RERERAY B

Numerical Algebra

LRIEI T4

About this course

Chensong Zhang, AMSS

https://Isec.cc.ac.cn/~zhangcs



Mathematical Sciences

The Mathematical Sciences
in 2025

DOI: 10.17226/15269
(Published in 2013)

Committee on the Mathematical Sciences in 2025
Board on Mathematical Sciences and Their Applications

Division on Engineering and Physical Sciences

NATIONAL RESEARCH COUNCIL
OF THE NATIONAL ACADEMIES

XEEFRHRZRE
XEERMNFREFR
THE NATIONAL ACADEMIES PRESS

Washington, D.C.
www.nap.edu

"l
A Y
S, /"o,, 006\ &
%
4’/‘9,) & G (oco L \"\C" e‘\o
(7 '?& ) (<°‘_)<}?’ o
%y, =o A A A & o
iy, ’ 1) o YN e
| 'l“——‘\—-y <4 \_‘0\)@(\
W L/ SN S, < cal
Defy, = '\ - R R4, Mec“"‘m‘\n%
5% 4R8P LA ) engne®
‘\ I' ] =t iences
’ . | Geoscl
- )
" Mathematical .}/

icati (
Communications Ll { 1} Astronomy

\ . o
X Sciences 5=
\ Ve R

) - ,—l\ ,»\\r / pbyS/‘Cs

non-Mathematics
Department
Publications

non-Mathematics
Department
Teaching

Mathematics
Department

Mathematics Publications
Department

Teaching Italic subjects — most published

Underscored — most taught

05 Combinatorics

11 Number theory

14 Algebraic geometry

15 Linear, multilinear algebra

20 Group theory

26 Real functions

32 Several complex variables

34 Ordinary differential equations
35 Partial differential equations
37 Dynamical systems

42 Fourier analysis

46 Functional analysis

53 Differential geometry

57 Manifolds, cell complexes

58 Global analysis

60 Probability theory

62 Statistics

65 Numerical analysis

68 Computer science

74 Mechanics of deformable solids
76 Fluid mechanics

80 Classical thermodynamics

81 Quantum theory

86 Geophysics

90 Operations research

91 Game theory, economics

92 Biology

93 Systems theory, control

94 Information and communications
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The Art of NLA

) ACCURACY
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ﬂ Conditioning

:'. Roundoff Error
@ Backward Error
D-_ﬂ;'ljl Error Propagation
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) Iterative Refinement

EFFICIENCY

::,'f Sparse Structure Eggg GPU & Tensor Cores

g:{ Data Movement GJ@

-. Mixed Precision Parallel Scalabil
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NUMERICAL
LINEAR ALGEBRA

Linear Systems | Least Squares | Eigenvalue Problems

Communication Avoiding

Structure Error

NLA

STABILITY

513 Perturbation Bounds /\

[EII; Stable Factorizations

li Robust Convergence

@ Residual Monitoring

O Reliable Stopping
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Mind Map for NLA

12

INTRODUCTION &
APPLICATIONS

Linear Systems
Least Squares
Eigenvalue Problems
PCA / SVD

FUNDAMENTALS OF
LINEAR ALGEBRA

Norms & Spectral Radius

Schur Decomposition

SVD & Low-Rank Approximation
Perturbation Theory

MATRIX COMPUTATIONS

Floating-Point Error

Conditioning

Stability & Error Analysis

QR / Householder / Givens / Lanczos

DIRECT METHODS

Gaussian Elimination
LU Factorization
Structured Systems
DFT / FFT
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NUMERICAL
LINEAR ALGEBRA
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ITERATIVE METHODS 6
Steepest Descent

Gauss-Seidel

Stopping & Convergence

Chebyshev Acceleration

LEAST SQUARES
Normal Equations

QR Methods

Iterative Solvers

LSQR & Rank Deficiency

6

KRYLOV SUBSPACE METHODS
Conjugate Gradient
Preconditioning / ILU

Arnoldi / Lanczos

MINRES / GMRES

EIGENVALUE METHODS
Power & Inverse lIteration

QR lteration

Symmetric Eigenproblems
SVD Methods
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Education with Al
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Al is Powertful, Yet “I” Decide
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Human Comprehension as a Gatekeeper

Stephen Wolfram (2024)

Creator of Mathematica and Wolfram Alpha

Terence Tao (2026)
Fields Medal Winner

“... a verified proof of a major result

"Without such interpretive landmarks,

we merely have a black-box “ that no human understands well

computation, not assimilable human enough to explain... The bottleneck

knowledge." shifts from generating proofs to human
understanding."

Source: "Can AI Solve Science?" Source: arXiv:2608.08562

Springer-Nature Al Publishing Policy (2025)

n atur e Human accountability is non-transferable... Authors must be able to understand,

International weekly journal of science

verify and take responsibility for all content.
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The Future of Coding

Uncle Bob Martin (2026)

Originator of Clean Code principles

Linus Torvalds (2026)

Father of Linux and Git

“It is not acceptable to merge code “We do not need to read every line of

that passes tests but cannot be implementation code generated by Al

understood ... by human maintainers." agents ... Humans own specifications,

architecture, test definitions."

Source: Open Source Summit NA 2026 Source: Swarm-Forge Workflow

Takeaway Message: These perspectives are not mutually exclusive. The key takeaway 1s that
human oversight remains paramount—whether at the level of deep understanding of complex proofs

or defining robust tests that guide Al systems.
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Grades

2

Exercises
HiZ. Hit, E#ES

20%

Wy

Homework
Lk, wmiE. A

30%

it&. iEdp

50%
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Contact Me

@ Office hours: By appointment

B zhangcs@lsec.cc.ac.cn

0 https://Isec.cc.ac.cn/~zhangcs
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