
6?>B749d3 H E C[a, b] '-~Eis-�e�74F- f ∈ C[a, b] �b�x�~ p∗ ∈ H B, p∗E H '7 f -1b�p�b�X�v� H _!K��P n -8jC�e�`_ Pn �(1��~�1b�}��
b�Qv-5
;C��:K�b�}Hq0-hAaU�J_�7
F3-QK f ∈ C[a, b] S:K X �x�~!K��P n -8jC p∗ �B, p∗ E�:K X��g7 f -1b�p�℄�
‖p∗ − f‖X = min

p∈Pn

‖p − f‖X .(1�v��Y-:Kh)$1(kO�Y�b�� |�9)�Y-:K�
1. L∞ :K7Ob�v�:K X _ L∞ :K���b�D�;E*l7gaU�

inf
p∈Pn

max
a≤x≤b

|p(x) − f(x)|.b�h;JaU-l`_ p∗, ��
e(x) := p∗(x) − f(x),\

A := {x ∈ [a, b] : |f(x) − p∗(x)| = max
a≤x≤b

|e(x)|}.���g�- Kolmogorov 1b�p3�F�~E p∗ -~V�5; 1. 8jC p∗ ∈ Pn EQK f ∈ C[a, b] � Pn '-1b�p8jC��u("u�#� q ∈ Pn B,
(f(x) − p(x))q(x) > 0, ∀x ∈ A.g�- Chebyshev 3�F��H_wV-~V�5; 2. QK f � Pn '-1b�p8jCE#�(^~-�8jC p ∈ Pn E f -1b�p8jC�u("u f − p � [a, b] ;0K�<
 n + 2 -0�
x1 < x2 < · · · < xN (N ≥ n + 2)

1



2;��?i$->R,* maxa≤x≤b |f(x) − p(x)| - �3_ Chebyshev 3�-~E�	�b�}��� Chebyshev 8jC�+e [−1, 1] -~)1ls&�W� Chebyshev 8jC3�_
Tn(x) = cos(n arccos x).~Ef&-K�E Tn �/7g-/NJf

Tn+1(x) = 2xTn(x) − Tn−1(x), n = 1, 2, . . . ,( Tn/2n−1 _Gj_ xn -8jC�5; 3. d3 x ∈ [−1, 1] (� n_4���K���74�-Gj_ xn -8jC p ∈ Pn �b��
max

−1≤x≤1
Tn(x)/2n−1 ≤ max

−1≤x≤1
p(x).

2. L1 :K7Ob�v, X _ L1 :K���b�D�;E|�7gaU�
inf

p∈Pn

∫ b

a
|f(x) − p(x)|dx.

L1 1b�p�E�p�'-r1�6�'P-7$*F�/�pm �O,eH�p�TÆEyPD�-p%�3�"97 L1 1b�p��H8-n5A�b�d3 p∗ ∈ Pn E7 f -1b L1 �p�b�3�7g->RQK�
s∗(x) =











−1, f(x) < p∗(x)

0, f(x) = p∗(x) a ≤ x ≤ b.

1, f(x) > p∗(x),g�-3�~V� L1 1b�p8jC-T��5; 4. � f ∈ C[a, b] �� f ∈ Pn (B,[T
E := {x : f(x) = p∗(x), a ≤ x ≤ b}_�X�
�hE0X+e0���� p∗ E Pn '�:K L1 g7 f -1b�p�7OSnn7O�.C
∣

∣

∣

∣

∫ b

a
s∗(x)p(x)dx

∣

∣

∣

∣

≤
∫

E

|p(x)|dx7Q� p ∈ Pn y���



3U8)�g�[T E E~E�:[T��� ∫

E
|p(x)|dx = 0. ��� p∗ E7 f - L1 1b�p�7OSnn7O

∫ b

a
s∗(x)p(x) = 0, ∀p ∈ Pn.GvA3��b�U6�,*�&2QK f � P0 '-1b�p_ p∗(x) = f((a + b)/2).��a'�TÆEoR��'�3�}�nn�+QK f �~m�:0;, �� �3�t||��:)q- ℓ1 1b�p�b�� |�
. ℓ1 :K�℄7k
 f ∈ R

m, Sk

w = (w1, . . . , wm), wi > 0, ��

‖f‖w,1 :=

m
∑

i=1

wi|fi|.Q`�: ℓ1 1b�p�℄!7~is-�e H ⊂ R
m �x� p∗ ∈ H B,

‖p∗ − f‖w,1 = min
p∈H

‖p − f‖w,1.b�h)��: ℓ1 1b�p-T��7
 p∗ ∈ H �b�3�>Rk
�
s∗(t) =











−1, f(t) < p∗(t)

0, f(t) = p∗(t) t = 1, . . . ,m.

1, f(t) > p∗(t),5; 5. k
 p∗ ∈ H E f ∈ R
m - ℓ1 1b�p7OSnn7OgJ�.C7Q� p ∈ Hy���

∣

∣

∣

∣

∣

m
∑

t=1

w(t)s∗(t)p(t)

∣

∣

∣

∣

∣

≤
∑

t∈Z

w(t)|p(t)|, �
Z := {t : p∗(t) = f(t), 1 ≤ t ≤ m}.Ho~��b��5; 6. d3 dimH = n. d3k
 p∗ ∈ H E f ∈ R

m -^~ ℓ1 1b�p���
Z := {t : p∗(t) = f(t), 1 ≤ t ≤ m}.���

#Z ≥ n.b�g�f&m=�:1b ℓ1 �pÆyPD��e-J��d3oR f ∈ R
m E~eHoR�℄$<
�MU<�b�h f '<
�MK�`_ k �( k ≪ m. ���H '7 f - ℓ1



41b�pE H '- 0 �M-~E�=WgE�74�- T ⊂ {1, . . . ,m} ( #T ≤ n − k �b��
(1)

∑

t/∈T

w(t)|p(t)| ≤
∑

t∈T

w(t)|p(t)|,74�- p ∈ H y���Wg (1) }	�_ =:8�A ��a'�3�X�v� H _~is;�0-
l�e�℄#�~ (m − n) × m -u� A B,
H = {x ∈ R

m : Ax = 0}.���~E.1-aUE�u� A �/?�{-Wg���� H �/
�es&��_ �3��8� RIP Wg�b��u��/ k j RIP Wg�℄74�- T ⊂ {1, . . . ,m} ( #T ≤ k#��K δ B,�
(1 − δ)‖xT ‖2 ≤ ‖ΦT xT ‖2 ≤ (1 + δ)‖xT ‖2���J
 RIP WgÆ
�es&E(&yPD�'-~E2�zsÆ���;�-H8m=}�| [2, 1].

3. L2 :K> ρ E~E�+e [a, b] ; L }Z-<?QK�R#8"�~E�5_ 0 -[T;}�.
 0 �b�� ρ _~E.QK�7
4�~E3��+e [a, b] ;-}�QK f �7O ρ · fE L }Z-��L f I
 Lρ[a, b] ��7O ρ · f2 E L }Z-��L f I
 L2
ρ[a, b] ��

L2
ρ[a, b] '-�~EQK f �$:K3�_

‖f‖ρ,2 =

√

∫ b

a
ρ(x)f2(x)dx.���‖f−g‖ρ,2 F�	EQK f, g�e-x��Q` L2 1b�ptE74�-QK f ∈ C[a, b]x�~QK p ∈ Pn B,

‖f − p‖ρ,2%*1l�> ρ _3��+e [a, b] ;-.QK�7OQK f Æ g �/Wg�
∫ b

a
ρ(x)f(x)g(x)dx = 0



5�L f S g � [a, b] ;J
.QK ρ E�i-�7OQKfZ
ω1, ω2, . . .'-�~7QK�+e [a, b] ;J
.QK ρ y�i���AfZ_ [a, b] ;J
.QK ρ -�iQKf�b�{_E�-�< Legender 8jCf

pn(x) =
1

2nn!
(

d

dx
)n(x2 − 1)n, n = 0, 1, 2, 3, . . .E+e [−1, 1] ;-�i8jC�< Tchebyshev 8jCf

Tn(x) = cos(n arccos x), n = 0, 1, 2, . . .E+e [−1, 1] ;7.QK (1 − x2)−1/2 -�if�g�b�m=L� Fourier �z-aU�>%
Ak =

∫ b

a
ρ(x)ω2

k(x)dx.S
ck =

1

Ak

∫ b

a
ρ(x)ωk(x)f(x)dx, k = 1, 2, . . ."9�7g-L� Fourier ^K�

f(x) ∼
∞
∑

k=1

ckωk(x)5; 7. 7
4�F3-��K n �	is0TC
F (x) =

n
∑

k=1

akωk(x)2�-QK7 f or#;�p�_B"�
‖F − f‖ρ,2 = (

∫ b

a
ρ(x)(F (x) − f(x))2dx)1/2%*1l�QK F �u.
L� Fourier ^K-�=S Sn(x) :=

∑n
k=1

ckωk(x) �9"�1l .

(

∫ b

a
ρ(x)f2(x)dx −

n
∑

k=1

Akc
2
k

)1/2

.



6 +�* ‖Sn − f‖ ≥ 0 �� �}�
n
∑

k=1

Akc
2
k ≤

∫ b

a
ρ(x)f2(x)dx.� n → ∞ �

∞
∑

k=1

Akc
2
k ≤

∫ b

a
ρ(x)f2(x)dx,�tE Bessel �.C�Gv"�-1l 
%C}��;J Bessel �.C�B_ Parseval .C

∞
∑

k=1

Akc
2
k =

∫ b

a
ρ(x)f2(x)dx-�|WgE

lim
n→∞

‖Sn − f‖ρ,2 = 0.b�f|m=9)1�	-�i8jC�R�E Legender 8jCf {pn} �Laguerre 8jCf {Ln} S Hermite 8jCf {Hn} �R��Kwd�aU\K Z='y�*|���
1. Legender 8jCf�+e [−1, 1] ;7
.QK ρ = 1 I�-�if-8jC pn �_ Legendre 8jCf�$f&
%qC_

pn(x) =
1

2nn!
(

d

dx
)n(x2 − 1)n.

pn(x) �a;Eg� Legendre ℄=;�C
d2y

dx2
− 2x

1 − x2

dy

dx
+

n(n + 1)

1 − x2
y = 0��M0 x = 0 �p�/Wg y(1) = 1 -^~03-8jCl� pn(x) �7g-�QK

1√
1 − 2xz + z2

=
∞
∑

n=1

pn(x)zn, |z| < 1.

2. Laguerre 8jCf�&b�QS�-~'�4Ed3Y
+e [a, b] E�h-�$��.QK� L2
ρ �e�\�if.C!}\/}�[L*
h+e-)q�Q`- Laguerre 8jCf {Ln} �tE�+e (0,+∞) ;J
.QK e−x QI�-�if�R�}�
%_�

Ln(x) = ex

(

d

dx

)n

(xne−x).



7"|h;C�6-)KN��t�+ Ln E n !8jC
Ln(x) =

n
∑

k=0

(−1)n−k

(

n

k

)

n(n − 1) · · · (n − k + 1)xn−k.

3. Hermite 8jCfQ`- Hermite 8jC {Hn} tE�+e (−∞,∞) ;J
.QK e−x2 QI�-�if�R}�XP7g-
%C�3��
Hn(x) = ex2

(

d

dx

)n

(e−x2

).
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