT =1.

= Determinant: The determinant of a rotation matrix is 1.

= Distance Preservation: Rotation is an 1sometry -- distances are preserved.
= Inverse: The inverse of a rotation matrix is its transpose, i.e., R~ = RT.

= Inverse rotation: Corresponds to rotation with angle —6.

Original Point Original Point Original Point
(1,0) (o,1) (0.5, 0.5)

= Composition: Combining rotations adds their angles, namely R, Rp = Ry 4p. (EUl SN W

C.-S. Zhang, AMSS 2.17



Example 2: Pauli Matrices

® Pauli Matrices [Wolfgang Pauli, 1927] describe how a
spin-2 quantum state changes under basic rotations and

how its spin is measured along the three spatial axes.

1 O 0 1 0 —i
O, = , Oy = y Oy = .
0 -1 1 0 1 0

It 1s easy to see that ajH =05, of =1, j=xY,2

Z-Direction States

Up state (| 1)):

X-Direction States

Right state (|—)):

1]

Left state (| «)):

%

Y-Direction States

Forward state (].7)):

vl

Backward state (|«)):

=75 == o=l )Gl =G A] -sle] - s

0,|—) =| «<—) shows that | —) is not an eigenstate of g, ; it does not describe the electron state after measurement.

A z-measurement yields | & z) with probability %2 each.

C.-S. Zhang, AMSS 2.18



Symmetric Positive Definiteness

[ Positive-definiteness: A € R"*" is SPD ie. Az >0, Vx #0 and AT =4 ]

® An SPD matrix is real, nonsingular, and symmetric

® If Ais SPD, then we have X € R"** rank(X)=k = B=XTAX e R"**isSPD

® Sylvester’s Criterion: If A 1s real and symmetric, then A4 is positive-definite 1f and only if
all its leading principal minors are positive, i.e. Dy, := det(Ag) > 0

On the other hand, A is negative-definite if and only if the signs of its leading principal

minors alternate, starting with negative:

D, <0, D,>0, D;<0,  D,>0,

® If Ais SPD, then Ax: = A(1:k, 1: k) € R**¥ is also SPD; all diagonal entries of A are positive.

C.-S. Zhang, AMSS 2.19



Gershgorin Circle Theorem

Theorem 2.1 (Gershgorin Circle, 1931)
If A € C"*™, then we have
MA) c |JGi(4), GiA)={z€C: |z-au| <Y lay|} BEER
i=1

JF#i
Moreover, if m of these disks form a connected region G that is disjoint from the other disks, then G

contains m eigenvalues (counting algebraic multiplicity).

Remarks:

® For a strictly diagonally dominant matrix A, no Gershgorin disk can contain the origin. Therefore, in
this case, zero cannot be an eigenvalue, which proves that A is invertible.

® The theorem can also be applied to the columns of A to get an alternate set of disks.

® (: Are eigenvalues “stable” under small perturbations of the matrix entries?

C.-S. Zhang, AMSS 2.20



Sherman—Morrison—Woodbury Formula

® [t is easy to check the resolvent identity: B~' = A=! — B~1(B — A)A™!
® Sherman—Morrison—Woodbury (SMW) formula (Sherman, Morrison 1950; Woodbury 1950)

A € R™" is non-singular
UV e R I+ VTA™U is non-singular
) (A+UVT) =41 A lUT+VTA Y)YV T A
® Rank-1 update using the SMW formula

(A+uv?) ' =A"1—AuwlA7H /(1 + 0T A7)

The SMW formula provides a way to compute the inverse after a low-rank update; it 1s widely

used in several algorithms, like quasi-Newton methods.

C.-S. Zhang, AMSS
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Cayley—Hamilton Theorem

Theorem 2.2 (Cayley—Hamilton, 1878)
Let the characteristic polynomial of A € C™*" be denoted as
p(A\) :=det(A — A)
Then we have
p(A) =0
If A € C™*" is invertible, there exists a polynomial g¢n—1(X) € Pp—1, such that

A_l = dn-1 (A)

Remark:
fp(4) = A"+ ¢,,_1 A" 1 + -+ ;A + ¢ol = 0, provided ¢y # 0 (4 is invertible). Then

Al = —i(A"‘1 + ¢ AMT2 4 o+ q])
o n-1 1

C.-S. Zhang, AMSS 2.22
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Vector Norms

® Norm of a vector space ® Examples of vector norms (p-norm)
f(x) >0, z=eR" x|, == (|a:1|p—|—---—|—|xn|p)%, p>1
f(®)=0, iffx=0 x|1 = |z1| + -+ |2
fle+y) < f@)+f(y), zyeR z)y = (x"2)?
(

flax) = |a|f(x), xeR™acR 2|00 = max [z;]

In finite-dimensional vector spaces, all norms are equivalent; for example:

lzllz < llzlly < Vrllzllz,  [#lo < [l#l1 < nllZllo, vV €R™

® Holder inequality (generalization of the well-known Cauchy—Schwarz inequality)

1 1
2" y| < ||zl |lyllq: . + = 1

C.-S. Zhang, AMSS 2.24



Matrix Norms

® p-Norm for matrices: For a real matrix A € R™*"

Ax
All, = sup 1AZ]p
x#0 ||5'3|p
n
4l = max. Zlam [Alloe = max S laigh  14ll2 =  Amax(474)
J:
® Frobenius norm for matrices
m n
Al ZZ|“%J|
i=1 j=1

® (Consistent norms
|AB|, < ||Allp||Bllp, A€R™™ BeR"¥*

Remark: Note that there are 3 norms in this inequality (p-norms in different spaces)!

C.-S. Zhang, AMSS 2.25



Spectral Radius

® Spectral radius of A € C**"

p(A) :=max {|\] : A€ A\(A)}

The spectral radius possesses profound
implications beyond pure mathematics, finding
crucial utility in a wide array of scientific and
engineering fields. Its significance stems from
its role in governing the asymptotic behavior—
specifically the stability and convergence—of

linear dynamical systems.

(M p(A) <A, VI

@) VYe>0, 3|, st. |A| < p(A) +¢

3) lim A*=0 <« p4)<1

k— 00

(4) ZAk converges <= p(4)<1
k=0

(5) ZA’“ = (I — A)~ !, if it converges
k=0

(6) lim [[A¥[|V* = p(A)

C.-S. Zhang, AMSS
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Non-negative Matrices

® Non-negative / positive (real) matrices

Ordering
A=la;] eR™"™ a;; >0 <= A>0 non-negative A, B e R™*"
A=1la;] eR™™ a;; >0 <= A>0  positive A-B>0<«<— A>8BHB

® A positive (non-negative) matrix i1s a matrix in which every entry is greater than (or equal to) zero.

® Applications: Non-negative matrices are crucial in many areas because they naturally model
quantities that cannot be negative, such as probability matrices (Markov chains), adjacency matrices

of graphs, models of goods and production, Google’s PageRank matrix.

® Monotonicity of spectral radius:

AeC™™ BeR"™": |A| < B = p(A) < p(B)

C.-S. Zhang, AMSS 2.27



Irreducible Matrices

® Reducible matrix:
A eR"™™ (n>2), dpermutation P, s.t. Theorem 2.3
Ayp A
0 A

A € R™™ is non-negative (n = 2). Then

Aisirreducible <mmm) (I +A)"' >0

PAPT —

Otherwise, A is called irreducible.

® A reducible matrix is a square matrix that can be transformed into a block upper triangular form by
applying the same permutation to its rows and columns. In other words, it represents a linear system

that can be broken down into smaller subsystems with a one-way block dependency.

® [t is handy in computation: | A(A4) = A(A11) U X\(A22)
A22yy =b2, Anny; =b1— A2y,

C.-S. Zhang, AMSS 2.28



Perron—Frobenius Theorem

Theorem 2.4 (Perron—Frobenius Theorem, 1912)

If A € R™" (n > 2) is non-negative and irreducible, then

p(A) > 0 is a simple eigenvalue, and Jx > 0, s.t. Ax = p(4)x.

Remarks:
® Perron (1907) analyzed positive matrices and Frobenius (1912) considered more general cases.
® The dominant eigenvalue A; = p(A) of a graph’s adjacency matrix A ({f$£%) provides information
about the graph’s connectivity and the number of walks between nodes (J1{A)):
- (A")l.j gives the number of walks of length k from node i to J;
= [f A is primitive and u, v are normalized Perron vectors we have the asymptotic relation: A* ~ (vu®) A¥;

» The number of walks of length k from node i to node j grows exponentially at a rate determined by A;.

C.-S. Zhang, AMSS 2.29



Google Matrix and PageRank

® Revisit Chapter 1: M 1s a column-stochastic matrix (column sums are 1)

® With probability d, follow a hyperlink; with probability 1 — d, jump uniformly to any page:
1—d
n

Google matrix G :=dM + 117, 0<d<1

® [t is easy to see that the Google matrix is also column-stochastic
1'G=1" and |G| =1 ‘ p(G) =1

® Furthermore, the Google matrix is also positive (hence irreducible)
1—d

n

G > > 0

® The Perron—Frobenius theorem guarantees a unique positive normalized vector r satisfying

Gr=r, 1'r=1

C.-S. Zhang, AMSS 2.3 0



Orthogonality

® Orthogonal matrix
Q:=[gy,....q,] ER™", Q'Q=1
The columns of Q form an orthonormal basis of R"
IQz|3 = =" Q" Qz = ||z|)3
® Unitary matrix (BEF%)
Q:=lqy,---,q,] €CV"™, Q"Q =1
® If Q and Z are orthogonal / unitary, then

IQAZ||2 = || All2
1QAZ||F = [|AllF

unitary-invariant norms

C.-S. Zhang, AMSS 2.31



Projections

® Projection Transform:

A projection P:V — V is a linear idempotent transform from a vector space onto a subspace.

® Idempotence: Once a vector has been projected, projecting it again does nothing, i.e. P? = P
) P'=P keN, BT
® Any vector x € V can be decomposed as
x=Px+ (I —P)x
where I — P is also an projection and
null(P) = range(/ — P)

® [t’s casy to see that the matrix P7 is also a projection.

® The eigenvalues of a projection matrix P are either O or 1! (Exercise)
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Orthogonal Projections

Vs

Orthogonal Projection
Subspace § € R" and

P € R"™ " range(P) =S,
pPl=p pl=p

P 1s an orthogonal projection to §

J/

® et P be a projection matrix. If PT = P, then
it 1s an orthogonal projection; otherwise, it 1s
called an oblique projection.

® Orthogonal projection in complex vector
spaces follows the same geometric principle

as in real spaces.

Some Properties:
D x—PreSt, VreR"
Q@ Px=z, VxS
© v—PwveSt, v— PweSt,
— (P, — P)v e St

Moreover, Pjv — Pov € S,
— (P1 — PQ)’U =0

@ Orthogonal projection onto range(A4):
Prange(A) — A(AHA)_lAH

if A has full column rank.

C.-S. Zhang, AMSS
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Matrix Form of Projection

® Suppose that we have two k-dimensional subspaces:
S, CR"=8, @Sy
Then there exists a unique projection P onto &1 along the direction orthogonal to S5, and
P=vWwtv)y-tw?* oblique projection onto S; along Sy
range(P) = 81, null(P) = S5
where columns of V and W form orthonormal bases of §; and §,, respectively.

® Examples:

D S =8=R",S={0} = P=1I (3 More common usage:

Sy =8, CR"
@ S =8={0},Sf=R" =— P=0 P

C.-S. Zhang, AMSS 2.34



Derivation of Orthogonal Projection Matrix

® Let {vy,...,vr} be an orthonormal basis of S C R"

‘ V.= [vl Vo ... 'vk] c R**F ‘ VY = I, orthonormal

® Deriving the matrix form (Exercise)

T
viz

Ve € R" : 5Ty U 18 the projection to span{v}

k I

‘ szZ(v?w)fvi:VVTw -L -

i=1 v Px

m) pP-vV7

It is easy to check that: P2 =P, Pl =P - orthogonal projection

C.-S. Zhang, AMSS 2.35



Householder Transformation

® Householder matrix or transformation
H=1I-2uu’, uecR" |uf=1
» H is symmetric and orthogonal

» —1is an eigenvalue of H and u is its eigenvector;
1 is another eigenvalue, apparently

» det(H)= -1
» Hy+au)=y—au, Vy lspan{u}, a€R

Theorem 2.5 = The Householder transformation reflects a vector
VO#x eR", du eR” s.t. Hx = ae; x such that only the first entry is nonzero.
T — aeq = The vector u 1s called a Householder vector.
where a = £||x||2, v =
|z — aeil|2

= Choose a such that the denominator is nonzero.
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Givens Transformation

® Givens matrix or transformation

o

c = cos(P), s =sin(P), and ¢ € R

® [t represents a plane rotation:

1)

® C(Consider a complex plane:

G(P) ‘ u=cos(®) —isin® =e '

u(ry +ize) = (cr1 + sxo) + i(—sx1 + cxo)

Ccxr1 + ST

—Sx1 + Ccx9

\ 4

» Givens matrix is orthogonal

» Rotate a complex number by an angle of ®
clockwise (Passive, CW rotation)

» Numerical libraries (LAPACK) use this

convention
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SREHE

Singular value decomposition



Schur Decomposition

Theorem 2.6 (Schur Decomposition Theorem, 1909)
Let A € C™*" be a complex matrix. There exists a unitary matrix U such that
UPAU =T
where T is an upper triangular matrix. Moreover, the diagonal entries of T are the eigenvalues of the

matrix A.

Real Schur decomposition avoids introducing the imaginary unit i. This 1s a significant advantage in
numerical computation. By employing an orthogonal matrix and a block upper triangular matrix T with

1x1 or 2x2 blocks, it keeps all computations within real numbers:

VA e R™" . 3Q € R™" is orthogonal, s.t. QT AQ =T
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Proof of Schur Decomposition

a If n = 1, the result is trivial; we then prove the theorem by induction.

e Suppose we have an eigenpair: Ax = Az, 0F x € C"

There exist a Hermitian and unitary matrix H and a nonzero constant p, such that Hx = pe;

Hence, wehave HAHey = HAx/p = )\e; ‘ HAH = [ ())\ Z ]
1

© 4 cCOVXCD \(A) CA(A) =) 3V is unitary and UF AUy = T

U := Hdiag(1, U;y) is unitary and satisfies the theorem.
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Remarks on Schur Decomposition

A triangular matrix is the simplest form of a complex matrix under unitary similarity transformation.

Unlike diagonalization, which only applies to a class of matrices (namely, diagonalizable matrices),

any matrix can be unitarily triangularized by the Schur decomposition.
For a normal matrix: A% A = AAY «— U"AU =diag(\,..., ), i €C (i=1:n)
For a Hermitian matrix: AY = A <= UY AU = diag(A,...,\n), s €ER (i =1:n)

The transformation by a unitary matrix preserves important geometric properties like lengths and

angles, making the process numerically stable.

The Schur decomposition is not unique; for example, the diagonal entries of T (i.e., the eigenvalues)

can appear in any order.

C.-S. Zhang, AMSS 2.41



Singular Value Decomposition

Theorem 2.7 (Singular Value Decomposition Theorem, 1870s)
Junitary matrices U € C™*™, V € C"*",

AeC™", p:=min{m,n} WEp st. A=USVY ¥ =diag(o,...,05) ER™,
01209222 0p2>0

® Full/Regular SVD:
VAeC™": A=UxVY UeC™™ VeCY" ¥ =diag(o,...,0,) € R™*"

p := min{m,n}

4 )
SVD can be applied to real matrices via orthogonal transformations 0; singular value
AV =U X At =vyx? U; left singular vector
A=UzvVT mmp Z :
Av; = o;u; ATu; = o,v; V; right singular vector
\_ J
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Proof of Singular Value Decomposition

@ 3zcR yeR™ zlo=ylb =1, st. Az =0y, 0 := |||

e 3V, € RM*(=D 7, e R™*(m=D) gt V.= x V], U =y Uj Orthogonal extension
T
T _ |0 w _.
U AV—{O B }—.Al
e Due to the fact Ale; = [0] and |leill2 =1, ||A]ei|5 =0+ wlw
w

o’ =||Al3 = Al > o’ +wlw = w=0 ‘ UTAVz{

o Hence, we can show the SVD theorem by induction.
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Reduced and Condensed SVD

VAeC™": A=UxVY" UeC™" VeC™", % =diag(oy,...,0,) € R™"

U 2 ; Full SVD (m = n > r = rank)

mXxn
nxn
rXr
-E>VHE - g
Reduced SVD Condensed SVD

® The reduced (thin) and condensed SVDs are ways to remove the redundant parts from the full SVD,

without losing mathematical information.
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Geometric Meaning of SVD

Singular values: Semi-axis lengths of the ellipsoid {Ax : ||x|2 = 1} HEEkAYEhE<

A=Ux V7T ‘ Any linear transformation = Rotate — Scale — Rotate

© 7

U

Any linear transformation A: R™ — R™ can be

decomposed into three simple steps:

1. Rotation/Reflection VT: Rotate in R™

2. Scaling (X): Stretch/compress along axes

> 3. Rotation/Reflection U: Rotate in R™
- @
SVD = “Swiss Army Knife” of NLA!
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Geometric Meaning of SVD and EVD

01/INPUT 02 / PRINCIPAL COORDINATES 03 / AXTIAL SCALING 04 /OUTPUT
Unit circle Axes aligned Directional gains Ellipse placed
g
v, Avi = 0OiUi
u
/A ) U ’
U1 orthogonal nonnegative orthogonal th
>
01
right singular basis same shape, new coordinates scale axis i by ;>0 left singular basis
A = XAX ™! requires a complete
eigenbasis; X might not be orthogonal
X2
A Ax 4
X1 o Real Symmetric Case
> - ” Y
_ T
same lines A= QAQ
orthonormal basis ¢;'gj = &jj
A2x;
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Comparison of SVD and EVD

LENS SVD
MATRIX CLASS Every real mXn matrix Square matrix
DIRECTIONS Domain v; — codomain u; Eigenvectors x;
SCALARS o; = 0: geometric gains Ai may be positive, negative, or complex
ORTHOGONALITY Both bases are orthonormal Not guaranteed; real symmetric A is special
GEOMETRY Unit ball — ellipsoid Action along invariant lines or modes
B%UDGE ATA = V2 VT, o 2 _ Ai(ATA) Symmetric Case:
via A"A o; = |4l
SVD measures geometric gain; EVD identifies invariant modes. IfAisSPD: U=V =0Q,Y =4
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Comments on SVD and EVD

A matrix and 1ts Schur decomposition have the same singular values, i.e.

7(4) = o(Q7 AQ) = o(diag(As) + N)
For a normal matrix, N = 0, and its singular values are equal to |4;].

Relation between singular values and A;:

Umin(A) S m,in ‘)\’L| S max ‘)\’L| S Umax(A)

[Adl
A1

Sometimes, eigenvalues are not as useful as singular values: max

< K92 (A)

For each singular triplet, Av; = o;u;: the right singular vector v; 1s an input direction, the left
singular vector u; is the corresponding output direction, and o; (non-negative and real) is the basis-

independent amplification factor.

C.-S. Zhang, AMSS 2.48



SVD and Norms

® From regular (full) SVD, we have:

= For a complex matrix, o(A) = 1/A(A7A)
-
= In symmetric case, o(A) = |[A\(A)]

® SVD and standard matrix norms:

012022 20p>0p41 = =0,=0 ‘ rank(A):r
P
A:B”Q
A 2 = 0'.2 A — || >
Al Z_: i |All2 = o1 min =S il " (m > n)

® SVD and the nuclear norm (convex and continuous):

| Al : Z of Widely used in machine learning to promote low-rank structure
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Low-Rank Approximation

® Low-rank approximation (LRA)

Simplifying a matrix by representing it with fewer fundamental components. The following theorem

gives the best possible low-rank approximation for the chosen rank k; we can precisely calculate the

approximation error:

Theorem 2.8 (Eckart—Young—Mirsky Theorem, 1936, 1960)
AeC™" A=UxXVH

k
For any 0 < k <7 :=rank(A) ‘ A = U Y VkH = Zaiuivff
i=1
Then we have
min_[|[A—Blla = A~ Ayls =0kr1, min_ |A=Bllr=[A-Alr=,| ) o}

rank(B)<k rank(B)<k

1=k+1
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SVD and Numerical Rank

® Numerical rank

re =rank(A,e) := min rank(B)
|A—Bll2<e

® Numerical rank and SVD

re(A) =#{i : 0; > ¢}

012092 " 20p, >E20p 412" 2 0Op

® Applications in Digital Signal Processing (DSP): Singular values less than a tolerance ¢ are usually

discarded as noise.

® Q: How to choose &? Eye-ball Norm: Plot the singular values and identify the “kink™ in

e = max(m,n) u oy the curve, after which the singular values become negligible.
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SVD for Invertible Matrices

® From regular (full) SVD of an invertible (square) matrix, we have:

VH Full SVD

rank(A) =r=m=mn
® SVD and inverse:
At =vEiu”

® SVD and determinant:

[det(A)| = H 0i(A)
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SVD and Moore—Penrose Pseudoinverse

® Generalized Inverse:
Suppose that A € R™*™. X € R™*™ satisfies that

AXA=A (AX)' = AX l X is called the Moore—Penrose
XAX =X (XA =XA pseudoinverse, denoted by AT,

® M-P Pseudoinverse and SVD

>, 0
A=U v 0 VT, UeR™™ VecR™" %, =dag(o,...,0,), 01>:->0,>0
mXn nxm
o0 .
‘ Al =V Ut M-P Pseudoinverse
0 0
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SVD and Fundamental Subspaces

® Rank of a matrix:
rank(A) = rank(A?) = rank(AA") = rank (AT A) = r

® From condensed SVD, we have:

A U 01 U Vs 0, Uy Vs

aiad o IECN 8

range(A) = range(AA”) = range(U,.) = span{u1,...,u,}
range(A’) = range(A? A) = range(V;.) = span{vy,...,v,}
null(A) = span{v,41,...,v,} null(A”) = span{w,41,...,Un}

Source: Kenji Hiranabe, https://github.com/kenjihiranabe/The-Art-of-Linear-Algebra/, 2022
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SVD and Orthogonal Projections

® Reminder: If the columns of V form an orthonormal basis of the subspace § € R", then

P =V VT is the unique orthogonal projection onto §

® Accordingto full SVD: A=UXV? € R™*" 7 :=rank(A)

o {Uz[Ur U), U,eR™"
Partitioning

V=V, V)], V.eR™"

U,UT : orthogonal projection to range(A)

V, VT . orthogonal projection to null(A)

V,. VI . orthogonal projection to range(A”) = null(A4)~+

U,.UT : orthogonal projection to null(AT) = range(A)~* R" = N(4) + C(47) R™ = C4) + N(4T)
N(4) L C(4T) C(A) L N(4T)

C.-S. Zhang, AMSS 2.55



Projection to Column Space

® Inclusions of column spaces
range(ATA) = range((ATA)#) = range(AT (A")H) C range(A™)
range(A') = range(ATAAT) C range(ATA) C range(AH)
® The other direction is also true. Hence
range(A') = range(AH) range(ATA) = range(A™)
® By the definition of orthogonal projection (Hermitian, idempotent, and range preservation):
Prange(a) = A AT Prange(any = ATA
® [f A has full column rank, then

AT = (A" A)TIAY m) Prngs) = A(A7A)7H AT
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Distance Between Subspaces

® Measuring distance b/w two subspaces:
81,52 g Rn, d1m(81) — dlm(SQ)
dist(S1,S2) := ||P1 — Ps|2

P; is an orthogonal projection onto S;

® Example (A special case):

Partition two orthogonal matrices
W = [W1 W2] (S Ran, Wi € R7*F
Z=(2, Zj]eR™" 7 cRrexk

Sy :=range(W7), &o :=range(Z;)

Remark: Geometrically, we can relate the
distance between two subspaces with the

Largest Principal Angle, 1.¢.
||P1 — P2||2 = Siﬂ(@max)

dist(S1,S2) = VVlI/V1T_Z121TH2
= |\WT W wl - z,27) 2|

0 WLz,
—WIz, 0 ,

Exercise ?= max{||W{ Zs]|2, ||W3 Z1]2}
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Distance Between Subspaces, Continued

® We notice the following matrix is also orthogonal

witz, wlz, ] :,{Qn Q12 } —.Q
Wy Zy Wi Zs | Q21 Q22 '

2] [ Qua
va ek, al=1: Q| § || 012 | w |Quali+ IQuzli= i} =1

WTZ=[

‘ 1Q21]l5 = max [|Quizl3=1— min [|Qu|3 =1— omin(Q11)

|[l2=1 |2]l2=1

‘ 1Q12]13 =1 — Omin(Q11)* = [|Q21]l5

® Partition two orthogonal matrices W and Z, the distance between k-dimensional subspaces:

dist(S1,S82) = ||WirZ2||2 = ||Z1TW2||2
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Cos-Sin Decomposition

Let Q = [ Qu Qi e R™*™ be an orthogonal matrix.
Q21 Q22
There exist orthogonal matrices:
N I O O:O 0 O
_| U O] Cgaxn 0 C 0'0 5 0
0 U 0 0 0'0 0 I
> mmy UTQV-= 0 0 0'r o0 o€k
v |V cgexn 0 -8 0,0 C 0
0V J 0 0 IEO 0 0

C := diag(cy,...,cp), S:=diag(si,...,sp), 0<ec,s,<1, cc+si=1 (i=1,...,p)
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Cos-Sin Decomposition for Unitary Matrices

Theorem 2.9 (Cos-sin Decomposition for Unitary Matrices)

For a unitary matrix @) = Y G e C™", Qu € CFXF Qa0 € C7 (k< j)
Q21 Q22
. . . Ui 0 Vi 0
there exist unitary matrices U = = (RSE c Cnxn
0 U, 0o W
such that - C S 0 1
viQv=| -8 C 0
0 0 I_g
where

C := diag(cy,...,cx), c¢; = cos(6;) (
S := diag(s1,...,Sk), S;=sin(6;)
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Thin Cos-Sin Decomposition

Theorem 2.10 (Cos-sin decomposition for tall-skinny matrices)

Let Q be a matrix with orthonormal columns

Q — ! Ql ] ’ Ql S lexna Q2 S RmQXn (ml 2 n,m Z n)

Q2
There exist orthogonal matrices U; € R™ <" U, € R™2*™2 V; € R™™ ", such that
r; 0] [ L [e
1 —_—
0 U, Q2 S

where

C := diag(cos(61), . ..,cos(6y)) S := diag(sin(61), .. .,sin(6,)) 0<60,<---<60, <

N[
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Proof of Cos-Sin Decomposition

©Q 100:<1Q=1, o(@c0,1] =y UIQVi=C=diagler,...,cn)

I, 0O
]_:Cl:...:ct>ct+1Z...chzo ‘ C:[Ot E]

0 Q:Vi=[W1 Wy, W;eR™Xt W, cRm*n-t)

T L 0 | I, O
U 0 t t
= | ][Ql vi=l 0 » |=|0 »
0 Im, Q2 W, Wa | | 0 Wa |

orthonormal columns
‘ Wy Wy=1I,—X'S =diag(l — ¢}, q,...,1 — c2) =: diag(st 1, -,52)

e Orthogonal matrix Us = [ Wzdlag(st_l_l, yso )] st UFQoVy = diag(sy,...,8n) =: S
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Example: Information Geometry

Parameter Space Compression Underlies Emergent

: . tion: Wh macr ic predictions often
Theories and Predictive Models ey s Wity dlo nriseresuople piotleiions g

s Authorsnfo & Aflations depend on only a few parameter combinations, despite a
. e e P large number of microscopic parameters?

® Let & € R™ denote the model parameters and f(0) the predicted observables. Define:
= | = Jf/00: sensitivity matrix, describing how parameters affect predictions;
= (: covariance matrix of Gaussian observation noise, assumed parameter-independent;
= [ = JTC~1J: Fisher information matrix, quantifying the distinguishability of parameter perturbations.
® Applying SVD to the noise-weighted sensitivity matrix gives
c~12] = yzvT, F =vxz2yT.
® For fixed parameter scaling, the singular values quantify distinguishability along parameter

directions; the leading right singular vectors span a local effective parameter subspace.
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Example: From Text to Latent Semantics

® [atent Semantic Analysis tries to discover hidden semantic structures in texts. It transforms words

and documents into vectors in a latent space where semantic similarity can be measured.

® A mathematical framework to transform unstructured text into structured mathematical objects:
= EVD and SVD tools can be used in this case;
= Numerical algebra enables us to discover hidden patterns and relationships not visible in the raw text data;
= This ability to capture semantic relationships, not just surface-level word matching, 1s what makes SVD and

other numerical algebra techniques powerful for text analysis.

® Applications: EEIEN T
= Latent Semantic Indexing: Fixes vocabulary mismatch by searching in semantic space (not in word space).

= Document Classification: Classifies more accurately by providing more meaningful features.

= Plagiarism Detection: Catches plagiarism by detecting semantic similarity rather than text copying.
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Data Analysis Step 1: Preprocessing

Sample Documents:

Document 1:
Document 2:
Document 3:
Document 4:

Document 5:

"Numerical algebra is important for solving linear systems."
"Machine learning uses numerical algebra and optimization."
"Basketball games require teamwork and strategy."

"Football matches need strategy and coordination.”

"Deep learning and numerical algebra are used in AI."

1. Convert to lowercase, tokenize, and remove punctuation and the stop words

Document 1:
Document 2:
Document 3:
Document 4:

Document 5:

"numerical", "algebra", "important", "solving", "linear", "systems"]
["machine", "learning", "uses", "numerical", "algebra", "optimization"]
["basketball", "games", "require", "teamwork", "strategy"]

["football", "matches", "need", "strategy", "coordination"]

["deep", "learning", "numerical", "algebra", "used", "ai"]
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Data Analysis Step 1: Preprocessing

2. Create a sorted vocabulary (22 words)

["ai", "algebra", "basketball", "coordination", "deep", "football", "games",
"important”, "learning", "linear", "machine", "matches", "need", "numerical",
"optimization", "require", "solving", "strategy", "systems", "teamwork",

"used", "uses"

3. Document-term matrix 5X22 (raw term frequencies)

Document 1: [0,1,0,0,0,0,0,1,0,1,0,0,0,1,0,0,1,0,1,0,0,0]
Document 2: [0,1,0,0,0,0,0,0,1,0,1,0,0,1,1,0,0,0,0,0,0,1]
Document 3: [0,0,1,0,0,0,1,0,0,0,0,0,0,0,0,1,0,1,0,1,0,0] Ehoarse
Document 4: [0,0,0,1,0,1,0,0,0,0,0,1,1,0,0,0,0,1,0,0,0,0]
Document 5: [1,1,0,0,1,0,0,0,1,0,0,0,0,1,0,0,0,0,0,0,1,0]
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Data Analysis Step 2: Computing Weights

TF-IDF Weights:

TF-IDF = Term Frequency (TF) X Inverse Document Frequency (IDF)

1. Calculate term frequency TF(t, d) = f(t, d) / (total words in document d)

Docl: 6 words » TF = 1/6 = 0.17
Doc2: 6 words » TF = 1/6 = 0.17
Doc3: 5 words » TF = 1/5 = 0.20
Doc4: 5 words » TF = 1/5 = 0.20
Doc5: 6 words » TF = 1/6 = 0.17

Term Frequency: How often a word appears in a single document? The more a word appears in a

document, the more important it is to that document
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Data Analysis Step 2: Computing Weights

2. Calculate IDF(t) = In(Number of documents / Number of documents containing the term t) + 1

ai: In(5/1) + 1 =1.61 + 1 = 2.61
algebra: 1n(5/3) + 1 = .51 + 1 = 1.51
basketball: 1n(5/1) + 1 = 1.61 + 1 = 2.61
coordination: 1n(5/1) + 1 = 1.61 + 1 = 2.61
deep: In(5/1) + 1 =1.61 + 1 = 2.61
football: 1n(5/1) + 1 =1.61 + 1 = 2.61

games: 1n(5/1) + 1 =1.61 + 1 = 2.61

avoid zero IDF

Inverse Document Frequency: How unique or rare a word 1s across all documents? Words that appear

in many documents are less informative than words that appear in few documents
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Data Analysis Step 2: Computing Weights

3. Multiply normalized term frequencies by the corresponding IDF values. Intermediate values are
rounded for display only; all computations use full precision.

For Document 1:

numerical: 0.17 x 1.51 = 0.25
algebra: 0.17 x 1.51 = 0.25
important: 0.17 x 2.61 = 0.43
solving: 0.17 x 2.61 = 0.43
linear: 0.17 x 2.61 = 0.43
systems: 0.17 x 2.61 = 0.43

For Document 2:
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Data Analysis Step 2: Computing Weights

4. Calculate TF-IDF matrix: Approximate TF-IDF matrix (rounded for display only)

Document 1:
0.00, 0.25,
Document 2:
0.00, 0.25,
Document 3:

0.00, 0.00,

Document 4:
0.52, 0.00,
Document 5:

0.00, 0.25,

[0.00, ©.25, 0.00, 0.00, 0.00, 0.00, 0.00, 0.43,
0.00, 0.00, 0.43, 0.00, 0.43, 0.00, 0.00, 0.00]
[0.00, ©.25, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00,
0.43, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00, 0.43]
[0.00, ©0.00, ©0.52, 0.00, 0.00, 0.00, 0.52, 0.00,
0.00, 0.52, 0.00, 0.38, 0.00, 0.52, 0.00, 0.00]
[0.00, ©0.00, ©0.00, ©.52, 0.00, 0.52, 0.00, 0.00,
0.00, 0.00, 0.00, 0.38, 0.00, 0.00, 0.00, 0.00]
[0.43, ©.25, 0.00, 0.00, 0.43, 0.00, 0.00, 0.00,
0.00, 0.00, 0.00, 0.00, 0.00, 0.00, 0.43, 0.00]

BE)  TF-IDF matrix A (5%22)

0.00,

.32,

0.00,

0.00,

.32,

0.43,

0.00,

0.00,

0.00,

0.00,

0.00,

0.43,

0.00,

0.00,

0.00,

0.00,

0.00,

0.00,

.52,

0.00,
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Applying SVD to TF-IDF Matrix

1. Find singular values of the TF-IDF matrix

0, = 1.176 Select the first three singular values. They retain 73.15% of the squared Frobenius

02 = 1.071 norm, compared with 51.13% for two components. Because g, and o5 are nearly equal,
0s = 1.044 truncating after o, would separate two almost equally important modes. The gap after
Z: : Z:i 03 1s the largest among the leading singular values, although there is no sharp cutoff.

2. Take first 3 columns of U and multiply by corresponding singular values

Document 1: (©0.000, 0.602, 0.000)
Document 2: (©0.000, 0.626, 0.000)
Document 3: (0.832, 0.000, 0.738)
Document 4: (0.832, 0.000, -0.738)
Document 5: (©0.000, 0.626, 0.000)
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Dimensionality Reduction to 3D Space

3. Take first 3 rows of VT and multiply by corresponding singular values

al

machine
learning
linear
algebra
numerical
basketball
football

games

(.
(.
(.
(.
(.
(.
(.
(.
(.

000,
000,
000,
000,
000,
000,
369,
369,
369,

® ®© ®© & & &0 0o o ©&

.254,
.254,
.373,
.245,
.436,
.436,
. 000,
. 000,
. 000,

.000)
.000)
.000)
.000)
.000)

.000)
.369)

-0.369)
9.369)

® &®© & &© O o ©

The 1st coordinate identifies the sports subspace, while the 3rd coordinate separates basketball/games-related

terms from football/matches-related terms. The 2nd coordinate represents the numerical-algebra/Al terms.
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Document Similarity Calculation

® C(Cosine similarity formula: cosO =(u - v)/(||u || X || v )

Similarity Matrix (in the TF-IDF Space) Similarity Matrix (in the Rank-3 SVD Space)
D1 D2 D3 D4 D5 D1 D2 D3 D4 D5
D1 1.00 0.15 0.00 0.00 0.15 D1 1.00 1.00 0.00 0.00 1.00
D2 0.15 1.00 0.00 0.00 0.29 D2 1.00 1.00 0.00 0.00 1.00
D3 0.00 0.00 1.00 0.12 0.00 D3 0.00 0.00 1.00 0.12 0.00
D4 0.00 0.00 0.12 1.00 0.00 D4 0.00 0.00 0.12 1.00 0.00
D5 0.15 0.29 0.00 0.00 1.00 D5 1.00 1.00 0.00 0.00 1.00

® Document 1, 2, and 5 are similar: discuss numerical algebra and Al related topics
® Document 3 and 4 are related: both discuss sports

® Sports documents and numerical algebra documents have low similarity (dissimilar)
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Perturbation analysis on matrices



Condition of A Linear System

® Estimating sensitivity of solving linear systems:

A € R™™ ™ non-singular, b €¢ R"*, FF e R"*", f € R"
‘ (A+eF)x(e) =b+cf, =z(0)= x.
m) &0 =A'(f—Fz.) W z(c)==x +cx(0)+O0(c?)

® (Condition number:

2. 2.
R/—/ —
v

Relative Error Relative Perturbation

k(A) = || Al A7
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Examples of 111-Conditioned Systems

A

® Reminder: Eigenvalues are not as useful as singular values: max ) < ka(A)
6J A
® Typical examples of ill-conditioned matrices: (Exercise)
- - -] 1 17
1 2 0 2 n
1 1 AU
A= e R**" H = e R**™
* o 2 . . ) . .
0 1 r 1 1
- - - n n+1 2n—1 -
1 + 2 4n
k2(A) = O(n?) ko(H) = O <( \/\%—) >
Eigenvalues are all 1, but A is non-normal Well-known ill-conditioned system
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Inverse of Perturbed Matrix

Theorem 2.11

1
1—[lF]lp

FeR”", |Fl,<1 mip I-F)'=> F* and |(I-F)7!, <
k=0

I — F singular ‘ dx #0,st. [—F)x=0 ‘ x|, = || Fz||, ‘ |F|lp > 1

N 00
Y FFI-F)=1-F "' and |[FN*Y|, <|F|F+ -0 mmp (I-F)"'=) F
k=0 k=0

Application (Inverse of Perturbed Matrix):

A + F is nonsingular and

. 5 e —
Als nonsingular and 7:= [ATEl, <1 Wy g a4/ - )
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Sensitivity of Matrix Inversion

® (Q: For a nonsingular matrix, how to check sensitivity of inversion?

® According to Theorem 2.8, closeness of A to the rank-deficient matrices can be defined as:
k
- T _ : _ — _ —
Ap = ;aiuivi (k < r =rank(A)) ‘ ranir(llBI]j:k |A— Bll2 = ||A— Akll2 = ok41

The minimal singular value of a matrix is its distance to the rank-deficient matrices in 2-norm.

® For a nonsingular square matrix, SVD gives

A=UsVT =) oiup! ) Ab=UZV)b=)
i=1 1=1

ul'b

g;

V;

Roughly speaking, if g,, > 0 is small, the solution is sensitive to perturbations of data.
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Bauer—Fike Theorem

Theorem 2.12 (Bauer—Fike Theorem, 1960)

A € C" " is diagonalizable, i.e. A = X 'AX, A diagonal, X nonsingular.

For B € C™*™, € A(B), IX € MA), st. |A— p| < | X[|2|X"L2]|A = Blfs.

Sketch of Proof: The sensitivity of eigenvalues
Bx = pux, 0#x e C" being an eigen-pair is determined by the condition

I number of the eigenvector

Assume that p ¢ A(A) ul — A is nonsingualr matrix, i, (X)

(B—A)x = pxr — Az = (ul — A)x
A diagonalizable WP x= (ul—A)"Y(B-A)xz=X"'(ul —AN)X(B- Az

—1
< -1 — i —
) 1< |X[) X )4 - Bl (A%)M m)
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Eigenvalues of A Normal Matrix

® Normal matrix:
A e Ch*™, AHA = AAH

A is normal if and only if it is unitarily diagonalizable, i.e. A = UAU*¥ (Spectral Theorem)

Theorem 2.13 (Krylov—Bogoljubov—Weinstein Theorem)
A € C™" is a normal matrix. V& € C", ||z|2 =1, p(x) := =" Ax

min [\~ u(@)| < |(4 - @),

Remark: Each of the following disks contains at least one eigenvalue of A

D;(A) = {zEC Dz —ag| < (Z|aij|2>%}, i=1,...

J#i

This result can be shown by choosing x = e; in Theorem 2.13.
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Hoffman—Wielandt Theorem

Theorem 2.14 (Hoffman—Wielandt Theorem, 1953)
A, B € C™*™ are normal matrices. A(A) = {\1,..., A}, A(B) = {u1,.--, tn}

n
3 permutation , s.t. Z ’)\z’ — Mw(z’)|2 < ||A — B”;
i=1

® [t shows stable collective behavior of the eigenvalues of normal matrices under perturbations

® We have the following corollaries:

If A and B are Hermitian, A1 > -+ > A, p1 > - ‘ Z HA BHF

o1>->0,>0, 74 >--->71, >0 aresingular values of A, B € C™*" (m = n)

‘ Z _TZ <|lA- BHF
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Courant—Fischer Theorem

Theorem 2.15 (Min-Max Theorem, 1920s)

A e C*"*" is a Hermitian matrix, and Ay > --- > \,,. Then

\ xH Ax xH Ax

= Inax min min max

dim(S)=k 0£zcS xHx  dim(T)=n—k+1 0£zcT xfx

H
x' Ax
A — : b ° - ° .
>\ 0 ﬁae)é ol the largest eigenvalue (Rayleigh—Ritz theorem; see Chapter 8)
H A
» A\, = min t AL

otottn gHy the smallest eigenvalue (minimum value of the Rayleigh quotient)

The min-max theorem provides a variational characterization of the eigenvalues of a Hermitian matrix.

It 1s powerful for estimating eigenvalues without computing them directly.
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Proof of Courant—Fischer Theorem

a {vq,...,v,} are the orthonormal eigenvectors corresponding to Ay > Xy > -+ > )\,
Sy = span{vy, ..., v} ‘ dim(Sy) = k
k H k 2
Vo = C;V; € Sk, T 0 ‘ Ra(x) := = i=1 > A\
i:Zl 7 @) ztx Z?:l ci|?
‘ max min Ra(x) > A\ arbitrary
e Ti := span{vg, Vg11,...,Up} - dim(7x) =n—k+1 ‘ SNT, #{0}
ik n 12y
0£yeSNnNTg: y:Zdz‘vi ‘ RA(y)z%?“ijZS)\k
i=k i=k |

e Combining (1) and (2) shows the first equality; and, the other equality can be proved similarly.
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Weyl Theorem

® Scparation of eigenvalues
A € C™*" is Hermitian, and A\; > --- > )\,

{1 > -+ > pn_1 are eigenvalues of C = U7 AU, U e C"*("~V and UFU =1,,_4
B > >he > > o > A,

Theorem 2.16 (Weyl’s Inequality)

If A and B are Hermitian and their respective eigenvalues are A\; > -+ > A, @1 > -+ > Uy, then

Ai + Amin(B— A) < 1 <X + dmax(B—A4), i=1,....n
and

|:u‘z_’\’t|S||B_A”27 1=1,...,n
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