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1 Introduction

The refinement equation is a functional equation of the form

N

flx) =Y eifOa —dy), (1)

§=0
where A > 1 and all the ¢;,d; are real numbers. For the refinement equation
(1), the value A is called a dilation, whereas the numbers {d;} are referred to as

translations. Throughout this paper, we suppose that dy < dy < --- < dy and



define the Fourier transform of f(z) by the formulae

fo = [ s

Taking the Fourier transform of both sides of (1) we obtain

~ ~

flw) = HA w) f(A ), (2)

where H(w) = A1 Z;VZO cje2mdw ig called the mask polynomial of the re-
finement equation. Setting w = 0 into (2), we obtain Z;.V:O ¢; = A provided
that f(0) # 0. For simplicity, we shall call the function f(z) satisfying (1) with
f(O) = 1 a A-refinable function with translations {d; |0 < j < N}. It plays a
fundamental role in the construction of compactly supported wavelets and in
the study of subdivision schemes in CAGD ([2, 7]).

The existence and regularity of the refinable function are of some interest.
These questions were studied on several occasions. In [6], Daubechies and La-
garias showed that up to a scalar multiple the refinement equation (1) has a
unique distribution solution f satisfying suppf C [do(A — 1)1, dy (A — 1)~ 1.
Moreover, they also showed the nonexistence of a C>-refinable function with
compact support in one dimension when the number A and all the d; are in-
tegers. In [2], Cavaretta et al. extended this result to higher dimensions by a
matrix method. When X is non-integer, ‘the regularity question becomes more
complicated and perhaps more interesting from the viewpoint of pure analysis’
[4]. Moreover, the refinable functions with non-integer dilations play an impor-
tant role in the construction of wavelets with non-integer dilations [1]. Hence, it
has attracted a considerable attention. For example, the regularity of Bernoulli

convolutions, which are solutions to
A A
flx) = §f()‘33) + §f()‘33 -1),

was already studied in [12, 14, 22, 25]. In general, one characterizes the regu-

~

larity of f(x) by considering the decay of f(w). In [4], Dai et al. considered



the uniform decay of the Fourier transform of the refinable functions with non-
integer \. In particular, they give an elegant answer to the following question:
for any given dilation factor A > 1 and a positive integer k, can one construct
a A-refinable function f € CF? In this paper, we reverse the question: can
one find a dilation factor X > 1 such that there exists a compactly supported
A-refinable function f € C>*?

This question is interesting for two reasons. First, when A and all the d;
are integers, the regularity of refinable functions is related to the spectrum of a
certain matrix that is constructed by the refinement coeflicients c;. In this case,
a negative answer to this question was given in [6]. However, the matrix can
only be constructed in the case when A and all the d; are integers. Therefore,
it is not clear whether there exists a non-integer refinable function which is
compactly supported and belongs to C*°. Second, as pointed out in Section
3, the regularity of refinable functions is closely related to the distribution of
powers of a fixed number modulo 1, which is a classical problem in number
theory. Hence, overlooking the regularity of refinable functions with non-integer
dilations one will miss out on the beautiful connection between analysis and
number theory.

In this paper, combining the tools of number theory with some results of
harmonic analysis, we extend the result of Daubechies and Lagarias to the
general case, thus giving a negative answer to the above question when all the

d; are rational numbers and A > 1 is a real number.

Theorem 1.1. Let d; € Q and X\ > 1. Then the refinement equation

f(@) =) cif(Ax—d;),

M-

j=0

has only the trivial compactly supported C* solution, i.e., f = 0.

The proof of Theorem 1.1 is based on a purely number-theoretic statement



concerning the distribution of powers of a fixed number modulo 1 (see Theo-

rem 3.1 below).

Remark 1. It should be noted that any translate of a refinable function is
refinable. If f(x) satisfies (1) then g(x) = f(z—b/(A—1)) satisfies the refinement

equation

N
g9(z) =Y _cjg(\x —d; +b),
=0

which has the same dilation, but a different translation set {d; —b|0 < j < N}.

In Section 2, using Theorem 1.1, we extend the results of [3] concerning the
refinable splines with non-integer dilations. We also construct a counterexam-
ple to the conjecture about the refinable spline with non-integer translations.
The box spline B(x|M) associated with the s x n matrix M is considered as
multivariate generalization of the univariate B spline and have become ‘one of
the most dramatic success of multivariate splines’ [10]. It is well-known that
the box spline is a A-refinable function for any positive integer A > 1. Hence,
box splines play an important role in the subdivision algorithm and wavelets.
Moreover, one is also interested in the question when a refinable distribution is
essentially a box spline [15, 26]. However, very little is known about box splines
satisfying the refinement equations with non-integer dilations. In Section 2, we
give a characterization of refinable box splines with non-integer dilations.

The proof of Theorem 1.1 will be given in Section 3. Other proofs concerning

refinable splines will be given in Sections 4 and 5.

2 Refinable Spline Functions

In this section, we study one of the most interesting refinable functions, so-called
spline function. Firstly, let us recall the definition of spline functions, B splines

and box splines.



Definition 2.1. The spline function f(z) is a piecewise polynomial function.
More precisely, there are some points —00 = g < 21 < -+ < Ty < Tpf41 =
+o00 and polynomials P;(z) such that f(x) = P;(z) for « € [xj_1,z;) for each
ji=1...,M+1.

We call the points x;, j = 1,..., M, the knots of f(z) and max;{deg(P;)}
the degree of f(z). Splines are widely used in the approximation theory and in
computer aided geometric design. The spline functions satisfying a refinement
equation are the most useful ones. A special class of refinable splines are so-

called cardinal B splines which are defined by induction as

Bo() 1 if 2z €]0,1),
€Tr) =
0 0 otherwise,

and for £ >1

By, = By_1 * By,

where * denotes the operation of convolution. By the definition of cardinal B

splines, the Fourier transform of B splines is given by the formulae

=~ 1 — exp(—2miw) ht
Br(w) = ( 2miw ) '

A simple observation is that By is m-refinable for any integer m > 1 and

satisfies
m—1
Bo(z) = Y _ Bo(mx — j).
=0

Since By = Bg* By * - -* By, the B spline By, is also m-refinable for any integer
m > 1.
The boz spline B(xz|M) is defined using Fourier transform by the formulae

1 — exp(—2mi&T'm;)
27Ti§ij ’

BeEmy =]

j=1

e C? (3)

where M = (my,...,m,) is an s x n real matrix of (full) rank s. In particular,
for M = (1,...,1) € Z*¥*1, the box spline B(z|M) is reduced to the univariate

B spline Bjy.



Next, we turn to the general refinable spline function. In [21], Lawton et
al. gave the characterization of compactly supported refinable univariate splines
f(z) with the additional assumption that the dilation factor is an integer and

all the translations are integers. They proved the following theorem:

Theorem 2.2. ([21]) Suppose that f(x) is a compactly supported spline function

of degree d. Then f(x) satisfies the refinement equation
N
flx) = chf(mx —dj), m>1,d; € Z,
§=0

if and only if f(x) = ZnKzopan(x —n—dy/(m—1)) for some K >0 and {p,}
such that the polynomial Q(z) = (z — 1)4+1 ZnK:o pn2" satisfies Q(2)|Q(z™).

Here and below, Q(z)|Q(z™) means Q(z) divides Q(z™), namely, that the
quotient Q(2™)/Q(z) is a polynomial. (In case the notation alb is used for

integers a and b, it means that the quotient b/a is an integer.)

Remark 2. Theorem 2.2 was extended to higher dimensions by Sun [26]. More-
over, in [21], the authors also gave a characterization of compactly supported
univariate refinable splines whose shifts form a Riesz sequence. This was gen-
eralized to higher dimensions in [16]. In [5], the authors gave complete charac-
terization of the structure of refinable splines. In [15], Goodman gave a review

on refinable splines (including refinable vector splines).

However, as pointed out in [3], refinable splines do not have to have integer
dilations or integer translations. In this case, Dai et al. proved the following

theorem:

Theorem 2.3. ([3]) Suppose that f(x) is a compactly supported spline satisfying

the refinement equation



such that A € R and d; € Z. Then
(A) There exists an integer | > 0 such that \! € Z.
(B) Let k be the smallest positive integer such that \* € Z. Then the com-

pactly supported distribution solution ¢(z) of the refinement equation
n
¢(x) = Y N TTo(Na — dj) (5)
j=0

s a spline.

(C) There exists a constant o such that the spline f(x) is expressible as
@) = ag(@) + oA 12) - oA ), (6)

where ¢(x) is the spline given by (5).
Conversely, if the refinement equation (4) satisfies (A) and (B) then the

compactly supported distribution solution f is a spline given in (6).

By Theorem 1.1, we can prove Theorem 2.3 under weaker conditions. A
compactly supported function on R is piecewise smooth if there exist an integer
M and some real numbers a; < as < --- < ap such that f € C>®(a;,a;41) for

i=1,2,...,M —1 and suppf C [a1, ap].

Theorem 2.4. Let f be a piecewise smooth function with compact support sat-

isfying the refinement equation

2

N
f@)=>cifa—d;), > ¢=A\ (7)
j=0

3=0
where A > 1 and d; € Z. Then f(x) is a spline function. Hence, (4), (B) and
(C) in Theorem 2.3 hold.

To deal with non-integer translations, in [3], the authors raised the following
conjecture. Suppose that f(x) is a A-refinable spline that is A-indecomposable.

Then the translation set for f must be contained in a lattice, i.e., a set of



the form aZ + b for some a # 0. Here, we call a A-refinable spline f(z) A-
indecomposable if it cannot be written as the convolution of two A-refinable
splines. As stated in [3], if this conjecture is true, then one can classify all
refinable splines by Theorem 2.3. However, we construct a counterexample to
the conjecture.

Consider the spline function f(z) = B(z|(1,+/5/2)). Using the Fourier

transform
R 1— 6—27Tiw 1— e—27ri 5/2w

flw) = 2miw 2mi/5/2w
we have H(w) = f(v10w)/f(w) = 5 Z?:o e~2mdw  wwhere the numbers
do, ..., dgy are equal to 0,1,2,3,4,5/1/10,1 + 5/4/10,2 + 5/1/10,3 + 5/1/10, 4 +
5/4/10, respectively. Hence, the spline f(x) is v/10-refinable and satisfies the

refinement equation

9
f(@) = 15 (3 STz~ dy)
j=0

with the translation set {0,1,2,3,4,5/v/10,14+5/4/10,2+5/4/10,3+5/v/10,4+
5/4/10}, which is not contained in a lattice. Moreover, we have the following

proposition:

Proposition 2.5. The univariate box spline B(z|(1,1/5/2)) is v/10-indecom-

posable.

The proof of this proposition is non-trivial. It is postponed to Section 4.

Motivated by this counterexample, we shall study the refinable Box spline
function with non-integer dilation and translations. It is not only helpful in the
study of general refinable splines with non-integer translations, but also useful
in understanding of the box splines associated with non-integer matrixes.

It is well-known that the box spline B(z|M), with an additional assumption

that M is an s X n integer matrix, satisfies some higher dimension refinement



equation with an integer m > 1, i.e.,
B(a|M) =" ™ B(ma — j|M), (8)
jezs

where ¢™

5 =m T o € Z"|Ma = mj} (see [9]). For this reason, box splines

are widely used in computer aided geometry design and wavelets.

The box splines associated with the non-integer matrix are also of interest. In
[18, 27], the authors discuss linearly independent integral lattice translates of the
box splines associated with a non-integer matrix. Here, we shall characterize the
box splines associated to a non-integer matrix satisfying the refinement equation

with some non-integer dilation and non-integer translations.

Theorem 2.6. Suppose that the univariate box spline B(x|A) satisfies the re-
finement equation

N
B(z|A) =Y ¢;B(\x — d;|A),
j=0

where A\ > 1,\ ¢ Z and d; € R. Then

(A) There exists a positive integer | such that N € Z.

(B) For each element mg € A, there exists an element m € A and an integer
p such that m = pmg /.

(C) The vector A contains a sub-vector of the form

(mo,mopiA™4, .. mopr—1 AT

)

where 1 is a positive integer such that \' € Z, and pj,j = 1,...,1—1, are integers
satisfying pjlpj+1, 5 =1,2,...,1 — 2, and pi—1|\".

(D) If all the d; € Z, then the vector A can be represented as the union of
the vectors of the form (mg, Amy, ..., \¥"1myg), where k is the smallest positive

integer for which \* € Z and mg € Z \ 0.

Moreover, using the technique of dimensional reduction, we can extend the

above results to higher dimensions.



Theorem 2.7. Suppose that the s-variable box spline B(x|M) satisfies the re-
finement equation

N
B(z|M) =Y ¢;B(\x — d;| M),
=0

where A > 1, A ¢ Z and d; € R®. Then

(A) There exists a positive integer | such that \' € Z.

(B) For each column my in M, there exists a column m in M and an integer
p such that m = pmg/\.

(C) The matriz M contains a sub-matric of the form
(o, mopi A, .. ’m0p171>\7l+1) c RSXl,

where [ is a positive integer such that \' € Z, and pj,j =1,...,1—1, are integers
satisfying pjlpj+1, 5 =1,2,...,1 — 2, and pi—1|\".

(D) If all the d; € Z°, then the matriz M can be represented as a disjoint
union of matrices of the form (mg, Amyg, ..., \¥71mg) € R¥*F where k is the

smallest positive integer such that \¥ € Z and my € Z*\ 0.

We conclude this section by stating a conjecture which classifies all refinable
splines in terms of box splines. A function P(w) is a real quasi-trigonometric
polynomial if it is of the form of Z?{:o cje’zmdjw, where c¢j,d; € R. The real
quasi-trigonometric polynomial P(w) is A-closed if P(Aw)/P(w) is also a real

quasi-trigonometric polynomial.
Conjecture 2.8. The spline f(x) satisfies the refinement equation

F@) =Y cifQx—d;), > ey =\
=0

if and only if f(w), i.e., the Fourier transform of f(x), can be expressed in
terms of box splines as follows:

Flw) = €™ P(w) B(w|A),

10



where « is some constant, E(w|A) is the Fourier transform of a A-refinable
boz spline B(x|A), and P(w) is a A-closed quasi-trigonometric polynomial with

P(0) = 1.

Remark 3. Throughout the paper, we only consider the case where A > 0.
However, as pointed out in [3], if f(x) is a A-refinable spline then it is also a
(=A)-refinable spline. Hence, the case, where A < 0, can be also studied using

the results of this paper.

3 Proof of Theorem 1.1

Before giving the proof of the theorem, we need a theorem of purely number-
theoretic nature which plays an important role in the proofs below. For any

x € R, let ||z||z denote the distance from x to the nearest integer in Z.

Theorem 3.1. Suppose that A\ > 1 and ry,..., 7, are real numbers. Then there

exists a positive number £ and a positive number ¢ = ¢(A\,r1,...,rm) such that
IEN —rillz > ¢
for everyi=1,...,m and every j =0,1,2,....
Proof. For each 7 > 0, put
Sr i =Ukez Uy (k+r; — 1, k+r; +7).

Then ||z — ]|z > 7 for every i = 1,...,m if and only if € R\ S,. This implies
that ||EA™ — 14|z > ¢ (for every ¢ = 1,...,m and every integer n > 0) if and
only if £ ¢ S, A™™ for n > 0.

We will construct a sequence of closed nested intervals Ip D I; D Iy O ...
(where Iy € (0,1)) of length |In;| = vV2Ac/A9M | where M = 0,1,2,..., such
that ¢A™ ¢ S, for every ¢ € I and every n = —1,0,...,gM — 1. (Here, for

convenience, we start with n = —1, so the final result holds for everyi =1,...,m

11



and every n = —1,0,1,....) Also, here g = g(\,m) is the least positive integer
satisfying
AV > 2(1+ gm).

Then, for the common point £ € N3;_,Iar, the inequalities [|EA™ —1;]|z > ¢ will
be satisfied for each i = 1,...,m and each integer n > —1.

The proof is by induction on M. We begin with M = 0. Evidently, S.N(0, 1)
is a union of at most m + 1 intervals of total length 2cm. Thus S.AN(0,1) is a
union of < m + 1 intervals of total length 2Acm. The set (0,1) \ ScA is thus a
union of at most m + 2 intervals whose lengths sum to a number > 1 — 2X\em.
It contains a closed interval of length v/2\c if 1 — 2\ em > (m + 2)v/2Ae. So the
required closed interval Iy C (0,1) of length v/2)\c exists if

2xem + (m+2)V2Xie < 1.

This inequality clearly holds if ¢ is less than a certain constant depending on A
and m only. Let us start with this Ij.

For the induction step M +— M 4+ 1, we assume that there exist closed
intervals Ipy C Ip;—1 C --+ C Iy with required lengths such that Ip; C (0,1) \
S AT for each n = —1,0,...,9gM — 1. We need to show that I; contains a
subinterval Ins 11 of length v2Ae/ XM+ such that In; 1 € (0,1)\ SeA™™ for
eachn=gM,gM+1,...,9(M+1)— 1.

Fixn € {gM,gM+1,...,9(M+1)—1}. At most m(14+A"|I|) points of the
form (k4+7r;)A\™", where k € Z and i = 1,...,m, lie in I5;. So the intersection of
ScA™™ and Iy consists of at most m(1+ A"|I|) open intervals of length 2¢/A"
(or less) each plus at most two intervals of length ¢/A™ (or less) each at both
ends of Ips. As n runs through gM,...,g(M + 1) — 1 the total length of such

intervals is at most

g(M+1)—1 g(M+1)—1
ly = Z (m(1+X"|Inf|)2eA™ " 4+2eA™") = Z (2em|Ips|4+2¢(m+1)A7").
n=gM n=gM

12



Using 0D A < 7% AT = A9 /(A= 1) = Al |/(VZAe(A - 1)),
we find that

Car < 2emg|In|+2e¢(mAD) A I |/ (V2Ae(A—1)) = |Ip|(2emg+V2Ae(m+1) /(A—1)).
The remaining part in I is of length at least
\Ins| = Tar| (2emg+V22e(m+1) /(A=1)) = |In|(1—2emg—V2Ae(m+1) /(A—1)).

It consists of at most

g(M+1)—1
I+ > mI+A"Tu]) < Tgm+ Iy (A /(A=1) = 1+gm+V2AeA/(A-1)
n=gM

closed (possibly degenerate [u,u]) intervals. In order to show that one of these
closed intervals is of length at least v2Ac/A9M+1) (50 that we can take it as

Inr41) we need to check that
Taal(1 — 2emg — VEN(m + 1)/ (A~ 1)) > [Tar1](1+ gm + VIRAT/(A — 1)

for ¢ small enough. Indeed, using |Ips41|/|Im| = A79, we can rewrite this

inequality as
2emg + (1 4+ gm)A™9 + V2xe(m +2)/(A — 1) < 1.
Since \? > 2(1 + gm), the required inequality would follow from
2emg + V2 e(m +2) /(A — 1) < 1/2.

Clearly, g depends on A and m only. So this inequality holds for some positive

¢ depending on A and m only. This completes the proof of the theorem. O

Remark 4. The m =1 case of this theorem with some explicit constant ¢ was
recently obtained by the first named author in [11]. The existence of such a
positive number ¢ := c(A\) for m = 1 was conjectured by Erdés [13] and then

proved independently by de Mathan [8] and Pollington [23]. In fact, this result

13



was proved already by Khintchine in 1926 (see Hilfssatz III in [19]), but then

forgotten.

Remark 5. By estimating g from above and by some standard calculations, one
can see that the inequalities 2\em~+(m+2)v2Ae < 1 (corresponding to the M =
0 case) and 2cmg +V2X e(m+2) /(A —1) < 1/2 (corresponding to the induction
step M — M + 1 case) both hold if, for instance, ¢ := (A —1)2/(20(m + 2)273).
This gives an explicit expression for ¢ in Theorem 3.1 for each A > 1. The
main part for the “difficult” case when X is close to 1 is the factor (A — 1)%. It
1s essentially the same factor as that in the proof of a similar result obtained by

the first named author in the m =1 case [11].
We now can give the proof of Theorem 1.1.

Proof of Theorem 1.1. Suppose that f € C* is the solution of
N
fl@)=>e;f(he —d;)
§=0
with compact support. Take the Fourier transform of its both sides. We obtain

~ o~

f(&) = H(E/NF(E/N), (9)

where H(§) = A1 Z;VZO cje~?di¢ By Paley and Wiener theorem, F(6) is an
entire function satisfying f(ﬁ) < Ci|¢|7F for any positive integer k and & € R,

where C}, is a constant.

~ ~ -~

By (9), for any M € N, taking the product f(\¢)f(A%€)--- F(AME), we

deduce that i
FOMe) =17l TT 1HNW ). (10)
§=0

Suppose that the zero points of H(§) on [0, Do are {ry,...,rm,}, where Dy is
the least common multiple of the denominators of d;. Hence, each nonnegative

root of H(&) has the form of r; + kDy with some k € Z. By Theorem 3.1, we

14



can select a positive number &y such that there exists a ¢ > 0 for which
160N — i = kDollz = (€N —rillz > ¢

for every i = 1,...,m, and every j = 0,1,2,.... Therefore, there exists an

g0 > 0 such that H(M&y) > o for all j. So, by (10),

IFOMeo)| > | F(&o)led!.

Moreover, since f € C*°, for any integer k, we can find a constant C such that

~

Cr(AMeg) ™8 > [ F(AMeg)| = | F(€o)led!.

It follows that

|J?(§0)\ < Cp(ZNRYMegghe M,

We can select k so large that A™F < go. Letting M — oo, we deduce that

o~

f(&) = 0.
Consider the derivative of f(f) at &. Note that

A(AE) = H(E) ' (€) + H' () F(€).

~

Since f(&) = 0, we have

~, ~,

A (No) = H (&) f'(€o)-

It follows that
M-1

MM FOMeo)| = [F &)l [T 1HW &)

=0

Using essentially the same argument, we deduce that f'(ﬁo) = (0. By induction,

it follows that dl;égf) le=¢, = 0 for any integer k& > 0. Since f(f) is an entire

o~

function, this yields f(£) = 0 and hence f(z) = 0. This completes the proof. [

15



4 Proofs of Theorem 2.4 and Proposition 2.5

To prove Theorem 2.4, we first prove a lemma, which shows that the regularity
of a refinable function can be determined by a certain smoothness property near

the endpoints of the support.

Lemma 4.1. Let f be a compactly supported solution of

N
fl@) =2 ejf(he —dy), (11)
=0

with supp f = [A, B]. Suppose that there exist a ug € [A, B] and m € N such
that ™) (x) either does not exist or is discontinuous at ug. Then for any e > 0
there are xo € [A, A +¢) and x; € (B — ¢, B] such that f™) () either does not

exist or is discontinuous at xg and 7.

Proof. We first consider the case, where zg € [A, A+ ¢). Without loss of gener-
ality, we may suppose that dy = 0 (see Remark 1). By the result of [6] (which

was stated in Section 1), we have suppf C [0, dx(A—1)"1]. To prove the lemma,

note that v
FOT ) = eif(x - dy).
§=0
Hence
N
f@)=c ' f(\ ) —Co_lzcjf(ﬂf—dj)~ (12)
=1

Consider the set
S = {y| fU)(z) either does not exist or is discontinuous at y}.

Since f ¢ C™, the set S is nonempty. We choose an element y; € S. By
(12), {y1/A\y1 — d1,...,y1 — dy} NS is nonempty. Therefore, we can find a
y2 € {y1/M\y1 —di,...,y1 —dn} NS such that 0 < yo < y;. By induction,
there is a sequence yi such that yr € S and 0 < yi < yr—1. If this sequence

contains 0, then the lemma is proved. Suppose that 0 is not an element of the

16



sequence. By the construction of yi, there exists a ko such that yi, < di. We
have yi, /A € S, since yp, —d; < 0 for 1 < j < N. Thus, for k& > ko, we can
take yr = yr—1/A. It is clear that, for any € > 0, we can find an integer k so
large that ¢ := yr,/\F < e.

In case 1 € (B — ¢, B], we can suppose that dy = 0. By the same method

as above, the conclusion follows. O
Next, we give the proof of Theorem 2.4.

Proof of Theorem 2.4. We suppose that f(z) is smooth on (a;,a;+1) where 1 <
Jj < M and suppf C [a1,apr+1]. Without loss of generality, we can suppose that

do = 0, and hence a; = 0. Let us define

d

() a

Ff ()= Tm (CL)Ff(), () feag) = Tim (<L) (),

z—a;— dT dx z—a;+ dx
and fi(a;) = (L)* fi(a;) — (4£)* f_(a;). We shall prove that either fy(a;) =0
or limg ., (<L) f(x) exists for all a; except when k = ko for some nonnegative

integer ko. Note that suppf C [0, aps4+1]. Then the function f(z) satisfies

f(x) = cof(Ax —do) = cof(Ax), = €0,¢] (13)

for a sufficiently small € > 0.

We claim that there exists a nonnegative integer ko such that fJ(rkO)(O) # 0.
For a contradiction, assume that fJ(rk) (0) = 0 for any nonnegative integer k. Note
that f* (0) = 0 for each k > 0, since f(z) = 0 for x < 0. So f*)(2)|,—o exists
for any nonnegative integer k. Since f(z) is the piecewise smooth function,
there exists a positive number e1 such that f(z) € C*[0,e1). According to
Lemma 4.1, we have f(z) € C*. But then Theorem 1.1 implies that f(x) =0,
a contradiction.

According to (13), we have fJ(rkO)(O) = CO)\kofikO)(O). But fJ(rko)(O) # 0, so
co = A%, By (13), we conclude that f(z) = A% f(\z) on [0,¢]. A simple
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calculation shows that
£ (0) = Me=ko £ (0) for any k € Z.

Clearly, A # 1 yields that fik) (0) = 0 for k # ko. Note that fgk)(O) = 0 for any
nonnegative integer k. Accordingly, lim, o f*)(z) exists for k # k. By Lemma
4.1, lim,_q, f®)(z) exists for all a; if k # ko. Put g(a;) = lim,_q, fFoF)(z)
and g(z) = fFo+D(z) for x # a;. We will show that g(z) satisfies the following

refinement equation
N
g(x) = \kotl Z cig(Az —dj).
§=0
Fix z9 € R. If{.’lﬁo,)\.’lﬁo—dj,j: 1,...,N}ﬂ{aj,j: 1,...,M+1}:®, by

taking the (ko + 1)-th derivative at xo on both sides of

N
f@)=> e f(hw —d;),
=0

we obtain

N
glwg) = NN "cig(Azo — dj). (14)

Jj=0

Let us consider the remaining case when the intersection of two sets is non-

empty. Without loss of generality, we may suppose that
{zo, Azo—d;,j=1,...,N}{a;,j =1,...,M+1} = {xo, \zo—d;,j =1,...,No}
with an integer Ny. Select an € > 0 such that

(xo —e,20) N{aj,j=1,.... M +1} =10

and (Azg — di, — Ae, \xg —dg) N{a;,j=1,.... M +1} =0, for k=1,...,N.
Hence f(z), f(Ax —d;) € C®(z¢ — €,x0), where j = 1,...,N. Then, for

x € (g — &,x0), we have

No N
g(x) — Arotl chg()\x —dj) = Akt Z cig(A\x — d;). (15)
3=0 j=No+1
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By taking the limits on both sides of (15), and noting that

N N
im ALY T (e —dy) = AR YT eig(ha — dy)
© J=No+1 j=No+1

and
ko+1 .- ko+1 .-
i — )\ko , —d)) = — \ko , —d.
i (g(2) = A ;Ocjgw dj)) = g(wo) — A ;Oc]gwo d;),
we conclude that v
g(xg) = Arotl chg()\xo —dj).
§=0

Combining the results above, we arrive to the equality
N
g(x) = Arotl Z cig(Ax —d;), for all x € R.
j=0

Next, by Theorem 1.1, we obtain that g(z) = 0, since the function g € C*
is compactly supported. Using f(k0+1)|(aj,aj+l)(z) = 9l(ajsa;0) (@) = 0, we

conclude that f(z) is a spline function. O

Now, we begin the proof of Proposition 2.5. For this, we shall give some
definitions (see also [3]) and a lemma. The functions of the form G(w) =
Z;V:O aje’Q’”bjw are referred to as quasi-trigonometric polynomials, where a; €
C,a; # 0 and b; € R such that by < by < --- < by. In case b; € Z, such
polynomials are simply trigonometric polynomials. If by = 0, G(w) is called a
normalized quasi-trigonometric polynomial. For the quasi-trigonometric poly-

nomial G(w), one can write
G(w) _ e—2m’r1wG1 (w) 4 e—2m‘rsz2(w) Lt e—QWiTLUIGl(w), (16)

where each G; is a trigonometric polynomial and 0 < r; < .-+ <1 < 1 are
distinct. It is easy to see that up to a permutation of terms this decomposition
is unique and we shall call (16) the standard decomposition of G(w). Moreover,

. . H Comiks .
as in [3], we write Ag(w) == > ;_, cje Zmikjw for the greatest common divisor
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of the trigonometric polynomials {G;} normalized so that ky = 0,co = 1 and
k; > 0 are distinct. It is easy to see that Ag(w) = ae ?™*“G(w) for some
constant v and an integer j, if and only if, G(w) is a trigonometric polynomial.

Then we have

Lemma 4.2. Suppose that two normalized quasi-trigonometric polynomials G
and Gy satisfy the equality G1(w)Ga(w) = R(w)(1 — e~ 2™W), where R(w) =
1+ Z;V=1 aje*%ibf“’ and 0 < by < by < --- < by, are irrational numbers. Then
there exists a positive integer P and a set Sy C S7 :={0,1,..., P —1} such that
Gi(w) = a(w) Hjeso(efzmj/Piefzmw/P) and Go(w) = B(w) Hjesl\SD(e—%ij/P,

e’zmw/P), where a, B are some quasi-trigonometric polynomials.

Proof. Set Gp(w) := R(Pw)(1 — e 2™P%) G p(w) := G1(Pw) and Gop(w) :=
G (Pw) for any integer P. Note that Ag, (w) = 1 — e~ 2P We claim that

the conclusion holds if there exists a positive integer P such that
AGlP(w)AGQP (’LU) e (17)

Indeed, on both sides of (17) we have trigonometric polynomials. Setting

—2miw P

z=c¢e , we see that 1 — z is a product of two polynomials in z. So there
exists a set Sy C {0,1,..., P—1} such that Ag,,(w) = Hjeso(e_%ij —e72miw)
which implies G (w) = Hjeso(e_Q”ij/P—e_Q’”w/P)a(w), where a(w) is a quasi-
trigonometric polynomial. Similarly, we have Ga(w) = Hjesl\s(,(e_%ij/lj -
e 2mw/Py3(w), where B(w) is a quasi-trigonometric polynomial. The claim
follows immediately. Hence, in order to complete the proof, it suffices to show
that there exists a positive integer P such that Ag,,(w)Ag,, (w) = 1—e~ 2™,
Write G1(w) = j-\f:lo ayje 2™ and Go(w) = ;VZZO agje”2m02i%  Then

there exists a positive integer, say, P such that each element in the set

{Pby;, Pboy, P(b1; — b1jr), P(bar, — bags) |0 < 4,7 < Ny, 0 < k, k' < Ny}
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is either integer or irrational. Write
R(w)(1 — e 2™ ") = G p(w)Gap(w). (18)
We claim that for each wq satisfying 1 — e=2™F%0 = 0, one has

AGlP (wO)AGzp (U)Q) =0.

Suppose that there is an element wy € {w|1 — e~ 2™* = 0} such that neither
Ag,,(wo) nor Ag,,(wp) is zero. Write wg in the form jo/P + Iy, where 0 <
jo < P, jo,Io € Z. Then Ag,,.(jo/P+1I) # 0 and Ag,,(jo/P + 1) # 0 for
every I € Z.

On the other hand, for each I € Z, one has G1p(jo/P +I)Gap(jo/P+ 1) =
0 (see (18)). It follows that there exists an infinite set Zg C Z, such that
G1p(jo/P + I) = 0 for each I € Zy (otherwise, one can replace G1p by Gap).

According to the choice of P, we have the following decomposition
Glp(w) _ Gl(P’LU) _ 6727‘—”11”@1(11)) + 672””2“’@2(10) N 672ﬂirlel(w)7

where 0 < ry < ... < r are all irrational numbers (except perhaps for r; = 0)
and Q;(w) are trigonometric polynomials. Moreover, by the choice of P all the
differences r; — r; are also irrational. Substituting jo/P + I with I € Z; into

G1p(w) we have

l l
GlP ]O/P—I—I _ Ze 2miry I —2mrk]0/PQk jO/P _ Ze 27rirkIVk =0, (19)
k=1 k=1

where Vj, = e=27"%30/PQ, (jo / P) are all independent of I. Suppose that I, ..., I;
are [ distinct elements of Zg. (As Zg is infinite, one can find in it { distinct ele-

ments.) Let M be the [ x [ generalized Vandermonde matrix
M = (e ) <p <

Note that all the r, where k& > 2, are irrational and all the differences r, — r;

are irrational, so the matrix M is non-singular. Taking I = I;,...,I; in (19),
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we obtain MV = 0, where V := (Vq,...,V))T. Tt follows that all V; =0 and
thus Qx(jo/P) = 0 for every k. Hence Ag,,(jo/P + I) = 0 for each I € Z,
which contradicts to Ag, . (wo)Ag,,(wo) # 0 and proves the claim.

Moreover, for each wy such that Ag,,(wo)Ag,p(we) = 0, one has 1 —
e~2mPwo — (. Indeed, if 1 — e =27 F%0 oL ( then 1 — e~ 2™ P(wotl) £ ( for
any I € Z. So, R(wg + I) = 0 for each I € Z. By a similar method, we can
show that R(w) = 0, which contradicts to the definition of R(w). Similarly, one
can show that the roots of Ag,, (w)Ag,,(w) = 0 are of multiplicity 1. Hence

we have Ag, . (w)Ag,,(w) =1 — e 2P The lemma follows. O

Proof of Proposition 2.5. Suppose B(z|(1,1/5/2)) = fi(x) * fa(x), where fi(x)
and fo(x) are splines. By the Fourier transform, we have
1 — e 2miw | _ o—27 5/2iw

Ji(w) f2(w) = 2miw 2miv/5/2w

By Corollary 2.2 of [3], J/”;(w) has the form of p,(w)/w, where p;(w) is a quasi-

(20)

trigonometric polynomial with p;(0) = 0 for j = 1,2. Then we have

pr(w)p2(w) = R(w)(1 — e7>™),

176727“/5/21*11;
—4ar2,/5/2

implies that there exists an integer P; such that either p; (w) (or pa(w)) is of the

where R(w) := Lemma 4.2 with Sy (or S \ Sp) containing 0
form of (1—e~2™"/P)q; (w), where ¢; (w) is a quasi-trigonometrical polynomial.
Without loss of generality we may assume that p;(w) = (1 — e 2™/ P)q (w).
Note that w = 0 is a root of pi(w) and ps(w) of multiplicity 1. Hence, by a
similar method as above applied to w’ = \/%w, we obtain that pa(w) is of the
form po(w) = (1 — 6_2”\/%“’/132)@(10), where P» is a positive integer and ¢
is a quasi-trigonometrical polynomial.

Set Z(f) := {w| f(w) =0,w € C} and Z'(f) := {w| f(+/10w) = 0,w € C}.
We claim Z(p1) \ Z'(p1) # 0, i.e., there exists wg € C such that p;(wg) = 0 but
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p1(v/10wg) # 0. To prove this, note that
Z(pr/q) = {L | I, € Z}
and
Z'(p1q2) = {I2/V10, IsPy/5+ k/5| I, Is € Z,1 < k < P, — 1}.

We can see that Z(p1/q1)\ Z'(p1g2) # 0. Since Z(p1/q1) C Z(p1) and Z'(p1) C
Z'(p1g2), we derive that Z(p1) \ Z'(p1) # 0, where (Z(p1/q1) \ Z'(p1g2)) C
(Z(p1) \ Z'(p1))-

Hence there exists a wo such that pj(wg) = 0 while p;(v/10wp) # 0. As a
result, we see that p; (v/10w)/p;(w) cannot be a mask polynomial. Thus, f; is
not y/10-refinable. The proposition follows. O

5 Proofs of Theorem 2.6 and Theorem 2.7

Proof of Theorem 2.6. Let us begin with part (B). Write A = (mq,...,my,),
where m; € R\ 0. We shall prove that, for each element of A, for instance, m;
there exists an element m € A and an integer p such that m = pmq /.

Consider the Fourier transform

n

B(wlA) =]

j=1

1— e—2‘n’zu}m_j

2miwm
Since B(z|A) satisfies the refinement equation, we have

B(Awl|A) = p(w)B(w|A), (21)
where p(w) is the mask polynomial. Note that

plw) = Aw|A) - H QQ()\mjw)

Bw|4)
B(w|A) (mjw)’

where Q(w) = 1 — e~ 2™, Put
Zj = A{w| Q(mjw) = 0,w # 0} and Z} := {w| Q(Am;jw) = 0,w # 0}.
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Since p(w) is an entire function, one has

n n
Uz clz. (22)
j=1 j=1

A simple calculation shows that
Zj = {Ij/mj| Ij S Z\O} and Z; = {kj/(m]/\)| kj € Z\O}

Let us consider Z;. Put Jy := {j|Z1 N Z} # 0}. By (22), we see that Z; C
Ujeh Z}. Select an entry in Ji, say, u. Since Z1NZ;, # (), there exist I € Z\ 0
and k, € Z\ 0 such that I, /my = k,/(m,A). Hence, we can find two coprime
integers Py, Q14 such that m, = Pi,m1/(Q1,A). Similarly, for any index

u € J1, we can find two coprime integers P, @1, such that

Note that for each fixed I; € Z \ 0 there exist u € Jy, k,, € Z\ 0 such that

i - ku o kquu
mi muA miPp,’
since Z1 C Ujeh Z]’u Hence, for any I; € Z\0, there exist u € J; and k,, € Z\0

such that k. /Iy = P1u/Q1u, 1€, ky = 11 P1y/Q14. So, there exists u € J; such
that Q1|1 for any I; € Z )\ 0.

We claim that one can find a u; € Jy such that Q1,, = 1. Indeed, suppose
Q1y # 1 foreachu € J;. Take I; = Hu€J1 |Q14]+ 1. But then I; is not divisible
by Q1. for each u € Ji, a contradiction.

Next, by (23), there exists an index u; such that

~ Pryymg
mul - f.

Setting m := m,, and p := Py, we complete the proof of (B).
Consider parts (A) and (C). Using (B), one obtains an infinite sequence

U1, Usg, ..., such that my, = Pyiup_Mu,_, /A, for some Py, ., , € Z, where
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k > 2. Since each index in this sequence is at most n, the sequence contains
two equal indices. Without loss of generality, we may suppose that u;4+1 = uq,

where [ is a positive integer. Then

1
My, = XPU1u2mU17
1
Myy = 7Pu2u3mu27
A
1
My, = XPu3u4mu37 (24)
1
My, = X‘Pululmul'
This yields A = Py, u, -+ Puu, € Z, proving part (A). Moreover, by using
(24), one can see that M., = My, P1/\, My = M, D2/A2, ... My, = Pro1my, /AT
where p1 = Py uy, P2 = P1Pususs -+ Di—1 = Pr—2Pu;u,_,. Hence pj|p;j1 for

j=1,2,...,1—2, and p;_1|\!. Thus the sub-vector (m,,,...,m,,) has the form
of (v,upA™Y, .. up_1 A7), where v := m,,, proving (C).

It remains to prove (D). Consider the Fourier transform of B(xz|A)
. n 1— 6727Timjw
Bwld) =] ———— (25)

2mim;w
j=1 J

Since B(z|A) is a A-refinable spline with integer translations, by Theorem

2.2 and Theorem 2.3, we can write E(w\A) in the form

N o k-1 Y 1— e—27rikjw N
B A) = ¢ 27mizow TN w i 2%
(wl) = 7w T g (26)

where zg = do(1 + X+ --- + A1) /(A¥ — 1), h is an integer and p(z) is a
polynomial.
Set
k—1 »
Gl(w) — Hp(e27ri)\Jw)(1 o 6727ri/\Jw)h

3=0
and

Gao(w) := H(l — e 2mimiwy

j=1
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Comparing (25) and (26), one gets Go(w) = €2™** G (w), where « is a constant.
Expanding Hf;é p(e2”i/\jw)(1 - e_Q”i’\jw)h, we see that each term has the form

2miw SR oA ) ; k : ;
e 3=0 with b; € Z. Since A¥ > 1 is an integer, by the theorem of

Capelli (see [20] or p. 92 in [24]), A is an algebraic integer of degree k. Thus the

difference between two distinct numbers in the form of Zf

;é b;j M is non-integer.
We conclude that Ag, (w) = p(e2™)(1 — e=27)h A simple observation also

shows that Ag, (w) =[] 1 — e 2™miw) - Since Ag, (w) = Ag,(w), there

ijZ(
are h integer entries in the vector A. Without loss of generality, suppose that

mi,...,Mp € Z. Note that
k1 . k=1 h o
GI(UI) = H AGI ()\]’IU) — H H(l _ 6—27mmr>\ w).
J=0 j=0r=1

Then Go(w) = e2miow H;:& Hﬁzl(l — e=2mim:Nw) Tt follows that a = 0, so
the vector A can be written as a union of (m,, A\m,,...,\F"Im,),r=1,... h,

proving part (D). O
Proof of Theorem 2.7. We begin with (A). Assume that
M = (mq,...,my) € R¥*"™

Tt is well-known that the Fourier transform of B(x|M) is

n

B(wM) =T]

Jj=1

1— 6727rinmj

2miwTm,;
Since B(xz|M) is A-refinable, the mask polynomial H is given by the formulae
H(w) = B(\w|M)/B(w|M).

Put W := {w|lw"m; # 0, for all j}. Select a wy € W and consider

n

J?(Z|TU0) .= B(zwo|M) = H

Jj=1

1— 6727rizwgmj
——, (27)
2mizwy m;

~

where z € R. Observe that f(z|wp) can be considered as the Fourier transform

of the univariate box spline B(z|(wimy,...,wlm,)), which is A-refinable for
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o~ o~

each fixed wy € W with the function f(Az|wp)/ f(z|we) = H(zwp) being a quasi-
trigonometric polynomial. Then, by Theorem 2.6, there exists a positive integer
I such that \' € Z, proving part (A).

Select an entry in the vector (wlmy, ..., wd m,), for instance, wd mo. Since
B(z|(wlmy, ..., wlm,)) is A-refinable, one can find an integer p,,, and an index
Jw, satisfying 2 < j,,, < n such that wgmjwo = pwowgmo/)\ for any wg € W
(see part (B) in Theorem 2.6). Each wq corresponds to an index j,,. For an
index j, set W(j) = {wo € Wljw, = j}. Then U?_,W(j) = W. Since the s
dimensional Lebesgue outer measure of W is infinite, there exists a subset of
W, say, Wy such that, for any wy € Wy, the index j,, is a constant and the s
dimensional Lebesgue outer measure of Wy is positive. We suppose the constant

index jy, is ;. Then
T
Wo Mo
Py O/\ = wgmul (28)

for any wy € Wy. We now consider all integers p,,,. For each ¢ € Z, set

Wo(q) == {wo|pw, = ¢, wo € Wo}.

Then

U Wola) = o

q€EZ

We claim that there exists a positive integer ¢; such that the s dimensional
Lebesgue outer measure of Wy (q1) is positive. Indeed, the s dimensional Lebesgue

outer measure of Wy is positive and the set Z is countable. Hence there exist

s linearly independent elements of Wy(g1). Let us denote them by wy, ..., ws.
We have
T
w3 Mo
q1 ]>\ = w}—'mup

for each 1 < j <'s, by (28). It follows that

wl'V =0, (29)
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for each 1 < j <'s where V := (¢1 5% —m,, ). Let A be the s x s matrix
A= (wjhigj<s

Then A is non-singular, because w; are linearly independent. The equality (29)
can be written as AV = 0. It follows that V = 0, because A is non-singular.
Hence m,, = ¢imo/A. Putting m := m,,,p := ¢1, we complete the proof of
(B).

Part (C) can be proved by the same method as in the proof of the part (C)
of Theorem 2.6. We omit the details.

It remains to prove (D). Set W' := W N Z*. By the definition of W, one
can see that W’ = Z° \ (Uj_; H;), where H; := {w € Z*|lwTm; = 0}. Then
B(z|(wlma, ..., wlm,)) is A-refinable with integer translations for every wg €

W’. By Theorem 2.6, the vector (wlmy,...,wlm,) can be written as
T T T T T T
(W Mgy s -+ WG Mgy W Mgy s -+ Wh Mgy - - -5 WG Mgy s+ -+ 3 Wh Mgy )-

Here, for each fixed r = 1,...,t, one has wim,, ., = Awlm,,,, where h =
1,...,k—1and t :=n/k is an integer. Hence, each wy € W’ corresponds to the
index vector P(wp) := (U11,. .., Utk, .., U, - .-, Uk), Which is a permutation
of (1,...,n).
Let us denote the set consisting of all permutations of (1,...,n) by P. For
each p € P put
W'(p) := {wo € W'|P(wo) = p}.

We claim that there exists a pg € P such that span(W’'(pg)) = R?, i.e., that
there are s linearly independent vectors in W/ (pg). For a contradiction, assume
that span(W’(pg)) is contained in a (s — 1)-hyperplane for every py € P. Note
that

UpepW'(p) = W' =27\ (Uj_, Hj).
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Then
Z° = (UperW'(p)) U (Uj_  Hj). (30)

Since #P is finite, the equation (30) shows that Z*® can be written as a finite
union of hyperplanes, yielding a contradiction.

Without loss of generality, we may suppose that span(W’(py)) = R® for
Do = (U11y. -y Ulky- .-, Utl,- - ., Usk). Then, one can select s linearly independent
vectors in W'(pg), say wi,...,ws, such that for each fixed 1 < r < t and
1 < j <s, one has ijmur,h+1 = /\ijmumh, where 1 < h < k — 1. Hence, for

fixed r and h, we obtain the following linear equations

T _ T
wj mur,h+1 - wj )‘munw

where j = 1,...,s. Solving these linear equations, we get my, ., = Ay, ,,

wherer=1,...;tand h=1,...,k — 1.

Hence the matrices (mq,,, ..., May,, ), 1 <r <t are of the form (mg, Amg, . . .,
Ne=Img) with mg := m,,,. Consequently, the matrix M can be written as a
union of ¢ matrices of the same form. O

Acknowledgements. We thank both referees whose remarks improved the
readability of the paper. The research of the first named author was supported
by the Lithuanian Foundation of Studies and Science. The second named author

was supported by the National Natural Science Foundation of China (10401021).

References

[1] P. Auscher, Wavelet bases for L?(R) with rational dilation factor, in:
Wavelets and Their Applications, edited by M. B. Ruskai et al. (Jones
and Bartlett, 1992), pp. 439-452.

[2] A. Cavaretta, W. Dahmen and C. A. Micchelli, Stationary subdivision,

Mem. Amer. Math. Soc., 93 (1991), 1-186.

29



[3]

X.-R. Dai, D.-J. Feng and Y. Wang, Classification of refinable splines, Con-

structive Approz., 24 (2006), 187-200.

X.-R. Dai, D.-J. Feng and Y. Wang, Refinable functions with non-integer
dilations, J. Func. Anal., 250 (2007), 1-20.

X.-R. Dai, D.-J. Feng and Y. Wang, Structure of refinable splines, Appl.

Comput. Harmonic Anal., 22 (2007), 374-381.

I. Daubechies and J. C. Lagarias, Two-scale difference equations 1. Exis-
tence and global regularity of solutions, STAM J. Math. Anal., 22 (1991),
1388-1410.

I. Daubechies, Ten lectures on wavelets, CBMS-NSF Regional Conference
Series in Applied Mathematics, 61, Society for Industrial and Applied
Mathematics (STAM), Philadelphia, PA, 1992.

B. de Mathan, Numbers contravening a condition in density modulo 1, Acta

Math. Acad. Sci. Hung., 36 (1980), 237-241.

C. de Boor, K. Hollig and S. Riemenschneider, Box Splines, Springer-
Verlag, New York, 1993.

R. DeVore and A. Ron, Developing a computation-friendly mathematical

foundation for spline functions, STAM News, May (2005) p.5.

A. Dubickas, On the fractional parts of lacunary sequences, Math. Scand.,

99 (2006), 136-146.

P. Erdos, On a family of symmetric Bernoulli convolutions, Amer. J. Math.,

61 (1939), 974-976.

P. Erdos, Problems and results on Diophantine approximations. II, Repar-
tition modulo 1, Actes Colloq. Marseille-Luminy 1974, Lecture Notes in
Math., 475 (1975), 89-99.

30



[14]

[15]

[16]

[17]

[21]

[22]

23]

D. J. Feng and Y. Wang, Bernoulli convolutions associate with certain

non-Pisot numbers, Adv. Math., 187 (2004), 173-194.

T. N. T. Goodman, Refinable spline functions, in: C.C. Chui, L.L. Schu-
maker (Eds.), Approximation Theory IX, Vanderbilt University Press,
Nashville. TN. 1998, pp. 1-25.

Y. Guan, S. Lu and Y. Tang, Characterization of compactly supported
refinable splines whose shifts form a Riesz basis, J. Appr. Th., 133 (2005),
245-250.

R. Q. Jia and C. A. Micchelli, Using the refinement equations for the con-
struction of pre-wavelets. II. Powers of two, Curves and Surfaces, 209-246,

Academic Press, Boston, MA, 1991.

R. Q. Jia and N. Sivakumar, On the linear independence of integer trans-
lates of box splines with rational direction, Linear Algebra and Appl., 135
(1990), 19-31.

A. Khintchine, Uber eine Klasse linearer diophantischer Approximationen,

Rend. Circ. Mat. Palermo, 50 (1926), 170-195.

S. Lang, Algebra, 3rd ed., Graduate texts in mathematics 211, Springer—
Verlag, New York, Berlin, 2002.

W. Lawton, S. L. Lee and Z. Shen, Characterization of compactly supported
refinable splines, Adv. Comp. Math., 3 (1995), 137-145.

Y. Peres and W. Schlag, Smoothness of projections, Bernoulli convolutions,

and the dimension of exceptions, Duke Math. J., 102 (2000), 193-251.

A. D. Pollington, On the density of the sequence {ny¢}, Illinois J. Math.,

23 (1979), 511-515.

31



[24] A. Schinzel, Polynomials with special regard to reducibility, Encyclopedia

of mathematics and its applications 77, CUP, Cambridge, 2000.

[25] B. Solomyak, On the random series > +A" (an Erdés problem), Ann.
Math., 142 (1995), 611-625.

[26] Q. Sun, Refinable functions with compact support, J. Appr. Th., 86 (1996),
240-252.

[27] D. X. Zhou, Some characterizations for box spline wavelets and linear Dio-

phantine equations, Rocky Mountain J. Math., 28 (1998), 1539-1560.

32



