
Frame a

1 &=I� f Æ80thB)#9��vth+�� [−π/T, π/T ] �nj

f(tn) =
1

T
〈f(t), hT (t − tn)〉 , hT (t) = sinc(πt/T ).nj� tn = nT �>�2YÆ5&`�"k\:UO f �7 f(tn) �nj� tn �};4e��"k�<UO f o�CJG	j�N&"kqUO f o�I& H Æ80 Hilbert ℄K� f Æ H T#80E��nj�|k5/�&#!��G	j�N&�|kq�7 〈f, φn〉n∈Γ

A. f? Ka {φn}n∈Γ Æ H T#8[E��

��7XÆ[g�&�Y#r�
∀n ∈ Γ, Uf [n] = 〈f, φn〉 ._f 1.1 H T#4e {φn}n∈Γ �� H #^J��6�G
0N�� A,B �"(};# f ∈ H

A‖f‖2 ≤
∑

n∈Γ

| 〈f, φn〉 |2 ≤ B‖f‖2. A = B #�>�"k�^J�U^J� ^J�NiZ#�>��Y U ��^J�Y�b�I& H Æ80B)�# Hilbert ℄K� span{f1, . . . , fn} = H �nj {f1, . . . , fn} Æ80^J�b�I& H Æ L2(R) #Y℄K�uT9� Fourier 	�OE� [−π/T, π/T ] ��6
limn→∞ tn = ∞, limn→−∞ tn = −∞ �v

δ = max
n

|tn − tn+1| < T,nj
{
√

tn+1 − tn−1

2T
hT (t − tn)}n∈ZÆ80^J�v^JS� A ≥ (1 − δ/T )2, B ≤ (1 + δ/T )2 �
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(G�"k[g�&!���<UO f �7 Uf [n]? 7XÆ��<w�Y U # r�"kf
ℓ2(Γ) := {x :

∑

n∈Γ

x[n]2 < +∞}."k�S
ImU := {Uf : f ∈ H}.de 1.1 �6 {φn}n∈Γ Æ80^J�vuT#E�*1+5�nj� Im(U) L�8C

ℓ2(Γ) �v U F3#)0^r Ū−1:

∀f ∈ H, Ū−1Uf = f."k�iZ&e�N# U #^r Ũ−1 � r�
∀x ∈ (ImU)⊥, Ũ−1x = 0.(C�Y U �"k&=u���Y U∗ � 〈f, U∗x〉 = 〈Uf, x〉._` 1  riZ

Ũ−1 = (U∗U)−1U∗.

Ũ−1 Æ℄,# sup norm ^r��6 U Æ80B^JS A,B #^J�Y�nj
‖Ũ−1‖S ≤ 1√

A

2 (s^Jf {φn}n∈Γ ÆS� A,B #^J�nj�u(s^J&=�
φ̃n = (U∗U)−1φniZ

∀f ∈ H,
1

B
‖f‖2 ≤

∑

n∈Γ

|
〈

f, φ̃n

〉

|2 ≤ 1

A
‖f‖2,;

f = Ũ−1Uf =
∑

n∈Γ

〈f, φn〉 φ̃n =
∑

n∈Γ

〈

f, φ̃n

〉

φn.�6^JÆU#�F A = B �nj φ̃n = A−1φn.
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3 �NPD
Riesz DÆ80^J�uT#E�*1'b�7XÆ Im(U) = ℓ2(Γ) �nju(s^J�P�(s Riesz D�B<

φp =
∑

n∈Γ

〈

φp, φ̃n

〉

φnnj�*1'b���
〈

φp, φ̃n

〉

= δ[p − n].

4 �-UOI& {φn}n∈Γ ÆY℄K V #8\^J��� V �0:℄K H #Y℄K�nj�Uf [n] = 〈f, φn〉VV1�d f #�-0$��7K.0$�"k�q�zUO f ��Æ"kq4G�� f G
V �#NP���

��K0NP���

PV f =
∑

n∈Γ

〈f, φn〉 φ̃n

5 G�,*�<�7 Uf [n] = 〈f, φn〉 B-#A. f o� {�80L�#,*ÆG� φn #(s^J
φ̃n = (U∗U)−1φnnj
f =

∑

n∈Γ

〈f, φn〉 φ̃n.�Æ�G=)?AT� φn \q9_C0: f �nj"�q
'G�(s^J�"k(GT�803�QQ#,*�W;!
f = Ũ−1Uf = (U∗U)−1(U∗U)f = L−1Lf,��

Lf = U∗Uf =
∑

n∈Γ

〈f, φn〉φn."k26G� f = L−1g (C g ∈ H �"k&l&`m�d80%��*�
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_` 2 (Extrapolated Richardson) f g ∈ H �f γ > 0 Æ80�����(};# n > 0&=
fn = fn−1 + γ(g − Lfn−1).�6

δ = max{|1 − γA|, |1 − γB|} < 1nj
‖f − fn‖ ≤ δn‖f‖>� limn→∞ fn = f �

6 Frame ��;MH
Frame #80U6�MXÆ�D1�K\AC0:yH�"k[g�&#���Y

P : ℓ2(Γ) → Im(U).de 6.1 � ℓ2(Γ) ! ImU �#NP���
Px[n] = UŨ−1x[n] =

∑

p∈Γ

x[p]
〈

φ̃p, φn

〉

.I&^J%� Uf [n] B/HH� W [n] �nj�?A���Y P �"kB
P (Uf + W ) = Uf + PW.>� P Æ80NP��� ‖PW‖ ≤ ‖W‖.de 6.2 I& ‖φn‖ = C,∀n ∈ Γ ��6 W Æ80ZR� 0 �,� E{|W [n]|2} = σ2 �nj
E{|PW [n]|2} ≤ σ2C2

A
.�6^JÆU#�nj$:�b�g 1 �Rp~V6x
C Chapter 5 in “A wavelet tour of signal processing” by S.

Mallat.
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Project 2: (8B)� Hilbert ℄K H ��8^J {φ1, . . . , φN} �x8 f ∈ H �nj�
1: G�^J%� 〈f, φk〉 , k = 1, . . . , N �
H��H� Wk �
2: �7 〈f, φk〉 + Wk, k = 1, . . . , N �A Extrapolated Richardson �*UO f #W�

f̃ �
[��X N #I�� ‖f − f̃‖ #	?�
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