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本章主要内容

C.-S. Zhang, AMSS

第一章、绪论与应用背景

本章作为课程导论，介绍数值线性代数的核心问题及其在科学与工程中的实际背景。

内容涵盖线性空间、线性变换与矩阵的基本概念，并通过典型应用，如线性回归、主

成分分析、PageRank等，展示数值线性代数的重要性。同时，讨论数值实现中的一些

关键挑战，包括浮点运算、稀疏矩阵处理、数据移动与并行效率等，为学生建立课程

的整体框架。
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基础知识
Basics of numerical linear algebra



Numerical Linear Algebra

C.-S. Zhang, AMSS

“If any other mathematical topic is as fundamental to the mathematical sciences 

as calculus and differential equations, it is numerical linear algebra.”

l L. N. Trefethen and D. Bau, III on NLA (1997):

l Real-world problems are too complex for pen-and-paper solutions. 

§ Scientific/Engineering Computing: Simulates physical systems governed by ODEs/PDEs/IEs

§ Principal Component Analysis: Uses SVD for dimensionality reduction and feature extraction

§ Image Compression: Uses the Discrete Cosine Transform, like in JPEG

§ Recommendation Systems: Uses matrix factorization techniques (a form of low-rank approximation)

§ PageRank: Models the web as a graph and finds the principal eigenvector of the link matrix

§ Deep Learning: Training DNNs involves massive matrix multiplications and solving optimization problems

1.4

l Some applications (NLA or Applied Linear Algebra): 



Classical Problems in NLA

C.-S. Zhang, AMSS

l Prob 1. Linear System solving (LS) problems

l Prob 3. EigenValue problems (EVP)

l Prob 2. Least SQuares (LSQ) problems

Numerical linear algebra (NLA) is the essential computational engine powering modern science and

engineering, enabling scientific discoveries like large-scale simulations, AI, quantum computing, and

financial analytics, via matrix decompositions, linear system solvers, eigenvalue solvers, etc.
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Other Problems in NLA

C.-S. Zhang, AMSS

l Prob 4. Singular Value Problems

l Prob 6. Matrix Function Action Problems

l Prob 5. Low-Rank Approximation Problems

1.6

AI and data science: matrix completion, sparse representation, spectral graph learning, kernel methods, …

Core building blocks: BLAS, LU, Cholesky, QR, SVD, Schur, and other related matrix factorizations, …

such that 𝜎! ≥ 0, 𝒖! = 𝒗! = 1



典型应用问题
Some practical applications



Linear Regression

C.-S. Zhang, AMSS

Practical Applications:

§ Predicting house prices based on size, location, and amenities

§ Forecasting temperature based on historical weather data

§ Estimating blood pressure based on age, weight, and lifestyle

§ Predicting stock prices based on market indicators

l Regression problem:
To predict a continuous model of a target variable 

based on one or more input features

where

<latexit sha1_base64="klqYP3o8p81dw1vlExViW6hM3H0="></latexit>

{(x1, y1), (x2, y2), . . . , (xn, yn)}
<latexit sha1_base64="u4uvz/vCxb0z22f8xLfmODtfeQc=">AAACLHicbVDLSsNAFJ34rPUVdelmsAguJCQitShCoRuXVewDmlomk0k7dDIJMxOxhHyQG39FEBcWcet3OGm70NYDwxzOuZd77/FiRqWy7bGxtLyyurZe2Chubm3v7Jp7+00ZJQKTBo5YJNoekoRRThqKKkbasSAo9BhpecNa7rceiZA04vdqFJNuiPqcBhQjpaWeWXO9iPlyFOovfcp6FLqUQzdEauB56V324J9C9wqOFoyJTK+dS271zJJt2RPAReLMSKkKpqj3zDfXj3ASEq4wQ1J2HDtW3RQJRTEjWdFNJIkRHqI+6WjKUUhkN50cm8FjrfgwiIR+XMGJ+rsjRaHM79GV+bJy3svF/7xOooJKN6U8ThTheDooSBhUEcyTgz4VBCs20gRhQfWuEA+QQFjpfIs6BGf+5EXSPLOcslW+PS9VK7M4CuAQHIET4IALUAU3oA4aAINn8Ao+wNh4Md6NT+NrWrpkzHoOwB8Y3z+P2KcZ</latexit>

xi → Rd, yi → R, i = 1 : n.

l Linear regression model:
<latexit sha1_base64="SVnsZ4D+Y4bF+NhqEDHr0+pc+iI=">AAACNnicbVBNSwMxEM36WetX1aOXYBEEoewWqb0IBS9eBAWrhbaUbHaqwWyyJLPFUvqrvPg7vHnxoIhXf4LZtopaHwy892aGZF6YSGHR95+8mdm5+YXF3FJ+eWV1bb2wsXlpdWo41LmW2jRCZkEKBXUUKKGRGGBxKOEqvD3O+lc9MFZodYH9BNoxu1aiKzhDZ3UKp316RFshIOv4dH/CAnrn6kuVnSpnikca7bcdOTvKVI8ZSKyQWuU7haJf8keg0ySYkGKNjHHWKTy2Is3TGBRyyaxtBn6C7QEzKLiEYb6VWkgYv2XX0HRUsRhsezA6e0h3nRPRrjauFNKR+3NjwGJr+3HoJmOGN/ZvLzP/6zVT7FbbA6GSFEHx8UPdVFLUNMuQRsIAR9l3hHEj3F8pv2GGcXRJZyEEf0+eJpflUlApVc4PirXqJI4c2SY7ZI8E5JDUyAk5I3XCyT15Ii/k1Xvwnr037308OuNNdrbIL3gfny9HqBw=</latexit>

y = ω0 + ω1x1 + ω2x2 + · · ·+ ωdxd + ε

Provided that 𝛸 
has full column 
rank

<latexit sha1_base64="nI6bzSkKj/ODMH6kJ/PialeQFyE="></latexit>

min
ω→Rd+1

→y ↑Xω→2
<latexit sha1_base64="R+Pciy6I3wNuqvhXI0bXEw8Gui8=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwISURqd0IBTcuK/QRaGKZTCbt0EkmzEyEEPodbvwVNy4UcSdu/BsnbRe19cAwh3Pu5d57/IRRqSzrxyitrW9sbpW3Kzu7e/sH5uFRV/JUYNLBnHHh+EgSRmPSUVQx4iSCoMhnpOePbwu/90iEpDxuqywhXoSGMQ0pRkpLA9N2HtrQge4FdH3OAplF+stdnyg0gTewcBeNbFIZmFWrZk0BV4k9J9UmmKE1ML/cgOM0IrHCDEnZt61EeTkSimJGJhU3lSRBeIyGpK9pjCIivXx62gSeaSWAIRf6xQpO1cWOHEWy2E1XRkiN5LJXiP95/VSFDS+ncZIqEuPZoDBlUHFY5AQDKghWLNMEYUH1rhCPkEBY6TSLEOzlk1dJ97Jm12v1+6tqszGPowxOwCk4Bza4Bk1wB1qgAzB4Ai/gDbwbz8ar8WF8zkpLxrznGPyB8f0LFdegWA==</latexit>

XTX ω = XTy
<latexit sha1_base64="mxXpfRS5ksVh1pn6AAKfhbzn3d8="></latexit>

X :=





1 x11 · · · x1d

1 x21 · · · x2d
...

...
. . .

...
1 xn1 · · · xnd




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Clustering and Eigen Decomposition

C.-S. Zhang, AMSS

l Clustering:
Partition a set of data points into groups called 

clusters such that:

§ Points in the same cluster are similar

§ Points from different clusters are dissimilar

l k-Means clustering (MacQueen, J. 1967):

Limitations of k-means:

✘ Assumes clusters are 

convex and isotropic

✘ Sensitive to initialization

✘ Performs poorly with 

nonlinearly separable data

1.9

l Spectral Clustering:



A More Involved Example

C.-S. Zhang, AMSS 1.10

Baarle-Hertog/Nassau: 

The World's Most Confusing Border
The twin municipalities of Baarle-Hertog (Belgium) and 

Baarle-Nassau (Netherlands) together form what is widely 

considered the most complex international border in the world. 

Within and around the town of Baarle, there are 30 separate 

enclaves — 22 Belgian parcels within the Netherlands and 8 

Dutch parcels within those Belgian enclaves, creating enclaves 

within enclaves that defy conventional cartography.

https://blogs.transparent.com/dutch/baarle-one-of-the-strangest-municipalities-on-earth/

Q: How to design a method to label the BE / NL parts?BE NL



Principal Component Analysis

C.-S. Zhang, AMSS

Practical Applications:

l Data visualization (reducing to 2D/3D)

l Noise reduction

l Feature extraction

l Speeding up machine learning algorithms
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Given centered data 𝛸 ∈ ℝ!×# (𝑛 samples, 𝑝 features), PCA finds 

orthogonal directions that maximize variance, i.e.

l Principal Component Analysis (PCA):
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l Maximum projected variance

        ⟺ Minimum orthogonal reconstruction error

𝑝 = 2, 𝑛 = 80



PageRank and Eigenvectors

C.-S. Zhang, AMSS

l PageRank:
PageRank is a link analysis algorithm developed by Google founders (1998). 

A random surfer follows an outgoing link with probability 𝑑, and jumps 

uniformly to any page with probability 1 − 𝑑.

L. Page & S. Brin, 1998: Find the principal eigenpair of the so-called Google 

matrix (need to handle dangling node 𝑗 by setting 𝑀:,& = 1/𝑛): 

The spectral radius of 𝐺 is 1 and its eigenvector (PageRank vector) is positive.

1.12

Q: How to solve it?



Landscape of Parallel Computing

C.-S. Zhang, AMSS 1.13

“To maximize programmer productivity, future programming 

models must be more human-centric than the conventional focus 

on hardware or applications.”



Thirteen Dwarfs in Parallel Computing

C.-S. Zhang, AMSS 1.14

Dwarf Name Description Examples Performance Limitations (Current Understanding)

Dense Linear Algebra Operations on dense matrices/vectors with 
regular memory access patterns BLAS, ScaLAPACK Computationally limited; modern GPUs and TPUs excel here

Sparse Linear Algebra Operations on matrices with many zero 
values using compressed storage formats SpMV, OSKI, SuperLU 50% computation, 50% memory bandwidth; hybrid approaches 

work best

Spectral Methods Computations in frequency domain rather 
than time or spatial domains FFT, Cooley-Tukey algorithm Memory latency limited; can be optimized with cache-oblivious 

algorithms

N-Body Methods Calculations based on interactions between 
discrete points Barnes-Hut, Fast Multipole Computationally limited; use spatial partitioning (octrees, k-d trees)

Structured Grids Regular grid computations where points are 
updated together Cactus, Lattice-Boltzmann Memory bandwidth limited; excellent scaling with proper blocking

Unstructured Grids Irregular grid where data locations and 
connectivity must be explicit ABAQUS, FIDAP Memory latency limited; partitioning and graph-based approaches

MapReduce Parallel execution on independent data sets 
with combined results Monte Carlo, Google MapReduce Problem dependent; communication overhead becomes dominant at 

scale

Combinational Logic Functions implemented with logical 
operations and stored state Encryption, CRC computation CRC problems bandwidth limited; excellent for SIMD/ASIC 

acceleration

Graph Traversal Visiting nodes in a graph by following edges Breadth-first search (BFS), DFS Memory latency limited; significant gains from prefetching and 
locality

Dynamic 
Programming

Solving problems by combining solutions to 
overlapping subproblems Optimization algorithms Memory latency limited; can be parallelized with wavefront 

approaches, but suffers from synchronization overhead
Backtrack and 
Branch-and-Bound

Finding optimal solutions by recursive 
subdivision and pruning Search, global optimization Memory latency limited with synchronization overhead; irregular 

workloads and load imbalance issues

Graphical Models Graphs representing random variables as 
nodes and dependencies as edges

Bayesian networks, Hidden Markov 
Models Memory bandwidth limited with communication overhead

Finite State Machine Systems defined by states, transitions based 
on inputs and current state

Parsing algorithms, protocol 
implementations

"Nothing helps!"; remains difficult to parallelize; modern 
approaches use speculative execution and state partitioning



Dwarf Popularity (Red Hot → Blue Cool)

C.-S. Zhang, AMSS 1.15

Source: David Patterson, https://web.stanford.edu/class/ee380/Abstracts/070131-BerkeleyView1.7.pdf



Foundation & Future of Scientific Computing

C.-S. Zhang, AMSS

l Numerical Linear Algebra (NLA) is the cornerstone of scientific computing, more generally 

computational science: numerical stability and fundamental understanding matter more than 

computational sophistication alone.

l Today's Landscape:
§ Scientific computing: NLA kernels dominate runtime in climate modeling, quantum chemistry, and various 

other engineering simulations;

§ AI/ML backbone: Matrix operations power neural networks, transformers, optimization algorithms, etc.

l Pressing Imperatives:

§ Stability at scale: As systems become larger, numerical error accumulation requires new analysis;

§ Hardware-aware algorithms: NLA must evolve with novel architectures (quantum, neuromorphic);

§ Cross-domain integration: Bridging SC with AI demands è unified numerical frameworks.

1.16



数值挑战
Numerical challenges



Considerations in Numerical LA

C.-S. Zhang, AMSS

计算存在误差 矩阵稀疏特性 提高实现效率 现代计算硬件

1.18



数值挑战1：浮点运算精度
Numerical challenges



Some Historical Comments

C.-S. Zhang, AMSS

l Not so long ago … computing machines are very different from now

§ Fixed-point arithmetic è Floating-point arithmetic: SP, DP, QP, …

§ Floating-point arithmetic: Different standards for different machines

§ IEEE 754 Standard (1985, 2008, 2019), Intel 8087 coprocessor, …

l Several multi-precision arithmetic simulators are introduced since 1980s:

§ Maple, Mathematica, vpa@Matlab …

§ Julia, half, numpy, …

l NLA Example: Solving an algebraic system to certain accuracy on a computer

§ The problem could be ill-conditioned (sensitive to perturbation) …

§ If the precision is low, quality of solution might be very bad

§ The way to improve accuracy is using higher precision (costly) or iterative refinement
1.20

https://www.bilibili.com/video/BV1nL411x7jH/?share_source=copy_web&vd_source=a5ea9947c3dabdfbdfddde593e3a7b45


Floating-Point Number Storage

C.-S. Zhang, AMSS

Ref: Higham, N. J. and Mary, T. "Mixed Precision Algorithms in Numerical Linear Algebra”, Acta Numerica, 2022;31:347-414.

l Fixed-size FP format

l Representation range

l Significand / Mantissa

l Unit round-off / precision

l Machine epsilon

l Little-endian 

l Big-endian

l IEEE 754-1985 (FP32, FP64)

l IEEE 754-2008 (FP16, FP128)

IEEE single-precision floating-point number

𝑓: fraction field, with hidden 
leading 1 (normalized)

1.21



Examples of Double FP Numbers

C.-S. Zhang, AMSS

IEEE double-precision floating-point number

S    EEE……EEE      MMMM……MMMM

1 11 52

sign exponent significand

Note: Significand has a hidden leading 

bit “1” in front of the mantissa!

Some Examples:

l 0.5DP : 0 01111111110 0000000000000000000000000000000000000000000000000000

l pi DP  : 0 10000000000 1001001000011111101101010100010001000010110100011000

l 0.1DP : 0 01111111011 1001100110011001100110011001100110011001100110011010

l 0.0DP : Special treatment, “sign” could be 0 or 1, “exponent” and “significand” are all zeros

l Special cases: Infinity, NaN, subnormals, etc

Exercise

1.22



Examples of FP Arithmetic (4 digits)

C.-S. Zhang, AMSS 1.23

Source: https://homepage.divms.uiowa.edu/~ghosh/



IEEE754 2008 Version

C.-S. Zhang, AMSS

Source: Dongarra J, Grigori L, Higham NJ. “Numerical algorithms for high-performance computational science”. Phil. Trans. R.
Soc. A 378: 20190066, 2020

1.24



l One of the main driving forces is DL: It is tolerant 

of reduced-precision computations 

l Faster hardware with mixed-precision capability

§ Reduce amount of data movement

§ Fit more data in the cache

l Traditional algorithms need to be modified in order 

to take advantage of mixed-precision computation

Why Mixed-Precision Is Important

C.-S. Zhang, AMSS 1.25

Tensor Cores since Volta: 4x faster than regular FP16

V100 PCIe DP (FP64) SP (FP32) Tensor (FP16)

Peak Performance 7 TFLOPs 14 TFLOPs 112 TFLOPs

Mem Bandwidth 900 GB/sec



Driving Force: Deep Learning

C.-S. Zhang, AMSS

Ref: J. Dean, "The Deep Learning Revolution and Its Implications for Computer Architecture and Chip 
Design," 2020 IEEE International Solid-State Circuits Conference (ISSCC), 2020, pp. 8-14.

l Most deep learning (DL) applications usually do 

NOT need to use double precision

l The computations performed by most models are

compositions of a relatively small handful of

dense linear algebra calculations . . .

l Many of the mechanisms developed over the past

40 years to enable general-purpose programs to

run with high performance on modern CPUs are

not necessary for deep learning computations Fused multiply–add (FMA) used in Tensor Core

1.26

https://www.bilibili.com/video/BV1RwL1zkEdQ/?spm_id_from=333.337.search-card.all.click&vd_source=f370c1df022887e8da2ccbf59c7ec2ff


HPL-MxP Benchmark (Nov, 2025)

C.-S. Zhang, AMSS

HPL-MxP uses GMRES-based iterative refinement with low-precision LU factors as a preconditioner. Under appropriate

conditioning and rounding-error assumptions, the iteration can recover the target accuracy. (Source: https://hpl-mxp.org/)

1.27



数值挑战2：稀疏矩阵运算
Numerical challenges



Sparse Matrices

C.-S. Zhang, AMSS

… most of the coefficients in our matrices

are zero; i.e., the nonzeros are sparse in

the matrix … (1950’s)

Harry Markowitz, 1989 von Neumann 
Theory Prize, 1990 Nobel Prize in 
Economics

l Sparse matrix: number of nonzeros (nnz’s) ~ 𝑂(𝑛)

l Typical in numerical PDE, graph, network, economy, …

l Q: How to store sparse matrices?

CSR, CSRx, CSC, DIA, ELL, COO, HYB, CSR5, …

l Q: How to perform operations on sparse matrices?

SpMV, SpMM (Sparse*Dense), SpGEMM

https://sparse.tamu.edu/Goodwin/Goodwin_010

1.29



Storing Sparse Matrices

C.-S. Zhang, AMSS

COO

CSR

l Compatible with CSR-based subroutines

l Easy to access diagonal entries

l Easy to find lower triangular entries

l Easy to find upper triangular entries

l Do not increase asymptotic storage requirement

0   2   4   7   9

0   1   1   2   0   2   3   1   3

1   7   2   8   5   3   9   6   4

0   2   5   8

rowPtr

colInd

values

diagPtr

CSRx

Diagonal entry pointer

CSR

Use Implicit 
Ordering 
Info

Ref: FASP developing team, https://gitee.com/faspdevteam/faspxx.git
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Sparse Matrix Formats

C.-S. Zhang, AMSS

Source: Y. Niu, Z. Lu, M. Dong, Z. Jin, W. Liu and G. Tan, "TileSpMV: A Tiled Algorithm for Sparse Matrix-Vector
Multiplication on GPUs," 2021 IEEE International Parallel and Distributed Processing Symposium (IPDPS), 2021, pp. 68-78.
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数值挑战3：计算、存储与移动
Numerical challenges



Performance Models

C.-S. Zhang, AMSS

l Q: How to measure performance? What is a fair measurement of performance? 

l We usually compare wall-time (actual computing time)

l Solve different problems with different solvers to different accuracy on different hardware …

Source: https://www.geeksforgeeks.org/computer-organization-von-neumann-architecture/

Computer Hardware Model

Computer Performance Model Consider the actual 

performance of a 

computer program

ü hardware

ü algorithm

ü problem

data

1.33



Moore’s Law

l Due to the limitations of semiconductor 

technology, the traditional CPU 

roadmap is falling short of demands. 

l Bottlenecks: power, latency, 

instruction-level parallelism (ILP), ...

l The sub-nano era? Roadmap: 20Å by 

2024, 2Å by the 2040s.
C.-S. Zhang, AMSS

l “There’s plenty of room at the bottom”, R. Feynman, 1959

l Moore’s law, Gordon Moore, Intel® Co-founder, 1975

Dennard Scaling, 1974

1.34

https://www.intel.com/content/www/us/en/silicon-innovations/moores-law-technology.html


Memory Hierarchy

C.-S. Zhang, AMSS

L3 Cache (LLC or Last Layer Cache)

Integrated Memory Controller

DRAM DRAM

1ns, 2x32KB

2--4ns, 256KB

5--10ns, MB

50--100ns, GB

Core

Cache

Memory

Slow

Fast

1.35

L2 Cache

L1 
Data

L1
Inst

Core

L2 Cache

L1 
Data

L1
Inst

Core

L2 Cache

L1 
Data

L1
Inst

Core

https://www.bilibili.com/video/BV1WwJAz7E45/?share_source=copy_web&vd_source=a5ea9947c3dabdfbdfddde593e3a7b45


Improving Memory Performance

C.-S. Zhang, AMSS 1.36

Metric Prediction (2009) El Capitan (Nov. 2024) Notes

System Peak 1 exaflop/s 2.746 exaflops Ranked #1 on TOP500 from Nov. 2024 to Nov. 2025

Node Memory Bandwidth 0.4-4 TB/s 5.3 TB/s AMD Instinct MI300A APUs with HBM3 memory

Total Node Interconnect 
Bandwidth 100-400 GB/s ~1.2 TB/s AMD's Infinity Fabric 3.0 between CPUs and GPUs

Memory Latency 50 ns ~100 ns Has not reached predictions due to physical constraints

Interconnect Latency 0.5 μs ~0.4 μs Using Slingshot-12 interconnect

DDR DDR2 DDR3 DDR4 DDR5

Market Introduction 1998-2000 2003 2007 2014 2020

Working Voltage 2.5V 1.8V 1.5V 1.2V 1.1V

Peak Bandwidth 1.6-3.2 GB/s 3.2-8.5 GB/s 6.4-17 GB/s 12.8-25.6 GB/s 25.6-67.2+ GB/s
CAS Latency 
(Nanoseconds) ~10-15ns ~10-15ns ~10-15ns ~10-15ns ~12-15ns

Power Consumption High (baseline) ~20% lower than DDR1 ~40% lower than DDR2 ~25% lower than DDR3 ~20% lower than DDR4

Prefetch Architecture 2n 4n 8n 8n 16n



Machine Balance Over Time

C.-S. Zhang, AMSS

l Computing power is (relatively) cheap

l Data movement is slow and will be 

slower relatively (another reason to use 

low-precision now)

l Key takeaway: 

Make less data movement!

The gap between the computing power and 

the memory bandwidth keeps increasing in 

the last 45 years

Source: A. Abdelfattah et al. “A survey of numerical linear algebra methods utilizing mixed-precision arithmetic”.
The International Journal of High Performance Computing Applications. 2021;35(4):344-369.
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l Associativity (mapping)

l Eviction (replacement) policy

l Multiple cores (false sharing)

l Cache usage (code, data)

l Size of cache (performance vs price)

l Size of cache line (64B for Intel L1 cache)

A Simplified Cache Mechanism

C.-S. Zhang, AMSS

Cache line

DRAM
Request a data from memory

Check whether it is in the cache

Hit Miss

Check whether the line is dirty

Write back Overwrite

Direct-Mapped Cache

Y N

Y N

Good locality Large  latency (10+ cycles)

1.38

https://www.bilibili.com/video/BV1MdzJYyEUF/?share_source=copy_web&vd_source=a5ea9947c3dabdfbdfddde593e3a7b45


SpMV, A Simplified Example

C.-S. Zhang, AMSS

1

2

3

4

5

6

7

8

1 2 3 4 5 6 7 8𝒙
𝒚

𝐴

1,1 1,2 1,3 2,2

1 2 3 4

1 2 3 4

𝐴

𝒙

𝒚

2,3 2,4 3,2

1 2 3 4

1 2 3 4

2,7

2,3 2,4

5 6 7 8

1 2 3 4

2,7 3,2 2,3 2,4

1 2 3 4

2,7 3,2

1 2 3 4

Access X 3 Access X 1

Access X 1 Access X 1

𝐴

𝒙

𝒚
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𝒚 = 𝐴𝒙 + 𝒚 Sparse GEMV



Measuring Performance

C.-S. Zhang, AMSS

WallTime = max( #"# GFLOP
Peak GFLOP/s , DataMove GB

Bandwidth GB/s )

##$
WallTime = min(Peak GFLOP/s , #"# FLOP

DataMove Byte×Bandwidth GB/s) Arithmetic Intensity (AI or CI)

Source: Introduction to the Roofline Model, by Samuel Williams, Lawrence Berkeley National Lab (2020)

Q: How much time should a program cost?

Is my code fast ENOUGH?

Can we optimize them? How about now? Now?A Simple Architecture Roofline Model

1.40
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Compute-Bound vs Memory-Bound

C.-S. Zhang, AMSS

a[i] = b[i] + scalar * c[i]: 2 FLOP, 2 Read, 1 Write, CI = 2/(3*8) = 0.083

7-point stencil: 7 FLOP, 1 Read (cache-hit), 1 Write, CI= 7/(2*8) = 0.438

Source: Samuel Williams, LBNL
https://crd.lbl.gov/divisions/amcr/computer-science-

amcr/par/research/roofline/introduction/

Machine balance is typically 
5~10 FLOP/Byte

Does it go anywhere near the 

roofline? Is it CPU or Memory

or Comm bound?

1.41



Communications Are Costly

C.-S. Zhang, AMSS

Communication è Data Movement

l Computing ability improves faster 

than communication ability

l Q: Why? 

l Physics: Longer the distance, higher 

the cost

l Technology: Increase speed with 

different methods

l Economy: Manufacturing cost is also 

important

1.42



Modelling Communication Costs

C.-S. Zhang, AMSS

Communication Time = Latency + Num of Bytes Moved ÷ Bandwidth

Fast Memory

Sufficiently large but 
slow memory (assume it 

can’t be used for FP 
arithmetic)

Cache

DRAM or HBM

Local

Remote

Serial Case Distributed Case
Not big enough to store
the whole problem

Ref: CS267 lecture notes on J. Demmel’s webpage: https://people.eecs.berkeley.edu/~demmel/

Communication Memory access Network access

Fa
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w
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y 
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Example: Matrix Multiplication

C.-S. Zhang, AMSS

l Matrix multiplication is not just 

about arithmetic operations

l Data movement (between levels 

of memory) often dominates 

performance on modern hardware

l Maximize data reuse, minimize 

transfers between slow and fast 

memory, organize computations 

to match hardware characteristics

Considering data movement
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数值挑战4：并行计算效率
Numerical challenges



Richardson's Fantastic Forecast Factory

C.-S. Zhang, AMSS

In 1922, Lewis Fry Richardson published 

his fantasy weather forecasting factory:
§ A 20-story building with a spherical central 

chamber where human “computers” would 

calculate weather patterns

§ A director of operations at the center who 

coordinated calculations like an orchestra 

conductor, using red (teams ahead)/blue (teams 

behind) lights for scheduling

§ 64,000 human computers working on different 

regions of a global weather map simultaneously

Domain decomposition methodology

Source: https://www.emetsoc.org/resources/rff/
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Computational Complexity

C.-S. Zhang, AMSS

∼ 𝑵()*+,×𝑵-.(+×𝑵/, ×𝐶*(𝑵0123+* )4 ÷ 𝑷Complexity

Number of 
simulation runs

Number of 
nonlinear iterations

Number of 
time steps

Number of 
spatial DoF

Solver 
complexity

Number of 
processors

Time Marching è Linearization è Spatial Discretization è Linear Solver è Parallelization

Q: Complexity is not 

wall-time! What else 

should we consider for 

real performance?

Q: What prevents us 

from achieving better 

performance?

Q: How can we 
speed this up?

Adaptivity + Fast Solvers + Parallelization
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An Illustration of Parallel Computing

Ulrich Rüde, Friedrich-
Alexander-University of 
Erlangen-Nürnberg, Erlangen, 
Germany

An Airbus A380 engine generates

approximately 90MW power output.

This is roughly equivalent to the

power of 300K ordinary household

hair dryers. However, could you

power an A380 with these  hair

dryers? Now, imagine you have 10

million hair dryers of varying

power levels!

C.-S. Zhang, AMSS 1.48

https://www.researchgate.net/institution/Friedrich-Alexander-University_of_Erlangen-Nuernberg
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75 Years, 14 Orders of Magnitude

C.-S. Zhang, AMSS

1946: ENIAC，5000次/秒

1959: 104机，1万次/秒

1976: Cray-I，1亿次/秒

1983: 银河-I，1亿次/秒

2020: 富岳，超50亿亿次/秒

2013: 5亿亿次/秒，6次蝉联Top500榜首

Source: 中国工程物理研究院徐小文2021年报告
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中国早期电子计算机发展史

C.-S. Zhang, AMSS

l 1952年：中科院数学所成立，华罗庚提出计算数学的基础地位，为中国计算机事业奠定了思想基础

l 1958年：首台电子管计算机103机诞生（仿制苏联M-3计算机 ），运算速度每秒30次，后提升至1800次

l 1959年：首台大型电子管计算机104机研制成功（仿制苏联БЭCM-Ⅱ计算机），运算速度每秒1万次

l 1960年：夏培肃主持研制首台自行设计的107机，安装于中科大，成为高校首台计算机

l 1964年：首台自行设计的大型电子管计算机119机问世，运算速度每秒5万次，居世界电子管计算机之首

l 1973年：首台百万次集成电路计算机150机诞生，配备国内操作系统，实现石油勘探第一次数字化革命

l 1983年：成功研制亿次巨型机银河-1，中国成为美、日之后第三个掌握巨型机技术的国家

l 1989年：美限制对华出口高性能计算机，要求设备置于透明玻璃房中监控使用，倒逼中国自主创新

103 104 107 119 150
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HPC Top500 List 2026.06

C.-S. Zhang, AMSS

Source: https://top500.org/lists/top500/2026/06/

Remarks:

l A lot of cores!!

l Cost a lot of money!!!

l Can this trend continue?

l Do we need HPC?

l Can we use HPC well?

l How to use HPC well?

l HPL (dense/direct)

l HPCG (sparse/iterative)

l HPL-AI (low precision)

l Green 500 (energy)
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How to Measure Parallel Efficiency

l 强可扩展性 𝑊0

𝑝𝐶0

𝑊1
𝑝𝐶0

若需要解决一个任务，把计算资源增大到原来的 𝑝 倍，能加速 𝑝 倍吗？

定义并行效率 𝐸 = 𝑆/𝑝，我们希望是100%！

若需要解决 𝑝 倍大的任务，计算资源同比例增加，能保持相同耗时吗？

为了效率保持不变 ，需要多大的问题规模？

𝑆 =
𝑇0
𝑇1
≈ 𝑝?

l 弱可扩展性

C.-S. Zhang, AMSS

𝑇1 ≈ 𝑇0?
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Three Mountains on Parallel Simulation 

如果串行部分占总时间的10%，那并行加速比不可能

超过10倍

Amdahl’s Law 1967

对于大规模系统来说，很多应用程序的强可扩展性

是难以实现的！

当问题规模与计算资源同比例增大S倍时，加速比最

高就可达 0.9𝑝 + 0.1

Gustafson-Barsis’s Law 1988

对于很多应用来说，更需要的是计算越来越大规模

的问题！需要的是弱可扩展性，而不是强可扩展性

当购买了大10倍的硬件系统，希望能更快地求解大10

倍的问题；但现实很残酷，必须有最优算法才可以！

Gabriel Wittum: HPC Paradox

最优算法对于充分发挥HPC效率及实现弱可扩展性

至关重要！

硬件投资 并行效率 最优算法 软件投资

C.-S. Zhang, AMSS 1.53



There’s plenty of room at the Top: What 
will drive computer performance after 

Moore’s law? 
Science 368 (6495), June, 2020

http://science.sciencemag.org/content/368/6
495/eaam9744 

Implementation of Algorithms

174x

C.-S. Zhang, AMSS

366x

MKL

l Compiler optimization; loop ordering; parallel loops 

l Vectorization; AVX intrinsic

l Tiling; cache-oblivious; divide-and-conquer

l Source: Leiserson & Shun, MIT Open Course 6.172
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Heterogeneous Cluster Architecture

Node 1

High-speed Inter-connecting Network 

Algorithm complexity and scalability, utilization of multi-core CPUs, 

utilization of many-core accelerators, data movement, etc
C.-S. Zhang, AMSS

Node

GPU

CPU

Core

Cluster

NVLink

Node 2

NVLink
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Parallel Matrix Data Layout

C.-S. Zhang, AMSS 1.56



软件实现
Engineering numerical software



Why Results Differ from Expectations?

C.-S. Zhang, AMSS 1.58

01
Problem & Model
Complexity

• Modeling assumptions, parameters,
and boundary/initial conditions

• Nonlinearity, multiphysics coupling,
or multiple scales

• Chaotic dynamics and sensitive
dependence on initial conditions

02
Numerical Error
& Stability

• Discretization and truncation
errors

• Iterative and round-off
errors

• Mesh, time-step, tolerance,
and stability effects

03
Implementation
Issues

• Incorrect indexing or data
handling

• Faulty control flow or state
updates

• Parallel communication,
synchronization, or nondeterminism

A mismatch may originate in the problem, the numerics, or the implementation.



Chaotic Dynamics 

C.-S. Zhang, AMSS

Edward N. Lorenz
Source: https://digital-me.nl/

In 1961, E. N. Lorenz was using a Royal McBee LGP-30 computer with 6-digit precision to predict
weather. The printout rounded variables off to a 3-digit number, so a value (0.506127) was printed as 
0.506. He tried to input a rounded number, but …

Margaret Hamilton

1.59

Chaotic Problems

https://en.wikipedia.org/wiki/Royal_McBee
https://en.wikipedia.org/wiki/Royal_McBee
https://en.wikipedia.org/wiki/Royal_McBee
https://en.wikipedia.org/wiki/Royal_McBee
https://en.wikipedia.org/wiki/Royal_McBee


Pay Attention to Numerical Error

C.-S. Zhang, AMSS 1.60

ACM Computing Surveys, 1991 Sun/Oracle Numerical Computation Guide, 2015



Hardware Failures

C.-S. Zhang, AMSS

MTTF: measures the 

average time a non-

repairable asset operates 

before it fails

Run without problems

Researchers have predicted that 

large jobs may fail once every 30 

minutes on exascale platforms

30 mins

CPU failures per week

ASCI Q at LANL has 26.1 CPU 

failures per week [Michalak et al. 

2005]

26.1
Ancient but stable

The mean time to failure of ENIAC 

(1946) [Alexander Randall 2006]

2 days

Requires repair actions

Lessons learned from the analysis 

of system failures at petascale; see 

DSN 2014

4.2 hours
Soft error in L1 cache

BlueGene/L has one soft error 

in L1 cache every 4 to 6 hours 

[Bronevetsky, Supinski 2008]

4-6 hours

1.61
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The Patriot Missile Failure

C.-S. Zhang, AMSS

l On the news:

During the Gulf War, a U.S. Patriot Missile battery at Dhahran, Saudi Arabia failed to intercept an 

incoming Iraqi Scud missile on Feb. 25 1991, resulting in 28 deaths and 100+ injuries. 

§ The system represented 0.1 by a truncated 24-bit fixed-point binary 

value, which has no exact binary representation.

§ After about 100 hours, the clock count was approximately 3,600,000 

tenths of a second.

§ Multiplying this large count by the truncated value introduced an error 

of about 0.343 sec, large enough to shift the tracking gate. 爱国者导弹防御系统
软件问题导致系统失效……

l Failure Reasons: 0.343 seconds time-discrepancy
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The Loss of the Sleipner A Platform

C.-S. Zhang, AMSS

l On the news:

“On August 23, 1991, the Sleipner A platform suddenly sank 

near Stavanger, resulting in approximately $700M in losses.”

§ Engineers used NASA's NASTRAN software, but the model 

contained distorted elements with skewed faces.

§ When analyzing stress results, engineers fitted a second-order 

polynomial curve to their data and used extrapolation to determine 

edge stresses (over-fitting).

§ The analysis relied on the 1977 Norwegian concrete code, which 

predicted failure at nearly twice the actual pressure.

l Failure Reasons: 47% underestimation of shear forces

1.63
Approximation Error



The Legendary “Nine Calculations”

C.-S. Zhang, AMSS

l Chinese scientists attempted to replicate calculations from a Soviet teaching 

model. But the calculation of pressure values during explosive implosion 

consistently fell short of the Soviet figures. 

l Over nine intense rounds of recalculations and cross-disciplinary debates 

involving physicists, mechanics experts, and mathematicians, the discrepancy 

persisted, stalling the entire atomic bomb project.

Theoretical Breakthrough: Zhou Guangzhao

constructed an ideal model and proved that the 

maximum achievable pressure could never 

reach the Soviet expert's claimed value. 
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邓稼先（1950）

周光召（1980s）

科研人员用算盘计算



Reliability of Numerical Simulator

C.-S. Zhang, AMSS

Model Reliability

Mathematical model and its data 

describe the real physics with 

sufficient accuracy

Algorithm Reliability

Underlying numerical algorithms 

should be stable, consistent, and 

convergent

Software Reliability

The ability to perform its required 

functions under static conditions 

for a specific period

Sir Arthur Stanley Eddington

Never believe an experimental result until it has been confirmed by theory
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Legacy Implementation

C.-S. Zhang, AMSS 1.66

In 1979, the authors of the LINPACK software package posed 
by J. Dongarra's car, which had a LINPACK license plate, in 
the suburbs of Chicago near Argonne National Laboratory.

From left to right, the people in this photo 

are the core developers of the LINPACK

linear algebra library:

§ Jack Dongarra

§ Jim Bunch

§ Cleve Moler, who created MATLAB

§ Gilbert Stewart

The LINPACK project began in 1974,

initiated by Jim Pool, to address the need

for a portable, high-quality library for

solving linear systems.



Modern Implementation

C.-S. Zhang, AMSS

l Main Considerations: 

§ reliability

§ user-friendliness

§ efficiency

1.67

Dr. Jack Dongarra, 2021 Turing Award
For his pioneering contributions to numerical 
algorithms and libraries that enabled HPC 
software to keep pace with exponential 
hardware improvements for over four decades

l Software Stack: BLAS provides computational

kernels; LAPACK builds dense factorizations and

solvers on BLAS; ScaLAPACK extends these

methods to distributed memory architectures.

l NumPy and SciPy provide high-level interfaces 

for Python users.



Why Bother Using Numerical Libraries

C.-S. Zhang, AMSS

Performance and Reliability

l There's a huge gap between "academically correct" and "industrial-grade robust"

l Optimized: Built on efficient BLAS (Basic Linear Algebra Subprograms) implementations

l Numerically stable: Careful error analysis and robust algorithms

l Portable: Works across different computer architectures

l Modern libraries provide built-in multi-threading, MPI, and GPU acceleration

Algorithmic Sophistication

l Blocked algorithms: Efficient cache usage for modern processors

l Divide-and-conquer methods: For eigenvalue problems

l Iterative refinement: For improving solution accuracy
1.68

Q: The subroutines look simple; why not write them by ourselves?



LAPACK

C.-S. Zhang, AMSS

1. Solving Systems of Linear Equations

§ Dense matrices: General, symmetric, positive definite, triangular systems

§ Band matrices: Tridiagonal, general banded systems

§ Solvers: LU with partial pivoting; Cholesky for SPD systems; pivoted LDLT for symmetric systems

2. Linear Least Squares Problems

§ Overdetermined and underdetermined systems

§ Using QR and LQ factorizations

§ With or without constraints
TBC

1.69

LAPACK provides dense matrix factorizations, linear-system solvers, least-squares solvers, 

and eigenvalue/SVD routines. It relies on BLAS kernels, including GEMM, for matrix 

multiplication and other basic operations.
https://netlib.org/lapack/; https://github.com/Reference-LAPACK/lapack/ 

https://netlib.org/lapack/
https://github.com/Reference-LAPACK/lapack/
https://github.com/Reference-LAPACK/lapack/
https://github.com/Reference-LAPACK/lapack/


LAPACK, Continued

C.-S. Zhang, AMSS

3. Eigenvalue Problems

§ Standard eigenvalue problems: Ax = λx

§ Generalized eigenvalue problems: Ax = λBx

§ For different types of matrices: symmetric, 

nonsymmetric, Hermitian matrices

§ All eigenvalues or selected subsets

4. Singular Value Decomposition (SVD)

§ Full and reduced SVD

§ Computing singular values/vectors

§ Applications to pseudoinverses, rank 

determination

5. Matrix Factorizations/Decompositions

§ LU (with partial pivoting)

§ Cholesky (for symmetric positive definite)

§ QR (and QL, RQ, LQ variants)

§ SVD

§ Schur decomposition

§ Spectral decomposition for symmetric matrices
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LAPACK XYYZZZ Names

C.-S. Zhang, AMSS

X - Data type:

§ S - REAL (Single precision)

§ D - DOUBLE PRECISION (Double precision)

§ C - COMPLEX (Single precision complex)

§ Z - COMPLEX*16 (Double precision complex)

YY - Matrix type:

§ GE - General matrix

§ GB - General band matrix

§ SY - Symmetric matrix

§ SP - Symmetric packed storage

§ HE - Hermitian matrix

§ TR - Triangular matrix

§ PO - Symmetric positive definite

ZZZ - Operation:

§ SV - Solve system of equations

§ SVX - Solve with error bounds

§ TRF - Triangular factorization

§ TRI - Triangular inverse

§ EV - Eigenvalues/vectors

§ EVD - Eigenvalue decomposition

§ SVD - Singular value decomposition

§ QR - QR factorization

Some examples: 
xGESV - Solves AX = B for general matrices
xGELS - Solves least squares problems
xGESVD - Computes Singular Value Decomposition
xGEQRF - QR factorization
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ScaLAPACK

C.-S. Zhang, AMSS

ScaLAPACK is a high-performance library designed for solving linear algebra problems on distributed 

memory systems. It extends the functionality of LAPACK to support parallel computations. 

Key components:

§ BLACS (Basic Linear Algebra Communication 

Subprograms): Handles communication tasks like 

broadcasting and reductions in parallel.

§ PBLAS (Parallel Basic Linear Algebra Subprograms).

§ It uses a 2D block cyclic data distribution to ensure 

load balancing and minimize communication 

overhead. This layout is critical for achieving 

scalability and performance on distributed systems.
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NumPy and SciPy

C.-S. Zhang, AMSS 1.73
blas_lapack_demo.py



Set Up A Python Environment

C.-S. Zhang, AMSS 1.74

Here I am using a MacBook Pro 2019 and macOS Tahoe as an example.

Install Python3 via Homebrew

Set up a virtual environment for 

isolation and to avoid conflicts

Activate virtual environment; after 

you finish, deactivate

Install NumPy and SciPy via pip



Examples of SciPy

C.-S. Zhang, AMSS 1.75

TBC



Examples of SciPy, Continued

C.-S. Zhang, AMSS 1.76
scipy_blas_lapack_demo.py



Finite Element Circus Poem

C.-S. Zhang, AMSS 1.77

Ivo's Lament

by R. Falk, Fall 1996

We	used	to	determine	the	order	of	speakers

By	drawing	numbers	from	a	hat.

Now	we	use	a	laptop	computer

And	random	numbers	to	do	that.

Someday,	we	may	only	have	a	virtual	circus,

Connecting	only	by	computer	and	phone.

I	knew	when	I	let	those	new	guys	run	the	circus

They	would	not	leave	well	enough	alone.

伊沃叹

豆包译，2026 年秋

昔抽签筹定序章，

今凭微机列次行。

异日云筵成幻场，

电讯遥连隔参商。

早知后辈司坛掌，

厌守恒规改旧章。

Dr. Ivo Babuska, founder 
of stability theory of FEM

Dr. Rick Falk, long-time 
organizer of the Circus
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