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Section 1. Conjugate Gradient Method



Conjugate Directions

C.-S. Zhang, AMSS 2



Properties of Conjugate Directions

C.-S. Zhang, AMSS 3



Conjugate Gradient Method

C.-S. Zhang, AMSS 4

Ref: Hestenes and Stiefel. "Methods of Conjugate Gradients for Solving Linear Systems". Journal of Research of the 
National Bureau of Standards 49, 1952

Lucky breakdown



Convergence Rate of CG Method

C.-S. Zhang, AMSS 5

Classical Results:



Discussion on Convergence of CG Method

C.-S. Zhang, AMSS 6

l Q: How accurate are these estimates (upper bounds)? Distribution of eigenvalues!

l Reduce condition number: Meijerink, van der Vorst 1977 (IC preconditioner) ... 

l Preconditioners: Diagonal, SGS, SSOR, Incomplete Factorizations, Sparse Approximate Inverse, 

Domain Decomposition, Geometric Multigrid, Algebraic Multigrid, ...

l Problem dependency: Preconditioning usually requires the coefficient matrix somehow

l Convergence of the Richardson method (or gradient descent method)

l Convergence of the conjugate gradient method

These classical 

results are only 

upper bounds. 

They are usually 

pessimistic! 



Effective Condition Number

C.-S. Zhang, AMSS 7

l Convergence of the conjugate gradient method based on the effective condition number

l For more details, see Axelsson 2003



Stationary Iterative Method, Revisited

C.-S. Zhang, AMSS 8

l Reminder: Convergence analysis of the linear stationary iterative methods (Lecture 4)  

l By definition, we have the following relation:



Stationary Iterative Method as Preconditioner

C.-S. Zhang, AMSS 9



Preconditioned CG Method

C.-S. Zhang, AMSS 10

l Q: How to understand solving the preconditioned system with CG?

l Define a new inner product: SPD w.r.t. this inner product



Stopping Criteria

C.-S. Zhang, AMSS 11

l Q: When can we stop the iterative procedure with confidence?

l If a good preconditioner is available, we can use a different norm.

good preconditioner

residual-type a-post
error analysis



Section 2. Generalized Minimal Residual Method



Krylov Matrices

C.-S. Zhang, AMSS 13

l Apply the QR factorization:  

l The Krylov matrix can be defined as

l Get a similar transformation:

Upper Hessenberg

l Cayley–Hamilton Theorem (Frobenius 1878): There exists a polynomial                                   , such that

characteristic polynomial



Krylov Subspace Methods

C.-S. Zhang, AMSS 14

l The above Krylov matrix approach is NOT quite useful in iterative methods: 

n Stability: Nearly-singular! Ill conditioned! ç It’s a power sequence

n Efficiency: Expensive to compute the full QR factorization ç ! is large

l The Krylov subspace

l We will focus on the generalized minimum residual (GMRES) method:

l Examples: CG, MinRes, GMRES, BiCGstab, FOM, GCR, ORTHOMIN, ... (see Y. Saad 2003)

Ref: V. Simoncini and D.B. Szyld. "Recent computational developments in Krylov subspace methods for 
linear systems." Numerical Linear Algebra with Applications 14.1, 1-59, 2007

Nested Subspaces

Line 4 of Algorithm 1

The Krylov subspace 
methods: “Top Ten 
Algorithms of the 
Century”, Dongarra
and Sullivan, 
Computing in Science 
and Engineering, 
2000



Basic Ideas of GMRES

C.-S. Zhang, AMSS 15

l Suppose that we have an orthonormal basis of the Krylov subspace

l Solve a least squares (LSQ) problem to find an “optimal” solution in the Krylov subspace

Only need to solve a 

small LSQ problem

Multiply unitary matrix 
does not change 2-norm

Saad and Schultz 1986
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Eigenvalue Equations

C.-S. Zhang, AMSS 16

l Suppose that we have the Hessenberg decomposition of : 

l We want part of this decomposition

"

2



Toward A Practical Iterative Procedure

C.-S. Zhang, AMSS 17

l With the eigenvalue equation, we have

We need to find a better iterative 

procedure to construct q-vectors!

l How to develop an iterative procedure?

2



Arnoldi Iteration

C.-S. Zhang, AMSS 18

l Assume that we start from the residual vector

l Gram-Schmidt orthogonalization

3



Practical Implementation of Arnoldi

C.-S. Zhang, AMSS 19

l Arnoldi algorithm breaks down at step #, if and only if the minimal polynomial of the vector $! (i.e. 

% " $! = 0) is of degree #
l See Proposition 6.6 in Y. Saad,  “Iterative Methods for Sparse Linear Systems” (2nd Edition), 2003

Standard Gram-Schmidt, not stable! 
è Modified Gram-Schmidt è Reorthogonalization



Classical Gram-Schmidt Method

C.-S. Zhang, AMSS 20

Orthonormal

?

l Orthogonalization

l Classical G-S:

1



Modified Gram-Schmidt Method

C.-S. Zhang, AMSS 21

?

l Orthogonalization

l Modified G-S:

Orthonormal 1



MGS-GMRES

C.-S. Zhang, AMSS 22

Lucky breakdown: If and only if the iterative 

solution is exact!

l GMRES: Householder variant

l GMRES with restarting (stagnation)

l GMRES with deflated restarting

l GMRES with variable restarting



Stability of GMRES

C.-S. Zhang, AMSS 23

Ref: Christopher C. Paige, Miroslav Rozložník, and Zdeněk Strakoš. “Modified Gram–Schmidt (MGS), 
least squares, and backward stability of MGS-GMRES”. SIAM Journal on Matrix Analysis and 
Applications, 2006; 28:264–284

Backward error analysis for GMRES with MGS in finite-precision arithmetic  

l Cannot store too many iterations for large linear systems!

l Cannot maintain orthogonality and numerical stability due to floating-point error!

l We have to restart the iteration è GMRES(()

l Forward error for direct methods: discussed in Lecture 2, Summer 2022

l Finite-precision arithmetic (floating-point calculation): discussed in Lecture 5, Summer 2022



Convergence of GMRES

C.-S. Zhang, AMSS 24

l If " is diagonalizable, i.e. " = ) Λ )"!, then

l If " is normal, then ) is unitary è ) = )"! = 1è Only need to analyze %#(-$)



Convergence Behavior of GMRES

C.-S. Zhang, AMSS 25

l Need good preconditioners

l If ( gets too large, we cannot 

store everything; need to 

truncate or restart

l Restarts may kill convergence!

l Reuse the previous iterations 

after restarts? Do not forget 

everything when restarted

l Different preconditioners at 

each iteration?Using GMRES and BiCGstab to solve SPE1 and SPE9 benchmark problems



Preconditioned GMRES Method

C.-S. Zhang, AMSS 26

We do not save the 

preconditioned 

vectors because 

their sizes; instead, 

we just apply the 

preconditioner at 

Line 4 and Line 14. 

This way, need one 

more precondition 

step, but less 

memory is used!



KSM for Poisson’s Equation

C.-S. Zhang, AMSS 27



Preconditioned KSM for Poisson’s Equation

C.-S. Zhang, AMSS 28



Flexible GMRES Method

C.-S. Zhang, AMSS 29

In order to allow 

different 

preconditioners at 

different steps, we 

have to adjust the 

PGMRES method 

and store the 

preconditioned 

vectors in FGMRES.

l FGMRES is very useful in practice, but oftentimes forgot

l But pay attention: Lucky breakdown no more! 



Finding Eigenvalues using Krylov Methods

C.-S. Zhang, AMSS 30

l Consider the eigenvalue problem
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AQkyk ⇡ �Qkyk
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x = Qkyk + r ⇡ Qkyk

l Approximate the eigenvectors using the Krylov subspace 

l Approximate eigenvalue problem in the Krylov subspace (Ritz values) 

l This gives a way to approximate few eigen-pairs of the original problem



Take Care of Small Eigenvalues

C.-S. Zhang, AMSS 31

l Small eigenvalues can cause troubles for Krylov subspace methods

l Add approximate eigenvectors targeting the “smallest eigenvalues” to the Krylov subspace

l Q: How to obtain these eigenvectors?

l Approximate eigen information using Krylov subspaces (e.g. Paige, Parlett, van der Vorst 1995)

Find smallest eigenpairs

Harmonic Ritz values

Good approximations 

of 

GMRES-E (Morgan 1995)


