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本章主要内容

C.-S. Zhang, AMSS

第二章、线性代数基础

本章旨在回顾并扩展大学《线性代数》的核心理论，为后续讨论数值线性代数方法打

下基础。主要内容包括常用矩阵类型、特征值与特征多项式、矩阵范数与距离度量、

正交与投影变换，以及几类重要的矩阵分解如Schur分解与奇异值分解。与此同时，

本章将简单介绍矩阵的扰动理论与稳定性分析，帮助学生理解数值稳定性与误差传播

的基本数学理论。
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基础知识与常用变换
Concepts, notations, and useful linear transformations



Linear Spaces

C.-S. Zhang, AMSS

A linear space consists of two components: a set of objects (vectors, denoted as 𝒱) and a field of scalars 

(usually real numbers, denoted as 𝐹), equipped with addition and scalar multiplication.
l Axioms of Addition（加法）

1) Commutativity of vector addition 交换律

2) Associativity of vector addition 结合律

3) Additive identity 零向量

4) Existence of additive inverses 负向量

<latexit sha1_base64="O2a6/QSTl19QuGdxweVC/MTAPN4="></latexit>

u+ v = v + u, →u,v ↑ V
<latexit sha1_base64="yI7iZExymxrLM3JYbqCXKOhL+nQ="></latexit>

(u+ v) +w = u+ (v +w), →u,v,w ↑ V
<latexit sha1_base64="zNizcRJybXIAEha0qJBH1prZs1A="></latexit>

→0 ↑ V : 0+ u = u, ↓u ↑ V
<latexit sha1_base64="ZCblhAyrBD8LuThh9ParXGvwlNM="></latexit>

→u ↑ V, ↓ (↔u) ↑ V : u+ (↔u) = 0

l Axioms of Scalar Multiplication（标量乘法）

1) Distributivity axiom (scalar addition) 标量分配律

2) Distributivity axiom (vector addition) 向量分配律

3) Associativity axiom of scalar multiplication 结合律

4) Identity scalar axiom 乘法单位元

<latexit sha1_base64="pFsIPnEY7wh8EOTiA0aLRy8aLTI="></latexit>

(a+ b) · u = a · u+ b · u, →u ↑ V
<latexit sha1_base64="qFtt2JNJYK1dID8VdzuFsvrNdq4="></latexit>

a · (u+ v) = a · u+ a · v, →u,v ↑ V
<latexit sha1_base64="RcK8HeJmaFroh1M828wAKAPRFV8="></latexit>

a · (b · u) = (ab) · u, →u ↑ V
<latexit sha1_base64="gwjNWuwHYzOufuPqRgFuLaL5k7o="></latexit>

→ 1 ↑ F : 1 · u = u, ↓u ↑ V
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Basis of A Linear Space

C.-S. Zhang, AMSS

A basis 𝐵 is a set of vectors         that defines the entire structure of a 

vector space 𝒱 through linear combinations.

Gilbert Strang: “The miracle of linear algebra: Simple rules generate profound structure."

Unique representation

§ Invariance property: All bases of a vector space 𝒱 contain the same number of vectors

§ The dimension equals the maximum number of linearly independent vectors in 𝒱

l Dimension of 𝒱: the number of vectors in any basis for the linear space

l Linearly independent

l It spans the whole space

<latexit sha1_base64="GnAunf/smlKzwzJmFz2h6rV5vFg="></latexit>

{v1, . . . ,vn}, vi → V (i = 1, . . . , n)

<latexit sha1_base64="7Ip2TiIz3mC30Bu/X2ZvuZccYjE="></latexit>

If
n∑

i=1

civi = 0, then c1 = · · · = cn = 0

<latexit sha1_base64="zCzFuND12ppPR4mWrt+xHjZknW8="></latexit>

If u → V, ↑ a1, . . . , an → F : u =
n∑

i=1

aivi
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Linear Transformation and Matrix

C.-S. Zhang, AMSS

A linear transformation between vector spaces 𝒱 and 𝒲 is a mapping 𝑇 : 𝒱→ 𝒲 that satisfies:

§ Additivity: 𝑇(𝒖 + 𝒗) = 𝑇(𝒖) + 𝑇(𝒗) for all 𝒖, 𝒗 ∈ 𝒱

§ Homogeneity: 𝑇(𝛼 - 𝒗) 	= 	𝛼 - 𝑇(𝒗) for all scalars 𝛼 ∈ 𝐹 and 𝒗 ∈ 𝒱

Composition 𝑇∘𝑆 Matrix multiplication [𝑇][𝑆]

Kernel of 𝑇 Null space of [𝑇]

Image/Range of 𝑇 Column space of [𝑇]

§ Provide concrete algorithms for applying transformations

§ Allow studying transformations via matrix algebra

§ Applications in computer graphics, statistics, ML…

Q: Why are we interested in matrix operations?

Matrix Representation

Given a linear transformation 𝑇 ∶ ℂ! ⟶ ℂ" and bases B1 for ℂ! and B2 for ℂ". There exists a 

unique complex matrix [𝑇]#$#% such that

𝑇 𝒗 #$ = [𝑇]#$#%	[𝒗]#%
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Subspaces and Direct Sum

C.-S. Zhang, AMSS

l Subspace

l Direct sum ⨁ of subspaces

A subset 𝒮 ⊆ 𝒱 of a vector space 𝒱 is a subspace if and only if  𝒮 is a vector space under the same 

operations as those of 𝒱.

Let 𝒮%, 𝒮$ ⊆ 𝒱 be two subspaces of 𝒱. Then the following are equivalent:
<latexit sha1_base64="fFvsZW8hcB+Qf4yYix2ptwE5OeU=">AAACK3icbVDLSgMxFM3UV62vUZdugkUQhDJTpHYjFN24rGgf0BmGTJq2oZlkSDJCGfo/bvwVF7rwgVv/w0zbRR8eCJyccy/33hPGjCrtOF9Wbm19Y3Mrv13Y2d3bP7APj5pKJBKTBhZMyHaIFGGUk4ammpF2LAmKQkZa4fA281tPRCoq+KMexcSPUJ/THsVIGymwb7wI6QFGLH0YBy68gPP/MryGi74nYpaoxaLALjolZwK4StwZKdbAFPXAfvO6AicR4RozpFTHdWLtp0hqihkZF7xEkRjhIeqTjqEcRUT56eTWMTwzShf2hDSPazhR5ztSFCk1ikJTmS2plr1M/M/rJLpX9VPK40QTjqeDegmDWsAsONilkmDNRoYgLKnZFeIBkghrE2/BhOAun7xKmuWSWylV7i+Lteosjjw4AafgHLjgCtTAHaiDBsDgGbyCD/BpvVjv1rf1My3NWbOeY7AA6/cP1w2nfQ==</latexit>

S1 + S2 = S1 → S2

<latexit sha1_base64="j96NpEAAgrcj9S0o0NWIErNiwCo=">AAACTHicdVDNSwJBHJ21MrMvq2OXIQkUQXYlzEsgdOlolB+gsszOjjo4M7vMzAay+Ad26dCtv6JLhyKCZtVDaj4YePPe7zG/eV7IqNK2/WaltrZ30ruZvez+weHRce7ktKWCSGLSxAELZMdDijAqSFNTzUgnlARxj5G2N75N/PYTkYoG4lFPQtLnaCjogGKkjeTmcI8jPZI89imfFmYXjFj8MHWdYmmjVynCG7g5WVqedXN5u2zPANeJsyD5Opij4eZee36AI06Exgwp1XXsUPdjJDXFjEyzvUiREOExGpKuoQJxovrxrIwpvDSKDweBNEdoOFP/JmLElZpwz0wmW6pVLxH/87qRHtT6MRVhpInA84cGEYM6gEmz0KeSYM0mhiAsqdkV4hGSCGvTf9aU4Kx+eZ20KmWnWq7eX+XrtUUdGXAOLkABOOAa1MEdaIAmwOAZvINP8GW9WB/Wt/UzH01Zi8wZWEIq/QsiHrUc</latexit>

dim(S1) + dim(S2) = dim(S1 + S2)

(1)

(2)

(3)

(4)

l If 𝒮% ⊆ 𝒱 be a subspace, then there exists another subspace 𝒮$ ⊆ 𝒱 such that 𝒮%	⨁	𝒮$ = 𝒱.  
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Fundamental Subspaces

C.-S. Zhang, AMSS

Source: Kenji Hiranabe, https://github.com/kenjihiranabe/The-Art-of-Linear-Algebra/, 2022

l Subspace spanned by

l Some special subspaces

矩阵的秩

线性映射

正交
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Range and Null Spaces

C.-S. Zhang, AMSS

l 𝐴 and 𝐴&𝐴 have same null space

We show one direction and the other direction is trivial:

l 𝐴 and 𝐴𝐴& have same column space

l Remark: These relations can also be shown elegantly using SVD, which makes the range and null 

structures transparent. 
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Rank of A Matrix

C.-S. Zhang, AMSS

l The rank of a matrix is defined to be the 

maximum number of linearly independent 

column vectors (column rank), or equivalently, 

row vectors (row rank). 

column rank = row rank
<latexit sha1_base64="qwz+cRewoc1h6Zvmhr6Uga5wCFQ=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQLGVGpHZZdeOyin1AZyyZNG1Dk8yQZIQyzEe48VfcuFDErQt3/o2ZtgttPXDhcM693HtPEDGqtON8W7ml5ZXVtfx6YWNza3vH3t1rqjCWmDRwyELZDpAijArS0FQz0o4kQTxgpBWMrjK/9UCkoqG40+OI+BwNBO1TjLSRuvaJ1w8lYgx6JXhRgpfQowJ6HOlhECS36X3CoacpJwqKtGsXnbIzAVwk7owUa2CKetf+8nohjjkRGjOkVMd1Iu0nSGqKGUkLXqxIhPAIDUjHUIHMHj+ZPJXCI6P0oLnOlNBwov6eSBBXaswD05mdq+a9TPzP68S6X/UTKqJYE4Gni/oxgzqEWUKwRyXBmo0NQVhScyvEQyQR1ibHggnBnX95kTRPy26lXLk5K9aqszjy4AAcgmPggnNQA9egDhoAg0fwDF7Bm/VkvVjv1se0NWfNZvbBH1ifP9wCnYM=</latexit>

→A,B ↑ Rm→n

<latexit sha1_base64="UpRHmErLugNFYxPZk7KLFn7lSf8=">AAACCXicbVDLSgNBEOz1GeMr6tHLYBAiSNgViTlGvHiMYB6QXcLsZJIMmZldZmaFsOzVi7/ixYMiXv0Db/6Nk8dBEwsaiqpuurvCmDNtXPfbWVldW9/YzG3lt3d29/YLB4dNHSWK0AaJeKTaIdaUM0kbhhlO27GiWISctsLRzcRvPVClWSTvzTimgcADyfqMYGOlbgH5ApuhEqnCcpSVrs+Qz6kVmfRTcS79rFsoumV3CrRMvDkp1mCGerfw5fcikggqDeFY647nxiZIsTKMcJrl/UTTGJMRHtCOpRILqoN0+kmGTq3SQ/1I2ZIGTdXfEykWWo9FaDsnd+tFbyL+53US068GKZNxYqgks0X9hCMToUksqMcUJYaPLcFEMXsrIkOsMDE2vLwNwVt8eZk0L8pepVy5uyzWqvM4cnAMJ1ACD66gBrdQhwYQeIRneIU358l5cd6dj1nrijOfOYI/cD5/ADfDmgs=</latexit>

rank(A) → min{m,n}
<latexit sha1_base64="Tsl9jkDgsEJF1Yl7lIOXKxt4zNU=">AAACDnicbVA9SwNBEJ3zM8avU0ubxRBImnAnEtMIERvLCPmC5Ax7m02yZG/v2N0TwpFfYONfsbFQxNbazn/jXpJCEx8MPN6bYWaeH3GmtON8W2vrG5tb25md7O7e/sGhfXTcVGEsCW2QkIey7WNFORO0oZnmtB1JigOf05Y/vkn91gOVioWiricR9QI8FGzACNZG6tn5boD1SAaJxGI8LVzf14voCi2JxZ6dc0rODGiVuAuSq8IctZ791e2HJA6o0IRjpTquE2kvwVIzwuk0240VjTAZ4yHtGCpwQJWXzN6ZorxR+mgQSlNCo5n6eyLBgVKTwDed6Z1q2UvF/7xOrAcVL2EiijUVZL5oEHOkQ5Rmg/pMUqL5xBBMJDO3IjLCEhNtEsyaENzll1dJ87zklkvlu4tctbKIIwOncAYFcOESqnALNWgAgUd4hld4s56sF+vd+pi3rlmLmRP4A+vzB3+Bm8M=</latexit>

rank(AT ) = rank(A)
<latexit sha1_base64="32iQOJj6CU47RzhzaXjwFqx5opQ=">AAACKnicbVDLagIxFM30ae1r2i67CZWCQpGZUqybgtJNlxZ8gTOVTIwaTDJDkinI4Pd001/pxkWLdNsPaUZdtOqBC4dz7uXee4KIUaUdZ2Ztbe/s7u1nDrKHR8cnp/bZeVOFscSkgUMWynaAFGFUkIammpF2JAniASOtYPSY+q1XIhUNRV2PI+JzNBC0TzHSRuraVY8jPZQ8kUiMJvnqSx1WC/ABrsjQu4HG2+AUunbOKTpzwHXiLkmuAhaode2p1wtxzInQmCGlOq4TaT9BUlPMyCTrxYpECI/QgHQMFYgT5SfzVyfw2ig92A+lKaHhXP07kSCu1JgHpjO9U616qbjJ68S6X/YTKqJYE4EXi/oxgzqEaW6wRyXBmo0NQVhScyvEQyQR1ibdrAnBXX15nTRvi26pWHq+y1XKyzgy4BJcgTxwwT2ogCdQAw2AwRv4AJ/gy3q3ptbM+l60blnLmQvwD9bPL6OCpY8=</latexit>

rank(ATA) = rank(AAT ) = rank(A)
<latexit sha1_base64="PvnOMkBGp0hzOicT9CtuN4wRyXE=">AAACI3icbZDLSsNAFIYn9VbrLerSzWARWgolEanFVa0blxXsBZpQJtNJO3QyCTMToYS+ixtfxY0Lpbhx4bs4abvQ1B8Gfr5zDnPO70WMSmVZX0ZuY3Nreye/W9jbPzg8Mo9POjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1JndpvftEhKQhf1TTiLgBGnHqU4yURgPzxgmQGosgEYhPZqXbSrMMHUZgBpdhJYOa5YFZtKrWQnDd2CtTbIClWgNz7gxDHAeEK8yQlH3bipSbIKEoZmRWcGJJIoQnaET62nIUEOkmixtn8EKTIfRDoR9XcEF/TyQokHIaeLoz3VNmayn8r9aPlV93E8qjWBGOlx/5MYMqhGlgcEgFwYpNtUFYUL0rxGMkEFY61oIOwc6evG46l1W7Vq09XBUb9VUceXAGzkEJ2OAaNMA9aIE2wOAZvIJ38GG8GG/G3PhctuaM1cwp+CPj+wfVnKPH</latexit>

rank(A+B) → rank(A) + rank(B)

<latexit sha1_base64="ItROXP6bvWJLdwtt1FvAZhD8hVc="></latexit>

→X ↑ Rm→m, Y ↑ Rn→n nonsingular

If rank(𝐴) = 𝑟, there exist nonsingular 

matrices 𝑋 and 𝑌, such that

<latexit sha1_base64="97gpzmYIUU8m43JhCkXV4i5Pov4=">AAACI3icbZDLSgMxFIYzXmu9jbp0EyxCuykzIrUIQosblxXsRdqhZNJMG5pkhiQjlKHv4sZXceNCKW5c+C5m2i7s5YfAz3fOIef8fsSo0o7zY21sbm3v7Gb2svsHh0fH9slpQ4WxxKSOQxbKlo8UYVSQuqaakVYkCeI+I01/eJ/Wmy9EKhqKJz2KiMdRX9CAYqQN6tq3HY70QPJEIjEc51uwWoB3cBFW4fMaWOjaOafoTAVXjTs3uQqYqda1J51eiGNOhMYMKdV2nUh7CZKaYkbG2U6sSITwEPVJ21iBOFFeMr1xDC8N6cEglOYJDaf0/0SCuFIj7pvOdE+1XEvhulo71kHZS6iIYk0Enn0UxAzqEKaBwR6VBGs2MgZhSc2uEA+QRFibWLMmBHf55FXTuCq6pWLp8TpXKc/jyIBzcAHywAU3oAIeQA3UAQav4B18gi/rzfqwJtb3rHXDms+cgQVZv39CFaNs</latexit>

rank(XA) = rank(AY ) = rank(A)

<latexit sha1_base64="1RQmUyrNSLHmyQyS0vTQGidvAbY="></latexit>

A = X

[
Ir 0

0 0

]
Y, X → Rm→m, Y → Rn→n

<latexit sha1_base64="QlJANhuH9Z8jQGwzM2Jq+zvjYpo=">AAACCnicbVA9TwJBEJ3DL8SvU0ubVWICDbkzBmlMUBtLTARM4EL2lgU27O1ddvdMyIXaxr9iY6Extv4CO/+Ne0Ah4EsmeXlvJjPz/IgzpR3nx8qsrK6tb2Q3c1vbO7t79v5BQ4WxJLROQh7KBx8rypmgdc00pw+RpDjwOW36w5vUbz5SqVgo7vUool6A+4L1GMHaSB37uB1gPZBBIrEYjgtXxct54brYsfNOyZkALRN3RvJVmKLWsb/b3ZDEARWacKxUy3Ui7SVYakY4HefasaIRJkPcpy1DBQ6o8pLJK2N0apQu6oXSlNBoov6dSHCg1CjwTWd6p1r0UvE/rxXrXsVLmIhiTQWZLurFHOkQpbmgLpOUaD4yBBPJzK2IDLDERJv0ciYEd/HlZdI4K7nlUvnuPF+tzOLIwhGcQAFcuIAq3EIN6kDgCV7gDd6tZ+vV+rA+p60ZazZzCHOwvn4BUiuaqg==</latexit>

rank(A) = rank(B)

<latexit sha1_base64="/IS+TKm5+JxMou7dZ+e4XHuPvX0=">AAAB8HicbVDLSgNBEOyNrxhfqx69DAbBU9gVibkIUS8eI5gXyRJmJ7PJkJnZZWZWCEu+wosHRbz6Od78GyePgyYWNBRV3XR3hQln2njet5NbW9/Y3MpvF3Z29/YP3MOjho5TRWidxDxWrRBrypmkdcMMp61EUSxCTpvh6G7qN5+o0iyWj2ac0EDggWQRI9hYqX2DrlEL3aJ2zy16JW8GtEr8BSlWYY5az/3q9mOSCioN4Vjrju8lJsiwMoxwOil0U00TTEZ4QDuWSiyoDrLZwRN0ZpU+imJlSxo0U39PZFhoPRah7RTYDPWyNxX/8zqpiSpBxmSSGirJfFGUcmRiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAh+Msvr5LGRckvl8oPl8VqZRFHHk7gFM7Bhyuowj3UoA4EBDzDK7w5ynlx3p2PeWvOWcwcwx84nz+oG48G</latexit>

A = XBY

Properties:

<latexit sha1_base64="oYo5Vc/KZz7u8of0A1qX/fV//8g="></latexit>

→ nonsingular X ↑ Rm→m, Y ↑ Rn→n
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Algebraic Multiplicity（代数重数或重数）
<latexit sha1_base64="nk89V85aNHTIUf45CXlORkQzyVE="></latexit>

p(ω) =
r∏

i=1

(ω→ ωi)
n(ωi), ωi ↑= ωj (i ↑= j)

<latexit sha1_base64="WP81m5SGB5e3P9qtWJUFGzBR9vU=">AAACBnicbVDLSgMxFL3js9ZX1aUIwSLUTZkRqd0UCm5cVrAP6IxDJpO2oZnMkGSEMnTlxl9x40IRt36DO//G9LHQ1gOBwzn3cHNPkHCmtG1/Wyura+sbm7mt/PbO7t5+4eCwpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1geD3x2w9UKhaLOz1KqBfhvmA9RrA2kl84cVUa+RmrOeN7iUTJ5SYbYp+doxoyftEu21OgZeLMSbEOMzT8wpcbxiSNqNCEY6W6jp1oL8NSM8LpOO+miiaYDHGfdg0VOKLKy6ZnjNGZUULUi6V5QqOp+juR4UipURSYyQjrgVr0JuJ/XjfVvaqXMZGkmgoyW9RLOdIxmnSCQiYp0XxkCCaSmb8iMsASE22ay5sSnMWTl0nrouxUypXby2K9Oq8jB8dwCiVw4ArqcAMNaAKBR3iGV3iznqwX6936mI2uWPPMEfyB9fkDyT6YDA==</latexit>

r∑

i=1

n(ωi) = n

Geometric Multiplicity（几何重数）

is the number of linearly independent 

eigenvectors of 𝜆'

<latexit sha1_base64="ke5hg/7fZP+H1EPAVexJyzU7by0=">AAACGHicbVDLSgMxFM3UV62vUZdugkVoF9YZkdqNUHGjuwr2AZ1SMmnahmYyQ3JHLEM/w42/4saFIm67829MH6BWDwQO55zLzT1+JLgGx/m0UkvLK6tr6fXMxubW9o69u1fTYawoq9JQhKrhE80El6wKHARrRIqRwBes7g+uJn79ninNQ3kHw4i1AtKTvMspASO17ZMg5wkT75A2z+MLLPEx9oA9QKKIHIy+TXxjnMt82846BWcK/Je4c5ItoxkqbXvsdUIaB0wCFUTrputE0EqIAk4FG2W8WLOI0AHpsaahkgRMt5LpYSN8ZJQO7obKPAl4qv6cSEig9TDwTTIg0NeL3kT8z2vG0C21Ei6jGJiks0XdWGAI8aQl3OGKURBDQwhV3PwV0z5RhILpMmNKcBdP/ktqpwW3WCjenmXLpXkdaXSADlEOuegcldE1qqAqougRPaNX9GY9WS/Wu/Uxi6as+cw++gVr/AVLT54P</latexit>

m(ωi) = n→ rank(ωiI →A)

Eigenvalues and Eigenvectors

C.-S. Zhang, AMSS

l Characteristic Polynomial:

l Eigenvalues of a square matrix                   : 

right eigenvector

left eigenvector

spectrum (set of eigenvalues)

<latexit sha1_base64="jxSLfkfNosekhXHE75/Mnjaotsk=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoLsqMSO2y4MZlBfuAzjBkMpk2NMkMSUYoQ//Bjb/ixoUibt24829Mp11o64HA4Zx7uLknTBlV2nG+rdLa+sbmVnm7srO7t39gHx51VZJJTDo4YYnsh0gRRgXpaKoZ6aeSIB4y0gvHNzO/90Ckoom415OU+BwNBY0pRtpIgX0BXegxAnnNYyYVoYCeF4JYEQK76tSdAnCVuAtSbYE52oH95UUJzjgRGjOk1MB1Uu3nSGqKGZlWvEyRFOExGpKBoQJxovy8uGkKz4wSwTiR5gkNC/V3IkdcqQkPzSRHeqSWvZn4nzfIdNz0cyrSTBOB54vijEGdwFlBMKKSYM0mhiAsqfkrxCMkEdamxoopwV0+eZV0L+tuo964u6q2mos6yuAEnIIacME1aIFb0AYdgMEjeAav4M16sl6sd+tjPlqyFplj8AfW5w+KsJwd</latexit>

1 → m(ωi) → n(ωi) → n

spectral radius
<latexit sha1_base64="OU2QjPVj3PVs1nCOi/H6weUe+CU="></latexit>

ω(A) := max
{
|ε| : ε → ε(A)

}

2.11



Source: Kenji Hiranabe, https://github.com/kenjihiranabe/The-Art-of-Linear-Algebra/, 2022

Eigenvalues of Some Matrices

C.-S. Zhang, AMSS

Eigenvalues of some frequently-used types of matrices 

2.12
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Geometric Meaning

C.-S. Zhang, AMSS

<latexit sha1_base64="0MHbB0Nh+05NOvFairfblWH0444=">AAACH3icbVDLSgMxFM3UVx1foy7dBIviqswUrd0IFTcuK9gHdErJpLdtaCYzJBmxDP0TN/6KGxeKiLv+jekD0dYDgZNz7k3uPUHMmdKuO7YyK6tr6xvZTXtre2d3z9k/qKkokRSqNOKRbAREAWcCqpppDo1YAgkDDvVgcDPx6w8gFYvEvR7G0ApJT7Auo0Qbqe0Ur/EVtv0AekykQUi0ZI8ju4BPsYd9v3kR65btmVvB9kF0firaTs7Nu1PgZeLNSa6MZqi0nS+/E9EkBKEpJ0o1Pdc8nRKpGeUwsv1EQUzogPSgaaggIahWOt1vhE+M0sHdSJojNJ6qvztSEio1DANTaebrq0VvIv7nNRPdLbVSJuJEg6Czj7oJxzrCk7Bwh0mgmg8NIVQyMyumfSIJ1SZS24TgLa68TGqFvFfMF+/Oc+XSPI4sOkLH6Ax56BKV0S2qoCqi6Am9oDf0bj1br9aH9TkrzVjznkP0B9b4GxIYn/s=</latexit>

A =

[
2 1

1 2

]

<latexit sha1_base64="DrS/u8SViNwjBNjF6aJgX18DEzs="></latexit>

ω1 = 3, v1 =

[
1

1

]
u1 =

[
1/

→
2

1/
→
2

]

<latexit sha1_base64="iTn0fbgo7KbBVXq1htt5yItH8pw="></latexit>

ω2 = 1, v2 =

[
1

→1

]
u2 =

[
1/

↑
2

→1/
↑
2

]

<latexit sha1_base64="2EAupeRAKZsoy19mDurLARBD1rE=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCqzJTpHYjFNy4rGAf0BmGTCZtQzPJkGTEMq0bf8WNC0Xc+hfu/BszbRfaeiDkcM693HtPmDCqtON8Wyura+sbm4Wt4vbO7t6+fXDYUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g6H17nfvidSUcHv9Cghfoz6nPYoRtpIgX3sjb1QsEiNYvNlDxNvHFTgFXQDu+SUnSngMnHnpFQHMzQC+8uLBE5jwjVmSKmu6yTaz5DUFDMyKXqpIgnCQ9QnXUM5ionys+kFE3hmlAj2hDSPazhVf3dkKFb5iqYyRnqgFr1c/M/rprpX8zPKk1QTjmeDeimDWsA8DhhRSbBmI0MQltTsCvEASYS1Ca1oQnAXT14mrUrZrZartxelem0eRwGcgFNwDlxwCergBjRAE2DwCJ7BK3iznqwX6936mJWuWPOeI/AH1ucPVKCWzg==</latexit>

→x→2 = 1
<latexit sha1_base64="p6c0MuZUN3ZPLSdi4Mzgi4UF2zM=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRqV1W3LisYB/QDiWTSdvQTDIkmWIZ+iduXCji1j9x59+YabvQ1gMhh3PuJScnTDjTxvO+ncLG5tb2TnG3tLd/cHjkHp+0tEwVoU0iuVSdEGvKmaBNwwynnURRHIectsPxXe63J1RpJsWjmSY0iPFQsAEj2Fip77q3qBdKHulpbK/sadZ3y17FmwOtE39JynVYoNF3v3qRJGlMhSEca931vcQEGVaGEU5npV6qaYLJGA9p11KBY6qDbJ58hi6sEqGBVPYIg+bq740MxzqPZidjbEZ61cvF/7xuaga1IGMiSQ0VZPHQIOXISJTXgCKmKDF8agkmitmsiIywwsTYskq2BH/1y+ukdVXxq5Xqw3W5XlvWUYQzOIdL8OEG6nAPDWgCgQk8wyu8OZnz4rw7H4vRgrPcOYU/cD5/AAVfk/A=</latexit>

Ax

Principle axes

Along eigenvector directions, 

the transformation is just a 

pure scaling

semi-axis lengths = 3, 1

l A symmetric example:
Normalized eigenvectors

l Geometric interpretation:

2.13
Note: Only for real symmetric case



Geometric Meaning: Alternative Perspective

C.-S. Zhang, AMSS

semi-axis lengths = 1/ 3, 1

l Quadratic form

<latexit sha1_base64="mxRi+dTOG9OhR/iV9FWumdU+bvU=">AAACJXicbZBNSwMxEIaz9avWr1WPXoJFEISyW6T2oFDw4rGC/YB2WbLZbBuaTZYkK5alf8aLf8WLB4sInvwrZtsetHUg5OWZGWbmDRJGlXacL6uwtr6xuVXcLu3s7u0f2IdHbSVSiUkLCyZkN0CKMMpJS1PNSDeRBMUBI51gdJvnO49EKir4gx4nxIvRgNOIYqQN8u3rfiBYqMax+bKnCbyB2Hfhb5hODLgwuLqMq75ddirOLOCqcBei3ADzaPr2tB8KnMaEa8yQUj3XSbSXIakpZmRS6qeKJAiP0ID0jOQoJsrLZldO4JkhIYyENI9rOKO/OzIUq3w5UxkjPVTLuRz+l+ulOqp7GeVJqgnH80FRyqAWMLcMhlQSrNnYCIQlNbtCPEQSYW2MLRkT3OWTV0W7WnFrldr9ZblRX9hRBCfgFJwDF1yBBrgDTdACGDyDV/AOptaL9WZ9WJ/z0oK16DkGf8L6/gHNa6V3</latexit>

x = c1u1 + c2u2

<latexit sha1_base64="4/e4YroDdP++VOBjAXwR7cbzt6c=">AAACRXicbVDLSgMxFM34rPU16tJNsAgupMyI1G6EihuXFfqCzjhkMmkbmkmGJCOUoT/nxr07/8CNC0XcaqbtQtteCDmcc8/NzQkTRpV2nFdrZXVtfWOzsFXc3tnd27cPDltKpBKTJhZMyE6IFGGUk6ammpFOIgmKQ0ba4fA219uPRCoqeEOPEuLHqM9pj2KkDRXYnguvoRcKFqlRbK4sHQf0oQFvoHe+wOetzMyOkMFLTPNUYJecsjMpuAjcGSjVwLTqgf3iRQKnMeEaM6RU13US7WdIaooZGRe9VJEE4SHqk66BHMVE+dkkhTE8NUwEe0KawzWcsH8dGYpVvpzpjJEeqHktJ5dp3VT3qn5GeZJqwvH0oV7KoBYwjxRGVBKs2cgAhCU1u0I8QBJhbYIvmhDc+S8vgtZF2a2UK/eXpVp1FkcBHIMTcAZccAVq4A7UQRNg8ATewAf4tJ6td+vL+p62rlgzzxH4V9bPL6dTsyE=</latexit>

1 = uT
i Aui = ωiu

T
i ui

<latexit sha1_base64="uVrjliNcXIlafnMhXu2bZHlihbE=">AAACHHicbVDLSgMxFM34rPU16tJNsAiuykyV2o1QcOOygn1AMwyZTKYNzTxMMkKZzoe48VfcuFDEjQvBvzHTdqGtB0IO59yb3Hu8hDOpLOvbWFldW9/YLG2Vt3d29/bNg8OOjFNBaJvEPBY9D0vKWUTbiilOe4mgOPQ47Xqj68LvPlAhWRzdqXFCnRAPIhYwgpWWXPMcTZAXc1+OQ31lae4yNHFr8AqiQGCS2XmG5L1QGeL6UR+7LM9ds2JVrSngMrHnpNIEM7Rc8xP5MUlDGinCsZR920qUk2GhGOE0L6NU0gSTER7QvqYRDql0sulyOTzVig+DWOgTKThVf3dkOJTF9LoyxGooF71C/M/rpypoOBmLklTRiMw+ClIOVQyLpKDPBCWKjzXBRDA9KyRDrENROs+yDsFeXHmZdGpVu16t315Umo15HCVwDE7AGbDBJWiCG9ACbUDAI3gGr+DNeDJejHfjY1a6Ysx7jsAfGF8/8JWjLA==</latexit>

→ui→2 =
1↑
ωi

<latexit sha1_base64="R3JSJ5s1YEchJA99hEAhQ2WKHcE=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRqV0W3LisYB/QDkMmk7ahmWRIMoUy9E/cuFDErX/izr8x03ahrQdCDufcS05OlHKmjed9O6Wt7Z3dvfJ+5eDw6PjEPT3raJkpQttEcql6EdaUM0HbhhlOe6miOIk47UaT+8LvTqnSTIonM0tpkOCRYENGsLFS6LqDSPJYzxJ75dk89EO36tW8BdAm8Vek2oQlWqH7NYglyRIqDOFY677vpSbIsTKMcDqvDDJNU0wmeET7lgqcUB3ki+RzdGWVGA2lskcYtFB/b+Q40UU4O5lgM9brXiH+5/UzM2wEORNpZqggy4eGGUdGoqIGFDNFieEzSzBRzGZFZIwVJsaWVbEl+Otf3iSdm5pfr9Ufb6vNxqqOMlzAJVyDD3fQhAdoQRsITOEZXuHNyZ0X5935WI6WnNXOOfyB8/kDTtyUHA==</latexit>

u1

<latexit sha1_base64="91SbsRYYxSjlkC/t4KN7tPCvPcg=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjNFapcFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtF1o64GQwzn3kpMTpZxp43nfztb2zu7efumgfHh0fHLqnp13tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJfeF3p1RpJsWTmaU0SPBIsCEj2FgpdN1BJHmsZ4m98mwe1kK34lW9BdAm8Vek0oQlWqH7NYglyRIqDOFY677vpSbIsTKMcDovDzJNU0wmeET7lgqcUB3ki+RzdG2VGA2lskcYtFB/b+Q40UU4O5lgM9brXiH+5/UzM2wEORNpZqggy4eGGUdGoqIGFDNFieEzSzBRzGZFZIwVJsaWVbYl+Otf3iSdWtWvV+uPt5VmY1VHCS7hCm7AhztowgO0oA0EpvAMr/Dm5M6L8+58LEe3nNXOBfyB8/kDUGCUHQ==</latexit>

u2

<latexit sha1_base64="yE+7FrdJsjhGxF9mgeeNtil2N4c=">AAACMnicbVDLSgMxFM3UV62vUZdugkWooGWmSO1GqLjRXYW+oDOWTJq2oZnMkGTEMvSb3PglggtdKOLWjzDTdmEfB0IO59zLvfd4IaNSWda7kVpZXVvfSG9mtrZ3dvfM/YO6DCKBSQ0HLBBND0nCKCc1RRUjzVAQ5HuMNLzBTeI3HomQNOBVNQyJ66Mep12KkdJS27xzOPIYgjnHC1hHDn39xU+jhyq8hs4ZnFXhuQ1P4RUsLDPbZtbKW2PARWJPSbYMJqi0zVenE+DIJ1xhhqRs2Vao3BgJRTEjo4wTSRIiPEA90tKUI59INx6fPIInWunAbiD04wqO1f8dMfJlspqu9JHqy3kvEZd5rUh1S25MeRgpwvFkUDdiUAUwyQ92qCBYsaEmCAuqd4W4jwTCSqec0SHY8ycvknohbxfzxfuLbLk0jSMNjsAxyAEbXIIyuAUVUAMYPIM38Am+jBfjw/g2fialKWPacwhmYPz+AS6WqOs=</latexit>

→(xTAx↑ 1) = 2Ax

<latexit sha1_base64="0geYzcY89hYUz5NpBAeIht7Odm0=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgQkoiUosgVNy4rGAf0IQymUzaoZNJmJmIJeQL3Pgrblwo4ta1O//GSdtFbT0wzOGce7n3Hi9mVCrL+jEKK6tr6xvFzdLW9s7unrl/0JZRIjBp4YhFoushSRjlpKWoYqQbC4JCj5GON7rJ/c4DEZJG/F6NY+KGaMBpQDFSWuqbFceLmC/Hof5SnsHLK3gNnVM4Lz9mfbNsVa0J4DKxZ6TcAFM0++a340c4CQlXmCEpe7YVKzdFQlHMSFZyEklihEdoQHqachQS6aaTczJY0YoPg0joxxWcqPMdKQplvpquDJEaykUvF//zeokK6m5KeZwowvF0UJAwqCKYZwN9KghWbKwJwoLqXSEeIoGw0gmWdAj24snLpH1WtWvV2t15uVGfxVEER+AYnAAbXIAGuAVN0AIYPIEX8AbejWfj1fgwPqelBWPWcwj+wPj6Bf2unBo=</latexit>

n := Ax

<latexit sha1_base64="3i+TDhbBtxQ/340kEMGq0tLo/vY=">AAACGnicbVDLSgMxFM3UV62vqks3wSK4KjMitRuh4EZ3FewDOqVk0kwbmskMyR1pGeY73Pgrblwo4k7c+Ddm2i5s64GQwzn3cu89XiS4Btv+sXJr6xubW/ntws7u3v5B8fCoqcNYUdagoQhV2yOaCS5ZAzgI1o4UI4EnWMsb3WR+65EpzUP5AJOIdQMykNznlICRekXHBTaG5M7HKXa9UPT1JDBfMk7xNXaJiIZkQZdpr1iyy/YUeJU4c1KqoRnqveKX2w9pHDAJVBCtO44dQTchCjgVLC24sWYRoSMyYB1DJQmY7ibT01J8ZpQ+9kNlngQ8Vf92JCTQ2WqmMiAw1MteJv7ndWLwq92EyygGJulskB8LDCHOcsJ9rhgFMTGEUMXNrpgOiSIUTJoFE4KzfPIqaV6UnUq5cn9ZqlXnceTRCTpF58hBV6iGblEdNRBFT+gFvaF369l6tT6sz1lpzpr3HKMFWN+/iwqh2Q==</latexit>

If x = ωn
<latexit sha1_base64="BHAFv9HkZxYNZF8qrX6CQdvZK18=">AAACGXicbVDLSgMxFM34rPU16tJNsAgutMyI1G6EihuXFewDOmPJZDJtaCYZkoxYhvkNN/6KGxeKuNSVf2P6WGjrgZDDOfdy7z1BwqjSjvNtLSwuLa+sFtaK6xubW9v2zm5TiVRi0sCCCdkOkCKMctLQVDPSTiRBccBIKxhcjfzWPZGKCn6rhwnxY9TjNKIYaSN1becSesfQCwQL1TA2X/aQwwvoIZb00V124uYzZtcuOWVnDDhP3Ckp1cAE9a796YUCpzHhGjOkVMd1Eu1nSGqKGcmLXqpIgvAA9UjHUI5iovxsfFkOD40SwkhI87iGY/V3R4ZiNVrNVMZI99WsNxL/8zqpjqp+RnmSasLxZFCUMqgFHMUEQyoJ1mxoCMKSml0h7iOJsDZhFk0I7uzJ86R5WnYr5crNWalWncZRAPvgABwBF5yDGrgGddAAGDyCZ/AK3qwn68V6tz4mpQvWtGcP/IH19QNHyKCO</latexit>

Ax = ω→1x

<latexit sha1_base64="B5ZpEghs4IP9B1v42LsnqQZFFaA="></latexit>

(ω→1,x) is an eigen-pair

<latexit sha1_base64="PI86WNZAosz2Oifnu2UmWbbj0TU=">AAAB9XicdVDNS8MwHE3n15xfU49egkPwVNpudvM28OJxgvuArY40TbewtClJqo6y/8OLB0W8+r94878x3Sao6IOQx3u/H3l5fsKoVJb1YRRWVtfWN4qbpa3tnd298v5BR/JUYNLGnHHR85EkjMakrahipJcIgiKfka4/ucj97i0RkvL4Wk0T4kVoFNOQYqS0dDPwOQvkNNJXdj8bliuWed5wnTMHWqZl1Z2qmxOnXnOq0NZKjkoTLNAalt8HAcdpRGKFGZKyb1uJ8jIkFMWMzEqDVJIE4Qkakb6mMYqI9LJ56hk80UoAQy70iRWcq983MhTJPJqejJAay99eLv7l9VMVNryMxkmqSIwXD4Upg4rDvAIYUEGwYlNNEBZUZ4V4jATCShdV0iV8/RT+TzqOabume1WrNBvLOorgCByDU2CDOmiCS9ACbYCBAA/gCTwbd8aj8WK8LkYLxnLnEPyA8fYJDdSTjg==</latexit>

x

<latexit sha1_base64="ATILw7+Ahd2dg//N+gV6WBLGYz0=">AAAB9XicdVBLSwMxGMz6rPVV9eglWARPJVtk3d4KXjxWsA9o15LNZtvQbLIkWaUs/R9ePCji1f/izX9jtq2gogMhw8z3kcmEKWfaIPThrKyurW9slrbK2zu7e/uVg8OOlpkitE0kl6oXYk05E7RtmOG0lyqKk5DTbji5LPzuHVWaSXFjpikNEjwSLGYEGyvdDkLJIz1N7JWL2bBSRTVk4XmwIK6PXEsaDb9eb0B3biFUbYIFWsPK+yCSJEuoMIRjrfsuSk2QY2UY4XRWHmSapphM8Ij2LRU4oTrI56ln8NQqEYylskcYOFe/b+Q40UU0O5lgM9a/vUL8y+tnJvaDnIk0M1SQxUNxxqGRsKgARkxRYvjUEkwUs1khGWOFibFFlW0JXz+F/5NOveZ6Ne/6vNr0l3WUwDE4AWfABRegCa5AC7QBAQo8gCfw7Nw7j86L87oYXXGWO0fgB5y3T/Lvk30=</latexit>

n

(not normalized)

<latexit sha1_base64="BFXP7j+8jceUD9iVx7Xb/Yw0kxQ=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZkRqd0IFTcuK9gHdIYhk0nb0EwyJBmhTAtu/BU3LhRx60+482/MtF1o64GQwzn3cu89YcKo0o7zbRVWVtfWN4qbpa3tnd09e/+gpUQqMWliwYTshEgRRjlpaqoZ6SSSoDhkpB0Ob3K//UCkooLf61FC/Bj1Oe1RjLSRAvvIG3uhYJEaxebL0klAvXFwDa+gG9hlp+JMAZeJOyflOpihEdhfXiRwGhOuMUNKdV0n0X6GpKaYkUnJSxVJEB6iPukaylFMlJ9Nb5jAU6NEsCekeVzDqfq7I0Oxypc0lTHSA7Xo5eJ/XjfVvZqfUZ6kmnA8G9RLGdQC5oHAiEqCNRsZgrCkZleIB0girE1sJROCu3jyMmmdV9xqpXp3Ua7X5nEUwTE4AWfABZegDm5BAzQBBo/gGbyCN+vJerHerY9ZacGa9xyCP7A+fwD005e2</latexit>

→ui→A = 1Let

2.14

<latexit sha1_base64="2WR/Ua9EB71ihBN3+7l9Kh2pnJ8=">AAACLHicbVDLTgIxFO3gC/GFunTTSExcGDJDDLIhgbBxiQmvhIFJpxRo6EwnbcdIBj7Ijb9iYlxIjFu/ww6w0MGbND0559zce48bMCqVaS6M1Nb2zu5eej9zcHh0fJI9PWtJHgpMmpgzLjoukoRRnzQVVYx0AkGQ5zLSdie1WG8/EiEp9xtqGpCeh0Y+HVKMlKacbM2eQdvlbCCnnv6ipzm0Z061X4DlBN9vwCq0b5LuMrScbM7Mm8uCm8Bag1wFrKruZN/sAcehR3yFGZKya5mB6kVIKIoZmWfsUJIA4Qkaka6GPvKI7EXLY+fwSjMDOORCP1/BJfu7I0KejNfTTg+psUxqMfmf1g3VsNSLqB+Eivh4NWgYMqg4jJODAyoIVmyqAcKC6l0hHiOBsNL5ZnQIVvLkTdAq5K1ivvhwm6uU1nGkwQW4BNfAAnegAu5BHTQBBs/gFXyAhfFivBufxtfKmjLWPefgTxnfP3WAp7k=</latexit>

→x→2A = xTAx = 1If 𝐴 is SPD, Q: What is its shape?



Eigenspace

C.-S. Zhang, AMSS

l Eigenspace: 

l Invariant subspace:

This subspace is called an eigenspace. 特征子空间

By definition, the dimension of the eigenspace of 𝜆 is its geometric multiplicity, 𝑚 𝜆 .

If 𝑋 has full column rank, then  

相似变换

<latexit sha1_base64="wGFKRMXvnXaYVxAc1+aKbXi1B/E=">AAACE3icbVC7SgNBFJ31bXxFLW0Go6DNsiviowvYWEYwJpCEcHdyEwdnZ5eZu2JY8gM2/oqNhZZia2Pn3zh5FL4OXDhzzr3MvSdKlbQUBJ/e1PTM7Nz8wmJhaXllda24vnFlk8wIrIpEJaYegUUlNVZJksJ6ahDiSGEtujkb+rVbNFYm+pL6KbZi6GnZlQLISe3iTpPwjnIDuoeDvfo+H7+5tFzqWzASNA3axVLgByPwvySckFKZjVFpFz+anURkMWoSCqxthEFKrRwMSaFwUGhmFlMQN9DDhqMaYrStfHTNgO86pcO7iXGliY/U7xM5xNb248h1xkDX9rc3FP/zGhl1T1q51GlGqMX4o26mOCV8GA3vSIOCVN8REEa6Xbm4BgOCXIAFF0L4++S/pHngh0f+kR8GgX96cVgqn0xCWWBbbJvtsZAdszI7ZxVWZYLds0f2zF68B+/Je/Xexq1T3mRmk/2A9/4F+gudgg==</latexit>

range(X) is invariant

e.g., an eigenspace and range of 𝐴 are both invariant subspaces
<latexit sha1_base64="VUT9akKKcWl2KlTPLzuLGKP/+l4="></latexit>

S → Cn : x ↑ S =↓ Ax ↑ S

The eigenspace associated with 𝜆 is ker 𝐴 − 𝜆𝐼 = 𝒙 ∈ ℂ!: 𝐴𝒙 = 𝜆𝒙

Special Case
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Commonly Used Matrices 

C.-S. Zhang, AMSS

l Square matrix

l Invertible matrix

l Singular matrix

l Diagonalizable matrix

l Normal matrix

l Orthogonal matrix

l Symmetric matrix

l Positive semidefinite matrix

l Positive definite matrix

l Projection matrix

l Permutation matrix

l Diagonal matrix  
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Example 1: Rotation Matrices

C.-S. Zhang, AMSS

l 2D Rotation Transformation:

§ Orthogonality: Rotation matrices are orthogonal, 𝑅!𝑅 = 𝑅	𝑅! = 𝐼.

§ Determinant: The determinant of a rotation matrix is 1.

§ Distance Preservation: Rotation is an isometry -- distances are preserved.

§ Inverse: The inverse of a rotation matrix is its transpose, i.e., 𝑅"# = 𝑅!.

§ Inverse rotation: Corresponds to rotation with angle −𝜃.

§ Composition: Combining rotations adds their angles, namely 𝑅$𝑅% = 𝑅$&%.

Convention: Positive angles rotate counterclockwise; negative angles rotate

clockwise. Applications in computer graphics, robotics, physics, etc.
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Example 2: Pauli Matrices

C.-S. Zhang, AMSS

l Pauli Matrices [Wolfgang Pauli, 1927] describe how a 

spin-½ quantum state changes under basic rotations and 

how its spin is measured along the three spatial axes.

<latexit sha1_base64="m55i+0OhzLFsQoNCcKQWmW6cGPI="></latexit>

ωz | →↑ =
[
1 0
0 ↓1

]
↔ 1↗

2

[
1
1

]
=

1↗
2

[
1
↓1

]
=

1↗
2

[
1
0

]
↓ 1↗

2

[
0
1

]

𝜎' ⟶⟩ = ⟵⟩ shows that | ⟶⟩ is not an eigenstate of 𝜎'; it does not describe the electron state after measurement. 

A 𝑧-measurement yields | ± 𝑧⟩ with probability ½ each.

𝜎() = 𝜎( , 𝜎(* = 𝐼, 𝑗 = 𝑥, 𝑦, 𝑧.It is easy to see that 
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Symmetric Positive Definiteness

C.-S. Zhang, AMSS

l An SPD matrix is real, nonsingular, and symmetric

l If 𝐴 is SPD, then we have   

l If 𝐴 is SPD, then 𝐴(: = 𝐴(1: 𝑘, 1: 𝑘) ∈ ℝ(×( is also SPD; all diagonal entries of 𝐴 are positive.  

l Sylvester’s Criterion: If 𝐴 is real and symmetric, then 𝐴 is positive-definite if and only if 

On the other hand, 𝐴 is negative-definite if and only if the signs of its leading principal 

minors alternate, starting with negative:

𝐷# < 0, 	 𝐷* > 0, 	 𝐷+ < 0, 	 𝐷, > 0, 	 . . .

all its leading principal minors are positive, i.e.
<latexit sha1_base64="vNcBG5TU4Zmn3f+7LWYNB+d8m54=">AAACBHicbVDLSgNBEJyN7/ha9ehlMAjxEnZFVAQlogePCkYDybLMTjrJsLMPZnrFsOTgxV/x4kERr36EN//GyeOgxoKGoqqb7q4glUKj43xZhanpmdm5+YXi4tLyyqq9tn6jk0xxqPFEJqoeMA1SxFBDgRLqqQIWBRJug/Bs4N/egdIiia+xl4IXsU4s2oIzNJJvb577IT06pk2Ee8xbgP3yqR/u0BPqUN8uORVnCDpJ3DEpVckIl7792WwlPIsgRi6Z1g3XSdHLmULBJfSLzUxDynjIOtAwNGYRaC8fPtGn20Zp0XaiTMVIh+rPiZxFWveiwHRGDLv6rzcQ//MaGbYPvVzEaYYQ89GidiYpJnSQCG0JBRxlzxDGlTC3Ut5linE0uRVNCO7flyfJzW7F3a/sX+2VqofjOObJJtkiZeKSA1IlF+SS1AgnD+SJvJBX69F6tt6s91FrwRrPbJBfsD6+Ab9Slj8=</latexit>

Dk := det(Ak) > 0

2.19

<latexit sha1_base64="UAAuao6N9uxhpPOVQy+2B/Il0+s="></latexit>

i.e. xTAx > 0, →x ↑= 0Positive-definiteness:
<latexit sha1_base64="gjRtc1pGLvVUCreNOa1XhEVi7UE=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4kDIjUrus6MJlffQBnbFk0rQNzWSG5I5YhvkJN/6KGxeKuBXc+Temj4W2HgicnHMv997jR4JrsO1vK7OwuLS8kl3Nra1vbG7lt3fqOowVZTUailA1faKZ4JLVgINgzUgxEviCNfzB+chv3DOleShvYRgxLyA9ybucEjBSO390hl0usRsQ6Pt+cp3eJeYHPGAay9Qw9gAJ5hrfVC/Sdr5gF+0x8DxxpqRQQRNU2/kvtxPSOGASqCBatxw7Ai8hCjgVLM25sWYRoQPSYy1DJTFjvWR8VYoPjNLB3VCZJwGP1d8dCQm0Hga+qRxtr2e9kfif14qhW/YSLqMYmKSTQd1YYAjxKCLc4YpREENDCFXc7IppnyhCwQSZMyE4syfPk/px0SkVS1cnhUp5GkcW7aF9dIgcdIoq6BJVUQ1R9Iie0St6s56sF+vd+piUZqxpzy76A+vzB8FZnpg=</latexit>

A → Rn→n is SPD



If 𝐴 ∈ ℂ!×!, then we have 

Theorem 2.1 (Gershgorin Circle, 1931)

Moreover, if 𝑚 of these disks form a connected region 𝐺 that is disjoint from the other disks, then 𝐺 

contains 𝑚 eigenvalues (counting algebraic multiplicity).

<latexit sha1_base64="lcNdIzqWvHUV1fgApLFpYhU+b4k="></latexit>

ω(A) →
n⋃

i=1

Gi(A), Gi(A) :=
{
z ↑ C : |z ↓ aii| ↔

∑

j →=i

|aij |
}

Gershgorin Circle Theorem

C.-S. Zhang, AMSS

盖氏圆盘

l For a strictly diagonally dominant matrix 𝐴, no Gershgorin disk can contain the origin. Therefore, in 

this case, zero cannot be an eigenvalue, which proves that 𝐴 is invertible.

l The theorem can also be applied to the columns of 𝐴 to get an alternate set of disks.

l Q: Are eigenvalues “stable” under small perturbations of the matrix entries?

Remarks:
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Sherman–Morrison–Woodbury Formula

C.-S. Zhang, AMSS

l It is easy to check the resolvent identity:

l Rank-1 update using the SMW formula

The SMW formula provides a way to compute the inverse after a low-rank update; it is widely 

used in several algorithms, like quasi-Newton methods.

l Sherman–Morrison–Woodbury (SMW) formula (Sherman, Morrison 1950; Woodbury 1950) 
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Cayley–Hamilton Theorem

C.-S. Zhang, AMSS

If 𝐴 ∈ ℂ!×! is invertible, there exists a polynomial                             , such that

Theorem 2.2 (Cayley–Hamilton, 1878)

<latexit sha1_base64="1O8u9TuZ5SAjgoWYiGm/86csY/k=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VoBUsiUosgVNzoroJ9QBPKZDJph04mYWYilNB/cOOvuHGhiFs37vwbJ20FrR4YOJxzLnPv8WJGpbKsTyO3sLi0vJJfLaytb2xumds7LRklApMmjlgkOh6ShFFOmooqRjqxICj0GGl7w8vMb98RIWnEb9UoJm6I+pwGFCOlpZ55GJccpuM+KsOzc+iESA1EmPpEjb8NeA2P4EW50DOLVsWaAP4l9owU62CKRs/8cPwIJyHhCjMkZde2YuWmSCiKGRkXnESSGOEh6pOuphyFRLrp5KYxPNCKD4NI6McVnKg/J1IUSjkKPZ3MdpbzXib+53UTFdTclPI4UYTj6UdBwqCKYFYQ9KkgWLGRJggLqneFeIAEwkrXmJVgz5/8l7SOK3a1Ur05KdZrszryYA/sgxKwwSmogyvQAE2AwT14BM/gxXgwnoxX420azRmzmV3wC8b7F42qnA4=</latexit>

p(ω) := det(ωI →A)

Let the characteristic polynomial of  𝐴 ∈ ℂ!×! be denoted as

Then we have 
<latexit sha1_base64="Z8btQACyQudRDQGvv041Yp0F/hU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSO1FqHjxWMF+SLuUbJptQ5PskmSFsvRXePGgiFd/jjf/jdm2B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHyb+e0nqjSL5IOZxNQXeChZyAg2VnqMyzfn6Bq5hX6x5FbcGdAq8RakVIc5Gv3iV28QkURQaQjHWnc9NzZ+ipVhhNNpoZdoGmMyxkPatVRiQbWfzg6eojOrDFAYKVvSoJn6eyLFQuuJCGynwGakl71M/M/rJias+SmTcWKoJPNFYcKRiVD2PRowRYnhE0swUczeisgIK0yMzSgLwVt+eZW0LipetVK9vyzVa4s48nACp1AGD66gDnfQgCYQEPAMr/DmKOfFeXc+5q05ZzFzDH/gfP4AVHOOzg==</latexit>

p(A) = 0

If 𝑝 𝐴 = 𝐴! + 𝑐!*%𝐴!*% +⋯+ 𝑐%𝐴 + 𝑐+𝐼 = 0, provided 𝑐+ ≠ 0 (𝐴 is invertible). Then

𝐴*% = −
1
𝑐+

𝐴!*% + 𝑐!*%𝐴!*$ +⋯+ 𝑐%𝐼

Remark:
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距离与范数
Distances and norms



Vector Norms

C.-S. Zhang, AMSS

l Norm of a vector space l Examples of vector norms (𝑝-norm)

l Hölder inequality (generalization of the well-known Cauchy–Schwarz inequality) 

In finite-dimensional vector spaces, all norms are equivalent; for example: 

<latexit sha1_base64="PQTD1Lzl1rYsj3Az86aR6IjoRx4="></latexit>

→x→p :=
(
|x1|p + · · ·+ |xn|p

) 1
p , p ↑ 1

<latexit sha1_base64="wsRC0Mh6AYZucVvUQaiGR+ED19M=">AAACGHicbVDLSgMxFM3UV62vUZdugkUQhDojUrsRCm5cVrAP6JQhk0nb0EwyJBlpmelnuPFX3LhQxG13/o3pY6GtB0IO59zLvfcEMaNKO863lVtb39jcym8Xdnb39g/sw6OGEonEpI4FE7IVIEUY5aSuqWakFUuCooCRZjC4m/rNJyIVFfxRj2LSiVCP0y7FSBvJty+9DHqBYKEaReZLh2PoZb4Lb2E29N0MXkAPh0IrQ4zAM98uOiVnBrhK3AUpVsEcNd+eeKHASUS4xgwp1XadWHdSJDXFjIwLXqJIjPAA9UjbUI4iojrp7LAxPDNKCLtCmsc1nKm/O1IUqenipjJCuq+Wvan4n9dOdLfSSSmPE004ng/qJgxqAacpwZBKgjUbGYKwpGZXiPtIIqxNlgUTgrt88ippXJXccqn8cF2sVhZx5MEJOAXnwAU3oAruQQ3UAQbP4BW8gw/rxXqzPq2veWnOWvQcgz+wJj9KGJ9O</latexit>

→x→1 = |x1|+ · · ·+ |xn|
<latexit sha1_base64="4v5Py+Lby9ayTp7lgGcMEUKzKFQ=">AAACLnicbVDLSgMxFM34rPU16tJNsAh1U2aK1G6EggguK/QFnbZkMpk2NDMZkoxYpvNFbvwVXQgq4tbPMH0sbOuBkMM59yb3HjdiVCrLejfW1jc2t7YzO9ndvf2DQ/PouCF5LDCpY864aLlIEkZDUldUMdKKBEGBy0jTHd5M/OYDEZLysKZGEekEqB9Sn2KktNQzb50xdFzOPDkK9JU8ptAZ94rwGuYX5W5tqe6im9gO12/DYtozc1bBmgKuEntOchUwQ7Vnvjoex3FAQoUZkrJtW5HqJEgoihlJs04sSYTwEPVJW9MQBUR2kum6KTzXigd9LvQJFZyqfzsSFMjJmLoyQGogl72J+J/XjpVf7iQ0jGJFQjz7yI8ZVBxOsoMeFQQrNtIEYUH1rBAPkEBY6YSzOgR7eeVV0igW7FKhdH+Zq5TncWTAKTgDeWCDK1ABd6AK6gCDJ/ACPsCn8Wy8GV/G96x0zZj3nIAFGD+/7bWpuQ==</latexit>

→x→2 = (xTx)
1
2

<latexit sha1_base64="DL/2NSzO7iDcy+wkpEAxPzERtDc=">AAACFXicbVDLSsNAFJ34rPVVdelmsAgupCQitRuh4MZlBfuAJoTJZNIOnUzCzERakvyEG3/FjQtF3Aru/BsnbRfaemCYwzn3cu89XsyoVKb5baysrq1vbJa2yts7u3v7lYPDjowSgUkbRywSPQ9JwignbUUVI71YEBR6jHS90U3hdx+IkDTi92oSEydEA04DipHSkls5tzNoexHz5STUXzrOoZ25NuWBmsBraIdo7KY0h9nYpZlbqZo1cwq4TKw5qTbBDC238mX7EU5CwhVmSMq+ZcbKSZFQFDOSl+1EkhjhERqQvqYchUQ66fSqHJ5qxYdBJPTjCk7V3x0pCmWxta4MkRrKRa8Q//P6iQoaTkp5nCjC8WxQkDCoIlhEBH0qCFZsognCgupdIR4igbDSQZZ1CNbiycukc1Gz6rX63WW12ZjHUQLH4AScAQtcgSa4BS3QBhg8gmfwCt6MJ+PFeDc+ZqUrxrznCPyB8fkDh1qfsw==</latexit>

→x→→ = max
i

|xi|

<latexit sha1_base64="sXETc5XrgZRRMfWAqBjIfxh0oJs="></latexit>∣∣xTy
∣∣ → ↑x↑p↑y↑q,

1

p
+

1

q
= 1
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Matrix Norms

C.-S. Zhang, AMSS

l Frobenius norm for matrices

For a real matrix

l Consistent norms

Remark: Note that there are 3 norms in this inequality (𝑝-norms in different spaces)!

l 𝑝-Norm for matrices: 
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Spectral Radius

C.-S. Zhang, AMSS

l Spectral radius of 

(2)

(1)

(3)

(4)

(5)

(6)

The spectral radius possesses profound 

implications beyond pure mathematics, finding 

crucial utility in a wide array of scientific and 

engineering fields. Its significance stems from 

its role in governing the asymptotic behavior—

specifically the stability and convergence—of 

linear dynamical systems.

<latexit sha1_base64="OU2QjPVj3PVs1nCOi/H6weUe+CU="></latexit>

ω(A) := max
{
|ε| : ε → ε(A)

}

<latexit sha1_base64="0ID9gj+42jAQGHBZRBZu30MS3Ck="></latexit>

lim
k→↑

Ak = 0 →↑ ω(A) < 1

<latexit sha1_base64="TqNiCnxgXsU7xEDOpOPPYPeewC4=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4KolI7bLSjcsK9gFNLJPppB06mYSZiVBCV278FTcuFHHrN7jzb5y0XWjrgYEz59zLvfcECWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQejeu63H6hULBZ3epxQP8IDwUJGsDZSzz65Rh4TyIuwHgZBVp/cZ+anWUQVEpOeXXLKzhRombhzUqrBDI2e/eX1Y5JGVGjCsVJd10m0n2GpGeF0UvRSRRNMRnhAu4YKbOb42fSMCTozSh+FsTRPaDRVf3dkOFJqHAWmMl9XLXq5+J/XTXVY9TMmklRTQWaDwpQjHaM8E9RnkhLNx4ZgIpnZFZEhlphok1zRhOAunrxMWhdlt1Ku3F6WatV5HAU4hlM4BxeuoAY30IAmEHiEZ3iFN+vJerHerY9Z6Yo17zmCP7A+fwDFZpi3</latexit>

A → Cn→n <latexit sha1_base64="yE96ok8JjZ23BBJC74pwECl2jMY=">AAACFnicbVDLSgMxFM3UV62vUZdugkWooGVGpHbZ4sZlBfuAppRMJtOGZiZjkhHKtF/hxl9x40IRt+LOvzF9LLT1wIXDOfdy7z1ezJnSjvNtZVZW19Y3spu5re2d3T17/6ChRCIJrRPBhWx5WFHOIlrXTHPaiiXFocdp0xtcT/zmA5WKiehOD2PaCXEvYgEjWBupa58j2ReF6ilEnEI0qqLRGUT3CfYhCoTEnENkhBEivtBo1LXzTtGZAi4Td07yFTBDrWt/IV+QJKSRJhwr1XadWHdSLDUjnI5zKFE0xmSAe7RtaIRDqjrp9K0xPDGKD80ZpiINp+rviRSHSg1Dz3SGWPfVojcR//PaiQ7KnZRFcaJpRGaLgoRDLeAkI+gzSYnmQ0MwkczcCkkfS0y0STJnQnAXX14mjYuiWyqWbi/zlfI8jiw4AsegAFxwBSrgBtRAHRDwCJ7BK3iznqwX6936mLVmrPnMIfgD6/MH+ZKeEA==</latexit>

ω(A) → ↑A↑, ↓ ↑ · ↑

<latexit sha1_base64="/Bwn5cgK4DparkJxY0XJ3j31SA4="></latexit>

→ ω > 0, ↑ ↓ · ↓, s.t. ↓A↓ ↔ ε(A) + ω

<latexit sha1_base64="MrTMCbhfOKaU62nxxau+R+KStfU="></latexit> →∑

k=0

Ak converges →↑ ω(A) < 1

<latexit sha1_base64="FiwmLk9ZLDHvvRcWRWMVoVE4IZQ="></latexit>

lim
k→↑

→Ak→1/k = ω(A)

<latexit sha1_base64="0TfhMJBBxTtpsgZKTuksethKJ/4="></latexit> →∑

k=0

Ak = (I →A)↑1, if it converges
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Non-negative Matrices

C.-S. Zhang, AMSS

l Non-negative / positive (real) matrices

l Monotonicity of spectral radius:

non-negative

positive

l A positive (non-negative) matrix is a matrix in which every entry is greater than (or equal to) zero.

l Applications: Non-negative matrices are crucial in many areas because they naturally model 

quantities that cannot be negative, such as probability matrices (Markov chains), adjacency matrices 

of graphs, models of goods and production, Google’s PageRank matrix. 

Ordering
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Irreducible Matrices

C.-S. Zhang, AMSS

l Reducible matrix:

Otherwise, 𝐴 is called irreducible.

𝐴 ∈ ℝ!×!	is non-negative (𝑛 ≥ 2). Then

Theorem 2.3

𝐴 is irreducible

l A reducible matrix is a square matrix that can be transformed into a block upper triangular form by 

applying the same permutation to its rows and columns. In other words, it represents a linear system 

that can be broken down into smaller subsystems with a one-way block dependency.

<latexit sha1_base64="tgk3Wpuf2N8Es8Shmf6b54ysmSc="></latexit>

PAPT =

[
A11 A12

0 A22

]

<latexit sha1_base64="c0kaMVs4Y2/0IrsoZ5IX5byTNpk="></latexit>

A → Rn→n (n ↑ 2), ↓ permutation P, s.t.

2.28

l It is handy in computation:



Perron–Frobenius Theorem

C.-S. Zhang, AMSS

l Perron (1907) analyzed positive matrices and Frobenius (1912) considered more general cases.

l The dominant eigenvalue 𝜆% = 𝜌(𝐴) of a graph’s adjacency matrix 𝐴 (代数) provides information 

about the graph’s connectivity and the number of walks between nodes (几何):

§ (𝐴-).( gives the number of walks of length 𝑘 from node 𝑖 to 𝑗;

§ If 𝐴 is primitive and 𝒖, 𝒗 are normalized Perron vectors we have the asymptotic relation:                           ;

§ The number of walks of length 𝑘 from node 𝑖 to node 𝑗 grows exponentially at a rate determined by 𝜆#.

Remarks:

Theorem 2.4 (Perron–Frobenius Theorem, 1912)

If 𝐴 ∈ ℝ!×! (𝑛 ≥ 2) is non-negative and irreducible, then

is a simple eigenvalue, and
<latexit sha1_base64="G38ldHEhskisRkhF3MS46MZjum8=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiDES5gRiTlJxIvHCGaRZAg9nZ6kSS9Dd48QQr7CiwdFvPo53vwbO8tBEx8UPN6roqpelHBmrO9/e5m19Y3Nrex2bmd3b/8gf3jUMCrVhNaJ4kq3ImwoZ5LWLbOcthJNsYg4bUbD26nffKLaMCUf7CihocB9yWJGsHXSY0cPVPHm/Nrv5gt+yZ8BrZJgQQpVmKPWzX91eoqkgkpLODamHfiJDcdYW0Y4neQ6qaEJJkPcp21HJRbUhOPZwRN05pQeipV2JS2aqb8nxlgYMxKR6xTYDsyyNxX/89qpjSvhmMkktVSS+aI45cgqNP0e9ZimxPKRI5ho5m5FZIA1JtZllHMhBMsvr5LGRSkol8r3l4VqZRFHFk7gFIoQwBVU4Q5qUAcCAp7hFd487b14797HvDXjLWaO4Q+8zx++LI+6</latexit>

ω(A) > 0
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Google Matrix and PageRank

C.-S. Zhang, AMSS

l Revisit Chapter 1: 𝑀 is a column-stochastic matrix (column sums are 1) 

2.30

l With probability 𝑑, follow a hyperlink; with probability 1 − 𝑑, jump uniformly to any page:

Google matrix

l It is easy to see that the Google matrix is also column-stochastic

and

l Furthermore, the Google matrix is also positive (hence irreducible)

l The Perron–Frobenius theorem guarantees a unique positive normalized vector 𝒓 satisfying



Orthogonality

C.-S. Zhang, AMSS

l If 𝑄 and 𝑍 are orthogonal / unitary, then

l Unitary matrix（酉矩阵）

unitary-invariant norms

l Orthogonal matrix

The columns of 𝑄 form an orthonormal basis of ℝ!

<latexit sha1_base64="EoVQJQXTsjZMxt6mEEemCcYqdt4="></latexit>

Q := [q1, . . . , qn] → Rn→n, QTQ = I
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Projections

C.-S. Zhang, AMSS

l Projection Transform:

A projection 𝑃:𝒱 → 𝒱 is a linear idempotent transform from a vector space onto a subspace.

l Any vector 𝒙 ∈ 𝒱 can be decomposed as 
<latexit sha1_base64="t8SY3Up89c+RnMtXqhs+dpGVmcg=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0WoiCURabsRCm50F8E+oA1lMpm0QyeZMDMRS+inuPFX3LhQRHf6NU7aLmzrgWEO59zLvfd4MaNSWda3kVtZXVvfyG8WtrZ3dvfM/YOm5InApIE546LtIUkYjUhDUcVIOxYEhR4jLW94nfmtByIk5dG9GsXEDVE/ogHFSGmpZ1a7Hme+HIX6Sx/H8Ao6cEE6g6Xbc+d0Xu2ZRatsTQCXiT0jxTqYwumZX12f4yQkkcIMSdmxrVi5KRKKYkbGhW4iSYzwEPVJR9MIhUS66eTAMTzRig8DLvSLFJyofztSFMpsNV0ZIjWQi14m/ud1EhXU3JRGcaJIhKeDgoRBxWGWFvSpIFixkSYIC6p3hXiABMJKZ1rQIdiLJy+T5kXZrpQrd5fFem0WRx4cgWNQAjaogjq4AQ5oAAyewAt4A+/Gs/FqfBif09KcMes5BHMwfn4BCGOjig==</latexit>

x = Px+ (I → P )x

where 𝐼 − 𝑃 is also an projection and
<latexit sha1_base64="4sUKaU+j1FMzrT4a/SsgBIvBTCk=">AAACDnicbVDLSgMxFM34rPU16tJNsBTahWVGpHYjFNzobgT7gHYomTRtQ5PMkGSEMswXuPFX3LhQxK1rd/6NmbaCth64cDjnXu69J4gYVdpxvqyV1bX1jc3cVn57Z3dv3z44bKowlpg0cMhC2Q6QIowK0tBUM9KOJEE8YKQVjK8yv3VPpKKhuNOTiPgcDQUdUIy0kXp2scuRHkmeiJixtOSV4eWPIpEYkrR0c+qVe3bBqThTwGXizkmhDmbwevZntx/imBOhMUNKdVwn0n6CpKaYkTTfjRWJEB6jIekYKhAnyk+m76SwaJQ+HITSlNBwqv6eSBBXasID05mdqha9TPzP68R6UPMTKqJYE4FniwYxgzqEWTawTyXBmk0MQVhScyvEIyQR1ibBvAnBXXx5mTTPKm61Ur09L9Rr8zhy4BicgBJwwQWog2vggQbA4AE8gRfwaj1az9ab9T5rXbHmM0fgD6yPb9Lem/U=</latexit>

null(P ) = range(I → P )

l It’s easy to see that the matrix 𝑃& is also a projection. 

l Idempotence: Once a vector has been projected, projecting it again does nothing, i.e. 
<latexit sha1_base64="bz1/ohmAQLpy7QEV7e4a0U8lGao=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqswUabsRCm5cVrAPaEfJpHfa0ExmSDJCGfoRblwo4tbvceffmD4W2nogcDjnXHLvCRLBtXHdbye3sbm1vZPfLeztHxweFY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCcY38z8zhMqzWN5byYJ+hEdSh5yRo2VOs2HCrkmzcdiyS27c5B14i1JqQEL2PxXfxCzNEJpmKBa9zw3MX5GleFM4LTQTzUmlI3pEHuWShqh9rP5ulNyYZUBCWNlnzRkrv6eyGik9SQKbDKiZqRXvZn4n9dLTVj3My6T1KBki4/CVBATk9ntZMAVMiMmllCmuN2VsBFVlBnbUMGW4K2evE7albJXLVfvrkqN+rKOPJzBOVyCBzVowC00oQUMxvAMr/DmJM6L8+58LKI5ZzlzCn/gfP4A9TiOrg==</latexit>

P 2 = P
<latexit sha1_base64="1Yk7eG5coVuFa38r6+dhWs/Djz0=">AAACCnicbVDLSsNAFJ3UV62vqks3o0UQlJKI1G6EghtXEsE+oIllMpm0QyaTODMRSujajb/ixoUibv0Cd/6Nk7YLbT1w4XDOvdx7j5cwKpVpfhuFhcWl5ZXiamltfWNzq7y905JxKjBp4pjFouMhSRjlpKmoYqSTCIIij5G2F17mfvuBCEljfquGCXEj1Oc0oBgpLfXK+/ZdCC+gfQKd+xT5MIQO5dCJkBp4XnY96h33yhWzao4B54k1JZUGmMDulb8cP8ZpRLjCDEnZtcxEuRkSimJGRiUnlSRBOER90tWUo4hINxu/MoKHWvFhEAtdXMGx+nsiQ5GUw8jTnfmNctbLxf+8bqqCuptRnqSKcDxZFKQMqhjmuUCfCoIVG2qCsKD6VogHSCCsdHolHYI1+/I8aZ1WrVq1dnNWadSncRTBHjgAR8AC56ABroANmgCDR/AMXsGb8WS8GO/Gx6S1YExndsEfGJ8/qeCZBw==</latexit>

P k = P, k → N+ 幂等算子

l The eigenvalues of a projection matrix 𝑃 are either 0 or 1! (Exercise)
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Orthogonal Projections

C.-S. Zhang, AMSS

Subspace 𝒮 ⊆ ℝ! and

𝑃 is an orthogonal projection to 𝒮

Orthogonal Projection

<latexit sha1_base64="npelyl+mzZ2Mj2OalUv7UhmlK5c="></latexit>

P → Rn→n, range(P ) = S,
P 2 = P, PT = P

Some Properties:

1

2
<latexit sha1_base64="MLEfa0etCXCX4bQ+mnjr+4hi3pw="></latexit>

Px = x, →x ↑ S

3
<latexit sha1_base64="XbhNVFGP0KhvSl9uv3T7AJ5pfok="></latexit>

v → P1v ↑ S→, v → P2v ↑ S→,

=↓ (P1 → P2)v ↑ S→

<latexit sha1_base64="e1dQRPPAz5BmOySTWPdB9i2qgeU="></latexit>

Moreover, P1v → P2v ↑ S,
=↓ (P1 → P2)v = 0

l Let 𝑃 be a projection matrix. If 𝑃& = 𝑃, then 

it is an orthogonal projection; otherwise, it is 

called an oblique projection. 

l Orthogonal projection in complex vector 

spaces follows the same geometric principle 

as in real spaces.

Orthogonal projection onto range(𝐴): 4

if 𝐴 has full column rank.
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Matrix Form of Projection

C.-S. Zhang, AMSS

l Suppose that we have two 𝑘-dimensional subspaces: 

l Examples:

<latexit sha1_base64="CSR3BNCCOOii51NTcmYTdfKvIJY="></latexit>

S1, S2 ⊆ R
n
= S1 ⊕ S⊥

2

Then there exists a unique projection 𝑃 onto 𝒮% along the direction orthogonal to 𝒮$, and 

<latexit sha1_base64="PbHGMTbOrPBr819HEaLdxfHiBi4="></latexit>

range(P ) = S1, null(P ) = S
⊥
2

<latexit sha1_base64="rHW6NelRCJxYGDFJwLMMxj7ACCo=">AAACBXicbZC7SgNBFIbPxluMt1XBxmYwCLFw2RWJsRACNpYRcoNkE2Yns8mQ2Qszs0JYU/gqNhZaiq3vYOfbOLkUmvjDwMd/zuGc+b2YM6ls+9vIrKyurW9kN3Nb2zu7e+b+QV1GiSC0RiIeiaaHJeUspDXFFKfNWFAceJw2vOHtpN54oEKyKKyqUUzdAPdD5jOClba65lEF3aA6KjQ6VVQ/66Tnzhhp7pp527KnQsvgzCFfhpkqXfOr3YtIEtBQEY6lbDl2rNwUC8UIp+NcO5E0xmSI+7SlMcQBlW46vX+MTrXTQ34k9AsVmrq/J1IcSDkKPN0ZYDWQi7WJ+V+tlSi/5KYsjBNFQzJb5CccqQhNwkA9JihRfKQBE8H0rYgMsMBE6chyOgRn8cvL0L6wnKJVtBzbtq7vL/Pl0jyULBzDCRTAgSsowx1UoAYEHuEZXuHNeDJejHfjY9aaMeYzh/BHxucP5deU9g==</latexit>

P = V (WT
V )−1

W
T

where columns of  𝑉 and 𝑊 form orthonormal bases of 𝒮% and 𝒮$, respectively. 

<latexit sha1_base64="H24/54GtBQS9uylol+Jz3xO0VOY="></latexit>

S1 = S2 = R
n, S⊥

2 = {0} =⇒ P = I

<latexit sha1_base64="4YWibQtoRjllA3CuKeJD3W6oGz8="></latexit>

S1 = S2 = {0}, S⊥
2 = R

n
=⇒ P = 02

1 3 More common usage: 
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Derivation of Orthogonal Projection Matrix

C.-S. Zhang, AMSS

l Deriving the matrix form (Exercise)

<latexit sha1_base64="/RlAAvVZhTgx7wp7lGghEEU0mLI="></latexit>

V :=

[

v1 v2 . . . vk

]

∈ R
n×k

<latexit sha1_base64="5XiB89E2a9c2eb8cy++iBib99Do=">AAAB+HicbVDLSgNBEJyNrxhfUY9eBoPgadkVifEgBLzoLUJesFnD7GQ2GTI7s8z0CiHkM7x40KN49VO8+TdOHgdNLGgoqrrp7opSwQ143reTW1vf2NzKbxd2dvf2D4qHR02jMk1ZgyqhdDsihgkuWQM4CNZONSNJJFgrGt5O/dYT04YrWYdRysKE9CWPOSVgpaD5WMdNfIPvu8NuseS53gx4lfgLUqqiOWrd4lenp2iWMAlUEGMC30shHBMNnAo2KXQyw1JCh6TPAkslSZgJx7OTJ/jMKj0cK21LAp6pvyfGJDFmlES2MyEwMMveVPzPCzKIK+GYyzQDJul8UZwJDApP/8c9rhkFMbKEUM3trZgOiCYUbEoFG4K//PIq6Vy4ftktu77nudcPl6VqZRFKHp2gU3SOfHSFqugO1VADUaTQM3pFbw44L8678zFvzTmLmWP0B87nDzrikXU=</latexit>

V
T
V = Ik

is the projection to span{𝒗}
<latexit sha1_base64="IiW48RncwCz14zPbtho5IRUvpkI=">AAAB+3icbVC9TsMwGPxS/kr5KzCyRFRITFGCUClbJRbGIlFaqQmV4zitVceObAeoor4HCwOMiJUXYeNtcNoO0HKS5dPd98nnC1NGlXbdb6u0srq2vlHerGxt7+zuVfcP7pTIJCZtLJiQ3RApwignbU01I91UEpSEjHTC0VXhdx6IVFTwWz1OSZCgAacxxUgb6d4PBYvUODFX/jTpV2uu405hLxNvTmpNmKHVr375kcBZQrjGDCnV89xUBzmSmmJGJhU/UyRFeIQGpGcoRwlRQT5NPbFPjBLZsZDmcG1P1d8bOUpUEc1MJkgP1aJXiP95vUzHjSCnPM004Xj2UJwxWwu7qMCOqCRYs7EhCEtqstp4iCTC2hRVMSV4i19eJv6Z49WduuO5rnN5c15rNuallOEIjuEUPLiAJlxDC9qAQcIzvMKb9Wi9WO/Wx2y0ZM13DuEPrM8fTb6UiA==</latexit>

x

<latexit sha1_base64="CXS2rtCUXGKDV/t2/sUGxNWJWh4=">AAAB+3icbVC9TsMwGPxS/kr5KzCyWFRITFGCUClbJRbGIlFaqQmV4zitVceJbKeoivoeLAwwIlZehI23wWk7QMtJlk933yefL0g5U9pxvq3S2vrG5lZ5u7Kzu7d/UD08elBJJgltk4QnshtgRTkTtK2Z5rSbSorjgNNOMLop/M6YSsUSca8nKfVjPBAsYgRrIz16QcJDNYnNlY+n/WrNsZ0Z0CpxF6TWhDla/eqXFyYki6nQhGOleq6Taj/HUjPC6bTiZYqmmIzwgPYMFTimys9nqafozCghihJpjtBopv7eyHGsimhmMsZ6qJa9QvzP62U6avg5E2mmqSDzh6KMI52gogIUMkmJ5hNDMJHMZEVkiCUm2hRVMSW4y19eJd6F7dbtuu06jn19d1lrNhallOEETuEcXLiCJtxCC9pAQMIzvMKb9WS9WO/Wx3y0ZC12juEPrM8fSqiUhg==</latexit>

v
<latexit sha1_base64="gUdTrFu/jrfXLneMeCqZasm9yP8=">AAACAnicbVBPS8MwHE39O+e/6o5egkPwIKUVmfM28OJxgnODtYw0TbewNClJKpYyv4oXD3oUr34Kb34b020H3XwQ8njv9yMvL0wZVdp1v62V1bX1jc3KVnV7Z3dv3z44vFcik5h0sGBC9kKkCKOcdDTVjPRSSVASMtINx9el330gUlHB73SekiBBQ05jipE20sCutaF/Bv1QsEjlibmKx8nArruOOwVcJt6c1FtghvbA/vIjgbOEcI0ZUqrvuakOCiQ1xYxMqn6mSIrwGA1J31COEqKCYhp+Ak+MEsFYSHO4hlP190aBElVGM5MJ0iO16JXif14/03EzKChPM004nj0UZwxqAcsmYEQlwZrlhiAsqckK8QhJhLXpq2pK8Ba/vEz8c8drOA3Hc13n6vai3mrOS6mAI3AMToEHLkEL3IA26AAMcvAMXsGb9WS9WO/Wx2x0xZrv1MAfWJ8/QMKWAw==</latexit>

P x
<latexit sha1_base64="787YErkvSZrH2RRLCB5ZX1aqRks="></latexit>

P x =
k∑

i=1

(vT
i x)vi = V V

T
x

<latexit sha1_base64="pXo7G+yPLxGbxii1NT+sOh78HzU=">AAAB+XicbVDLSsNAFL2pr1pfVZduBovgQkIiUutCCLhxWaEvaGKZTCft0MkkzEyEEvobblzoUtz6J+78G6ePhbYeuHA4517uvSdMOVPacb6twtr6xuZWcbu0s7u3f1A+PGqpJJOENknCE9kJsaKcCdrUTHPaSSXFcchpOxzdTf32E5WKJaKhxykNYjwQLGIEayP5dXSLWsi/QK3HRq9ccWxnBrRK3AWpeDBHvVf+8vsJyWIqNOFYqa7rpDrIsdSMcDop+ZmiKSYjPKBdQwWOqQry2c0TdGaUPooSaUpoNFN/T+Q4Vmoch6Yzxnqolr2p+J/XzXRUC3Im0kxTQeaLoowjnaBpAKjPJCWajw3BRDJzKyJDLDHRJqaSCcFdfnmV+Je2W7Wrtus49s3DVcWrLUIpwgmcwjm4cA0e3EMdmkAghWd4hTcrs16sd+tj3lqwFjPH8AfW5w82FJFk</latexit>

P = V V
T

It is easy to check that:
<latexit sha1_base64="6uNClxyg/Edqd9TzfyslesBBUwU=">AAACBXicbVBPS8MwHE39O+e/qeDFS3AIHqS0Q+Y8CAMvHitsbrB2I03TLSxNa5IKo+7gV/HiQY/i1e/gzW9juu2gmw8CL++9H/nl+QmjUlnWt7G0vLK6tl7YKG5ube/slvb272ScCkyaOGaxaPtIEkY5aSqqGGkngqDIZ6TlD69zv/VAhKQxb6hRQrwI9TkNKUZKS73SodOtwCvonEH3PkUBdLqN/NorlS3TmgAuEntGynUwhc5/uUGM04hwhRmSsmNbifIyJBTFjIyLbipJgvAQ9UlHU44iIr1ssv8YnmglgGEs9OEKTtTfExmKpBxFvk5GSA3kvJeL/3mdVIU1L6M8SRXhePpQmDKoYpiXAQMqCFZspAnCgupdIR4ggbDSlRV1Cfb8lxeJWzHtqlk1bcsyL2/Py/XarJQCOALH4BTY4ALUwQ1wQBNg8AiewSt4M56MF+Pd+JhGl4zZzAH4A+PzB+jclPU=</latexit>

P 2
= P, PT

= P orthogonal projection

orthonormal
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Theorem 2.5

Householder Transformation

C.-S. Zhang, AMSS

l Householder matrix or transformation

𝐻 is symmetric and orthogonal

−1 is an eigenvalue of 𝐻 and 𝒖 is its eigenvector; 
1 is another eigenvalue, apparently

§ The Householder transformation reflects a vector 

𝒙 such that only the first entry is nonzero.

§ The vector 𝒖 is called a Householder vector.

§ Choose 𝑎 such that the denominator is nonzero.
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Givens Transformation

C.-S. Zhang, AMSS

l Givens matrix or transformation
<latexit sha1_base64="ZqVK0HuGVUTc83n/nzCqjXy32hA="></latexit>

G(!) =

[
c s

→s c

]

<latexit sha1_base64="wX6SeDZlT7EPiFRQk3vra6sik6c="></latexit>

G(!)

[
x1

x2

]
=

[
c s

→s c

][
x1

x2

]
=

[
cx1 + sx2

→sx1 + cx2

]

l Consider a complex plane:
<latexit sha1_base64="Uslh3bm1rcpdc5XF56sUQsP+2nc=">AAACKnicbVDLSgMxFM3UV62vUZdugkWooGVGpHYjVNy4rGAf0BlLJs20oZlkSDJCGfo9bvwVN10oxa0fYqbtwlYPBA7nnEvuPUHMqNKOM7Vya+sbm1v57cLO7t7+gX141FQikZg0sGBCtgOkCKOcNDTVjLRjSVAUMNIKhveZ33ohUlHBn/QoJn6E+pyGFCNtpK59l8Bb6GGhSl59QM/hJfQipAdBmNIx9C6gpyhPM2tscuQ5XfYzvWsXnbIzA/xL3AUp1sAc9a498XoCJxHhGjOkVMd1Yu2nSGqKGRkXvESRGOEh6pOOoRxFRPnp7NQxPDNKD4ZCmsc1nKm/J1IUKTWKApPM9lSrXib+53USHVb9lPI40YTj+UdhwqAWMOsN9qgkWLORIQhLanaFeIAkwtq0WzAluKsn/yXNq7JbKVcer4u16qKOPDgBp6AEXHADauAB1EEDYPAK3sEH+LTerIk1tb7m0Zy1mDkGS7C+fwCbyaWn</latexit>

u = cos(!)→ i sin! = e→i!
<latexit sha1_base64="jMB62CexY3/A84jDsvNQhj5Cp9U=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYY8KDHCOYByRJmJ7PJkNnZZaZXCEs+wosHRbz6Pd78GyePgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWat+Ve42RuOwXS27FnYOsE29JSnVYoNEvfvUGMUsjrpBJakzXcxP0M6pRMMmnhV5qeELZmA5511JFI278bH7ulFxYZUDCWNtSSObq74mMRsZMosB2RhRHZtWbif953RTDmp8JlaTIFVssClNJMCaz38lAaM5QTiyhTAt7K2EjqilDm1DBhuCtvrxOWlcVr1qpPlyX6rVlHHk4g3Mogwc3UId7aEATGIzhGV7hzUmcF+fd+Vi05pzlzCn8gfP5A5N6jxY=</latexit>

G(!)
<latexit sha1_base64="aYhGv63Uzd0WSe8jqxjYq1Q0/lI=">AAACMXicbVDLSsNAFJ3UV62vqEs3g0WIiCUpUrsRCm66rGAf0IYwmU7aoZMHMxNpCf0lN/6JuOlCEbf+hJMmC1s9MHA451zm3uNGjAppmgutsLG5tb1T3C3t7R8cHunHJx0RxhyTNg5ZyHsuEoTRgLQllYz0Ik6Q7zLSdSf3qd99IlzQMHiUs4jYPhoF1KMYSSU5ejOGxtSx4BUc+EiOXS+hczh1qpfwDhoYZpbIlJWMcS1yFy9dRy+bFXMJ+JdYOSk3QIaWo78OhiGOfRJIzJAQfcuMpJ0gLilmZF4axIJECE/QiPQVDZBPhJ0sL57DC6UMoRdy9QIJl+rviQT5Qsx8VyXTlcW6l4r/ef1YenU7oUEUSxLg7CMvZlCGMK0PDiknWLKZIghzqnaFeIw4wlKVXFIlWOsn/yWdasWqVWoPN+VGPa+jCM7AOTCABW5BAzRBC7QBBs/gDbyDD+1FW2if2lcWLWj5zClYgfb9A+W0pJc=</latexit>

u(x1 + ix2) = (cx1 + sx2) + i(→sx1 + cx2)

l It represents a plane rotation:

<latexit sha1_base64="4RfJiU54yEOQC0N748sukOxGFNo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEar0VvHisYG2hCWWz3TRLdzdhdyOU0L/gxYMexav/xpv/xk3bg1YfDDzem2FmXpRxpo3nfTmVtfWNza3qdm1nd2//oH549KDTXBHaJSlPVT/CmnImadcww2k/UxSLiNNeNLkp/d4jVZql8t5MMxoKPJYsZgSbUgo6CRvWG57rzYH+En9JGm1YoDOsfwajlOSCSkM41nrge5kJC6wMI5zOakGuaYbJBI/pwFKJBdVhMb91hs6sMkJxqmxJg+bqz4kCC62nIrKdAptEr3ql+J83yE3cCgsms9xQSRaL4pwjk6LycTRiihLDp5Zgopi9FZEEK0yMjadmQ/BXX/5LggvXb7pN1/c89/rustFuLUOpwgmcwjn4cAVtuIUOdIFAAk/wAq+OcJ6dN+d90VpxljPH8AvOxzfBy4+e</latexit>

Φ

<latexit sha1_base64="u12NWzUmOmk46pWV6GsmKT4IZ0w=">AAACBnicbVDLSsNAFJ3UV62vqAsXboJFqCAhEal1V3ChywrWFppQJpNJO3QyE2YmhRKy8VfcuNCluPUb3Pk3TtoutPXAMIdz7uXee4KEEqkc59sorayurW+UNytb2zu7e+b+waPkqUC4jTjlohtAiSlhuK2IoribCAzjgOJOMLop/M4YC0k4e1CTBPsxHDASEQSVlvrm0W3Naw3JmXfuBZyGchLrLxvnfbPq2M4U1jJx56TaBDO0+uaXF3KUxpgpRKGUPddJlJ9BoQiiOK94qcQJRCM4wD1NGYyx9LPpAbl1qpXQirjQjylrqv7uyGAsi9V0ZQzVUC56hfif10tV1PAzwpJUYYZmg6KUWopbRRpWSARGik40gUgQvauFhlBApHRmFR2Cu3jyMvEubLdu123Xcezr+8tqszEPpQyOwQmoARdcgSa4Ay3QBgjk4Bm8gjfjyXgx3o2PWWnJmPccgj8wPn8ARp6Xrg==</latexit>

G(Φ)v

<latexit sha1_base64="C+oREKjEdZ6Nnla7zN4pmNtPAhE="></latexit>

c = cos(!), s = sin(!), and ! → R

Givens matrix is orthogonal

Rotate a complex number by an angle of Φ 

clockwise (Passive, CW rotation)

Numerical libraries (LAPACK) use this 

convention
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奇异值分解
Singular value decomposition



Schur Decomposition

C.-S. Zhang, AMSS

Theorem 2.6 (Schur Decomposition Theorem, 1909) 

There exists a unitary matrix 𝑈 such that

where 𝑇 is an upper triangular matrix. Moreover, the diagonal entries of 𝑇 are the eigenvalues of the 

matrix 𝐴.

Let be a complex matrix. 
<latexit sha1_base64="3akibbongzl//PPgZJBr5KlwCiA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RESu1FqHjpsULTFtq0bLabdulmE3Y3Sgn9H148KOLV/+LNf+P246CtDwYe780wM8+POVPatr+tzMbm1vZOdje3t39weJQ/PmmqKJGEuiTikWz7WFHOBHU105y2Y0lx6HPa8sf3M7/1SKVikWjoSUy9EA8FCxjB2kg9t1dDd6h7hVx0ixr9fMEu2nOgdeIsSaEKC9T7+a/uICJJSIUmHCvVcexYeymWmhFOp7luomiMyRgPacdQgUOqvHR+9RRdGGWAgkiaEhrN1d8TKQ6VmoS+6QyxHqlVbyb+53USHVS8lIk40VSQxaIg4UhHaBYBGjBJieYTQzCRzNyKyAhLTLQJKmdCcFZfXifN66JTLpYfSoVqZRlHFs7gHC7BgRuoQg3q4AIBCc/wCm/Wk/VivVsfi9aMtZw5hT+wPn8Ae36QkQ==</latexit>

UHAU = T

Real Schur decomposition avoids introducing the imaginary unit 𝐢. This is a significant advantage in

numerical computation. By employing an orthogonal matrix and a block upper triangular matrix 𝑇 with 

1×1 or 2×2 blocks, it keeps all computations within real numbers:
<latexit sha1_base64="ORIi/RwgUSQM4c71Z2kNQYscSD4="></latexit>

→A ↑ Rn→n : ↓Q ↑ Rn→n is orthogonal, s.t. QTAQ = T
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Proof of Schur Decomposition

C.-S. Zhang, AMSS

2

3

1 If 𝑛 = 1, the result is trivial; we then prove the theorem by induction.

Suppose we have an eigenpair: 

There exist a Hermitian and unitary matrix 𝐻 and a nonzero constant 𝑝, such that 

Hence, we have

is unitary and satisfies the theorem.
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Remarks on Schur Decomposition

C.-S. Zhang, AMSS

l Unlike diagonalization, which only applies to a class of matrices (namely, diagonalizable matrices), 

any matrix can be unitarily triangularized by the Schur decomposition.

l The transformation by a unitary matrix preserves important geometric properties like lengths and 

angles, making the process numerically stable.

l The Schur decomposition is not unique; for example, the diagonal entries of 𝑇 (i.e., the eigenvalues) 

can appear in any order.

l For a normal matrix:
<latexit sha1_base64="ycAoK9QOPReSwJWUuWcq46y6VfM="></latexit>

AHA = AAH →↑ UHAU = diag(ω1, . . . ,ωn), ωi ↓ C (i = 1 : n)

l For a Hermitian matrix:
<latexit sha1_base64="XUSO7FmkZ5QP+n+afLFSV725lpc="></latexit>

AH = A →↑ UHAU = diag(ω1, . . . ,ωn), ωi ↓ R (i = 1 : n)

2.41

l A triangular matrix is the simplest form of a complex matrix under unitary similarity transformation.



Singular Value Decomposition

C.-S. Zhang, AMSS

singular value

left singular vector

right singular vector

SVD can be applied to real matrices via orthogonal transformations

<latexit sha1_base64="UzBjfRF06vtkjddnvVI9EA9X+uc=">AAACBXicbZDNSsNAFIUn/tb6FxXcuBksggsJiUitC6HixmXFpi00sUymk3boTBJmJkKJXfgqblzoUtz6Du58GydtF9p6YODj3Hu5d06QMCqVbX8bC4tLyyurhbXi+sbm1ra5s9uQcSowcXHMYtEKkCSMRsRVVDHSSgRBPGCkGQyu83rzgQhJ46iuhgnxOepFNKQYKW11zP0reAld6J1A7472OMqpcV/vmCXbsseC8+BMoVQFE9U65pfXjXHKSaQwQ1K2HTtRfoaEopiRUdFLJUkQHqAeaWuMECfSz8b3j+CRdrowjIV+kYJj9/dEhriUQx7oTo5UX87WcvO/WjtVYcXPaJSkikR4sihMGVQxzMOAXSoIVmyoAWFB9a0Q95FAWOnIijoEZ/bL8+CdWk7ZKluObVsXt2elamUaSgEcgENwDBxwDqrgBtSACzB4BM/gFbwZT8aL8W58TFoXjOnMHvgj4/MH8umU/g==</latexit>

A = U ΣV
T

<latexit sha1_base64="HbX5Yen1gBosK9hSi9YN6evzxnk=">AAACBHicbZDNSgMxFIUz9a/Wv1Fx5SZYBBcyzIjUuhAqblxWdNpCZyiZNG1Dk8yQZIQyFHwVNy50KW59CHe+jZm2C209EPg4917uzYkSRpV23W+rsLS8srpWXC9tbG5t79i7ew0VpxITH8cslq0IKcKoIL6mmpFWIgniESPNaHiT15uPRCoaiwc9SkjIUV/QHsVIG6tjH1zD4BQ24BX0cwjuaZ8j2LHLruNOBBfBm0G5Bqaqd+yvoBvjlBOhMUNKtT030WGGpKaYkXEpSBVJEB6iPmkbFIgTFWaT88fw2Dhd2IuleULDift7IkNcqRGPTCdHeqDma7n5X62d6l41zKhIUk0Eni7qpQzqGOZZwC6VBGs2MoCwpOZWiAdIIqxNYiUTgjf/5UUIzhyv4lQcz3Wdy7vzcq06C6UIDsEROAEeuAA1cAvqwAcYZOAZvII368l6sd6tj2lrwZrN7IM/sj5/AONylGI=</latexit>

AV = U Σ
<latexit sha1_base64="0r0vPeRsDFWb9+O6iHNdrjXKtyM=">AAACB3icbZDNSsNAFIUn9a/Wv6gbwc1gEVxISERqXQgVNy4rNm2hSctkOm2HTiZhZiKUUDe+ihsXuhS3voI738ZJ24W2Hhj4OPde7twTxIxKZdvfRm5peWV1Lb9e2Njc2t4xd/fqMkoEJi6OWCSaAZKEUU5cRRUjzVgQFAaMNILhTVZvPBAhacRrahQTP0R9TnsUI6Wtjnlw3a5B7xS68ArWM/DuaT9E7VrHLNqWPRFcBGcGxQqYqtoxv7xuhJOQcIUZkrLl2LHyUyQUxYyMC14iSYzwEPVJSyNHIZF+OrlgDI+104W9SOjHFZy4vydSFEo5CgPdGSI1kPO1zPyv1kpUr+ynlMeJIhxPF/USBlUEszhglwqCFRtpQFhQ/VeIB0ggrHRoBR2CM3/yInhnllOySpZj29bl3XmxUp6FkgeH4AicAAdcgAq4BVXgAgwewTN4BW/Gk/FivBsf09acMZvZB39kfP4AWvqVxA==</latexit>

A
T
U = V Σ

T

<latexit sha1_base64="GOdjOzQorJMgUQu4GK8dg0nhWKQ=">AAACHXicbVDLSgMxFM34rPU16tJNsAiuhhmRWhdCxY3LCtYWOsOQyaRtaCYZkkyhDP0LN/6KGxe6FBduxL8x03ZRWw+EHM65l3vviVJGlXbdH2tldW19Y7O0Vd7e2d3btw8OH5XIJCZNLJiQ7QgpwignTU01I+1UEpREjLSiwW3ht4ZEKir4gx6lJEhQj9MuxUgbKbSdG+hHgsVqlJgvH45DCq+hr2gvQYbOe5nxQrviOu4EcJl4M1Kpgykaof3lxwJnCeEaM6RUx3NTHeRIaooZGZf9TJEU4QHqkY6hHCVEBfnkrjE8NUoMu0KaxzWcqPMdOUpUsZypTJDuq0WvEP/zOpnu1oKc8jTThOPpoG7GoBawCAnGVBKs2cgQhCU1u0LcRxJhbaIsmxC8xZOXiX/ueFWn6niu61zdX1TqtVkoJXAMTsAZ8MAlqIM70ABNgMETeAFv4N16tl6tD+tzWrpizXqOwB9Y37/kdKG6</latexit>

Avi = σiui
<latexit sha1_base64="fNwMEHaL20NmxQq2IKg5sFkST20=">AAACH3icbVDLSsNAFJ34rPUVdelmsAiuQiJS60KouHFZobWFJobJZNIOnUzCzKRQQn/Djb/ixoUuRdz1b5y0XdTWA8MczrmXe+8JUkalsu2Jsba+sbm1Xdop7+7tHxyaR8dPMskEJi2csER0AiQJo5y0FFWMdFJBUBww0g4G94XfHhIhacKbapQSL0Y9TiOKkdKSb9p3z03oBgkL5SjWX56NfQpvoStpL0aaLnpD7flmxbbsKeAqceakUgczNHzzxw0TnMWEK8yQlF3HTpWXI6EoZmRcdjNJUoQHqEe6mnIUE+nl08vG8FwrIYwSoR9XcKouduQolsVyujJGqi+XvUL8z+tmKqp5OeVppgjHs0FRxqBKYBETDKkgWLGRJggLqneFuI8EwkqHWdYhOMsnrxL30nKqVtVybNu6ebyq1GvzUErgFJyBC+CAa1AHD6ABWgCDF/AGPsCn8Wq8G1/G96x0zZj3nIA/MCa/YVyigA==</latexit>

A
T
ui = σivi

Theorem 2.7 (Singular Value Decomposition Theorem, 1870s) 
<latexit sha1_base64="T2nkj5prJG2d2ha1Ncxtr0PA8XI="></latexit>

→ unitary matrices U ↑ Cm→m, V ↑ Cn→n,

s.t. A = U !V H , ! = diag(ω1, . . . ,ωp) ↑ Rm→n,

ω1 ↓ ω2 ↓ · · · ↓ ωp ↓ 0

l Full/Regular SVD:
<latexit sha1_base64="ASgKFx6dpS3fxZGA4bYSl6rDBiA="></latexit>

→A ↑ Cm→n : A = U!V H , U ↑ Cm→m, V ↑ Cn→n, ! = diag(ω1, . . . ,ωp) ↑ Rm→n
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Proof of Singular Value Decomposition

C.-S. Zhang, AMSS

Hence, we can show the SVD theorem by induction.

2

3

4

1
<latexit sha1_base64="Gc+XInYw26AIZWUTlC45rZDMlEA="></latexit>

→x ↑ Rn, y ↑ Rm, ↓x↓2 = ↓y↓2 = 1, s.t. Ax = ωy, ω := ↓A↓2

Orthogonal extension

2.43

Due to the fact and ,



Reduced and Condensed SVD

C.-S. Zhang, AMSS

Full SVD (𝑚 ≥ 𝑛  ≥ 𝑟 =  rank)

<latexit sha1_base64="UE4oAuU0gvJ8CVmiY/xqa9Q/Ags="></latexit>

→A ↑ Cm→n : A = U!V H , U ↑ Cm→n, V ↑ Cn→n, ! = diag(ω1, . . . ,ωn) ↑ Rn→n

l The reduced (thin) and condensed SVDs are ways to remove the redundant parts from the full SVD, 

without losing mathematical information.

𝑈𝐴 Σ 𝑉J=

= 𝑈 Σ 𝑉J = 𝑈 Σ 𝑉J

Reduced SVD Condensed SVD

𝑛×𝑛
𝑟×𝑟

𝑚×𝑛

2.44



Geometric Meaning of SVD

C.-S. Zhang, AMSS

Singular values: Semi-axis lengths of the ellipsoid 椭球的半轴长

Any linear transformation 𝐴:ℝ! → ℝ" can be 

decomposed into three simple steps:

1. Rotation/Reflection 𝑉&: Rotate in ℝ!

2. Scaling (Σ): Stretch/compress along axes

3. Rotation/Reflection 𝑈: Rotate in ℝ"

<latexit sha1_base64="UzBjfRF06vtkjddnvVI9EA9X+uc=">AAACBXicbZDNSsNAFIUn/tb6FxXcuBksggsJiUitC6HixmXFpi00sUymk3boTBJmJkKJXfgqblzoUtz6Du58GydtF9p6YODj3Hu5d06QMCqVbX8bC4tLyyurhbXi+sbm1ra5s9uQcSowcXHMYtEKkCSMRsRVVDHSSgRBPGCkGQyu83rzgQhJ46iuhgnxOepFNKQYKW11zP0reAld6J1A7472OMqpcV/vmCXbsseC8+BMoVQFE9U65pfXjXHKSaQwQ1K2HTtRfoaEopiRUdFLJUkQHqAeaWuMECfSz8b3j+CRdrowjIV+kYJj9/dEhriUQx7oTo5UX87WcvO/WjtVYcXPaJSkikR4sihMGVQxzMOAXSoIVmyoAWFB9a0Q95FAWOnIijoEZ/bL8+CdWk7ZKluObVsXt2elamUaSgEcgENwDBxwDqrgBtSACzB4BM/gFbwZT8aL8W58TFoXjOnMHvgj4/MH8umU/g==</latexit>

A = U ΣV
T

<latexit sha1_base64="ma12CPA92kM7SFmBLIyTeSwMW2o=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgddyJxNhFbCwTMCaQHGFvM5es2ds7dveEEPILbCy0FFt/j53/xs1HoYkPBh7vzTAzL0wF18bzvp3c2vrG5lZ+u7Czu7d/UDw8etBJphg2WCIS1QqpRsElNgw3AlupQhqHApvh8HbqN59QaZ7IezNKMYhpX/KIM2qsVL/pFkue681AVom/IKUqzFHrFr86vYRlMUrDBNW67XupCcZUGc4ETgqdTGNK2ZD2sW2ppDHqYDw7dELOrNIjUaJsSUNm6u+JMY21HsWh7YypGehlbyr+57UzE1WCMZdpZlCy+aIoE8QkZPo16XGFzIiRJZQpbm8lbEAVZcZmU7Ah+Msvr5LOheuX3bLre557Xb8sVSuLUPJwAqdwDj5cQRXuoAYNYIDwDK/w5jw6L8678zFvzTmLmWP4A+fzB2p1jkQ=</latexit>

A

<latexit sha1_base64="tVil9BpwSMyou1bD5ox8y14KdS8=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCsjjuRGLuAjWUCngkkR9jbzCVr9vaO3T0hhPwCGwstxdbfY+e/cfNRaOKDgcd7M8zMizLBtfG8b2dtfWNza7uwU9zd2z84LB0dP+g0VwwDlopUtSKqUXCJgeFGYCtTSJNIYDMa3k795hMqzVN5b0YZhgntSx5zRo2VGkG3VPZcbwaySvwFKddgjnq39NXppSxPUBomqNZt38tMOKbKcCZwUuzkGjPKhrSPbUslTVCH49mhE3JulR6JU2VLGjJTf0+MaaL1KIlsZ0LNQC97U/E/r52buBqOucxyg5LNF8W5ICYl069JjytkRowsoUxxeythA6ooMzabog3BX355lXQuXb/iVlzf89ybxlW5Vl2EUoBTOIML8OEaanAHdQiAAcIzvMKb8+i8OO/Ox7x1zVnMnMAfOJ8/iT2OWA==</latexit>

U

<latexit sha1_base64="IH1hoaShpo227O1aRjiUrq2uBVs=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgadkVifEW8OIxonlAdgmzk9lkzMzOMjMrhCX/4MWDHsWrP+PNv3HyOGhiQUNR1U13V5Rypo3nfTuFtfWNza3idmlnd2//oHx41NIyU4Q2ieRSdSKsKWcJbRpmOO2kimIRcdqORjdTv/1ElWYyeTDjlIYCDxIWM4KNlVrBPRsI3CtXPNebAa0Sf0EqdZij0St/BX1JMkETQzjWuut7qQlzrAwjnE5KQaZpiskID2jX0gQLqsN8du0EnVmlj2KpbCUGzdTfEzkWWo9FZDsFNkO97E3F/7xuZuJamLMkzQxNyHxRnHFkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrZEPzll1dJcOH6Vbfq+p7nXt9dVuq1RShFOIFTOAcfrqAOt9CAJhB4hGd4hTdHOi/Ou/Mxby04i5lj+APn8wdPXZCC</latexit>

Σ

<latexit sha1_base64="RayTrx9aix8P1ep0EMx2Ovnd2VU=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8LbsiMd4CXjxGzAuSNcxOJsmQ2dllplcISz7Biwc9ilc/x5t/4+Rx0MSChqKqm+6uMJHCoOd9O2vrG5tb27md/O7e/sFh4ei4YeJUM15nsYx1K6SGS6F4HQVK3ko0p1EoeTMc3U795hPXRsSqhuOEBxEdKNEXjKKVHhqPtW6h6LneDGSV+AtSrMAc1W7hq9OLWRpxhUxSY9q+l2CQUY2CST7Jd1LDE8pGdMDblioacRNks1Mn5NwqPdKPtS2FZKb+nshoZMw4Cm1nRHFolr2p+J/XTrFfDjKhkhS5YvNF/VQSjMn0b9ITmjOUY0so08LeStiQasrQppO3IfjLL6+SzqXrl9yS63uee3N/VayUF6Hk4BTO4AJ8uIYK3EEV6sBgAM/wCm+OdF6cd+dj3rrmLGZO4A+czx/nqo8f</latexit>

V
T

Any linear transformation = Rotate → Scale → Rotate

SVD = “Swiss Army Knife” of NLA!
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Geometric Meaning of SVD and EVD

C.-S. Zhang, AMSS 2.46

01 / INPUT

Unit circle

𝑣₁

𝑣₂

right singular basis

02 / PRINCIPAL COORDINATES

Axes aligned

same shape, new coordinates

03 / AXIAL SCALING

Directional gains

𝜎₁

𝜎₂

scale axis i by σᵢ ≥ 0

𝑉ᵀ
orthogonal

𝛴
nonnegative

𝑈
orthogonal

04 / OUTPUT

Ellipse placed

𝑢₁
𝑢₂

left singular basis

𝐴𝑣ᵢ = 𝜎ᵢ𝑢ᵢ

𝑥₁

𝑥₂
𝐴

same lines

𝜆₁𝑥₁

𝜆₂𝑥₂

𝐴 = 𝑋𝛬𝑋⁻¹ requires a complete 

eigenbasis; 𝑋 might not be orthogonal

Real Symmetric Case
q₁

q₂

𝐴 = 𝑄𝛬𝑄ᵀ
orthonormal basis 𝑞ᵢᵀ𝑞ⱼ = 𝛿ᵢⱼ



Comparison of SVD and EVD

C.-S. Zhang, AMSS 2.47

LENS SVD  EVD  

MATRIX CLASS Every real 𝑚×𝑛 matrix Square matrix

DIRECTIONS Domain 𝑣ᵢ → codomain 𝑢ᵢ Eigenvectors 𝑥ᵢ

SCALARS   𝜎ᵢ ≥ 0: geometric gains 𝜆ᵢ may be positive, negative, or complex

ORTHOGONALITY Both bases are orthonormal Not guaranteed; real symmetric 𝐴 is special

GEOMETRY Unit ball → ellipsoid Action along invariant lines or modes

BRIDGE   

via 𝐴ᵀ𝐴
𝐴ᵀ𝐴 = 𝑉𝛴²𝑉ᵀ, 𝜎ᵢ² = 𝜆ᵢ 𝐴ᵀ𝐴 Symmetric Case:

𝜎ᵢ = 𝜆ᵢ

If 𝐴 is SPD: 𝑈 = 𝑉 = 𝑄, 𝛴 = 𝛬SVD measures geometric gain; EVD identifies invariant modes.



Comments on SVD and EVD

C.-S. Zhang, AMSS 2.48

l A matrix and its Schur decomposition have the same singular values, i.e.
<latexit sha1_base64="oy9XOaqUmraRHH+OeUSeAHt+bMo="></latexit>

ω(A) = ω(QHAQ) = ω(diag(εi) +N)

l Relation between singular values and 𝜆':
<latexit sha1_base64="a1DVVeQY5doflQr5pi+VgMZESNs="></latexit>

ωmin(A) → min
i

|εi| → max
i

|εi| → ωmax(A)

<latexit sha1_base64="FukUV04bB44NFcqTmBrvlb96ofI=">AAACInicbVDLSgMxFM34rPU16tJNsAgKUmaK1LqruHFZwT6gU4Y7aabGZh4kGbFM51vc+CtuXCjqSvBjTB/gox4InJxzD8k9XsyZVJb1YczNLywuLedW8qtr6xub5tZ2Q0aJILROIh6JlgeSchbSumKK01YsKAQep02vfz7ym7dUSBaFV2oQ004AvZD5jIDSkmueOgHcuSk7uskcXwBJhw7X6S64bJh9X26GGXY4xU4f4hjc0sHZoWsWrKI1Bp4l9pQUqmiCmmu+Od2IJAENFeEgZdu2YtVJQShGOM3yTiJpDKQPPdrWNISAyk46XjHD+1rpYj8S+oQKj9WfiRQCKQeBpycDUNfyrzcS//PaifIrnZSFcaJoSCYP+QnHKsKjvnCXCUoUH2gCRDD9V0yuQTeldKt5XYL9d+VZ0igV7XKxfHlcqFamdeTQLtpDB8hGJ6iKLlAN1RFB9+gRPaMX48F4Ml6N98nonDHN7KBfMD6/ALuYpPo=</latexit>

max
i,j

|ωi|
|ωj |

→ ε2(A)

l For a normal matrix, 𝑁 = 0, and its singular values are equal to 𝜆' . 

l For each singular triplet, 𝐴𝒗' = 𝜎'𝒖': the right singular vector 𝒗' is an input direction, the left 

singular vector 𝒖' is the corresponding output direction, and 𝜎' (non-negative and real) is the basis-

independent amplification factor.

l Sometimes, eigenvalues are not as useful as singular values:



SVD and Norms

C.-S. Zhang, AMSS

l From regular (full) SVD, we have:

l SVD and standard matrix norms:

§ For a complex matrix, 

§ In symmetric case, 

<latexit sha1_base64="/LmsHILCaF/zy1jMcU7XnVoJbP8="></latexit>

ω1 → ω2 → · · · → ωr >ωr+1 = · · · = ωp = 0

l SVD and the nuclear norm (convex and continuous):

Widely used in machine learning to promote low-rank structure
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Low-Rank Approximation

C.-S. Zhang, AMSS

l Low-rank approximation (LRA)

Simplifying a matrix by representing it with fewer fundamental components. The following theorem 

gives the best possible low-rank approximation for the chosen rank 𝑘; we can precisely calculate the 

approximation error:

Theorem 2.8 (Eckart–Young–Mirsky Theorem, 1936, 1960)

<latexit sha1_base64="I776GHSyhvPWdZ3QzUTquDzCVuw="></latexit>

A ∈ C
m×n, A = U ΣV H

<latexit sha1_base64="SQ33fm8mKYdgpelI1jw/lGF7rmc="></latexit>

For any 0 ≤ k ≤ r := rank(A)

<latexit sha1_base64="07tAdb2whuty08Nb7sZKkkre418="></latexit>

Ak := Uk Σk V
H
k =

k∑

i=1

σiuiv
H
i

Then we have 

<latexit sha1_base64="xDlHIeGflzSeG0nUo8yi6fDM9Tg="></latexit>

min
rank(B)≤k

∥A−B∥F = ∥A−Ak∥F =

√

√

√

√

r
∑

i=k+1

σ2
i

<latexit sha1_base64="5THy6vqieju7dWr8gFY2VF7QQhk="></latexit>

min
rank(B)≤k

∥A−B∥2 = ∥A−Ak∥2 = σk+1,
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SVD and Numerical Rank

C.-S. Zhang, AMSS

l Numerical rank
<latexit sha1_base64="QLEg/Dn56BCdt7OpJvGr4bcsmec=">AAACTXicbVFNSxtBGJ6NrdH4Fe3Ry9BQUKhhN0gUQYjx0mMKjQqZsMxO3uiQ2dl15t1gWPMHvQi9+S+8eGgppZOPQ9S+MPDwfPDOPBOlSlr0/SevsPTh43JxZbW0tr6xuVXe3rmwSWYEtEWiEnMVcQtKamijRAVXqQEeRwouo8H5RL8cgrEy0T9wlEI35tda9qXg6Kiw3DMhG3IDqZUq0ZTBbSaHlCHcYW64Hoz3zr7SBcc+PTmlLJY6zNn92UGT3Yc1yhQsesav8s19GpYrftWfDn0PgjmoNMhsWmH5J+slIotBo1Dc2k7gp9jNuUEpFIxLLLOQcjHg19BxUPMYbD eftjGmXxzTo/3EuKORTtnFRM5ja0dx5Jwxxxv7VpuQ/9M6GfaPu7nUaYagxWxRP1MUEzqplvakAYFq5AAXRrq7UnHDDRfoPqDkSgjePvk9uKhVg3q1/v2w0jie17FCdslnskcCckQa5BtpkTYR5IE8k1/kt/fovXh/vL8za8GbZz6RV1Mo/gNi0LSQ</latexit>

rω → rank(A, ω) := min
→A↑B→2↓ω

rank(B)

<latexit sha1_base64="vuq/hH6pCmQHUZc+rU9VMys7nrM="></latexit>

ω1 → ω2 → · · · → ωrω > ε → ωrω+1 → · · · → ωp

l Numerical rank and SVD

l Applications in Digital Signal Processing (DSP): Singular values less than a tolerance 𝜀 are usually 

discarded as noise.

Eye-ball Norm: Plot the singular values and identify the “kink” in 

the curve, after which the singular values become negligible.

l Q: How to choose 𝜀? 

<latexit sha1_base64="VnoGxJnkRxlVIXTBvkSMA4BtN3Y="></latexit>

rε(A) = #{i : σi > ε}
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SVD for Invertible Matrices

C.-S. Zhang, AMSS

l From regular (full) SVD of an invertible (square) matrix, we have:

l SVD and inverse:

Full SVD𝑈𝐴 Σ 𝑉J=

l SVD and determinant:
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SVD and Moore–Penrose Pseudoinverse

C.-S. Zhang, AMSS

𝑋 is called the Moore–Penrose 

pseudoinverse, denoted by 𝐴,.

l Generalized Inverse:

l M–P Pseudoinverse and SVD 

M–P Pseudoinverse

𝑚	×	𝑛 𝑛	×	𝑚
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SVD and Fundamental Subspaces

C.-S. Zhang, AMSS

l Rank of a matrix:

Source: Kenji Hiranabe, https://github.com/kenjihiranabe/The-Art-of-Linear-Algebra/, 2022

<latexit sha1_base64="B3FXEeoMtvmZfzmvpi2mN9M/AXw="></latexit>

null(A) = span{vr+1, . . . ,vn}

l From condensed SVD, we have:
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SVD and Orthogonal Projections

C.-S. Zhang, AMSS

l Reminder: If the columns of  𝑉 form an orthonormal basis of the subspace 𝒮 ⊆ ℝ!, then 

is  the unique orthogonal projection onto 𝒮

l According to full SVD:

Partitioning
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Projection to Column Space

C.-S. Zhang, AMSS

l Inclusions of column spaces

l The other direction is also true. Hence

l By the definition of orthogonal projection (Hermitian, idempotent, and range preservation):

l If 𝐴 has full column rank, then
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Distance Between Subspaces

C.-S. Zhang, AMSS

l Measuring distance b/w two subspaces: Remark: Geometrically, we can relate the 

distance between two subspaces with the 

Largest Principal Angle, i.e.

<latexit sha1_base64="JXPbhBMvVvkxGF8b5B9teVMUka0="></latexit>

S1,S2 → Rn, dim(S1) = dim(S2)
<latexit sha1_base64="aGZCAcjEBJgN1RUEgElru4f3qxY="></latexit>

dist(S1,S2) := →P1 ↑ P2→2

l Example (A special case):

Partition two orthogonal matrices

<latexit sha1_base64="hUrrDStolrpsumAs3/rXy2hnA+8="></latexit>

S1 := range(W1), S2 := range(Z1)

<latexit sha1_base64="xllZWMKXDKoCM3TW0R3FIzD6kJ4="></latexit>

dist(S1,S2) = →W1W
T
1 ↑ Z1Z

T
1 →2

= →WT (W1W
T
1 ↑ Z1Z

T
1 )Z→2

=

∥∥∥∥

[
0 WT

1 Z2

↑WT
2 Z1 0

]∥∥∥∥
2

= max{→WT
1 Z2→2, →WT

2 Z1→2}

<latexit sha1_base64="+wGB0opyS+aDQ3v3R7zxaDqlAKg=">AAACJHicbVDLSgMxFM34tr6qLt0Ei+CqzIhUwU3BjcuKthXaMtxJ0zaaSYbkjliGfowbf8WNCx+4cOO3mGm78HUgcDjnXnLPiRIpLPr+hzczOze/sLi0XFhZXVvfKG5uNaxODeN1pqU2VxFYLoXidRQo+VViOMSR5M3o5jT3m7fcWKHVJQ4T3omhr0RPMEAnhcWTWihoG/kdZlRYCopqgwPd1wokTYy+5iwfpFqhpiPajgEHDGR2MQpFWCz5ZX8M+pcEU1KqkglqYfG13dUsjblCJsHaVuAn2MnAoGCSjwrt1PIE2A30ectRBTG3nWwcckT3nNKlPW3cU0jH6veNDGJrh3HkJvMj7W8vF//zWin2jjuZUEmKXLHJR71UUhc4b4x2hXElyKEjwIxwt1I2AAMMXa8FV0LwO/Jf0jgoB5Vy5fywVD2e1rFEdsgu2ScBOSJVckZqpE4YuSeP5Jm8eA/ek/fmvU9GZ7zpzjb5Ae/zC9U1pZk=</latexit>

Pi is an orthogonal projection onto Si
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Distance Between Subspaces, Continued

C.-S. Zhang, AMSS

l Partition two orthogonal matrices 𝑊 and 𝑍, the distance between 𝑘-dimensional subspaces:

l We notice the following matrix is also orthogonal

:

<latexit sha1_base64="b+odoqibiyKBnfwiWXQzOW4GubM="></latexit>

dist(S1,S2) = ∥WT

1 Z2∥2 = ∥ZT

1 W2∥2
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Cos-Sin Decomposition

C.-S. Zhang, AMSS

There exist orthogonal matrices:

be an orthogonal matrix.Let
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Theorem 2.9 (Cos-sin Decomposition for Unitary Matrices) 

Cos-Sin Decomposition for Unitary Matrices

C.-S. Zhang, AMSS

For a unitary matrix

there exist unitary matrices

such that

where
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Thin Cos-Sin Decomposition

C.-S. Zhang, AMSS

Let 𝑄	be a matrix with orthonormal columns

There exist orthogonal matrices such that

where

Theorem 2.10 (Cos-sin decomposition for tall-skinny matrices) 

<latexit sha1_base64="aiiuv+5XPmBqfYrU4AHN1+kf4sg="></latexit>

U1 → Rm1→m1 , U2 → Rm2→m2 , V1 → Rn→n,
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Proof of Cos-Sin Decomposition

C.-S. Zhang, AMSS

1

2

3

orthonormal columns

Orthogonal matrix s.t.
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Example: Information Geometry

C.-S. Zhang, AMSS 2.63

Key question: Why do macroscopic predictions often 

depend on only a few parameter combinations, despite a 

large number of microscopic parameters?

l Let 𝜽 ∈ ℝ! denote the model parameters and 𝒇 𝜽 the predicted observables. Define:

§ 𝐽 = 𝜕𝒇/𝜕𝜽: sensitivity matrix, describing how parameters affect predictions;

§ 𝐶: covariance matrix of Gaussian observation noise, assumed parameter-independent;

§ 𝐹 = 𝐽!𝐶"#𝐽: Fisher information matrix, quantifying the distinguishability of parameter perturbations.

l Applying SVD to the noise-weighted sensitivity matrix gives
𝐶*%/$𝐽 = 𝑈Σ𝑉&, 𝐹 = 𝑉Σ$𝑉&.

l For fixed parameter scaling, the singular values quantify distinguishability along parameter 

directions; the leading right singular vectors span a local effective parameter subspace.



Example: From Text to Latent Semantics

C.-S. Zhang, AMSS

l Latent Semantic Analysis tries to discover hidden semantic structures in texts. It transforms words 

and documents into vectors in a latent space where semantic similarity can be measured.

l Applications:
§ Latent Semantic Indexing: Fixes vocabulary mismatch by searching in semantic space (not in word space).

§ Document Classification: Classifies more accurately by providing more meaningful features.

§ Plagiarism Detection: Catches plagiarism by detecting semantic similarity rather than text copying.

l A mathematical framework to transform unstructured text into structured mathematical objects:
§ EVD and SVD tools can be used in this case;

§ Numerical algebra enables us to discover hidden patterns and relationships not visible in the raw text data;

§ This ability to capture semantic relationships, not just surface-level word matching, is what makes SVD and 

other numerical algebra techniques powerful for text analysis.

潜在语义分析
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Data Analysis Step 1: Preprocessing

C.-S. Zhang, AMSS

1. Convert to lowercase, tokenize, and remove punctuation and the stop words

Document 1: ["numerical", "algebra", "important", "solving", "linear", "systems"]

Document 2: ["machine", "learning", "uses", "numerical", "algebra", "optimization"]

Document 3: ["basketball", "games", "require", "teamwork", "strategy"]

Document 4: ["football", "matches", "need", "strategy", "coordination"]

Document 5: ["deep", "learning", "numerical", "algebra", "used", "ai"]

Sample Documents：

Document 1: "Numerical algebra is important for solving linear systems."

Document 2: "Machine learning uses numerical algebra and optimization."

Document 3: "Basketball games require teamwork and strategy."

Document 4: "Football matches need strategy and coordination."

Document 5: "Deep learning and numerical algebra are used in AI."
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Data Analysis Step 1: Preprocessing

C.-S. Zhang, AMSS

3. Document-term matrix 5×22 (raw term frequencies)

Document 1: [0,1,0,0,0,0,0,1,0,1,0,0,0,1,0,0,1,0,1,0,0,0]

Document 2: [0,1,0,0,0,0,0,0,1,0,1,0,0,1,1,0,0,0,0,0,0,1]

Document 3: [0,0,1,0,0,0,1,0,0,0,0,0,0,0,0,1,0,1,0,1,0,0]

Document 4: [0,0,0,1,0,1,0,0,0,0,0,1,1,0,0,0,0,1,0,0,0,0]

Document 5: [1,1,0,0,1,0,0,0,1,0,0,0,0,1,0,0,0,0,0,0,1,0]

2. Create a sorted vocabulary (22 words)

["ai", "algebra", "basketball", "coordination", "deep", "football", "games", 

"important", "learning", "linear", "machine", "matches", "need", "numerical", 

"optimization", "require", "solving", "strategy", "systems", "teamwork", 

"used", "uses"]
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Data Analysis Step 2: Computing Weights

C.-S. Zhang, AMSS

TF-IDF Weights:

TF-IDF = Term Frequency (TF) × Inverse Document Frequency (IDF)

Term Frequency: How often a word appears in a single document? The more a word appears in a 

document, the more important it is to that document

1. Calculate term frequency TF(t, d) = f(t, d) / (total words in document d)

Doc1: 6 words → TF = 1/6 ≈ 0.17

Doc2: 6 words → TF = 1/6 ≈ 0.17  

Doc3: 5 words → TF = 1/5 = 0.20

Doc4: 5 words → TF = 1/5 = 0.20

Doc5: 6 words → TF = 1/6 ≈ 0.17
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Data Analysis Step 2: Computing Weights 

C.-S. Zhang, AMSS

2. Calculate IDF(t) = ln(Number of documents / Number of documents containing the term t) + 1

ai: ln(5/1) + 1 = 1.61 + 1 = 2.61

algebra: ln(5/3) + 1 = 0.51 + 1 = 1.51

basketball: ln(5/1) + 1 = 1.61 + 1 = 2.61

coordination: ln(5/1) + 1 = 1.61 + 1 = 2.61

deep: ln(5/1) + 1 = 1.61 + 1 = 2.61

football: ln(5/1) + 1 = 1.61 + 1 = 2.61

games: ln(5/1) + 1 = 1.61 + 1 = 2.61

...

avoid zero IDF
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Inverse Document Frequency: How unique or rare a word is across all documents? Words that appear 

in many documents are less informative than words that appear in few documents



Data Analysis Step 2: Computing Weights 

C.-S. Zhang, AMSS

3. Multiply normalized term frequencies by the corresponding IDF values. Intermediate values are 
rounded for display only; all computations use full precision.

For Document 1:

numerical: 0.17 × 1.51 = 0.25

algebra: 0.17 × 1.51 = 0.25

important: 0.17 × 2.61 = 0.43

solving: 0.17 × 2.61 = 0.43

linear: 0.17 × 2.61 = 0.43

systems: 0.17 × 2.61 = 0.43

For Document 2:

...

...
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Data Analysis Step 2: Computing Weights 

C.-S. Zhang, AMSS

4. Calculate TF-IDF matrix: Approximate TF-IDF matrix (rounded for display only)

Document 1: [0.00, 0.25, 0.00, 0.00, 0.00, 0.00, 0.00, 0.43, 0.00, 0.43, 0.00, 0.00, 

0.00, 0.25, 0.00, 0.00, 0.43, 0.00, 0.43, 0.00, 0.00, 0.00]

Document 2: [0.00, 0.25, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00, 0.32, 0.00, 0.43, 0.00, 

0.00, 0.25, 0.43, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00, 0.43]

Document 3: [0.00, 0.00, 0.52, 0.00, 0.00, 0.00, 0.52, 0.00, 0.00, 0.00, 0.00, 0.00, 

0.00, 0.00, 0.00, 0.52, 0.00, 0.38, 0.00, 0.52, 0.00, 0.00]

Document 4: [0.00, 0.00, 0.00, 0.52, 0.00, 0.52, 0.00, 0.00, 0.00, 0.00, 0.00, 0.52, 

0.52, 0.00, 0.00, 0.00, 0.00, 0.38, 0.00, 0.00, 0.00, 0.00]

Document 5: [0.43, 0.25, 0.00, 0.00, 0.43, 0.00, 0.00, 0.00, 0.32, 0.00, 0.00, 0.00, 

0.00, 0.25, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00, 0.43, 0.00]

TF-IDF matrix 𝐴 (5×22)

2.70



Applying SVD to TF-IDF Matrix

C.-S. Zhang, AMSS

1. Find singular values of the TF-IDF matrix

σ₁ = 1.176

σ₂ = 1.071

σ₃ = 1.044

σ₄ = 0.873

σ₅ = 0.753

2.71

Select the first three singular values. They retain 73.15% of the squared Frobenius 

norm, compared with 51.13% for two components. Because 𝜎* and 𝜎+ are nearly equal, 

truncating after 𝜎* would separate two almost equally important modes. The gap after 

𝜎+ is the largest among the leading singular values, although there is no sharp cutoff.

2. Take first 3 columns of 𝑈 and multiply by corresponding singular values

Document 1: (0.000, 0.602, 0.000)

Document 2: (0.000, 0.626, 0.000)

Document 3: (0.832, 0.000, 0.738)

Document 4: (0.832, 0.000, -0.738)

Document 5: (0.000, 0.626, 0.000)



The 1st coordinate identifies the sports subspace, while the 3rd coordinate separates basketball/games-related 

terms from football/matches-related terms. The 2nd coordinate represents the numerical-algebra/AI terms.

Dimensionality Reduction to 3D Space

C.-S. Zhang, AMSS

3. Take first 3 rows of 𝑉ᵀ and multiply by corresponding singular values

ai          (0.000, 0.254, 0.000)

machine     (0.000, 0.254, 0.000)

learning    (0.000, 0.373, 0.000)

linear      (0.000, 0.245, 0.000)

algebra     (0.000, 0.436, 0.000)

numerical   (0.000, 0.436, 0.000)

basketball  (0.369, 0.000, 0.369)

football    (0.369, 0.000, -0.369)

games       (0.369, 0.000, 0.369)
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Document Similarity Calculation

C.-S. Zhang, AMSS

l Cosine similarity formula: cosθ = (u · v) / (|| u || × || v ||)

l Document 1, 2, and 5 are similar: discuss numerical algebra and AI related topics

l Document 3 and 4 are related: both discuss sports

l Sports documents and numerical algebra documents have low similarity (dissimilar)

Similarity Matrix (in the TF-IDF Space)

D1     D2     D3     D4     D5

D1    1.00   0.15   0.00   0.00   0.15

D2    0.15   1.00   0.00   0.00   0.29

D3    0.00   0.00   1.00   0.12   0.00

D4    0.00   0.00   0.12   1.00   0.00

D5    0.15   0.29   0.00   0.00   1.00

Similarity Matrix (in the Rank-3 SVD Space)

D1     D2      D3     D4     D5

D1    1.00   1.00 0.00 0.00   1.00

D2 1.00   1.00 0.00 0.00   1.00

D3   0.00  0.00   1.00   0.12  0.00

D4   0.00  0.00   0.12 1.00 0.00

D5    1.00   1.00 0.00 0.00   1.00
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矩阵的扰动分析
Perturbation analysis on matrices



Condition of A Linear System

C.-S. Zhang, AMSS

l Estimating sensitivity of solving linear systems:

l Condition number:

2.75

Relative PerturbationRelative Error



Examples of Ill-Conditioned Systems

C.-S. Zhang, AMSS

l Typical examples of ill-conditioned matrices: (Exercise)
<latexit sha1_base64="Zk3u7Vf4Wu4FajXIqzx/dgsM6BE="></latexit>

A =





1 2 0

1
. . .
. . . 2

0 1




→ Rn→n

<latexit sha1_base64="nagouD4NJwgRfFsyuOVtDa9p7k4="></latexit>

H =





1 1
2 · · · 1

n

1
2

1
3 · · · 1

n+1

...
...

. . .
...

1
n

1
n+1 · · · 1

2n→1




→ Rn↑n

2.76

<latexit sha1_base64="FukUV04bB44NFcqTmBrvlb96ofI=">AAACInicbVDLSgMxFM34rPU16tJNsAgKUmaK1LqruHFZwT6gU4Y7aabGZh4kGbFM51vc+CtuXCjqSvBjTB/gox4InJxzD8k9XsyZVJb1YczNLywuLedW8qtr6xub5tZ2Q0aJILROIh6JlgeSchbSumKK01YsKAQep02vfz7ym7dUSBaFV2oQ004AvZD5jIDSkmueOgHcuSk7uskcXwBJhw7X6S64bJh9X26GGXY4xU4f4hjc0sHZoWsWrKI1Bp4l9pQUqmiCmmu+Od2IJAENFeEgZdu2YtVJQShGOM3yTiJpDKQPPdrWNISAyk46XjHD+1rpYj8S+oQKj9WfiRQCKQeBpycDUNfyrzcS//PaifIrnZSFcaJoSCYP+QnHKsKjvnCXCUoUH2gCRDD9V0yuQTeldKt5XYL9d+VZ0igV7XKxfHlcqFamdeTQLtpDB8hGJ6iKLlAN1RFB9+gRPaMX48F4Ml6N98nonDHN7KBfMD6/ALuYpPo=</latexit>

max
i,j

|ωi|
|ωj |

→ ε2(A)l Reminder: Eigenvalues are not as useful as singular values:

Eigenvalues are all 1, but 𝐴 is non-normal Well-known ill-conditioned system



Inverse of Perturbed Matrix

C.-S. Zhang, AMSS

Theorem 2.11

and

Application (Inverse of Perturbed Matrix): 
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Sensitivity of Matrix Inversion

C.-S. Zhang, AMSS

Roughly speaking, if 𝜎! > 0 is small, the solution is sensitive to perturbations of data.

l For a nonsingular square matrix, SVD gives

The minimal singular value of a matrix is its distance to the rank-deficient matrices in 2-norm. 

l According to Theorem 2.8, closeness of 𝐴 to the rank-deficient matrices can be defined as:

<latexit sha1_base64="AnMJQySZww2CX3gr3WtOCmlmON0="></latexit>

Ak :=
k

∑

i=1

σiuiv
T
i

(

k < r = rank(A)
)

l Q: For a nonsingular matrix, how to check sensitivity of inversion? 
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Bauer–Fike Theorem

C.-S. Zhang, AMSS

Sketch of Proof:

Assume that

𝐴  diagonalizable
<latexit sha1_base64="kAbAcDebeZJraYUmX1JiBb33ZlU="></latexit>

1 → ↑X↑2↑X→1↑2↑A↓B↑2
(

min
ω↑ω(A)

|ω↓ µ|
)→1

Theorem 2.12 (Bauer–Fike Theorem, 1960)

<latexit sha1_base64="FOBXkIUyvg5Kl4BMVzrpXIU/GLo="></latexit>

For B → Cn→n, µ → ω(B), ↑ω → ω(A), s.t. |ω↓ µ| ↔ ↗X↗2↗X↑1↗2↗A↓B↗2.

<latexit sha1_base64="1siiR9pq/rxjEh6Q/UnoR7NUI+c="></latexit>

A → Cn→n is diagonalizable, i.e. A = X↑1!X, ! diagonal, X nonsingular.

<latexit sha1_base64="jE1fFGmZpyK2Fzave5bkTVFnIls="></latexit>

x = (µI →A)→1(B →A)x = X→1(µI → !)→1X(B →A)x

being an eigen-pair
<latexit sha1_base64="izu/n+lnBSA9MlKaEDap/wtnnDg=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAg2hl2RmDJio10E84DsEmYnk2TI7Owyc0cMS1obf8XGQhFb/8DOv3HyKDTxwIXDOfdy7z1RKrgGz/t2lpZXVtfWcxv5za3tnV13b7+uE6Moq9FEJKoZEc0El6wGHARrpoqROBKsEQ2uxn7jninNE3kHw5SFMelJ3uWUgJXaLg5ig2/wKb7EAbAHyDDXWCZSc9kzRKhR2y14RW8CvEj8GSlU0BTVtvsVdBJqYiaBCqJ1y/dSCDOigFPBRvnAaJYSOiA91rJUkpjpMJt8MsLHVungbqJsScAT9fdERmKth3FkO2MCfT3vjcX/vJaBbjnMuEwNMEmni7pGYEjwOBbc4YpREENLCFXc3oppnyhCwYaXtyH48y8vkvpZ0S8VS7fnhUp5FkcOHaIjdIJ8dIEq6BpVUQ1R9Iie0St6c56cF+fd+Zi2LjmzmQP0B87nD1FnmYY=</latexit>

µI −A is nonsingualr
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The sensitivity of eigenvalues 
is determined by the condition 
number of the eigenvector 
matrix, 𝜅$ 𝑋



Eigenvalues of A Normal Matrix

C.-S. Zhang, AMSS

l Normal matrix:

𝐴 is normal if and only if it is unitarily diagonalizable, i.e. 

Remark: Each of the following disks contains at least one eigenvalue of 𝐴

This result can be shown by choosing 𝒙	 = 	𝒆' in Theorem 2.13.

(Spectral Theorem)

Theorem 2.13 (Krylov–Bogoljubov–Weinstein Theorem)

is a normal matrix.
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Hoffman–Wielandt Theorem

C.-S. Zhang, AMSS

l It shows stable collective behavior of the eigenvalues of normal matrices under perturbations

l We have the following corollaries: 

Theorem 2.14 (Hoffman–Wielandt Theorem, 1953)

are normal matrices.

If 𝐴 and 𝐵 are Hermitian, 

are singular values of (𝑚 ≥ 𝑛)
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Courant–Fischer Theorem

C.-S. Zhang, AMSS

The min-max theorem provides a variational characterization of the eigenvalues of a Hermitian matrix. 

It is powerful for estimating eigenvalues without computing them directly.

: the largest eigenvalue (Rayleigh–Ritz theorem; see Chapter 8)

<latexit sha1_base64="qpaOFrZlOBae66bt8AjA6qbtdf8="></latexit>

ω1 = max
0 →=x↑Cn

xHAx

xHx

: the smallest eigenvalue (minimum value of the Rayleigh quotient)

<latexit sha1_base64="TnOimZunnW4X5tx+D0HhiMVIGuo="></latexit>

ωn = min
0 →=x↑Cn

xHAx

xHx

Theorem 2.15 (Min-Max Theorem, 1920s)
<latexit sha1_base64="WL5RrZ5SPqXsgAM4/ggFihRmdwo="></latexit>

A → Cn→n
is a Hermitian matrix, and ω1 ↑ · · · ↑ ωn. Then

<latexit sha1_base64="qv7Pm3oY+jR5InepOvXG+71K6cc="></latexit>

ωk = max
dim(S)=k

min
0 →=x↑S

xHAx

xHx
= min

dim(T )=n↓k+1
max

0 →=x↑T

xHAx

xHx
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1

2

3

<latexit sha1_base64="RLmdg86hUtK7vMvp9AxmNIxraGc=">AAACGHicbVDLSgMxFM3UV62vUZdugkVwIXVGpHZZcOOygq2FzjBkMmkbmkmGJFMow3yGG3/FjQtF3Hbn35hpu7CtB8I9nHMvufeECaNKO86PVdrY3NreKe9W9vYPDo/s45OOEqnEpI0FE7IbIkUY5aStqWakm0iC4pCR53B0X/jPYyIVFfxJTxLix2jAaZ9ipI0U2Nde5oWCRWoSm5KN88C9gh6LhFamLjvcyyuBXXVqzgxwnbgLUm2COVqBPfUigdOYcI0ZUqrnOon2MyQ1xYzkFS9VJEF4hAakZyhHMVF+NjsshxdGiWBfSPO4hjP170SGYlXsZzpjpIdq1SvE/7xeqvsNP6M8STXheP5RP2VQC1ikBCMqCdZsYgjCkppdIR4iibA2WRYhuKsnr5POTc2t1+qPt9VmYxFHGZyBc3AJXHAHmuABtEAbYPAC3sAH+LRerXfry/qet5asxcwpWII1/QXqraD1</latexit>

{v1, . . . ,vn} are the orthonormal eigenvectors corresponding to  
<latexit sha1_base64="LdmbO+3Au0iF8sF1OSC3AhBtXIM=">AAACGnicbVDLSgMxFM3UV62vUZdugkVwVWaK1C4LblxWsA/olCGTybShmWRIMkIZ+h1u/BU3LhRxJ278GzOdCrb1QODcc+7l5p4gYVRpx/m2ShubW9s75d3K3v7B4ZF9fNJVIpWYdLBgQvYDpAijnHQ01Yz0E0lQHDDSCyY3ud97IFJRwe/1NCHDGI04jShG2ki+7XrMNIfId6E3IvC3qhcVDoVWSwav+HbVqTlzwHXiLki1BQq0ffvTCwVOY8I1ZkipgeskepghqSlmZFbxUkUShCdoRAaGchQTNczmp83ghVFCGAlpHtdwrv6dyFCs1DQOTGeM9Fitern4nzdIddQcZpQnqSYcF4uilEEtYJ4TDKkkWLOpIQhLav4K8RhJhLVJMw/BXT15nXTrNbdRa9xdVVvNRRxlcAbOwSVwwTVogVvQBh2AwSN4Bq/gzXqyXqx366NoLVmLmVOwBOvrBySZn7Y=</latexit>

ω1 → ω2 → · · · → ωn

<latexit sha1_base64="YpxIC56wkknbX/q8g1cRkgiTOmw="></latexit>

Sk := span{v1, . . . ,vk}
<latexit sha1_base64="RNwCpB6tIewhjvhxWvvs/D7NtAA=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIdVMSkdqNUHDjsqJ9QBPCZDJph8xMwsxEKLELf8WNC0Xc+hvu/BsnbRfaemDgcM693DMnSCmRyra/jdLK6tr6RnmzsrW9s7tn7h90ZZIJhDsooYnoB1BiSjjuKKIo7qcCQxZQ3Avi68LvPWAhScLv1TjFHoNDTiKCoNKSbx65IWE1l0E1QpDmdxM/PruKK75Ztev2FNYyceak2gIztH3zyw0TlDHMFaJQyoFjp8rLoVAEUTypuJnEKUQxHOKBphwyLL18mn9inWoltKJE6MeVNVV/b+SQSTlmgZ4sgspFrxD/8waZippeTniaKczR7FCUUUslVlGGFRKBkaJjTSASRGe10AgKiJSurCjBWfzyMume151GvXF7UW0153WUwTE4ATXggEvQAjegDToAgUfwDF7Bm/FkvBjvxsdstGTMdw7BHxifP1bGlaw=</latexit>

dim(Sk) = k
<latexit sha1_base64="sianf6q/4FiEbo78ZkA6Hs9DrlM="></latexit>

RA(x) :=
xHAx

xHx
=

∑
k

i=1 |ci|2ωi∑
k

i=1 |ci|2
→ ωk

<latexit sha1_base64="LsOzzrTNYvd1v1ccIwZ7pvOGIMc="></latexit>

max
dim(S)=k

min
x→S

RA(x) → ωk

<latexit sha1_base64="3nTan5SX5yDVB51P9ljuvAroRO0="></latexit>

Tk := span{vk,vk+1, . . . ,vn}
<latexit sha1_base64="g5VGac9lYYEhqzpn7xjmPu3wUv0=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahIpZEpHYjFNy4rNAXNCFMJpN26MwkzEyEEgpu/BU3LhRx60+4829M2i609cCFwzn3cu89fsyo0pb1bRRWVtfWN4qbpa3tnd09c/+go6JEYtLGEYtkz0eKMCpIW1PNSC+WBHGfka4/us397gORikaipccxcTkaCBpSjHQmeeaRE1BecTjSQ4xY2pp4o7MbcTE6t0ueWbaq1hRwmdhzUm6AGZqe+eUEEU44ERozpFTftmLtpkhqihmZlJxEkRjhERqQfkYF4kS56fSHCTzNlACGkcxKaDhVf0+kiCs15n7WmR+rFr1c/M/rJzqsuykVcaKJwLNFYcKgjmAeCAyoJFizcUYQljS7FeIhkgjrLLY8BHvx5WXSuazatWrt/qrcqM/jKIJjcAIqwAbXoAHuQBO0AQaP4Bm8gjfjyXgx3o2PWWvBmM8cgj8wPn8AhYKWzA==</latexit>

dim(Tk) = n→ k + 1

<latexit sha1_base64="X/00aLK7XHwDQyRSm0rKSGM9Bus="></latexit>

RA(y) =

∑n
i=k |di|2ωi∑n
i=k |di|2

→ ωk

Combining (1) and (2) shows the first equality; and, the other equality can be proved similarly.

arbitrary
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Weyl Theorem
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are eigenvalues of

l Separation of eigenvalues

2.84

If 𝐴 and 𝐵 are Hermitian and their respective eigenvalues are  

and

Theorem 2.16 (Weyl’s Inequality)

, then
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