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Abstract

In this paper, we study the convergence property of a well known discretized scheme for approximating G
curvature, derived from Gauss–Bonnet theorem, over triangulated surface. Suppose the triangulation is
from a sampling of a smooth parametric surface, we show theoretically that the approximation has quadr
vergence rate if the surface sampling satisfies the so-called parallelogram criterion. Numerical results whic
the theoretical analysis are also presented.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Gaussian curvature is one of the most essential geometric invariants for surfaces, and it h
extensively used in many fields such as image processing, surface processing, computer aided g
design and computer graphics. However, this invariant is well defined only for analytically repre
andC2 smooth surfaces. In practice, surface datum are often available as polygonal meshes, t
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surface triangulation. Therefore, there is a tremendous need for curvature estimation or approx
from discrete surface meshes.

In the past decades, many discretized approaches for Gaussian curvature have been prop
used. One class of these approaches is based on the local fitting techniques, such as parab
ting (see (Hamann, 1993; Krsek et al., 1997; Stokely and Wu, 1992)), quadratic fitting (see
and Walton, 2000; Xu, 2004b)) or higher order fitting (see (Cazals and Pouget, 2005)), circu
ting (see (Chen and Schmitt, 1992; Martin, 1998)) and implicit fitting by 3D a function (see (D
and Buxton, 2002)). In these approaches, a fitting function which approximates the surface d
cally is constructed, then the curvature is computed analytically from the fitting function. The
ond class of methods is based on a theorem for the Gauss map (see (Meek and Walton
Peng et al., 2003)). For a given neighborhood of a surface point, the theorem says that the G
curvature at the surface point can be approximated by the ratio of the area of the spherical im
the neighborhood and the area of the neighborhood itself. The third class of approaches is b
the Gauss–Bonnet theorem (see (Alboul and van Damme, 1995; Dyn et al., 2001; Kim et al.
Meek and Walton, 2000; Stokely and Wu, 1992)). Assuming the Gaussian curvature is approx
a constant in a surface region with a piecewise smooth curve boundary, a discrete approxim
the Gaussian curvature is obtained by the Gauss–Bonnet theorem (see the next section for
The derived scheme for triangulated surfaces is usually calledangle deficit schemeor Gauss–Bonne
scheme. Apart from these classes, there are some other approaches, e.g., Taubin’s approach
1995) based on the eigen-analysis, Watanabe and Belyaev’s approach (see (Watanabe and Belya
based on the integral formulas of the normal curvature and its square, Wollmann’s approach (se
mann, 2000)) based on Euler theorem (see (Do Carmo, 1976, p. 145)) and Meusnier theorem
Carmo, 1976, p. 142)). Using the theory of normal cycles, Cohen-Steiner and Morvan derive a
cient and reliable curvature estimation algorithm (see (Cohen-Steiner and Morvan, 2003)). Erro
of the estimated curvature is given in the case restricted Delaunay triangulations. In (2003), S
sky et al. compare five approaches of the discretization by numerical experiments. The conclus
draw is thatthe best algorithm for the estimation of total(Gaussian) curvature is the Gauss–Bonn
scheme.

In this paper, we analyze the convergence of the Gauss–Bonnet scheme, which has been s
best among the five approaches in (Surazhsky et al., 2003). The convergence of this discretized
has been considered by Meek and Walton (2000), the result they obtained is (see Lemmas 4.4 a
(Meek and Walton, 2000)):For non-uniform or uniform data, the angle deficit method approximates
curvature to accuracyO(1). The approximation accuracy O(1) means that the scheme does not conve
Hence, in Meek and Walton (2000) paper, the authors make a comment as follows:One surprising resul
is that the angle deficit method, which is a very popular method in the literature, is not necessari
accurate. However, we will prove in this paper that if the surface triangulation is obtained from sam
a parametric surface, then under certain conditions (parallelogram criterion), the approximation a
can be O(h2), meaning the approximation converges with a quadratic rate. This result justifies Sur
et al.’s conclusion drawn from the numerical experiments.

An elegant asymptotic estimation for the angular deficit has been given by Borrelli et al. (2003)
regular assumptions. Letp be a vertex of a triangular mesh with valencen and letpj s be the one ring
neighbors ofp. Borrelli et al. show that if the mesh around the vertexp is regular, then the angular defic
is asymptotically equivalent to a homogeneous polynomial of degree two in the principal curvatur
closed forms coefficients. Furthermore, ifn is six, then the Gauss–Bonnet scheme converges to the
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Gaussian curvature in the linear rate O(h). By regular mesh, they refer a mesh such that thepj s lie in
normal sections two consecutive of which form an angle of 2π/n, with the additional constraint tha
‖p − pj‖ is a constant. We will explain later that this result is a special case of ours. Also this re
weaker than ours in the sense that our convergence is in the quadratic rate O(h2).

The rest of the paper is organized as follows. In Section 2, we describe in detail the discretiza
Gaussian curvature from local Gauss–Bonnet theorem, following Surazhsky et al., we refer to t
cretization asGauss–Bonnet scheme. In Section 3, we show numerically the convergence/un-converg
property of the Gauss–Bonnet scheme, and then in Section 4, we give and prove a few theoretica
gence results. The relationship between our results and Borrelli et al.’s is also discussed in this
Section 5 concludes the paper.

2. Gaussian curvature and its discretization

Let F(ξ1, ξ2) ∈ R
3 be a regularC2 parametric surface, letp = F(ξ1, ξ2) be a surface point and

ti = ∂F (ξ1, ξ2)

∂ξi

, tij = ∂2F(ξ1, ξ2)

∂ξi∂ξj

, i, j = 1,2.

Then from differential geometry (see (Do Carmo, 1976)), the Gaussian curvature is given by

K(p) = LN − M2

g11g22 − g2
12

,

where
g11 = 〈t1, t1〉 = tT

1t1, g12 = 〈t1, t2〉 = tT
1t2, g22 = 〈t2, t2〉 = tT

2t2,

L = 〈n, t11〉 = nTt11, M = 〈n, t12〉 = nTt12, N = 〈n, t22〉 = nTt22,

andn = t1×t2
‖t1×t2‖ is the unit normal. In the proof of our convergence result, we will use another expre

from (Xu and Bajaj, 2003)

K(p) = tT
11Qt22 − tT

12Qt12

det(G)
, (2.1)

where

Q = I − [t1, t2]G−1[t1, t2]T ∈ R
3×3, G =

[
g11 g12

g21 g22

]
.

Let D be a region of surfaceF, whose boundary consists of piecewise smooth curvesΓjs. Then the loca
Gauss–Bonnet theorem (see (Do Carmo, 1976, p. 268)) is as follows∫ ∫

D

K(p)dA +
∑∫

Γj

kg(Γj )ds +
∑

αj = 2π,

wherekg(Γj ) is the geodesic curvature of the boundary curveΓj , αj is the exterior angle at thej th corner
point pj of the boundary (see the left figure of Fig. 1). Hence if all theΓjs are the geodesic curves, t
above formula reduces to∫ ∫

K(p)dA = 2π −
∑

αj . (2.2)
D
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Fig. 1. Left: A regionD on surfaceF with boundary curvesΓj and exterior angleαj at cornerpj . Right: The definition of the
areaAM(p).

Now we consider the discretization ofK(p). Let M be a triangulation of surfaceF. For vertexp of
valencen, denote by{pj }nj=1 the set of the one-ring neighbor vertices ofp. We assume in the followin
that thesep1, . . . ,pn are arranged such that the triangles[ppj pj−1] and[ppj pj+1] are inM , andpj−1,
pj+1 opposite to the edge[ppj ]. For j = 1, . . . , n, we usej+ andj− to denotej + 1 andj − 1, respec-
tively, for simplifying the notation. Furthermore, we use the following conventions throughout the p
pn+1 = p1 andp0 = pn.

AssumingK(p) is a constant in the neighborhood ofp, and using Eq. (2.2) on the shaded region
Fig. 1 (right), we obtain

K(1)(p) = 3(2π − ∑
θj )

A(p)
, (2.3)

K(2)(p) = 2π − ∑
θj

AM(p)
, (2.4)

whereA(p) is the sum of areas of triangles[ppj pj+], AM(p) is the area of the region as shown in t
right figure of Fig. 1,θj is the angle� pj ppj+ . Formula (2.4) has been given by Meyer et al. (2002) ba
on the Voronoi diagram. SinceA(p) could be approximated by 3AM(p) under some conditions (see t
condition of Theorem 4.1), (2.3) is easily derived from (2.4).

3. Numerical experiments

The aim of this section is to exhibit the numerical behaviors of the Gauss–Bonnet scheme
by (2.3)–(2.4), and determine when it converges numerically to the exact value. To show the nu
convergence, we take several two variable functionsfβ(x, y), from (Franke, 1982), overxy-plane as
surfaces inR3 so that the exact Gaussian curvatures can be easily computed. Both the exact and
mated Gaussian curvatures are computed at some selected domain points(xi, yj ) ∈ [0,1] × [0,1]. These
points are chosen as(xi, yj ) = ( i

20,
j

20) for i = 1, . . . ,19, j = 1, . . . ,19. The surfaces are triangulat
around(xi, yj ) by triangulating the domain first, and then mapping the planar triangulation onto th
faces by the selected bivariate functions. The domain around(xi, yj ) is triangulated locally by choosin
n regularly distributed points:

q = (x , y ) + r(cosθ , sinθ ), θ = 2(k − 1)π/n, k = 1, . . . , n. (3.1)
k i j k k k
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The convergence property and the convergence rate are checked by takingr = 1/8,1/16, 1/32, . . . . The
vertex valencen are taken to be 3,4, . . . ,9. The functions we use are the following

f1(x, y) = 0.75exp
{−[

(9x − 2)2 + (9y − 2)2
]
/4

}
+ 0.75exp

{−[
(9x + 1)2/49+ (9y + 1)/10

]}
+ 0.5exp

{−[
(9x − 7)2 + (9y − 3)2

]
/4

}
− 0.2exp

{−[
(9x − 4)2 + (9y − 7)2

]}
,

f2(x, y) = [
tanh(9y − 9x) + 1

]
/9,

f3(x, y) = 1.25+ cos(5.4y)

6+ 6(3x − 1)2
,

f4(x, y) = exp
{−(81/16)

[
(x − 0.5)2 + (y − 0.5)2

]}
/3,

f5(x, y) =
√

(8/9)2 − (x − 0.5)2 − (y − 0.5)2 − 0.5.

Here we regard the graphs of the functionsfβ(x, y) as parametric surfaces

Fβ(x, y) = [
x, y,fβ(x, y)

]T ∈ R
3, β = 1, . . . ,5.

The numerical experiments show that asr → 0, the maximal errors of the approximated Gaussian cu
ture computed byK(α) over the above mentioned local triangulations and the exact Gaussian cur
computed from the continuous surfaces defined byfβ tend asymptotically to the formeα(fβ, n) := C

(k)
αβ rk

for a constantC(k)
αβ and an integerk. Tables 1 and 2 show the asymptotic maximal errore1(fβ, n) and

e2(fβ, n), respectively.

Table 1
The asymptotic maximal errorse1(fβ,n), β = 1, . . . ,5

n e1(f1, n) e1(f2, n) e1(f3, n) e1(f4, n) e1(f5, n)

3 1.7451e+03 5.4848e+01 5.4591e+01 2.1477e+01 3.5665e+00
4 4.3638e+02 2.7425e+01 1.3088e+01 5.3697e+00 1.1504e+00
5 1.2730e+02 4.0015e+00 3.9825e+00 1.5667e+00 2.6017e−01
6 3.0326e+05∗ r2 3.2709e+02∗ r2 4.6461e+02∗ r2 9.3499e+01∗ r2 1.7389e+00∗ r2

7 6.6370e+01 2.0857e+00 2.0763e+00 8.1683e−01 1.3564e−01
8 1.0586e+02 3.3271e+00 3.3116e+00 1.3028e+00 2.1634e−01
9 1.3144e+02 4.1309e+00 4.1120e+00 1.6177e+00 2.6863e−01

Table 2
The asymptotic maximal errorse2(fβ,n), β = 1, . . . ,5

n e1(f1, n) e1(f2, n) e1(f3, n) e1(f4, n) e1(f5, n)

3 8.7292e+02 3.6566e+01 2.7675e+01 1.0739e+01 1.9558e+00
4 4.6945e+01 1.9725e+01 1.3138e+00 9.5933e−01 6.4778e−01
5 2.5406e+01 3.4720e+00 1.4877e+00 1.8575e−01 6.0622e−02
6 2.3771e+05∗ r2 3.7523e+02∗ r2 4.0240e+02∗ r2 8.3667e+01∗ r2 5.8738e−01∗ r2

7 1.6453e+01 2.2659e+00 9.6194e−01 1.2050e−01 4.9649e−03
8 2.7606e+01 3.8101e+00 1.6133e+00 2.0227e−01 2.1116e−02
9 3.5472e+01 4.9030e+00 2.0724e+00 2.5999e−01 4.1987e−02
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Fig. 2. Maximal errors ofK(1)(p) for functionsf1, . . . , f5 and forn = 6. The quadratic convergence rate is clearly observ

From these numerical results, we can draw the following conclusions for the regularly distr
domain vertices.

1. If the valencen is 6, the approximate curvature converges in the rate O(r2). Fig. 2 plots the maxima
errors ofK(1)(p) for functionsf1, . . . , f5. If n �= 6, the approximation accuracy is O(1). The latter
conclusion is consistent with Meek and Walton’s results (see (Meek and Walton, 2000)).

2. For a fixedβ, the erroreα(fβ, n) decreases fromn = 3 to 6, and then increases fromn = 6 to 9. That
is, the results forn = 6 are the best. This is consistent with Surazhsky et al.’s results (see (Sura
et al., 2003)).

3. e2(fβ, n) < e1(fβ, n) holds for most of the cases. The exceptional 4 cases, among the 35 cas
β = 2, n = 6,7,8,9. Hence,K(2)(p) is better thanK(1)(p) in general.

Remark 3.1. Though the example surfaces used in this section are graphs of bivariate function
attention in this paper is focused on the general parametric surfaces (see Section 4) which conta
tional surfaces as special cases.

4. Convergence of discrete Gaussian curvature

In the previous section, we have shown numerically that the discrete Gaussian curvatures de
(2.3) and (2.4) converge in some special cases. In this section, we give a sufficient condition
convergence.

Theorem 4.1. Let p be a vertex ofM with valence six, and letpj , j = 1, . . . ,6, be its neighbor vertices
Supposep and pj (j = 1, . . . ,6) are on a sufficiently smooth parametric surfaceF(ξ1, ξ2) ∈ R

3, and
there existq, qj ∈ R

2 such that(see Fig.3)

p = F(q), p = F(q ) and q = q + q − q, j = 1, . . . ,6. (4.1)
j j j j− j+
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Fig. 3. The triangulations of the domain.

Then

3

A(p, r)

[
2π −

6∑
j=1

θj (r)

]
= K(p) + O(r2), asr → 0, (4.2)

whereA(p, r) is the sum of the areas of triangles[ppj (r)pj+(r)] and

pj (r) = F
(
qj (r)

)
, qj (r) = q + r(qj − q), j = 1, . . . ,6. (4.3)

Condition (4.1) implies that each of the quadrilaterals[qqj−qj qj+], j = 1, . . . ,6, is a parallelogram
(see Fig. 3). Hence, we refer this condition asparallelogram criterion.

Proof of Theorem 4.1. The proof of the theorem is rather complicated. Some derivation is carrie
by virtue of Maple. First note that, since

sin
(
2π −

∑
θj

)
= −sin

∑
θj and sinx = x + O(x3), x → 0,

we only need to prove the following

−3sin
∑

θj (r)

A(p, r)
= K(p) + O(r2). (4.4)

Let

−3sin
∑

θj (r) = n0 + n1r + n2r
2 + n3r

3 + O(r4), (4.5)

A(p, r) = a0r
2 + a1r

3 + O(r4), (4.6)

be the Taylor expansions inr of the numerator and denominator of the left-handed side of (4.4), re
tively. We will prove

n0 = 0, n1 = 0, n3 = 0, a1 = 0, (4.7)

and

n2/a0 = K(p). (4.8)

These relations imply (4.4).
Without loss of generality, we may assumeq = [0,0]T,q1 = [1,0]T. Then there exists a constanta > 0

and an angleθ such that

q = [a cosθ, a sinθ ]T.
2
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eed to

pressed
Hence,q3 = [a cosθ − 1, a sinθ ]T, qj+3 = −qj , j = 1,2,3. Let

qj = sj dj = sj [gj , lj ]T, j = 1, . . . ,6,

wheresj = ‖qj‖, ‖dj‖ = 1. Then

s1 = 1, s2 = a, s3 = √
a2 − 2ac + 1, s4 = s1, s5 = s2, s6 = s3,

g1 = 1, g2 = c, g3 = (ac − 1)/s3, g4 = −g1, g5 = −g2, g6 = −g3,

l1 = 0, l2 = t, l3 = at/s3, l4 = −l1, l5 = −l2, l6 = −l3,

where(c, t) := (cosθ,sinθ). Let Fk
dj

denote thekth order directional derivative ofF in the directiondj .
Then using Taylor expansion inr , we have

pj (r) − p = sj rFdj
+ 1

2
s2
j r

2F2
dj

+ 1

6
s3
j r

3F3
dj

+ 1

24
s4
j r

4F4
dj

+ O(r5), (4.9)

∥∥pj (r) − p
∥∥2 = s2

j r
2〈Fdj

,Fdj
〉 + s3

j r
3
〈
Fdj

,F2
dj

〉 + 1

4
s4
j r

4
〈
F2

dj
,F2

dj

〉 + 1

3
s4
j r

4
〈
Fdj

,F3
dj

〉
+ 1

6
s5
j r

5
〈
F2

dj
,F3

dj

〉 + 1

12
s5
j r

5
〈
Fdj

,F4
dj

〉 + O(r6), (4.10)

〈
pj (r) − p,pj+(r) − p

〉 = sj sj+r2〈Fdj
,Fdj+ 〉 + 1

2
sj s

2
j+r3

〈
Fdj

,F2
dj+

〉 + 1

2
s2
j sj+r3

〈
Fdj+ ,F2

dj

〉
+ 1

4
s2
j s

2
j+r4

〈
F2

dj
,F2

dj+

〉 + 1

6
sj s

3
j+r4

〈
Fdj

,F3
dj+

〉 + 1

6
s3
j sj+r4

〈
Fdj+ ,F3

dj

〉
+ 1

12
s2
j s

3
j+r5

〈
F2

dj
,F3

dj+

〉 + 1

12
s2
j+s3

j r
5
〈
F2

dj+ ,F3
dj

〉
+ 1

24
sj s

4
j+r5

〈
Fdj

,F4
dj+

〉 + 1

24
sj+s4

j r
5
〈
Fdj+ ,F4

dj

〉 + O(r6). (4.11)

We will explain later that why the order of the expansions above is required up to 5. Now we n
compute all the inner products in (4.10) and (4.11). Let

tijk = ∂3F

∂ξi∂ξj ∂ξk

, tijkl = ∂4F

∂ξi∂ξj ∂ξk∂ξl

, i, j, k, l = 1,2.

Then we have

Fdj
= gj t1 + lj t2, (4.12)

F2
dj

= g2
j t11 + 2gj lj t12 + l2

j t22, (4.13)

F3
dj

= g3
j t111+ 3g2

j lj t112+ 3gj l
2
j t122+ l3

j t222, (4.14)

F4
dj

= g4
j t1111+ 4g3

j lj t1112+ 6g2
j l

2
j t1122+ 4gj l

3
j t1222+ l4

j t2222. (4.15)

Let

gijk = tT
i tjk, gijkl = tT

ij tkl, eijkl = tT
i tjkl, eijklm = tT

i tjklm, fijklm = tT
ij tklm.

Then from (4.12)–(4.15), it is easy to see that all the inner products in (4.10) and (4.11) can be ex
as linear combinations ofg , g , g , e , e andf . For example,
ij ijk ijkl ijkl ijklm ijklm
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f

d as

onduct
〈Fdj
,Fdj

〉 = g2
j g11 + 2gj ljg12 + l2

j g22;
〈F2

dj
,F2

dj
〉 = g4

j g1111+ 4g2
j l

2
j g1212+ l4

j g2222+ 4g3
j lj g1112+ 2g2

j l
2
j g1122+ 4gj l

3
j g1222.

All the required inner products are given in Appendix A.
Repeatedly using the formulas sin(α + β) = sinα cosβ + cosα sinβ and cos(α + β) = cosα cosβ −

sinα sinβ, we can derive that

sin
6∑

j=1

θj (r) =
6∑

j=1

sinθj (r)
∏
k �=j

cosθk(r) +
6∑

j=1

cosθj (r)
∏
k �=j

sinθk(r)

−
∑

1�j1<j2<j3�6

∏
k∈{j1,j2,j3}

cosθk(r)
∏

k /∈{j1,j2,j3}
sinθk(r), (4.16)

where

cosθj (r) = 〈pj (r) − p,pj+(r) − p〉
‖pj (r) − p‖‖pj+(r) − p‖ , (4.17)

sinθj (r) =
√‖pj (r) − p‖2‖pj+(r) − p‖2 − 〈pj (r) − p,pj+(r) − p〉2

‖pj (r) − p‖‖pj+(r) − p‖ . (4.18)

Hence all the terms in the right-handed side of (4.16) have the same denominator
∏6

j=1 ‖pj (r) − p‖2.
Note that this denominator has a factorr12, since each‖pj (r) − p‖2 has a factorr2. Similarly, the
numerator of each term of the right-handed side of (4.16) also has a factorr12. After the cancellation o
this factor, we can see that if we want to expand (4.16) up to order 3, we need to expand‖pj (r) − p‖2

and〈pj (r) − p,pj+(r) − p〉 up to order 5. Substituting (4.10) and (4.11) into (4.17) and (4.18), an
well as the following area expression:

A(p, r) = 1

2

6∑
j=1

√∥∥pj (r) − p
∥∥2∥∥pj+(r) − p

∥∥2 − 〈
pj (r) − p,pj+(r) − p

〉2
,

and then substituting (4.17) and (4.18) into (4.16), and using Maple (we use Maple version 7) to c
all the symbolic calculation, we arrive at (4.7) and

a0 = 3
√

a2t2(−g2
12 + g22g11), (4.19)

n2 = −3
√

a2t2(−g2
12 + g22g11)(−g22g

2
112− g11g

2
212− g1212g

2
12 + g1212g22g11

+ g1122g
2
12 − g1122g22g11 + g22g122g111− g12g122g211+ 2g12g212g112− g12g222g111

+ g11g211g222)/(−g2
12 + g22g11)

2.

Therefore,
n2

a0
= −(g1212g22g11 − g1212g

2
12 − g1122g22g11 + g1122g

2
12 − g22g

2
112− g11g

2
212+ g11g222g211

+ 2g12g112g212− g12g111g222− g12g211g122+ g22g122g111)/(g22g11 − g2
12)

2

= [
(g1122−g1212)det(G) + g11(g

2
212− g211g222) + g22(g

2
112− g111g122)

+ g (g g + g g − 2g g )
]
/det(G)2.
12 111 222 211 122 112 212
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It follows from (2.1) thatn2/a0 is justK(p). This completes the proof of the theorem.�
Remark 4.1. The calculation of the right-handed side of (4.16) involves a huge number of t
Without the help of Maple, it is almost impossible to finish the derivation by hand. Maple com
all the computation in 1574 seconds on a PC equipped with a 3.0 GHz Intel(R) CPU. The
cost is the computation ofn3 which is the coefficient ofr3 in (4.5). If n3 is not computed, the tota
time cost is 65 seconds. The Maple code that conducts all derivation of the theorem is avail
http://lsec.cc.ac.cn/~xuguo/xuguo3.html. The interested readers are encouraged to perform the c
tion.

Multiplying both sides of (4.2) byA(p, r)/3 and noticing (4.6) and (4.19), we obtain the followi
corollary.

Corollary 4.1. Under the conditions of Theorem4.1, we have

2π −
6∑

j=1

θj (r) = ‖q1 − q‖‖q2 − q‖sinθ
√

det(G)r2K(p) + O(r4), asr → 0, (4.20)

whereθ = � q1qq2 is the angle between the vectorsq2 − q andq1 − q.

Note that‖q1 − q‖‖q2 − q‖sinθ is the area of the parallelogram[qq1q2q3]. If we take‖q2 − q‖ =
‖q1 − q‖, θ = π/3 and if the parametric surfaceF(ξ1, ξ2) satisfy det(G) = 1, then

2π −
6∑

j=1

θj (r) = √
3/2‖q1 − q‖2r2K(p) + O(r4), asr → 0. (4.21)

This result is formally the same as Borrelli et al.’s if we denote‖q1 − q‖r by η (see (Borrelli et al., 2003
Eq. (15))), except for the remainder which is O(r4) instead of o(r2).

The parallelogram criterion is a rather restrictive condition. In practice, this condition may be sa
approximately. Hence, one may ask how large a perturbation ofqj (r) is allowed such that the conve
gence conclusion still holds for the perturbed data. From the proof of Theorem 4.1, we easily ob
following corollary.

Corollary 4.2. Under the conditions of Theorem4.1, if qj (r) is perturbed as

qj (r) = q + r(qj − q) + εj (r), εj (r) ∈ R
3,

such that∥∥εj (r)
∥∥ � Cjr

α, α � 3, Cj is a constant, (4.22)

then for the perturbed data we have

3

A(p, r)

[
2π −

6∑
j=1

θj (r)

]
= K(p) + O(rmin{α−3,2}), asr → 0.

http://lsec.cc.ac.cn/~xuguo/xuguo3.html
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Hence, to have a convergence result,α must be great than three. However, if the perturbationεj (r) is
in the radial directionqj − q, then condition (4.22) could be weakened. That is, we have the follo
corollary.

Corollary 4.3. Under the conditions of Theorem4.1, if qj (r) is perturbed as

qj (r) = q + (
r + εj (r)

)
(qj − qi), εj (r) ∈ R,

such that∣∣εj (r)
∣∣ � Cjr

α, α � 2, Cj is a constant, (4.23)

then for the perturbed data we have

3

A(p, r)

[
2π −

6∑
j=1

θj (r)

]
= K(p) + O(rmin{α−2,2}), asr → 0.

This corollary can be proved in the same way as Theorem 4.1 by replacingr with r + Cjr
α in (4.9).

We omit the details.

Lemma 4.1 (see (Xu, 2004a)). Under the conditions of Theorem4.1, we have

A(p, r)

AM(p, r)
= 3+ O(r2), asr → 0,

whereAM(p, r) is defined as in(2.4) from verticespj (r).

Therefore, we have the following

Theorem 4.2. Under the conditions of Theorem4.1, we have

1

AM(p, r)

[
2π −

6∑
j=1

θj (r)

]
= K(p) + O(r2), asr → 0.

Remark 4.2. Notice that the convergence results are obtained under a particular condition. This p
larity is not only in the position the vertices locate, but also in the valence the vertices have. Howev
particular case is very useful and important, because triangulated surfaces can be generated by
three-directional partition of the domain. This kind of domain triangulation satisfies the conditio
Theorem 4.1.

Remark 4.3. It is interesting to note that the convergence condition of Gauss–Bonnet scheme
actly the same as the convergence condition of a discrete Laplace–Beltrami operator (see (Xu,
proposed by Meyer et al. (2002).

Discussion. Now let us explain the relationship between the results in this paper and the res
Borrelli et al.’s (2003) paper for the casen = 6. As mentioned in the introduction part, Borrelli et a
convergence result holds under a regularity condition. LetS be a smooth surface,p be a surface point
andp s be the one ring neighbor points ofp. The regularity condition is thatp s lie in normal sections
j j
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two consecutive of which form an angle ofπ/3, with the additional constraint that‖p − pj‖ = η is a
constant.

Take a Cartesian coordinate system(ξ1, ξ2) in the tangent plane atp with p the origin—for example
take the principal directions atp to be the coordinate axes. Then surfaceS can be regarded as a graph
a bivariate functionf (ξ1, ξ2) in the neighborhood ofp. Let q = [0,0]T andq′

j ∈ R
2 such that

pj = p + [
qT

j , f (qj )
]T

, j = 1, . . . ,6.

Then, by the factsf (q) = 0 and∇f (q) = 0, it is easy to derive that

‖q′
j − q‖ = ‖pj − p‖ + O(η3).

Let ρ = 1
6

∑6
j=1 ‖q′

j − q‖,

qj = q + ρ(q′
j − q)/‖q′

j − q‖, j = 1, . . . ,6.

Thenqj s are regularly distributed points on the tangent plane (‖qj − q‖ = ρ, � qj qqj+ = π/3) and

‖qj − q′
j‖ = O(η3).

Therefore,q′
j could be regarded as the result of a third order (α = 3 in (4.23)) perturbation ofqj in the

radial direction. Now applying Corollary 4.3 for the sampling pointsq′
j s on the tangent plane, we arriv

at Borrelli et al.’s result:

3

A(p, η)

[
2π −

6∑
j=1

θj (η)

]
= K(p) + O(η), asη → 0.

Hence, Borrelli et al.’s result forn = 6 can be derived from our results. The discussion above als
plains why the convergence rate of the Gauss–Bonnet scheme for Borrelli et al.’s sampling is line
regular sampling on surface is in fact a third order perturbation of the “perfect” sampling (sati
parallelogram criterion) on the parameter domain. This perturbation degrades the convergence r
quadratic to linear.

Now we illustrate that the parallelogram criterion is more general than the regularity condition.
the Taylor expansion

F(qj ) = F(q) + ∇F(q)T(qj − q) + O
(‖(qj − q)‖2

)
,

and condition (4.1) we know that surface pointspj (r) = F(qj (r)) satisfy the same relation asqj (r)

within the error O(r2):

pj (r) = pj−(r) + pj+(r) − p + O(r2). (4.24)

In another word, the first order approximationsp + r∇F(q)T(qj − q) of the surface pointspj (r) sat-
isfy the parallelogram criterion on the tangent plane of the surface atq. Hence the corresponding tange
plane partition is not necessarily uniform and the length‖p−pj (r)‖ are not necessarily constant. Furth
more, we notice that a set of points{qj }6

j=1 ⊂ R
2 aroundq satisfying parallelogram criterion is unique

determined by four parameters: the offset angleα which is defined as the angle betweenq1 − q and the
first coordinate axis, the lengths ofq1 − q andq2 − q, and the angleθ = � q1qq2 (see (4.20)). But a set o
points{q′

j }6
j=1 ⊂ R

2 aroundq satisfying regularity condition is uniquely determined by two parame
the offset angleα and the length ofq1 − q (see (4.21)). Hence,{qj }6

j=1 has two more degrees of fre
dom than{q′

j }6
j=1. Therefore, the parallelogram criterion is more general than Borrelli et al.’s regu

condition.
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5. Conclusions

For a surface triangulation obtained from sampling a smooth parametric surface, the approx
accuracy of the Gauss–Bonnet scheme depends very much on how the surface is triangulate
domain triangulation is close to a uniform three-directional partition, accurate approximation c
achieved. Otherwise, the approximation error could be very large. We also show that Borrelli
convergence result for valencen = 6 could be derived from our convergence theorems.

Appendix A. Inner products of directional derivatives

The following are all the inner products in (4.10) and (4.11).

〈Fdj
,Fdj

〉 = g2
j g11 + 2gj ljg12 + l2

j g22;〈
F2

dj
,F2

dj

〉 = g4
j g1111+ 4g2

j l
2
j g1212+ l4

j g2222+ 4g3
j lj g1112+ 2g2

j l
2
j g1122+ 4gj l

3
j g1222;〈

Fdj
,F2

dj

〉 = g3
j g111+ 2g2

j lj g112+ gj l
2
j g122+ g2

j lj g211+ 2gj l
2
j g212+ l3

j g222;〈
Fdj

,Fdj+
〉 = gjgj+g11 + gj lj+g12 + gj+ lj g12 + lj lj+g22;〈

Fdj
,F2

dj+

〉 = gjg
2
j+g111+ 2gjgj+ lj+g112+ gj l

2
j+g122+ g2

j+ lj g211+ 2gj+ lj lj+g212+ lj l
2
j+g222;〈

Fdj+ ,F2
dj

〉 = gj+g2
j g111+ 2gj+gj ljg112+ gj+ l2

j g122+ g2
j lj+g211+ 2gj lj+ lj g212+ lj+ l2

j g222;〈
F2

dj
,F2

dj+

〉 = g2
j g

2
j+g1111+ 4gjgj+ lj lj+g1212+ l2

j l
2
j+g2222+ 2g2

j gj+ lj+g1112

+ 2g2
j+gj ljg1112+ g2

j l
2
j+g1122+ g2

j+ l2
j g1122+ 2gj lj l

2
j+g1222+ 2gj+ lj+ l2

j g1222;〈
Fdj

,F3
dj

〉 = g4
j e1111+ 3g3

j lj e1112+ 3g2
j l

2
j e1122+ gj l

3
j e1222+ g3

j lj e2111+ 3g2
j l

2
j e2112

+ 3gj l
3
j e2122+ l4

j e2222;〈
Fdj

,F4
dj

〉 = g5
j e11111+ 4g4

j lj e11112+ 6g3
j l

2
j e11122+ 4g2

j l
3
j e11222+ gj l

4
j e12222+ g4

j lj e21111

+ 4g3
j l

2
j e21112+ 6g2

j l
3
j e21122+ 4gj l

4
j e21222+ l5

j e22222;〈
F2

dj
,F3

dj

〉 = g5
j f11111+ 3g4

j ljf11112+ 3g3
j l

2
j f11122+ g2

j l
3
j f11222+ 2g4

j ljf12111+ 6g3
j l

2
j f12112

+ 6g2
j l

3
j f12122+ 2gj l

4
j f12222+ g3

j l
2
j f22111+ 3g2

j l
3
j f22112+ 3gj l

4
j f22122+ l5

j f22222;〈
Fdj

,F3
dj+

〉 = gjg
3
j+e1111+ 3gjg

2
j+ lj+e1112+ 3gjgj+ l2

j+e1122+ gj l
3
j+e1222+ g3

j+ lj e2111

+ 3g2
j+ lj lj+e2112+ 3gj+ lj l

2
j+e2122+ l3

j+ lj e2222;〈
Fdj+ ,F3

dj

〉 = gj+g3
j e1111+ 3gj+g2

j lj e1112+ 3gj+gj l
2
j e1122+ gj+ l3

j e1222+ g3
j lj+e2111

+ 3g2
j lj+ lj e2112+ 3gj lj+ l2

j e2122+ l3
j lj+e2222;〈

Fdj
,F4

dj+

〉 = gjg
4
j+e11111+ 4gjg

3
j+ lj+e11112+ 6gjg

2
j+ l2

j+e11122+ 4gjgj+ l3
j+e11222

+ gj l
4
j+e12222+ g4

j+ lj e21111+ 4g3
j+ lj lj+e21112+ 6g2

j+ l2
j+ lj e21122

+ 4gj+ l3
j+ lj e21222+ l4

j+ lj e22222;〈
F ,F4

〉 = g g4e + 4g g3l e + 6g g2l2e + 4g g l3e + g l4e
dj+ dj j+ j 11111 j+ j j 11112 j+ j j 11122 j j+ j 11222 j+ j 12222
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+ g4
j lj+e21111+ 4g3

j lj lj+e21112+ 6g2
j l

2
j lj+e21122+ 4gj l

3
j lj+e21222+ l4

j lj+e22222;〈
F2

dj
,F3

dj+

〉 = g2
j g

3
j+f11111+ 3g2

j g
2
j+ lj+f11112+ 3g2

j gj+ l2
j+f11122+ g2

j l
3
j+f11222

+ 2gjg
3
j+ lj f12111+ 6gjg

2
j+ lj lj+f12112+ 6gjgj+ lj l

2
j+f12122+ 2gj lj l

3
j+f12222

+ g3
j+ l2

j f22111+ 3g2
j+ l2

j lj+f22112+ 3gj+ l2
j l

2
j+f22122+ l2

j l
3
j+f22222;〈

F2
dj+ ,F3

dj

〉 = g2
j+g3

j f11111+ 3g2
j+g2

j ljf11112+ 3g2
j+gj l

2
j f11122+ g2

j+ l3
j f11222

+ 2gj+g3
j lj+f12111+ 6gj+g2

j lj lj+f12112+ 6gjgj+ lj+ l2
j f12122+ 2gj+ lj+ l3

j f12222

+ g3
j l

2
j+f22111+ 3g2

j l
2
j+ ljf22112+ 3gj l

2
j l

2
j+f22122+ l2

j+ l3
j f22222.
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