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Basics of numerical linear algebra



Numerical Linear Algebra

® Real-world problems are too complex for pen-and-paper solutions.

® L. N. Trefethen and D. Bau, III on NLA (1997):

“If any other mathematical topic is as fundamental to the mathematical sciences

Liovo N. TReFETHEN

Davio Bau, Il

as calculus and differential equations, it 1s numerical linear algebra.”

siam.

® Some applications (NLA or Applied Linear Algebra):
= Scientific/Engineering Computing: Simulates physical systems governed by ODEs/PDEs/IEs

* Principal Component Analysis: Uses SVD for dimensionality reduction and feature extraction

= Image Compression: Uses the Discrete Cosine Transform, like in JPEG

* Recommendation Systems: Uses matrix factorization techniques (a form of low-rank approximation)
= PageRank: Models the web as a graph and finds the principal eigenvector of the link matrix

" Deep Learning: Training DNNs involves massive matrix multiplications and solving optimization problems

C.-S. Zhang, AMSS 1.4



Classical Problems in NLA

Numerical linear algebra (NLA) is the essential computational engine powering modern science and
engineering, enabling scientific discoveries like large-scale simulations, Al, quantum computing, and

financial analytics, via matrix decompositions, linear system solvers, eigenvalue solvers, etc.

® Prob 1. Linear System solving (LLS) problems
Find z € C" : Az =b, where A € C"*"™, b e C"

® Prob 2. Least SQuares (LLSQ) problems

arg min ||Az — b||5, where A € C™*", b c C™
xecCn

® Prob 3. EigenValue problems (EVP)
Find A€ C, 04 x € C" s.t. Ax = Az, where A € C**"

C.-S. Zhang, AMSS 1.5



Other Problems in NLA

® Prob 4. Singular Value Problems
Find singular triplets (o;, w;,v;) : Av; = o;u,, APy, = o,

such that o; > 0, [lw;ll = |lv;ll = 1

® Prob 5. Low-Rank Approximation Problems

min ||A— X||r
rank(X)<k

® Prob 6. Matrix Function Action Problems
Compute y = f(A)b, e.g. f(t)=¢e", t*% log(t),...

Al and data science: matrix completion, sparse representation, spectral graph learning, kernel methods, ...

Core building blocks: BLAS, LU, Cholesky, QR, SVD, Schur, and other related matrix factorizations, ...

C.-S. Zhang, AMSS 1 .6
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Linear Regression

® Regression problem:
To predict a continuous model of a target variable
based on one or more input features
{(@1,11), (@2, 92)5 - - -5 (@, yn) }
where ; € R, y; € R, i =1:n.

® Linear regression model:

y = Bo+ Biz1 + Baxa + -+ + Baza HE)
<

p
min [y - XB|° == X'XB=X"y
ﬁBEEH{d—Fl
(1 z11 - T1q] .
1 oy -+ Xog Provided that X
X = . 2« : has full column

1 T - Ty rank

. _ ~ 4

C.-S. Zhang, AMSS

Model: y = 2x + 3 + noise

Linear Regression Example

Data points [____| Regression line

Input feature (x)

Regression line: § = 2.02x + 2.89 (R% = 0.92)

Practical Applications:

» Predicting house prices based on size, location, and amenities
» Forecasting temperature based on historical weather data
= Estimating blood pressure based on age, weight, and lifestyle

= Predicting stock prices based on market indicators

1.8



Clustering and Eigen Decomposition

® C(lustering:

Partition a set of data points into groups called

clusters such that:

= Points in the same cluster are similar

= Points from different clusters are dissimilar

® k-Means clustering (MacQueen, J. 1967):
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Limitations of k-means:

X Assumes clusters are
convex and isotropic

X Sensitive to initialization

X Performs poorly with

nonlinearly separable data

® Spectral Clustering:

1. Construct Similarity Graph:

Create affinity matrix W where W;; = exp (

2. Compute Graph Laplacian:

g2
202

L=D-W

where D is the diagonal degree matrix: Dy; = Y j Wi;

3. Normalized Laplacian:

Leni— DRYVAEDS Y2 = T =DeAW pati

4. Eigenvalue Decomposition:

Compute the first k eigenvectors vy, va, . . . , U of Ligym

5. New Representation:

Form matrix V' € R™** from the eigenvectors

6. Apply k-means:

Apply k-means to the rows of V' to obtain clusters

C.-S. Zhang, AMSS
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A More Involved Example

H12

[l BE (Baarle-Herlog) . e Baarle-Hertog/Nassau:
[ NL (Baarle-Nassau) H11
& .
The World's Most Confusing Border
H13

The twin municipalities of Baarle-Hertog (Belgium) and
Baarle-Nassau (Netherlands) together form what is widely
considered the most complex international border in the world.
Within and around the town of Baarle, there are 30 separate
enclaves — 22 Belgian parcels within the Netherlands and 8
Dutch parcels within those Belgian enclaves, creating enclaves

within enclaves that defy conventional cartography.

Q: How to design a method to label the BE / NL parts?

https://blogs.transparent.com/dutch/baarle-one-of-the-strangest-municipalities-on-earth/

C.-S. Zhang, AMSS 1.10



Principal Component Analysis

® Principal Component Analysis (PCA):
Given centered data X € R™ P (n samples, p features), PCA finds

orthogonal directions that maximize variance, 1.e.

Vi = argmax | XV ||
VIV=I,

v1 = arg max g vl x;) 2

lvll=1 =1

p=2,n=80

® Maximum projected variance

< Minimum orthogonal reconstruction error

argmax | XV |% = argmm | X — XVVTHF
VITV=I, =1

.Centerdata: X, = X — X

. . ~_ 1 vT
. Compute covariance matrix: C' = —5 X X,
. Eigen decomposition: C = WAW T

. Select top-k eigenvectors (columns of W)
. Project: T' = X . W},

EVD-Based

.Centerdata: X, = X — X
. Compute SVD: X, = UXV T

. Principal components: Columns of V
.Scores: T'=UXorT = X_.V

)

2

3]
0
a
>
N

Practical Applications:

® Data visualization (reducing to 2D/3D)
® Noise reduction
® Feature extraction

® Speeding up machine learning algorithms

C.-S. Zhang, AMSS
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PageRank and Eigenvectors

® PageRank:
PageRank is a link analysis algorithm developed by Google founders (1998).
A random surfer follows an outgoing link with probability d, and jumps

uniformly to any page with probability 1 — d.

PR(A) = 1 ; d n dB_ZA %}f;) Q: How to solve it?

e PR(A) is the PageRank of page A

PageRank Distribution

e C(B;) is the number of outbound links from B; S
L. Page & S. Brin, 1998: Find the principal eigenpair of the so-called Google ) g;‘g
matrix (need to handle dangling node j by setting M. ; = 1/n): f 025
1-d. ., 1/C(j), j—i i
G:dM—l— 11 y M'I,: 0.02
n O, OtheI'WiSG Page A Page B Page C Page D Page E
The spectral radius of G is 1 and its eigenvector (PageRank vector) is positive. Iteration: 0

C.-S. Zhang, AMSS 1.12



Landscape of Parallel Computing

The Landscape of Parallel Computing Research: A
View from Berkeley

Berkeley

UNIVERSITY OF CALIFORNIA

Krste Asanovic

Ras Bodik

Bryan Christopher Catanzaro
Joseph James Gebis
Parry Husbands

Kurt Keutzer

David A. Patterson
William Lester Plishker
John Shalf

Samuel Webb Williams
Katherine A. Yelick

Electrical Engineering and Computer Sciences
University of California at Berkeley

Technical Report No. UCB/EECS-2006-183
http://www.eecs.berkeley.edu/Pubs/TechRpts/2006/EECS-2006-183.html

December 18, 2006

3.2.1 Machine Learning

One of the most promising areas for the future of computing is the use of statistical

machine learning to make sense from the vast amounts of data now available due to faster

computers, larger disks, and the use of the Internet to connect them all together.

Michael Jordan and Dan Klein, our local experts in machine learning, found two dwarfs

that should be added to support machine learning:

o Dynamic programming is an algorithmic technique that computes solutions
by solving simpler overlapping subproblems. It is particularly applicable for
optimization problems where the optimal result for a problem is built up from

the optimal result for the subproblems.

o Backtrack and Branch-and-Bound: These involve solving various search
and global optimization problems for intractably large spaces. Some implicit
method is required in order to rule out regions of the search space that contain
no interesting solutions. Branch and bound algorithms work by the divide and

conquer principle: the search space is subdivided into smaller subregions
(“branching”), and bounds are found on all the solutions contained in each
subregion under consideration.

“To maximize programmer productivity, future programming

models must be more human-centric than the conventional focus

on hardware or applications.”

C.-S. Zhang, AMSS
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Thirteen Dwarts in Parallel Computing

Dwarf Name

Description

Examples

Performance Limitations (Current Understanding)

Dense Linear Algebra

Operations on dense matrices/vectors with

regular memory access patterns

BLAS, ScaLAPACK

Computationally limited; modern GPUs and TPUs excel here

Sparse Linear Algebra

Operations on matrices with many zero
values using compressed storage formats

SpMV, OSKI, SuperLU

50% computation, 50% memory bandwidth; hybrid approaches
work best

Spectral Methods

Computations in frequency domain rather

than time or spatial domains

FFT, Cooley-Tukey algorithm

[Memory latency limited; can be optimized with cache-oblivious
algorithms

N-Body Methods

Calculations based on interactions between

discrete points

Barnes-Hut, Fast Multipole

Computationally limited; use spatial partitioning (octrees, k-d trees)

Structured Grids

Regular grid computations where points are

updated together

Cactus, Lattice-Boltzmann

[Memory bandwidth limited; excellent scaling with proper blocking

Unstructured Grids

[rregular grid where data locations and

connectivity must be explicit

ABAQUS, FIDAP

[Memory latency limited; partitioning and graph-based approaches

MapReduce

Parallel execution on independent data sets

with combined results

[Monte Carlo, Google MapReduce

Problem dependent; communication overhead becomes dominant at
scale

Combinational Logic

Functions implemented with logical

operations and stored state

Encryption, CRC computation

CRC problems bandwidth limited; excellent for SIMD/ASIC
acceleration

Graph Traversal

Visiting nodes in a graph by following edges

Breadth-first search (BFS), DFS

[Memory latency limited; significant gains from prefetching and
locality

Dynamic Solving problems by combining solutions to N . emory latency limited; can be parallelized with wavefront

. . Optimization algorithms N
Programming overlapping subproblems approaches, but suffers from synchronization overhead
Backtrack and Finding optimal solutions by recursive IMemory latency limited with synchronization overhead; irregular

Branch-and-Bound

subdivision and pruning

Search, global optimization

workloads and load imbalance issues

Graphs representing random variables as

Bayesian networks, Hidden Markov

Graphical Models iion ndl deamidionettos o elms Models [Memory bandwidth limited with communication overhead
- . Systems defined by states, transitions based [Parsing algorithms, protocol "Nothing helps!"; remains difficult to parallelize; modern
Finite State Machine . . . . ) o
on inputs and current state implementations approaches use speculative execution and state partitioning

C.-S. Zhang, AMSS
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Dwarft Popularity (Red Hot — Blue Cool)

1 Dense Matrix

2 Sparse Matrix

3 Spectral (FFT)

4 N-Body

5 Structured Grid

6 Unstructured

7 MapReduce

8 Combinational

9 Graph Traversal
10 Dynamic Prog
11 Backtrack/ B&B
12 Graphical Models
13 FSM

Source: David Patterson, https://web.stanford.edu/class/ee380/Abstracts/070131-BerkeleyView1.7.pdf

HPC Embed SPEC

ML

Games

DB

C.-S. Zhang, AMSS
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Foundation & Future of Scientific Computing

® Numerical Linear Algebra (NLA) is the cornerstone of scientific computing, more generally

computational science: numerical stability and fundamental understanding matter more than

computational sophistication alone.

® Today's Landscape:

= Scientific computing: NLA kernels dominate runtime in climate modeling, quantum chemistry, and various

other engineering simulations;

= AI/ML backbone: Matrix operations power neural networks, transformers, optimization algorithms, etc.

® Pressing Imperatives:

= Stability at scale: As systems become larger, numerical error accumulation requires new analysis;
= Hardware-aware algorithms: NLA must evolve with novel architectures (quantum, neuromorphic);

= Cross-domain integration: Bridging SC with AI demands =» unified numerical frameworks.

C.-S. Zhang, AMSS 1.16
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Considerations in Numerical LA

@ Floating-Point

Precision & Error

Computational Imperfections

Digital computers represent real numbers
with finite precision, leading to rounding
errors and numerical instability.

. Rounding Errors: Accumulate during
repeated calculations

. Condition Number: Measures
sensitivity to input changes

. Stability: Algorithms must minimize
error propagation

. Mixed Precision: Strategic use of
different precision levels

. Error Analysis: Rigorous
mathematical treatment of errors

| itEmEss

J

Scale & High-
Dimensional Data

~;

Big Data Challenges

Modern datasets often have very high
dimensions that make traditional algorithms
infeasible.

o .
Sparse Maltrix ReprsentMtion (50x58)
” " - =
.
- - o -
.

. Sparse Matrices: Specialized storage
and algorithms

. Streaming Algorithms: Process
data in single pass

. Randomized Methods: Probabilistic
algorithms (RNLA)

. Dimensionality Reduction: PCA,
random projections

. Out-of-Core Computation:
Processing larger-than-memory data

 ERmREE

* Data Movement &

Energy Cost

The Memory Wall Problem

Moving data between memory hierarchy
levels consumes more time and energy than
computation itself.

Memory Hierarchy & Access Times

Disk/SSD ~100ns
Network ~1000ns

. Memory Hierarchy: Registers >
Cache > RAM > Disk

. Locality Optimization: Maximizing
data reuse in cache

. Communication-Avoiding
Algorithms: Minimize data
movement

. Energy Efficiency: Critical for large-
scale systems

L SR Ik )

Parallel
Computing

Modern Architectures

Modern hardware requires algorithms
designed for concurrency across multiple
processing units.

0%o0
o) o
090

. Multicore CPUs: Shared memory
parallelism

. GPUs: Massively parallel architectures

. Distributed Systems: Cluster
computing (MPI)

. Load Balancing: Even distribution of
work

. Synchronization: Minimizing
coordination overhead

| meitsEe

C.-S. Zhang, AMSS
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Some Historical Comments

® Not so long ago ... computing machines are very different from now
» Fixed-point arithmetic =» Floating-point arithmetic: SP, DP, QP, ...
» Floating-point arithmetic: Different standards for different machines
= [EEE 754 Standard (1985, 2008, 2019), Intel 8087 coprocessor, ...
® Scveral multi-precision arithmetic simulators are introduced since 1980s:
= Maple, Mathematica, vpa@Matlab ...
= Julia, half, numpy, ...
® NLA Example: Solving an algebraic system to certain accuracy on a computer
» The problem could be ill-conditioned (sensitive to perturbation) ...
= [f the precision is low, quality of solution might be very bad

* The way to improve accuracy is using higher precision (costly) or iterative refinement

s

C.-S. Zhang, AMSS
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https://www.bilibili.com/video/BV1nL411x7jH/?share_source=copy_web&vd_source=a5ea9947c3dabdfbdfddde593e3a7b45

Floating-Point Number Storage

IEEE single-precision floating-point number

31 30 23 22 0
X XXXXXXXX XXXXXXXXXXXXXXXXXXXXXXX
T T T

sign exponent mantissa

f: fraction field, with hidden
leading 1 (normalized)

Number = (—1)326—127@

where s = 0 for positive numbers, 1 for negative numbers,
e = exponent (between 0and 255), and

f = mantissa.

Fixed-size FP format
Representation range
Significand / Mantissa

Unit round-off / precision
Machine epsilon

Little-endian

Big-endian

IEEE 754-1985 (FP32, FP64)
IEEE 754-2008 (FP16, FP128)

Ref: Higham, N. J. and Mary, T. "Mixed Precision Algorithms in Numerical Linear Algebra”, Acta Numerica, 2022;31:347-414.

C.-S. Zhang, AMSS
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Examples of Double FP Numbers

IEEE double-precision floating-point number

( 1 11 S2 A
A A . -
SR » ! ) Note: Significand has a hidden leading
S EEE...... EEE MMMM...... MMMM ! cians - .
bit “1” in front of the mantissa!

sign exponent significand

- J
Some Examples: Exercise

® (0.5DP:0 01111111110 0000000000000000000000000000000000000000000000000000
® pi DP : 0 10000000000 1001001000011111101101010100010001000010110100011000
® (0.1DP:0 01111111011 1001100110011001100110011001100110011001100110011010
® (0.0DP : Special treatment, “sign” could be 0 or 1, “exponent” and “significand” are all zeros
®

Special cases: Infinity, NaN, subnormals, etc

C.-S. Zhang, AMSS 1.22



Examples of FP Arithmetic (4 digits)

Example using decimal Example using decimal

A=9999 x 10 1' B=1610 x 10 -1’ A+B =? A=1110 x 1010, B =9.200 x 10_5 AxB=?

1. =1 -b) =
Step 1. Align the smaller exponent with the larger Step 1. Exponent of AxB=10+(-3)=5

Step 2. Multiply significands
1.110x 9.200 = 10.212000

one.

B = 0.0161 x 10' = 0.016 x 10 (round off)
Step 2. Add significands

9.999 + 0.016 = 10.015, so A+B = 10.015 x 10’

Step 3. Normalize the product
10.212 x 10° = 1.0212 x 10°
Step 4. Round of f

S‘l‘ep 3. Normalize A x B=1021x 10°

- 2
A+B = 1.0015 x 10 Step 5. Decide the sign of Ax B (+ x + = +)
Step 4. Round of f

A+B = 1.002 x 10 So, Ax B=+1021x10°

Source: https://homepage.divms.uiowa.edu/~ghosh/

C.-S. Zhang, AMSS 1.23



IEEE754 2008 Version

Table 1. Parameters for floating-point arithmetics: number of bits in significand (mantissa), including the implicit most
significant bit; number of bits in exponent; and, to three significant figures, unit roundoff u, smallest positive (subnormal)
number x,(,‘,!n, smallest normalized positive number xmin and largest finite number xmax. In Intel’s bfloat16 specification,
subnormal numbers are not supported [10], so any number less than Xy, in magnitude is flushed to zero; the value shown
holds if subnormal numbers are supported.

signif. exp. ] X Xiiin Xmax
bfloat16 8 8 391 x 1073 9.18 x 10—* 118 x 10~ 3.39 x 10%8
e o - g S
P g L N s
e e L e
o e g R e

Source: Dongarra J, Grigori L, Higham NJ. “Numerical algorithms for high-performance computational science”. Phil. Trans. R.
Soc. A 378: 20190066, 2020

C.-S. Zhang, AMSS 1.24



Why Mixed-Precision Is Important

® One of the main driving forces 1s DL: It is tolerant
of reduced-precision computations
® Faster hardware with mixed-precision capability
* Reduce amount of data movement
» Fit more data in the cache
® Traditional algorithms need to be modified in order
to take advantage of mixed-precision computation

Tensor Cores since Volta: 4x faster than regular FP16

V100 PCle

DP (FP64)

SP (FP32) Tensor (FP16)

Peak Performance 7 TFLOPs 14 TFLOPs 112 TFLOPs

Technical Specifications

Mem Bandwidth 900 GB/sec

H100 SXM H100 PCle H100 NVL'
FP64 34 teraFLOPS 26 teraFLOPS 68 teraFLOPS
FP64 Tensor Core 67 teraFLOPS 51 teraFLOPS 134 teraFLOPS
FP32 67 teraFLOPS 51 teraFLOPS 134 teraFLOPS
TF32 Tensor Core 989 teraFLOPS? 756 teraFLOPS? 1,979 teraFLOPS?
BFLOAT16 Tensor Core 1,979 teraFLOPS? 1,513 teraFLOPS? 3,958 teraFLOPS?
FP16 Tensor Core 1,979 teraFLOPS? 1,513 teraFLOPS? 3,958 teraFLOPS?
FP8 Tensor Core 3,958 teraFLOPS? 3,026 teraFLOPS? 7,916 teraFLOPS?
INT8 Tensor Core 3,958 TOPS? 3,026 TOPS? 7,916 TOPS?
GPU memory 80GB 80GB 188GB
GPU memory bandwidth 3.35TB/s 2TB/s 7.8TB/s*
Decoders 7 NVDEC 7 NVDEC 14 NVDEC

7 JPEG 7 JPEG 14 JPEG
Max thermal design power (TDP) Up to 700W 300-350W (configurable)  2x 350-400W

(configurable) (configurable)
Multi-instance GPUs Up to 7 MIGs @ Up to 7 MIGs @ Up to 14 MIGs @

10GB each 10GB each 12GB each
Form factor SXM PCle 2x PCle

> dual-slot > dual-slot
> air-cooled > air-cooled

Interconnect NVLink: NVLink: NVLink:

Server options

NVIDIA Enterprise

Preliminary specifications. May be subject to change. Specifications shown for 2x H1I00 NVL PCle cards paired with NVLink Bridge.
ZWith sparsity.
I Aggregate HBM bandwidth.

> 900GB/s PCle
> Gen5: 128GB/s

NVIDIA HGX™H100
partner and NVIDIA-
Certified Systems™
with 4 or 8 GPUs

NVIDIA DGX™H100
with 8 GPUs

Add-on

> 600GB/s PCle
> Gen5: 128GB/s

Partner and NVIDIA-
Certified Systems with
1-8 GPUs

Included

> 600GB/s PCle
> Gen5: 128GB/s

Partner and NVIDIA-
Certified Systems with
2-4 pairs

Included

C.-S. Zhang, AMSS
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Driving Force: Deep Learning

® Most deep learning (DL) applications usually do
NOT need to use double precision

® The computations performed by most models are
compositions of a relatively small handful of
dense linear algebra calculations . . .

® Many of the mechanisms developed over the past
40 years to enable general-purpose programs to
run with high performance on modern CPUs are

not necessary for deep learning computations

Ref: J. Dean, "The Deep Learning Revolution and Its Implications for Computer Architecture and Chip
Design," 2020 IEEE International Solid-State Circuits Conference (ISSCC), 2020, pp. 8-14.

NVIDIA.

Unprecedented Acceleration a

N

D C A B
(x x x x| [x xxx] [xxxx][x x x x]
X X X X X X X X X X X X||Ixxxx
X X X X X X X X X X X X || xxx x
X X X X X X X X X X X X||Ixxxx
fpl6 or fp32  fpl6 or fp32 fpl6 fpl6

Fused multiply—add (FMA) used in Tensor Core

Ly I I

C.-S. Zhang, AMSS
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https://www.bilibili.com/video/BV1RwL1zkEdQ/?spm_id_from=333.337.search-card.all.click&vd_source=f370c1df022887e8da2ccbf59c7ec2ff

HPL-MxP Benchmark (Nov, 2025)

Rank Site Computer Cores HPL-MxP (Eflop/s) TOP500 Rank HPL Rmax (Eflop/s)

1 DOE/SC/LLNL El Capitan 11,340,000 16.680 1 1.8090 9.2
2 DOE/SC/ANL Aurora 9264128 11.643 3 1.0120 1.5
3 DOE/SC/ORNL Frontier 9,066,176  11.390 2 1.3530 8.4
4 EuroHPC/FZJ JUPITER Booster 4801344 6.255 4 1.0000 6.3
5 SoftBank CHIE-4 662,256 3.304 17 0.1354 244
6 AIST ABCI 3.0 479,232 2.363° 16 0.1451 16.3
7 EuroHPC/CSC LUMI 2,752,704  2.350 9 0.3797 6.2
8 RIKEN Fugaku 7,630,848 2.000 7 0.4420 4.5
9 EuroHPC/CINECA Leonardo 1,824,768  1.842 10 0.2412 76
10 KAUST Shaheen lIl - GPU 574,464 0.704 18 0.1228 5.7

HPL-MxP uses GMRES-based iterative refinement with low-precision LU factors as a preconditioner. Under appropriate

conditioning and rounding-error assumptions, the iteration can recover the target accuracy. (Source: https://hpl-mxp.org/)

C.-S. Zhang, AMSS 1.27
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Sparse Matrices

. most of the coefficients in our matrices

are zero; i.e., the nonzeros are sparse in '

the matrix ... (1950’s) .

https://sparse.tamu.edu/Goodwin/Goodwin_010

@® Sparse matrix: number of nonzeros (nnz’s) ~ 0(n)
‘: , ® Typical in numerical PDE, graph, network, economy;, ...
" 4 ® (Q: How to store sparse matrices?

/

» CSR, CSRx, CSC, DIA, ELL, COO, HYB, CSR5, ...
Harry Markowitz, 1989 von Neumann ® Q: How to perform operations on sparse matrices?
Theory Prize, 1990 Nobel Prize in

Ecortims SpMYV, SpMM (Sparse*Dense), SpGEMM

C.-S. Zhang, AMSS 1.29



Storing Sparse Matrices

V@@ ® 5 3 9 6 4|values

Matrix

# entries

CSR

# rows + 1

0 2 4 7 9 row offsets

1V@@® 5 3 9 6 4|values

Matrix

# entries

Ref: FASP developing team, https://gitee.com/faspdevteam/faspxx.git

® Compatible with CSR-based subroutines

® Easy to access diagonal entries
Use Implicit

~ : :
Easy to find lower triangular entries Ordering

® Easy to find upper triangular entries ~ Info

® Do not increase asymptotic storage requirement

CSRx
A
4 )

~CsR
diagPtr Diagonal entry pointer

C.-S. Zhang, AMSS
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Sparse Matrix Formats

S HEREEEN SLILIL
e R o
el |Iel L] LI csrPtr
@@D% csrRowPtr [0]1]3][5][0]2][4][5[0[1][2]5]0][1][2]4]
%g%D csrColidx [0[o[1]1]2[1]s]o1[o[s[1]oz[3[o[1]o[2[2[0]3[0[1[o[2]1[3]
el 1S M e s s o o s s s s s s s s s s s s e )
COO: ELL: DnsCol:
cooPtr ellPtr dnscolPtr
cooRowldx ellldx dnscolPtr
%%28%%%% cooColldx elval @HBE dnscolldx [2]
LS 0000 cooVal &2 dnscolval §
HeLo000 JOUE Dpns:  dnspufolil  dnsval

tilePtr [0[3]5]7]10] tileColldx [0[1]3]1][3[2]3]0[1]3] tileNnz [0]7]9][15[19[27[343842]5864| format|[0[1[2[3]1][1][4]5]6]1]

HYB:

ellPtr cooRowldx [1]2]
ellldx [0]ofo]o] cooColldx[0]2]
elival OOS®  cooval O

DnsRow:
dnsrowPtr [0]1]
dnsrowPtr [0]1]
dnsrowldx [2]

dnsrowval QOO0

Fig. 3. An example matrix A of size 16-by-16 stored in 10 sparse tiles of size 4-by-4. The tile structure includes three arrays tilePtr, tileColldx and tileNnz
representing the memory offsets of tiles, tile column indices and the offsets for the number of nonzeros in sparse tiles. According to the format selection
method, four of the 10 tiles keep the CSR format unchanged and use three arrays to store their information. The remaining six tiles are transformed to different
formats, including COO, ELL, HYB, Dns, DnsRow and DnsCol. Each format has several corresponding arrays to store the nonzeros and their indices.

Source: Y. Niu, Z. Lu, M. Dong, Z. Jin, W. Liu and G. Tan, "TileSpMV: A Tiled Algorithm for Sparse Matrix-Vector
Multiplication on GPUs," 2021 IEEE International Parallel and Distributed Processing Symposium (IPDPS), 2021, pp. 68-78.
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Performance Models

® (: How to measure performance? What is a fair measurement of performance?

® We usually compare wall-time (actual computing time)

® Solve different problems with different solvers to different accuracy on different hardware ...

Von Neumann 4 )
Basic Struct .
Memory e STHEE Consider the actual
data Computer Performance Model
A A performance of a
" computer program
4 y
Arithmetic utou v
contron | frithmene Output hardware
Unit < A .
< [ ] v algorithm
! Computer Hardware Model
Processor  Accumulator L ) v problem

Source: https://www.geeksforgeeks.org/computer-organization-von-neumann-architecture/
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Moore’s Law

® “There’s plenty of room at the bottom”, R. Feynman, 1959 MOORE’S

® Moore’s law, Gordon Moore, Intel® Co-founder, 1975

42 Years of Microprocessor Trend Data

| I | I
10’F . .
Dennard Scaling, 1974 ansistors
P | (thousands)
105 [ . | singe-Thread @ Due to the limitations of semiconductor
’ .q." ° Performance
10t | .o“ $° { (SpecINT x 107 technology, the traditional CPU
3 ||*l“‘ ga | Frequency (MHz)
e -‘G'-"' 1. roadmap is falling short of demands.
, ® .‘.l " F, i' ‘ (TV)\llplca; Power
10° | i ® - vyv" v % 1 (Watts
] o0 v_w v .
1 . _ i ?yvvz A ’:“Q NUmber of ® Bottlenecks: power, latency,
L S AR S *%4 | Logical Cores , , ,
e v T smacs instruction-level parallelism (ILP),
10 —»;MQ ------------ L B 000 W LN 100000 ¢ o —
| | | |
- 9 ;
1970 1980 1990 2000 2010 2020 ® The sub-nano era? Roadmap: 20A by
Year
Original data up to the year 2010 collected and plotted by M. Horowitz, F. Labonte, O. Shacham, K. Olukotun, L. Hammond, and C. Batten 2024, ZA by the 20408.

New plot and data collected for 2010-2017 by K. Rupp
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https://www.intel.com/content/www/us/en/silicon-innovations/moores-law-technology.html

Memory Hierarchy

Core Core Core

Ins, 2x32KB L1 L1 L1 L1 L1 L1
Data Inst Data Inst Data Inst

2--4ns, 256KB

5--10ns, MB L3 Cache (LLC or Last Layer Cache)

Integrated Memory Controller

50--100ns, GB
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https://www.bilibili.com/video/BV1WwJAz7E45/?share_source=copy_web&vd_source=a5ea9947c3dabdfbdfddde593e3a7b45

Improvmg Memory Performance

System Peak 1 exaflop/s 2.746 exaflops Ranked #1 on TOP500 from Nov. 2024 to Nov. 2025
Node Memory Bandwidth 0.4-4 TB/s 5.3 TB/s AMD Instinct MI300A APUs with HBM3 memory
Total Node Interconnect
. 100-400 GB/s ~1.2 TB/s AMD's Infinity Fabric 3.0 between CPUs and GPUs
Bandwidth
Memory Latency 50 ns ~100 ns Has not reached predictions due to physical constraints
Interconnect Latency 0.5 us ~0.4 ps Using Slingshot-12 interconnect
DDR DDR2 DDR3 DDR4 DDRS5S
Market Introduction 1998-2000 2003 2007 2014 2020
Working Voltage 2.5V 1.8V 1.5V 1.2V 1.1V
[Peak Bandwidth 1.6-3.2 GB/s 3.2-8.5 GB/s 6.4-17 GB/s 12.8-25.6 GB/s 25.6-67.2+ GB/s
CAS Latency ~10-15ns ~10-15ns ~10-15ns ~10-15ns ~12-15ns
(Nanoseconds)
[Power Consumption High (baseline) [~20% lower than DDR1|~40% lower than DDR2[~25% lower than DDR3|~20% lower than DDR4
DDR ' DDR2 DDR3 DDR4 pors |Prefetch Architecture 2n 4n 8n 8n 16n
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Machine Balance Over Time

Machine balance .
(# floating point operations per read) The gap between the computing power and

100 - r 1 - the memory bandwidth keeps increasing in

the last 45 years

)
: ® Computing power is (relatively) cheap
T 10 +
ifz : ® Data movement is slow and will be
% 486Dx(2:M = 'EC Sx ' slower relatively (another reason to use
1@@ 'NEC;:( 2 low-precision now)
] [soss \ﬁone(\; ® Key takeaway:
1975 1980 1985 1990 19'95year20'oo 2005 2010 2015 2020 Make less data movement!

Source: A. Abdelfattah et al. “A survey of numerical linear algebra methods utilizing mixed-precision arithmetic”.
The International Journal of High Performance Computing Applications. 2021;35(4):344-369.

C.-S. Zhang, AMSS 1.37



A Simplified Cache Mechanism

DRAM Direct-Mapped Cache

Cache line

gy
Request a data from memory w

A 4

® Associativity (mapping)

® Eviction (replacement) policy
® Multiple cores (false sharing)

® Cache usage (code, data)

® Size of cache (performance vs price)

Check whether it 1s in the cache

TN,

Hit

Miss

Good locality

e o o ® Size of cache line (64B for Intel L1 cache)

Large

\ 4

latency (10+ cycles)

Check whether the line 1s dirty

B

Write back

Overwrite

C.-S. Zhang, AMSS
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https://www.bilibili.com/video/BV1MdzJYyEUF/?share_source=copy_web&vd_source=a5ea9947c3dabdfbdfddde593e3a7b45

SpMYV, A Simplified Example

A W

A

X

y

y = Ax +y Sparse GEMV

J 1,2 1,3 2,2 23 24 2,7 3,2
1 2 13| 4 1 2 13| 4

1 2

3

2

3

Access X 3

Access X 1

23 24 2,7 3,2 23 24 2,7 3,2
516|178 1 2 131 4

1 2

3

2

3

Access X 1

Access X 1

C.-S. Zhang, AMSS
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Measuring Performance

Q: How much time should a program cost?

#FP GFLOP DataMove GB )

WallTime = MaX( ¢1-GFLOP/s * Bandwidth GB/s

Is my code fast ENOUGH?

#FP . #FP FLOP . . . )
WallTime mln(Peak GFLOP/s , DataMove Byie XBandwidth GB/s) mmm) Arithmetic Intensity (AI or CI)

\ /‘

A Simple Architecture ¢ Can we optimize them? 4 How about now? (h#8 Roofline Model
. . GFLOP/s Peak GFLOP/s
Computing Unit o o
o
o o
Cache o = ™
o 0 o @
GBls ¢ 0% Pe E |
Z S
< <
DRAM I . .
Loop nest (kernel) - Arithmetic Intensity (FLOP:Byte) Arithmetic Intensity (FLOP:Byte)

Source: Introduction to the Roofline Model, by Samuel Williams, Lawrence Berkeley National Lab (2020)
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Compute-Bound vs Memory-Bound

. . . . 0.1-1.0 flops per byte Typically < 2 flops per byte 0O(10) flops per byte
Machine balance is typically  Does it go anywhere near the p A . A \ A \
5~10 FLOP/Byte . .
Y roofline? Is it CPU or Memory ens ity
A
or Comm bound? i
/ BLAS1,2 Particle
Stencils (PDEs) FFTs o Methods
Peak GFLOP/s Lattice Boltzmann Spectral Methods Linear Algebra
Methods (BLAS3)

€9 : \ Y 3 Y X Y 4
o ! o(1) O(log(N)) O(N)
9 :
(N 1
@ :
Ne] 1 Peak GFLOP/s Peak GFLOP/s Peak GFLOP/s
o I o ) | (7]
£ L » | I .8 : & g
S GFLOP/s < Ail HBM GB/s S 50% of Peak O g S
< : 2 2 2

1 g g g

' g g 2 | 7.poin

/TRIAD | : < < < | Stoncl
' ! 5 RIAD | |
0.083 5.0 Aritl;metic Intensity (FLOP:Byte) Aritr;metic Intensity (FLOP:Byte) 0083 044

Arithmetic Intensity (FLOP:Byte)

Source: Samuel Williams, LBNL
https://crd.lbl.gov/divisions/amcr/computer-science-
amcr/par/research/roofline/introduction/

Arithmetic Intensity (FLOP:Byte)

a[i] = b[i] + scalar * ¢[i]: 2 FLOP, 2 Read, 1 Write, CI = 2/(3*8) = 0.083
7-point stencil: 7 FLOP, 1 Read (cache-hit), 1 Write, CI= 7/(2*8) = 0.438

C.-S. Zhang, AMSS
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Communications Are Costly

- Petascale Predicted Exascale Factor
Communication =» Data Movement Systems (2009) Systems Improvement
System Peak 2 - 10'° flops/s 108 flops/s ~1000
Computing ability improves faster Node Memory o 0.4-4TB/s ~10.100
Bandwidth
than communication ability
Total Node Interconr)ect 3.5 GB/s 100-400 GB/s ~100
Q' Why? Bandwidth
- Y Memory Latency 100 ns 50 ns ~1
Physics: Longer the distance, higher Interconnect Latency 1pus 0.5 us ~1

*Sources: from P. Beckman (ANL), J. Shalf (LBL), and D. Unat (LBL)
the cost

Technology: Increase speed with Annual improvements

different methods Time/flop Bandwidth | Latency
Economy: Manufacturing cost is also Network 26% 15%

0
59% DRAM 23% 5%

C.-S. Zhang, AMSS 1.42
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Modelling Communication Costs

Communication Time = Latency + Num of Bytes Moved +~ Bandwidth

’-----------~

Not big enough to store
the whole problem

Serial Case Distributed Case

Memory access I Network accessI

-

Ref: CS267 lecture notes on J. Demmel’s webpage: https://people.eecs.berkeley.edu/~demmel/

Communication I

Sufficiently large but
slow memory (assume it
can’t be used for FP

©
9
S
>
2
S
=
)
>
3
o
Z
z
S

arithmetic)

\------------’
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Example: Matrix Multiplication

Algorithm 19: Naive matrix multiplication

Considering data movement 1 |%% Given two matrices A,BeR™";
2 |[for 1=1:n
o o o o o o 3 for j=1:n
® Matrix multiplication is not just ) e E—1:n
. . . 5 C(i,5) < C(i,5) + A(i, k) = B(k, 5);
about arithmetic operations 6 end
7 end
® Data movement (between levels 8 |end
of mem OI'Y) often dominates Algorithm 20: Naive matrix multiplication with data movement
1 (%% Given two matrices A,BeR™*";
performance on modern hardware | *='"
3 %% Read A(i,:) into fast memory, mXmn times in total
5 c o o c f j=1:
® Maximize data reuse, minimize ’ s o .
5 %% Read B(:,]J) into fast memory, m° Xn times in total
6 %% Read C(i,]j) into fast memory, n?®x1 times in total
transfers between slow and fast . for E—1:n
) ) 8 C(i,§) < C(i,5) + A(i, k) = B(k, j);
memory, organize Computatlons 9 end
10 %% Write C(i, j) back to slow memory, n?x1 times in total
to match hardware characteristics = end
12 |end

C.-S. Zhang, AMSS
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Richardson's Fantastic Forecast Factory

In 1922, Lewis Fry Richardson published

his fantasy weather forecasting factory:

= A 20-story building with a spherical central
chamber where human “computers” would
calculate weather patterns

= A director of operations at the center who
coordinated calculations like an orchestra
conductor, using red (teams ahead)/blue (teams
behind) lights for scheduling

= 64,000 human computers working on different

LOg I8 o I AR TP |1 - WA [RE b B e
FIGURE 1: “Weather Forecasting Factory” by Stephen Conlin, 1986. Based on the description in Weather Prediction by Numerical
Process, by L.F. Richardson, Cambridge University Press, 1922, and on advice from Prof. John Byrne, Trinity College Dublin. Image: ink

. . and water colour, c. 50 x 38.5 cm. © Stephen Conlin 1986. All Rights Reserved ". (Courtesy: Hendrik Hoffmann, School of Mathematics
Source: https://www.emetsoc.org/resources/rft/ A P gt

regions of a global weather map simultaneously
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Computational Complexity

Time Marching =» Linearization =» Spatial Discretization =» Linear Solver =» Parallelization

Number of Number of Solver
Q: What prevents us time steps nonlinear iterations complexity

from achieving better
performance?

Complexity ~ N, 0001 XNtime XNy XCq (Ng‘lpace)k Q: How can we

speed this up?
Q: Complexity is not /
wall-time! What else Number of Number of Number of
should we consider for  Simulation runs spatial DoF Processors

real performance? Adaptivity + Fast Solvers + Parallelization

C.-S. Zhang, AMSS 1.47



An Ilustration of Parallel Computing

What's the problem?
a Super Jumbo

replacing 4 strong jet engines V7 4 approximately 90MW power output.

A"
v This is roughly equivalent to the

e ¢ power of 300K ordinary household

hair dryers. However, could you
| power an A380 with these hair
with 300,000 dryers? Now, imagine you have 10

blow dryer fans? million hair dryers of varying

=.| power levels!
Ulrich Riide, Friedrich-
M Alexander-University of

—= Erlangen-Niirnberg, Erlangen,
Germany

C.-S. Zhang, AMSS 1.48
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HPC TopS00 List 2026.06

Rank System

Rmax Rpeak

Power

Cores (PFlop/s) (PFlop/s) (kW)

1 LineShine - LingKun, LX2 304C 1.55GHz, LingQi, Kylin 13,789,440 2,198.40 2,735.82 42,220
0S, Shenzhen Cloud Computing Center Co., Ltd.
National Supercomputing Centre in Shenzhen [NSCS)

China

2 El Capitan - HPE Cray EX255a, AMD 4th Gen EPYC 24C 11,340,000 1,809.00 2,821.10 29,685
1.8GHz, AMD Instinct MI300A, Slingshot-11, TOSS, HPE
DOE/NNSA/LLNL
United States

3 Frontier -

HPE Cray EX235a, AMD Optimized 3rd 9,066,176 1,353.00 2,055.72 24,607
Generation EPYC 64C 2GHz, AMD Instinct MI250X,
Slingshot-11, HPE Cray 0S, HPE

DOE/SC/0ak Ridge National Laboratory

United States

The List.

L£IcL

Source: https://top500.org/lists/top500/2026/06/

FIND OUT MORE AT

top500.0org

Remarks:

A lot of cores!!

Cost a lot of money!!!
Can this trend continue?
Do we need HPC?

Can we use HPC well?
How to use HPC well?
HPL (dense/direct)
HPCG (sparse/iterative)
HPL-AI (low precision)

Green 500 (energy)

C.-S. Zhang, AMSS
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How to Measure Parallel Efficiency

o ERJi R

Wy

; . : . pCq

[} o o o

B R—MES, BHRERRERRIERN p 2,

ENFHITHEE = S/p, BAIFEZE100%!

o ST EIE NI I S e Y,

E : : . pCy

[} (. ) o

Iy

S

BENNE p (B15?

I, = T;?

ErnrR p BERAVESS, TEXRREECHIEIN, ERFHEEFERIS?

AT BEFRIFAE , FESKAIRENER?
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Three Mountains on Parallel Simulation

Amdahl’s Law 1967 e b

WNERBITEND HEERN10%, BRFITINELLATTEE B =Y 3 R = e v == b A b EE Gl = kS
FEIT 101 =ELASCIRAY !

Gustafson-Barsis’s Law 1988 ,,

WFRZMARRE, BEFENBITEEREXIR ElREIN S a4 pNN = A Ed2é -
R FENESTY RIE, MARETT RIE R

Gabriel Wittum: HPC Paradox

HWET KI0EEVEER S, HEeeFRIMKEX10 BRI b -2 31 ey s EC =
fEHYRRR,; (BISLIRGEES, WA RMEIZZ AL ESS=EE

— ))))))))) -

C.-S. Zhang, AMSS 1.53




Implementation of Algorithms

Table 1. Speedups from performance engineering a program that multiplies two 4096-by-4096 matrices. Each version represents a successive
refinement of the original Python code. “Running time” is the running time of the version. “GFLOPS" is the billions of 64-bit floating-point operations per

second that the version executes. “Absolute speedup” is time relative to Python, and “relative speedup,” which we show with an additional digit of precision,

is time relative to the preceding line. “Fraction of peak” is GFLOPS relative to the computer's peak 835 GFLOPS. See Methods for more details.

. . ... . Fraction
Version Implementation Running time (s) GFLOPS Absolute speedup Relative speedup of peak (%)
L e YO PO0D02A8 0005 SO 000 .
2 e Java 2,372.68 . 0.098 | 13665t 108 ol 001 .
S e e 042.67 0.253 R A7 e B 003 .
A e Parallel loops 0980 e X200 O 78 e 024
S Parallel divide and conquer 380 36180 1. 6,727 184 b 433
6 plus vectorization LG gk | [T s 1496
7 plus AVX intrinsics 0.41 337812 62,806 2.7 40.45

. C. : There’s plenty of room at the Top: What
® Compiler optimization; loop ordering; parallel loops ) .p Y P

will drive computer performance after
® Vectorization; AVX intrinsic Moore’s law?
. .. .. Science 368 (6495), June, 2020
® Tiling; cache-oblivious; divide-and-conquer : ) ( ) ’
http://science.sciencemag.org/content/368/6

® Source: Leiserson & Shun, MIT Open Course 6.172 495/eaam9744

C.-S. Zhang, AMSS
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Heterogeneous Cluster Architecture

/CPU /CPU GPU \
~ (7 )

Coreo 1 Cors 1 Coreg, 1 Corey 1 OOOOOO
- 000000
T 000000
00000a | . ..
000000

( Main Memory ( GPU Memory )

g
c

COWO,O C°"°1,0

QOO0
000
0000
OO0
\ » QOOOQ/

3
00000

<>

( Main I\?Iemory M( GPU Memory
\ Node 1

]

Algorithm complexity and scalability, utilization of multi-core CPUs,

High-speed Inter-connecting Network

utilization of many-core accelerators, data movement, etc

1.55
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Parallel Matrix Data Layout

CPU Process 1

CPU Process 2

CPU Process 3

CPU Process 4

Threads on GPU1

Threads on GPU2

Threads on GPU3

Threads on GPU4

C.-S. Zhang, AMSS
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Why Results Differ from Expectations?

A mismatch may originate in the problem, the numerics, or the implementation.

01

Problem & Model
Complexity

» Modeling assumptions, parameters,
and boundary/initial conditions

 Nonlinearity, multiphysics coupling,
or multiple scales

* Chaotic dynamics and sensitive
dependence on initial conditions

02

Numerical Error
& Stability

» Discretization and truncation
errors

 [terative and round-off
errors

» Mesh, time-step, tolerance,
and stability effects

03

Implementation
Issues

* Incorrect indexing or data
handling

* Faulty control flow or state
updates

 Parallel communication,
synchronization, or nondeterminism

C.-S. Zhang, AMSS
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Chaotic Dynamics

Edward N. Lorenz —— DY N Margaret Hamilton
/ Source hit t si77di 1ta1-1ne nl/
= p\_//g | sl

In 1961, E. N. Lorenz was using a Royal McBee LGP 30 computer Wlth 6-digit precision to predict
weather. The printout rounded variables off to a 3-digit number, so a value (0.506127) was printed as
0.506. He tried to input a rounded number, but ...

C.-S. Zhang, AMSS 1.59
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Pay Attention to Numerical Error

What Every Computer Scientist Should Know A
Flo:ting-Pgint Ar'i)thmetic d Kno bout Oracle” Solaris Studio 12.4: Numerical
Computation Guide

DAVID GOLDBERG

Xerox Palo Alto Research Center, 3333 Coyote Hill Road, Palo Alto, California 94304

Floating-point arithmetic is considered an esotoric subject by many people. This is
rather surprising, because floating-point is ubiquitous in computer systems: Almost
every language has a floating-point datatype; computers from PCs to supercomputers
have floating-point accelerators; most compilers will be called upon to compile
floating-point algorithms from time to time; and virtually every operating system must
respond to floating-point exceptions such as overflow This paper presents a tutorial on
the aspects of floating-point that have a direct impact on designers of computer
systems. It begins with background on floating-point representation and rounding
error, continues with a discussion of the IEEE floating-point standard, and concludes
with examples of how computer system builders can better support floating point.

Categories and Subject Descriptors: (Primary) C.0 [Computer Systems Organization]:
General—instruction set design; D.3.4 [Programming Languages]:
Processors—compilers, optimization; G.1.0 [Numerical Analysis]: General—computer
arithmetic, error analysis, numerical algorithms (Secondary) D.2.1 [Software
Engineering]: Requirements/Specifications—languages; D.3.1 [Programming
Languages]: Formal Definitions and Theory—semantics D.4.1 [Operating Systems]:
Process Management-—synchronization Part No: E39019

January 2015
General Terms: Algorithms, Design, Languages ORACLE

Additional Key Words and Phrases: denormalized number, exception, floating-point.
floating-point standard, gradual underflow, guard digit, NaN, overflow, relative error,
rounding error, rounding mode, ulp, underflow

ACM Computing Surveys, 1991 Sun/Oracle Numerical Computation Guide, 2015
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Hardware Failures

Mean Time To Failure

2 days 26.1

MTTEF: measures the

Ancient but stable CPU failures per week
average time a non-

The mean time to failure of ENIAC ASCI Q at LANL has 26.1 CPU
repairable asset operates (1946) [Alexander Randall 2006] failures per week [Michalak et al.

before it fails / 2005]

4-6 hours 4.2 hours 30 mins

Soft error in L1 cache Requires repair actions Run without problems
BlueGene/L has one soft error Lessons learned from the analysis Researchers have predicted that
in L1 cache every 4 to 6 hours of system failures at petascale; see large jobs may fail once every 30
[Bronevetsky, Supinski 2008] DSN 2014 minutes on exascale platforms

C.-S. Zhang, AMSS 1.61



The Patriot Missile Failure

® On the news:

During the Gulf War, a U.S. Patriot Missile battery at Dhahran, Saudi Arabia failed to intercept an

incoming Iraqi Scud missile on Feb. 25 1991, resulting in 28 deaths and 100+ injuries.

® Failure Reasons: 0.343 seconds time-discrepancy

= The system represented 0.1 by a truncated 24-bit fixed-point binary
value, which has no exact binary representation.

= After about 100 hours, the clock count was approximately 3,600,000
tenths of a second.

= Multiplying this large count by the truncated value introduced an error

of about 0.343 sec, large enough to shift the tracking gate.

United States General Accounting Office

G AO Report to the Chairman, _Subcommit@ee on
Investigations and Oversight, Committee
on Science, Space, and Technology, House
of Representatives

February 1992 P ATRIOT MISSILE
DEFENSE

Software Problem Led
to System Failure at
Dhahran, Saudi Arabia

BEESHHERA
wermmen sy Rk

C.-S. Zhang, AMSS
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The Loss of the Sleipner A Platform

® On the news:

“On August 23, 1991, the Sleipner A platform suddenly sank

near Stavanger, resulting in approximately $700M in losses.”

® Failure Reasons: 47% underestimation of shear forces

= Engineers used NASA's NASTRAN software, but the model
contained distorted elements with skewed faces.

= When analyzing stress results, engineers fitted a second-order
polynomial curve to their data and used extrapolation to determine
edge stresses (over-fitting).

* The analysis relied on the 1977 Norwegian concrete code, which

predicted failure at nearly twice the actual pressure.

Approximation Error
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The Legendary “Nine Calculations”

® Chinese scientists attempted to replicate calculations from a Soviet teaching
model. But the calculation of pressure values during explosive implosion

consistently fell short of the Soviet figures.

® Over nine intense rounds of recalculations and cross-disciplinary debates

agyl N

4

DD~ gy g iy
XBERTT | (1950)

involving physicists, mechanics experts, and mathematicians, the discrepancy —.

persisted, stalling the entire atomic bomb project.

s Theoretical Breakthrough: Zhou Guangzhao
hRitsE: BT ® ©

B —E =R constructed an ideal model and proved that the

B ARTESERBBE maximum achievable pressure could never

B RAVIRIEE=IRIR

reach the Soviet expert's claimed value.
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Model Reliability

Mathematical model and its data
describe the real physics with

sufficient accuracy

Algorithm Reliability

Underlying numerical algorithms
should be stable, consistent, and

convergent

Software Reliability

The ability to perform its required
functions under static conditions

for a specific period

C.-S. Zhang, AMSS
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Legacy Implementation
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In 1979, the authors of the LINPACK software package posed

by J. Dongarra's car, which had a LINPACK license plate, in
the suburbs of Chicago near Argonne National Laboratory.

The LINPACK project began in 1974,
initiated by Jim Pool, to address the need
for a portable, high-quality library for

solving linear systems.

From left to right, the people in this photo
are the core developers of the LINPACK

linear algebra library:
= Jack Dongarra
= Jim Bunch
= (Cleve Moler, who created MATLAB
= Qilbert Stewart

C.-S. Zhang, AMSS
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Modern Implementation

® Software Stack: BLAS provides computational
kernels; LAPACK builds dense factorizations and
solvers on BLAS; ScaLAPACK extends these
methods to distributed memory architectures.

® NumPy and SciPy provide high-level interfaces

for Python users.

® Main Considerations:

Dr. Jack Dongarra, 2021 Turing Award

For his pioneering contributions to numerical
= user-friendliness algorithms and libraries that enabled HPC
software to keep pace with exponential
hardware improvements for over four decades

* reliability

= efficiency
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Why Bother Using Numerical Libraries

Q: The subroutines look simple; why not write them by ourselves?

Performance and Reliability
® There's a huge gap between "academically correct" and "industrial-grade robust"
® Optimized: Built on efficient BLAS (Basic Linear Algebra Subprograms) implementations
® Numerically stable: Careful error analysis and robust algorithms
® Portable: Works across different computer architectures
® Modern libraries provide built-in multi-threading, MPI, and GPU acceleration

Algorithmic Sophistication
® Blocked algorithms: Efficient cache usage for modern processors
® Divide-and-conquer methods: For eigenvalue problems

® [tcrative refinement: For improving solution accuracy
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LAPACK

LAPACK provides dense matrix factorizations, linear-system solvers, least-squares solvers,

and eigenvalue/SVD routines. It relies on BLAS kernels, including GEMM, for matrix

TTUTUTUTT
>PPBEBBD
EXXXXX

PRPEBBD
000000

multiplication and other basic operations.
https://netlib.org/lapack/; https://github.com/Reference-LAPACK/lapack/

F'l‘l'l'r'l"l"

>
T
>
9,
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1. Solving Systems of Linear Equations

= Dense matrices: General, symmetric, positive definite, triangular systems

= Band matrices: Tridiagonal, general banded systems

= Solvers: LU with partial pivoting; Cholesky for SPD systems; pivoted LDL! for symmetric systems
2. Linear Least Squares Problems

* Overdetermined and underdetermined systems

= Using QR and LQ factorizations
gQ Q TBC

= With or without constraints
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LAPACK, Continued

3. Eigenvalue Problems
= Standard eigenvalue problems: Ax = Ax
= Generalized eigenvalue problems: Ax = ABx
= For different types of matrices: symmetric,
nonsymmetric, Hermitian matrices
= All eigenvalues or selected subsets
4. Singular Value Decomposition (SVD)
= Full and reduced SVD
= Computing singular values/vectors
= Applications to pseudoinverses, rank

determination

5. Matrix Factorizations/Decompositions

= LU (with partial pivoting)

Cholesky (for symmetric positive definite)
QR (and QL, RQ, LQ variants)
SVD

Schur decomposition

Spectral decomposition for symmetric matrices

C.-S. Zhang, AMSS
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LAPACK XYYZZZ Names

X - Data type: 777 - Operation:
= S - REAL (Single precision) = SV - Solve system of equations
= D - DOUBLE PRECISION (Double precision)
= C - COMPLEX (Single precision complex)
= 7Z - COMPLEX*16 (Double precision complex)
YY - Matrix type:

SVX - Solve with error bounds

TRF - Triangular factorization

TRI - Triangular inverse

EV - Eigenvalues/vectors

= GE - General matrix EVD - Eigenvalue decomposition

SVD - Singular value decomposition

QR - QR factorization

= GB - General band matrix

= SY - Symmetric matrix

= SP - Symmetric packed storage
Some examples:

= HE - Hermitian matrix xGESYV - Solves AX = B for general matrices
xGELS - Solves least squares problems

xGESVD - Computes Singular Value Decomposition
= PO - Symmetric positive definite xGEQRF - QR factorization

TR - Triangular matrix
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ScaLAPACK

ScaLAPACK is a high-performance library designed for solving linear algebra problems on distributed

memory systems. It extends the functionality of LAPACK to support parallel computations.

Key components:

= BLACS (Basic Linear Algebra Communication
Subprograms): Handles communication tasks like
broadcasting and reductions in parallel.

= PBLAS (Parallel Basic Linear Algebra Subprograms).

= [t uses a 2D block cyclic data distribution to ensure

load balancing and minimize communication

overhead. This layout is critical for achieving

scalability and performance on distributed systems.

B Reference-ScalLAPACK [ scalapack  Public

<> Code (© Issues 53 19 Pull requests 6 ) Di

¥ master ~ ¥ 2Branches © 8Tags

[ CMakeLists.txt
[ LICENSE
[ Makefile

[) README

[ SLmake.inc.example

iscussions

® Actions [ Projects @ Security |~ Insights

Q Gotofile

w.' langou Merge pull request #72 from Reference-! ScalLAPACK/try-solving-69 &8 b935167 - last week
.github/workflows Introduce FreeBSD ClI
BLACS Add implicit none in BLACS
CMAKE Move FortranMangling to try_run
EXAMPLE Add implicit none in EXAMPLE
PBLAS Add implicit none in PBLAS
REDIST Fix misse d Cblacs_gridmap and add implicit function defi...
SRC Merge pull request #72 from Reference-: ScalLAPACK/try-s...
TESTING Add implicit none in TESTING
TOOLS Add implicit none in TOOLS

[ .gitignore Update README for 2.1

Merge pull request #130 from nmnobre/c_std

ScalAPACK release 2.2.2 January 2025

Move the old test-suite to a separate subfolder

ScalAPACK release 2.2.2 January 2025

import modified PxHSEQR code

its

=

About

ScalLAPACK development repository

library  performance linear-algebra
scalapack parallel-algorithm lapack
[0 Readme

&8 View license

A~ Activity

= Custom properties
77 158 stars

® 13 watching

% 75 forks

Report repository

Releases 3

Packages

No packages published

Contributors 29

2.C 5.0 5@ SO L0 @ 5
Ia uli e e m “ac T
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NumPy and SciPy

¢

< <> . C e N
N The fundamental package for scientific computing with Python O g Fundamental algorithms for scientific computing in Python
umr’y Cir'y

NumPy 2.4.0 released! 2025-12-20 SciPy 1.17.0 released! 2026-01-10

V

“

1 """Short NumPy/SciPy BLAS and LAPACK demo.""" 24 # BLAS Level 1: vector-vector operations
2 25 u = np.array([1.0, 2.0, 3.0])
3 import numpy as np 26 v = np.array([4.0, 5.0, 6.0])
4 from scipy.linalg import blas, lapack 27 v_axpy = blas.daxpy(u, v.copy(), a=2.0) #v + 2u
5 28 u_copy = blas.dcopy(u, y=np.empty_like(u)) # explicit destination
6
29
7 np.set_printoptions(precision=4, suppress=True) 30 # BLAS Level 2: matrix-vector and rank-1 operations
2 g AT 31 Au = blas.dgemv(1.0, A, u) # Au
10 = Np.array [1'0' 4'0' 9'0]' 32 A@ = np.eye(n)
1 [0'0' 2'0’ 5-013) 33 A_rankl = blas.dger(1.0, u, v, a=A@.copy()) # AQ + uv~T
12 B = np.array([[l:e: e:e: 2:0], >
13 (0.0, 1.0, 1.0] 35 # BLAS Level 3: matrix-matrix operation
y 2.0, 1.0. 0.01]) 36 AB = blas.dgemm(1.0, A, B) # AB
15 = np.array([1.0, 2.0, 3.0]) 37
16 = A.shape[0] 38 # LAPACK: Cholesky factorization of an explicitly SPD matrix
17 39 M = np.array([[1.0, 2.0, 0.0],
18 # NumPy high-level linear algebra (LAPACK-backed, not a BLAS level) 40 (0.0, 1.0, 1.0],
19 x_solve = np.linalg.solve(A, b) 41 [2.0, 0.0, 1.0]1])
20 A_inv = np.linalg.inv(A) # For demonstration; prefer solve(A, b) for a system. 42 A spd =M.T@M + 0.5 * np.eye(n)
21  print("solve residual :", np.linalg.norm(A @ x_solve - b)) 43 chol, info_chol = lapack.dpotrf(A_spd.co '
22  print("inverse residual:", np.linalg.norm(A @ A_inv - np.eye(n))) 44 L = np.tril(chol) blas_lapack_dem().py
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Set Up A Python Environment

Here I am using a MacBook Pro 2019 and macOS Tahoe as an example.

Bash

brew install python

Bash

python3 -m venv .venv

Bash

source .venv/bin/activate

Bash

pip install numpy scipy

O

()

(&

0

Install Python3 via Homebrew

Set up a virtual environment for

1solation and to avoid conflicts

Activate virtual environment; after

you finish, deactivate

Install NumPy and SciPy via pip

C.-S. Zhang, AMSS
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Examples of SciPy

40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
Sy
56
57

# BLAS Level 1: vector-vector operations.

dot_xy = blas.ddot(x, y)

y_axpy = blas.daxpy(x, y.copy(), a=2.0) # y + 2x¥x
y_copy = blas.dcopy(x, y=np.empty_like(x))

X_swap, y_swap = blas.dswap(x.copy(), y.copy())
norm_x = blas.dnrm2(x)

# BLAS Level 2: matrix-vector and rank-1 operations.
y_mv = blas.dgemv(1.0, A, X, beta=0.5, y=y.copy())
x_tri = blas.dtrmv(T, x.copy(), lower=False, trans=0, diag=0)

A® = np.eye(n)
A_rankl = blas.dger(1.0, x, y, a=A@.copy()) # A® + xky.T

# BLAS Level 3: matrix-matrix and symmetric rank-k operations.

C = blas.dgemm(1.0, A, B) # beta defaults to zero

D = blas.dtrmm(1.0, T, np.eye(n), side=0, lower=False, trans_a=0, diag=0)
syrk_upper = blas.dsyrk(1.0, A, lower=False) # upper triangle of A*A.T
syrk = np.triu(syrk_upper) + np.triu(syrk_upper, 1).T

TBC
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Examples of SciPy, Continued

72
73
74
75
76
7 o7
78
79
80
81
82
83
84
85
86
87
88
89
90
91

# LAPACK LU factorization and solve. Keep pivots from the same factor.

lu, piv, info = lapack.dgetrf(A.copy())
require_info("dgetrf", info)

b = np.array([[1.0], [2.0], [3.0]])

solution_lu, info = lapack.dgetrs(lu, piv, b.copy())
require_info("dgetrs", info)

assert_close(A @ solution_1lu, b)

# LAPACK Cholesky factorization and solve of an explicitly SPD matrix.
M = np.array(

L1 240, Al

(0.0, 1.0, 1.0],

(2.0, 0.0, 1.0]]
)
A_spd =M.T@M + 0.5 * np.eye(n)
chol, info = lapack.dpotrf(A_spd.copy(), lower=True)
require_info("dpotrf", info)
solution_chol, info = lapack.dpotrs(chol, b.copy(), lower=True)
require_info("dpotrs", info)
assert_close(A_spd @ solution_chol, b)

scipy blas lapack demo.py
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Finite Element Circus Poem

Ivo's Lament

by R. Falk, Fall 1996 , R~

We used to determine the order of speakers

| . N S81%E, 2026 &EFk
By drawing numbers grom a hat. Dr. Ivo Babuska, founder

Now. we ute a laptop computer of stability theory of FEM

And random numbers to do that. BHEEEFE,
SEMIIIRIT,

Someday, we may only bhave a wirtual cireus, SH=5EKZ]37,
Connecting anly by computer and phone. %iﬂi%ﬁﬁ%%ﬁo

3 knew when 9 let those new guys run the circus o= s,
g ’d Dr. Rick Falk, long-time RAIE=RIZE,

y would not leave well enough alone. . : e -
organizer of the Circus RFERISIEE.
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