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Abstract

In this paper, we construct discrete three- and
four-sided surface patches with specied C° or C!
boundary conditions, using seweral geometric intrin-
sic curvature driven ows. These ow equations are
solved numerically based on discretizations of the
involved di erential-geometry operators, which are
derived from parametric approximations. The con-
structed surfacepatchessatisfy certain geometricpar-
tial di erential equations, and therefore have desir-
able shape. Thesepatchesare assenbled together for
constructing complicated geometric models for shape
design. Multi-resolution represenations of the mod-
els are achieved using repeated subdivision and evo-
lution.
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1 Intro duction

A classicalmethod for constructing complicated sur-
facesin the eld of computer aided geometric de-
sign is using piecewisetechnology. The key issue of
patching up piecewiseconstructed sub-patchesis to
construct these sub-patches satisfying the speci ed
smoothnessconditions on the boundaries. Tradition-
ally surfacesare most often represerted by analytical
forms, such asBezier, B-spline or NURBS forms. The
most important advantage of these analytical repre-
serations is they facilitate the exact evaluation of
various geometric quartities, suc as tangerts, nor-
mals and curvatures, at any surfacepoint. However,
during the construction of surface with any-shaped
boundaries,the restriction of their topology structure
emerges. Comparing with them, the discrete forms
have someother advantages,including simple to rep-
resen, fastto display, easyto perform shape deforma-
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tions and geometric operations, etc. Moreover, there
exist a plenty of discrete form geometric models in
this world, coming from range data, or 3D scanner,
that onehasto deal with. Furthermore, discrete sur-
face represertation may be treated as a pre-step of
shape designusing analytical forms.

Our Goal. The goal of this paper is to construct
discrete surfacesthat share someoptimization prop-
erties, sudch asthe areaof the surfaceis minimal, the
L2 normal of the mean curvature is minimal, or the
surfacesare in somecertain classesfor instance de-
velopable surfaces,minimal surfaces,constart curva-
ture surfacesand thin-plate surfaces. We construct
discrete three- and four-sided surface patches with
speci ed C° or C* boundary conditions, using v e ge-
ometric intrinsic curvature driven o ws. The technol-
ogy is applicableto construct surfacewith any-shaped
boundaries and any-topology structure. Each of the
o ws hasdistinct feature from the others sothat the
constructed surfaceshave desirable shape. One may
choose a proper one to handle a speci ¢ modelling
problem. These patches are assenbled together for
constructing complicated geometric models for shape
design. Using the discrete boundary curve re nement
by the parametric interpolation, the multi-resolution
represernations of the shape are achieved.

Previous Work. Earlier researt on using PDEs
to handle surface modelling problems traced badk to
Bloor et al's work at the end of the 1980s([1]). The
basic idea in their work is to use biharmonic equa-
tions on a rectangular domain to solve the blending
and the hole lling problems. The biharmonic equa-
tion on a rectangular is linear, and therefore can be
solved easily. However, the equation is not geometric
intrinsic and its solution (the geometry of the surface)
depends on the concrete parametrization used. Fur-
thermore, these methods are inappropriate to model
surfaceswith arbitrary shaped boundaries. In con-
trast, the equationswe usein this paper are geometric
intrinsic.

Mean curvature ow has been intensively used to
smooth or fair noisy surfaces(see[2, 3, 4, 5] for ref-
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(d) Arti cial boundaries

(e) Evolved surface

(c) Remove interior boundaries

(f) Re ned and ewlved surface

Fig 1: Algorithm steps.

erences). It has been shown to be the most impor-
tant and e cien t o w for fairing or denoisingsurface
meshes.However, for the surfacemodelling or design
problem, mean curvature ow as well as Gaussian
curvature ow cannot achieve G! smooth joining at
the intersection curves of the di erent patches. Re-
cently, fourth order geometric o ws have been used
to solve the surface blending and free-form surface
design problems ([6, 7]). In [6], fair mesheswith G*!
conditions are created in the special casewhere the
meshesare assumedto have subdivision connectiv-
ity, using surfacedi usion ow. In this work, local
surface parametrization is usedto estimate the sur-
face curvatures. The later paper [7] usesthe same
equation for smoothing mesheswhile satisfying G*
boundary conditions. Outer fairness(the smoothness
in the classical sense)and inner fairness (the regu-
larity of the vertex distribution) criteria are usedin
their fairing process. Finite elemen method is used
by Clarenz et al [8] to solve the equation of Willmore
o w for the aim of surfacerestoration. In this work, a
fourth order equation is solved by solving a system of
two coupled secondorder equations. We solve these
equations directly, without considering their mixed
formulation. Furthermore, our boundary treatment
is more natural and easier.

Problem Description Given discrete boundary
curves of three- or four-sided patches, which are
polygonal lines, with C° or C! boundary condition
(normal at certain vertices are provided, or smooth-
joining requiremert with the neighbor patches,or the
boundary is interior one), we want to construct dis-
cretetriangular surfacepatchessatisfying certain geo-
metric partial di erential equationsand the speci ed
boundary conditions.

Though we focus our attention on constructing
three- or four-sided patches,the proposedmethod can
be usedto construct N-sided patches, becausea N-
sided patch can be divided into seweral three or four-
sided patches by introducing some interior bound-

aries. We considerthree- or four-sided patchessimply
becausethe initial meshesare easyto obtain.

Some Assumptions . We assumethat ead discrete
boundary curveis a sampling of a smooth spacecurve.
Considering a spacecurve could be very complicated
and twist together to form a knot, not any spacecurve
could be the boundary of a piece of regular surface.
Wessimply assumethat thesecurvesare boundary of a
certain pieceof a regular surfacewhich is homeomor-
phic to a disc on the plane. We further assumethat
the anglebetweenadjacen curves,at the intersection
point, is lessthan , sothat we could distinguish the
inside from the outside.

Algorithm  Steps (seeFig. 1)

1. Construct initial three- and four-sided patches
from the boundary curves(seeFig.1(b) and sec-
tion 3.1).

2. Merge patches by removing interior boundaries
(seeFig.1(c) and section 3.2).

3. Add articial triangles at the boundary where
normals are specied (seeFig.1(d) and section
3.3).

4. Evolve the surface patches by geometric PDEs
(seeFig.1(e) and section 4/6).

5. Generatemulti-resolution represenation by sub-
division and ewolution(see Fig.1(f) and section
7).

Our Contribution . We give a complete algorithm
for discrete surfacedesignusing geometric partial dif-
ferertial equations, including a stable semi-implicit
discretization method for all the v e o ws used,com-
putation of convergert di erential-geometry opera-
tors, consistert estimation of mean and Gaussian
curvatures, uniform boundary treatment and multi-
resolution represertation. Furthermore, the proposed
method is easyto implement and leadsto desirable
results.



2 Preliminaries

Notations . Let us introduce some notations used
throughout the paper:

(u;v); (15 2) 2D Descartescoordinate;
(15 25 3) 2D barycertric coordinate;
M cortinuous surface
T triangular surface
boundary curve;
discrete boundary curve;
3D surfacepoint or vertex;
LB operator on M;
discrete LB operator on T;
mean curvature normal;
mean curvature;
Gaussiancurvature;
unit surfacenormal,
tangent of surfaceM:

3 AII_, DT

Laplace-Beltrami  Operator (LBO). LetM IR®
be a two-dimensional manifold, and fU ;p g be the
di erentiable structure. The mapping p with p 2
p (U ) iscalleda parametrization of M at p. Denote
the coordinate U as ( 1; »), then for f 2 C2(M),
the Laplace-Beltrami operator \ applying to f is
given by (see[9])

1X @ p. ; @
f = = =
M ﬁ_ﬁ @] 99 @;

j
= [011020122 + 205,012 20120220112
0120110222 + 9529111 022012021119 2%

+  [0uG2G11 + 2050112 Q120220111
2012011012 + 05G22 O110120122]9 2%

a@f 2 @f 22 @
@? @@ @3’

+ g'—5+2g +g (1)

whereg; = I',TI’J y Ok = T'iTT'jk, G = (gj .2] .G 1=
(@), andti= @, 1 = 28

Curv atures. Let M (u;V) 2 IR3 bearegular C? para-
metric surface. Let p be surfacepoint. Then expres-

sionsfrom [10] for mean curvature normal and Gaus-
sian curvature are

Q(g2ot11 + Quitee  2010t12)

3.
H(p) 2det(G) 2 IR>; (2)
t1,Qt,  t1,Qt12
K (p) det(G) ; )
whereQ = | [t1;5]G 1[t1;t2]" 2 IR® 3. Then we

could derive, from (1), that (also see[1]], page 151)
MP = 2A(p) 2 IR The advantage of using the
expression(2) for mean curvature normal is that it

doesnot involvethe orientation of the surfacenormal.
Let

H(p) = M (p);r(p)i = A(p)" A (p):

Then H (p) is the mean curvature, which dependson
the orientation of the surfacenormal.

Triangular mesh. Let T be a triangulation of sur-
faceM and fp; gi’\‘:1 be its vertex set. For a vertex p;
with valencen, denoteby N (i) = fiy;iz; ;ingthe
set of the vertex indices of one-ring neighbors of p;,
and denotefi; i1;iz;  ;ing by No(i). We assumein
the following that theseii; ;i, are arranged suc
that the triangles [pipi, pi, ,] and [pipi, pi,., ] are in
T.andpi, ,. P, Opposite to the edge[pip;, .

Let p; and p; be two verticesof T. If there exists
a route consisting of k edgesof T that connectsp;
and p;, and the number k is minimal, then we say
the distance betweenp; and p; is k.

3 Initial Mesh Construction

The initial meshconstruction consistsof initial three-
or four-sided patch construction, merging patchesand
adding arti cial boundaries.

3.1 Initial Three- or Four-sided Patch

For the given three- or four-sided patch boundary
data (seeFig. 2(a)), the initial triangulation of the
patch is constructed as follows :

1. Parameterize the discrete boundaries of three-
and four-sided patches onto the corresponding
boundaries of the unit triangle and the unit
square, respectively (see Fig. 2(b)), basedon
the arc-lengths of the boundary curves.

2. Triangulate the unit triangular domain or the
unit squaredomain on the plane, suc that it is
consistert with the boundary discretization (see
Fig. 2(c){(e)).

3. Construct a parametric three- or four-sided sur-
face patch over the unit triangle or the unit
square by interpolating the boundary data, and
then mapping the domain triangulation onto the
constructed surface patch (seeFig. 2(f)).

Now we detail the construction step of three- or
four-sided surface patch. The input is the boundary
data F. The output is a patch that interpolates the
boundary data.

Three-sided patc h construction Let [vivavs]
IR? be atypical triangle and ( 1; »2; 3) beits barycen-
tric coordinate. Then de ne

DW(4; 2;3) 2
i=1 i=1

F(1; 25 3)= iF(vi);



(a) Input four-sided boundaries | (b) Parameterizeto the unit square

(c) Form line segmerts

(d) Triangulate quadrilaterals

(e) Remove short edges

(f) Map domain onto surface

Fig 2: Stepsof initial patch construction

Ps
where [, i=1, ; Oand
DO(q1; 2 3)=FM) i+ F(1 2 )@ i)
i = 1;2;3'
pi( 15 20 3) =Y

(i; J,k)2f(123)(231) (3;1:2)g:

It is easyto seethat D () is a ruled surfacepatch that
is formed by connectingvertex F (v;) and its opposite
boundary curve F(pi( 1; 2; 3)) with straight lines.
Hence,F ( 1; 2; 3) interpolatesthe three boundaries.

Four-sided patc h construction Let U and V be
de ned by interpolating the boundary data in the u
and v directions, respectively. Then we de ne (Coons
patch)

F(u;v) = U(u;v) + V(u;v)  W(U;v);

where (u; V) 2 [0; 1]? and

U(uv) = (1 u)F(O;v) + uF (1;v);
V(u;v) = (1 V)F(u;0) + vF (u; 1);
Wu;v) =21 w@ vF@O;00+u(l v)F(1;0)
+ (1 u)vF(0;1)+ uvF(1;1):
Mapping of the Domain Triangulation . Let

us consider a four-sided patch. For ead domain
point (u;v) 2 (0;1)?, the evaluation of the sur-
face patch at the domain point involvesthe evalua-
tion of the boundary curvesF (0;v), F(1;v), F(u;0),
F (u; 1). Thesedata are obtained by linear interpola-
tion. If u2 [u(o), .(3)1]\ [u(l), ](l+)l] then there exist
. _ 0 0 _
. 2[01suhthat u= u@+@ WY =
uj(l) +(1 )uj(l,r)l It gives
Fu,00= F u®;0+ @ HFu ;o)
A(u;0)= A®;0)+ @ )RS ;0);
Ful)= FUiD+ @ F(u;d);
A= A+ @ )Rl ),

wheren(u;v) is the normal of the surface.

3.2 Merging of Patches

If a boundary curve is shared by two patches and
smooth joining is required there, then we say this
boundary is C*, otherwiseis C°. If acommonbound-
ary of two adjacert patchesis C!, then we merge
these two patches together to form a larger patch.
This processis repeated until no C* boundary exists.

The verticeson the C° boundariesand the vertices
that needto beinterpolated aretaggedasouter, other
vertices are taggedasinner. Outer verticesare xed,
while the inner onesare under changing during the
ewolution process. Note that outer vertices are not
necessarilyon the patch boundaries. Any vertex can
be tagged as outer if it needsto be interpolated.

3.3 Articial Boundary

C°® boundary condition . For using fourth order
ow in the ewlution, the C° boundary condition
needsto be elevated to C?, by specifying mean cur-
vature normals at the boundary vertices to be zero
vectors. If a patch boundary consistsof both C° and
C! boundary curves,then only the C° curvesneedto
be elevated to C1.

C! boundary condition . For eac boundary vertex
with nonzeronormal, a local triangulation is gener-
ated outside the boundary (seeFig. 3) by triangulat-
ing the tangent plane. The aim of adding the triangles
is to achieve smooth transition at the boundaries. Let
pi be a boundary vertex with normal n;. Take two
points p%, and p%, on the tangert plane, that has
normal f; and passeshrough p;, sud that

ko pik=kpe piki b piipe pi = 0;
wherek = i 1;i + 1. Then take p? = 3(p®; +
p%, ). Triangles are constructed around p; as shown
in Fig. 3(c), where pj = 1(p?+ p%;). The newly
added vertices p{ and p; are tagged as outer.
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(a) Boundary with normals

(b) Normal and its tangent plane

(c) Local triangulation

Fig 3: Stepsof articial boundary

(a)lnput boundaries

(b) Initial construction | (d) Result of AMCF

(f) Result of AMCF from (e)

(e) Result of MGCF (g9) Result of SDF

(h) Result of WF

Fig 4: Dierent e ects of the ve ows

4 Used Geometric PDEs

In this section, we describe seweral nonlinear PDE
models that are geometric intrinsic and independert
of the surface orientation. More details on the exis-
tence and uniquenessof the solutions, the numerical
computations of the solutions and evolution behaviors
can be found in a seriesof papers by Mayer, Simon-
ett, Escher [12, 13, 14]. Let My be a piece compact
orientable surfacein IR® whoseboundary, denoted as
, consistsof piecewisesmooth spacecurves. A cur-
vature driven geometric evolution consistsof nding

afamily M = fM(t) :t 0Og of smooth orientable
surfacesin IR® which ewlve according to the ow
equation

% = Vo( 1 2:P)R(D); )
M(0) = Mg; @ (t) =

Here p(t) is a surfacepoint on M (t), Va( 1; 2;p) de-
notesthe normal velocity of M (t), which dependson
the principal curvatures 1; » of M (t), nr(p) stands
for the unit normal of the surfaceat p(t). Let A(t)
denote the area of M (t) and V (t) denote the (direc-
tional) volume of the region enclosedby M (0) and
M (t). Then it hasbeenshownn that (see[11])

dAm VoHd ; (5)
dt M (t)

z
v _ Vid : ©)
dt M (t)
The ow is area-preservingif d/?n“) = 0 and volume-

preserving if d\gt(t) = 0. In the following, we describe

ve ows. Dierent e ects of these ows are shavn
in Fig. 4.

Mean Curv ature Flow (see[15]). If we take
Vh = H(p), then oneobtains the meancurvature ow
(MCF)

= HENE: MO= Mo @)=
It follows from (5) that
z
dA(t) _ :
T M(I)sz. (7)

(7) implies that this o w is areashrinking. For agiven
boundary, a surfacewhich interpolates the boundary
and satis es the equation H = 0 is called minimal
surface.

Av erage Mean Curv ature Flow (see [13, 16]).
B (4), if wgtake Vi, = H(t) h(t), where h(t) =
M (1) Hd =, ) d , then we have the averagemean
curvature ow (AMCF)

& -

a h(OIR(P): M (0) = Mo;

@a(t) =



It follows from (5) that

(H> hH)d = (H h)’d 0
dt M (1) M (1)

. . R R

ﬂnce obviously M (1) h(h H) = h(h , ) d

Hd ) = 0. On the other hand, (6) implies that

z z
av() _ Hd ht) d =0
dt M (1) M (1)

M (1)

Hencethis o w is volume preservingand areashrink-
ing. The areashrinking stopswhenH  h, then the
surface has constart mean curvature. Becausethe
o w is volume preserving, its steady solution depends
upon the initial surface.

Mo died Gaussian Curv ature Flow. In (4),
if taking V, = sign(H (p))sign® (K (p))K (p), we have
the modi ed Gaussiancurvature ow (MGCF)

& = sign(H (p)sign” (K (p))K (P)R(P);

M (0) = Mo; @M (t) =
where
. _ 1; if x O
Slgn(X) - 1 If X < O
. 1; if x O
sign” (x) = 0; if x < 0:

Note that K (p)r(p) depends on the surface orien-
tation, while sign(H (p))sign* (K (p))K (p)r(p) does
not. A surface that satises the equation
sign(H (p))sign®™ (K (p))K (p) = O will have non-
positive Gaussiancurvature.

Surface Diusion Flow (see[7, 17]). If taking
Vh = m H (p), we get the so-called surface di u-
sion ow (SDF)

8
2 &= ( wHE)NP):
S M (0) = Mg; @M (t) =
HPM)ipmz = HPO)jpo2 :
Surfacessatisfying y H = 0 include plane, sphere,
cylinder.

Wéllmore
2 2= [ yH(p+2H(P)(H(? K(P)IRP);
M(@0)= Mo @I(t)= ;
H(P)ipw2 = HPEO)po)2 -

Surfacessatisfying the equation yH + 2H(H?2
K) = 0 are called Willmore surfacesor thin-plate
surfaces,which arise asthe critical points of the func-
tional (see[1]], page282) .

Flow. Willmore ow (WF) is de ned as

>

W(M):=  H?:
M
This ow ewlvessurfacesin such a way asto reduce
the total quadratic curvature.

5 Discretization of Curv atures

and LBO

There are seweral discretization schemesof Laplace-
Beltrami operator and Gaussiancurvature (see[9] for
a review). Here we use a weighted biquadratic t-
ting of the surface data and function data to calcu-
late the approximate Laplace-Beltrami operator and
Gaussian curvature. The algorithm we adopted is
from [9] with someimprovemerts. Let p; be a vertex
of T with valencen, p; be its neighbor vertices for
j 2 N(i).

1. Compute angles ¢ = cos *[(pi,  Pi;Pi.
pi)=kpi,  pikkpi,., i k], and then compute
the angles « =2 = ., jfork=1 ;n.
Setp = (0;0), 1 = 0 and ok = Kpj,
pik(cos ;sin k), «k = 1+ + g 1, for
k=1, ;n.

2. Take the basis functions fB( 1; 2)0, =
f1; 1; 203 % 1 2;% 29, and determine the co-
ecient ¢ 2 IR® sothat

X
'  aBi(xk)="kp,; k=0 ;n
1=0
in the least square sense (assumeig = i),
where the weights are chosen to be ! =
h=(h + kk), k = 0; ;n, h = maxkgk.
This system is solved by solving the nor-
mal equation. Let A = (Bi(G))pp0 2
RM™D 6 D = diag[lo; ;!'n], and let
C = (ATD?A) 1ATD?2 2 R® ("D | then
[co;  ios]" = Clpigs  5pi ™
3. Let [do; ;ds]" = C[f(pp); :f(pi,)]". Then
we compute LBOF;)f f= |5:0 d Bk( 1; 2) over
the surface G = ,5:0 aBi( 1; 2) at (0;0), us-
ing the formula (1). Denote the second, third,
fourth, fth and sixth rows of C asCq, C,, Cy1,
C12 and C,;, respectively, then we can seethat

pin 1T
(P 1T
Pl

(P 1T
Substituting these quartities into (1), we get an
approximation of LBO as follows:

tf(pi) = wi f(py); (8)

j2No(i)

t] = CJ [pio;

& = Gilf (mo):
Gk = Clpio;
S = Ciulf (pu);

=12

jtk=2

where
Wii; = [O11G220122+ 205,012 G120110222

20120220112+ 9529111 9229129211]09 )=92



+ [9119229211*'29%29112 0120220111

ﬁ9129119212+ 9%19222 ’:'211(.311|29122](éj ) =92
+ 9220(1]1) 29120(1'2) + 911%“2) =g

Here ci(k) and ci(jk) are the k-th componert of C;
and C; , respectively.

4. From (3), Gaussiancurvature is computed asfol-

lows
t7,Qty + t1,Qt11  2t],Qt1,
K (pi)
o 2 det(G)
= VE 9)
j=No(i)

where Y = Q[T'll(élz) + Tzng_Jl) 21‘120(1’2)]=(2g).

Remark . Now we explain why we derive the LB
operator and Gaussiancurvature basedon the para-
metric tting. The rst reasonis that this tting
scheme yields a convergert approximation (see [9])
as the mesh size (the maximal edgelength) h'! 0.
Another reasonis that the computation of H and K
is consistert, meaning they are computed from the
samesurface. This consistencymakesH? K 0
be guaranteed and the normal velocity of the MGCF
continuous with respect to p. While the computa-
tional schemesof H and K basedon dierent algo-
rithms (e.g. the schemesproposedby Meyer et al. in
[5]) may causeH? K < 0 and discortinuous nor-
mal velocity of the MGCF in some cases. The last
reasonis that the tting sdemeyields the required
expression(9) for Gaussiancurvature, which is ready
for usein the semi-implicit discretization of the mod-
ied Gaussiancurvature ow, while the widely used
discrete schemebasedon Gauss-Bonnettheorem (see
[18]) is not the form of (9).

6 Numerical Solution the Geo-
metric PDEs

For simplicity and high e ciency , we adopt nite di-
vided di erences to solve these geometric PDEs (see
[2, 19] for nite elemert method). Sincewe are deal-
ing with dierential equations over 2-manifolds in
IR3, the classical nite divided di erences will be re-
placed by discretized di eren tial-geometry operators
over surfaces.

6.1 Spatial Discretization

Let T be a triangulation of the surfaceM with ver-
ticesfpg. Then from (8) and (9), we have

1 1
H(pi)nr(p) = H(p) = 5 MP 5 TR
1 X X
=3 Wi pj= Wij(l) P (10)
j2No(i) j2No(i)

H(p)na(p) na(pi) wi H(p;)
1'2>'210(i) )

A(pi) wij R(p;) " H ()
j2No(i)
W F (p)

2N o) X

1

= w® Wikpk; (11)

ij
j2No(i) k2No(j)

X T X (3)
K (pi)r(pi)= n(pi) ¥ P = Wi p; (12)
k2No(j) k2No(j)

where

W= s WP = wy a(p)n(a)T
Wij() = n(pi)vy :

Let
P =1[pl; ;phl" 2 R®™;
Hi=[F(p)"; H((m)'] 2 IR®;

Ho=[ H(p)r(p)™: ; H(pm)R(pm)"1T2 IR3™;
K = [K(orE)T; K(pm)a@En)TT" 2 IR,

where p;; ;pm are all the unknown vertices to be
determined. Then from (10) { (12), we have

Hy = M 1P+ By; (13)

H2 = M 2M 1P + Bz; (14)

K = M3P+ Bg; (15)
whereM | = fmi(jk)g{}} -1 With

k
- W

|J 0; L il .

m :
otherwise

The constart terms By are obtained from the bound-
ary conditions. We will exposit this in the next sub-
section.

6.2 Handling of Boundary Conditions

Second order equation . For ead interior vertex
near the boundary, the discretization of the second
order geometric o w involvesonly boundary vertices.
These known boundary data are put into B; for the
two mean curvature ows and B3 for the modi ed

Gaussian curvature ow. The interior vertices that

have distance greater than 1 to the boundary do not
involve the boundary.

Fourth order equation . For ead interior vertex
that has distance 1 to the boundary, the discretiza-
tion of the fourth order geometric o wsinvolvesmean
curvature normal at the boundary vertices. This case
can be classi ed into the following three sub-cases.



a. The boundary mean curvature normal is zero.
Then just substitute this zeromean curvature normal
into the discretized equation.

b. The normal at the boundary is no zero. Then
a out-layer mesh has been generated(seesection 3).
Then the mean curvature normal at the vertex is fur-
ther discretized by (8) and put the known vertices
data into B,.

c. There is a C! smoothnessrequiremert but no
C! data are speci ed. The C! continuity requiremert
meansC? joining with the neighbor patch. Then the
mean curvature normal at the vertex is further dis-
cretized by (8) with the interior vertices of the other
patch being treated as unknowns.

For the interior vertices that have distance two to
the boundary, the discretization of the fourth order
di erential operator involvesthe boundary vertex po-
sition. Again, these data are put into B,. The inte-
rior verticesthat have distance greater than 2 to the
boundary do not involve the boundary.

6.3 Time Direction Discretization

Suppose we have an approximate discrete solution
PM = ["™)T:  ;(pd)T]" of the geometric PDE
at time t = t, for all the inner vertices. Then
we construct an approximate solution P("*D =
(E"™)T: (W™ )T for the next time step
th+1 = tn + (M using a semi-implicit Euler scheme.
These systems(13) { (15) can be written as the fol-
lowing matrix forms

(n) — (n)
I MM l” p(+l) = p(n) 4 (ﬂ)Bln

for MCF;

| MM e = pm) Mp )N O
+ (mpM for AMCF;

L+ MMM PO = p) 4 (MBI

for SDF;

[+ OMOME DO () po

=pM4+ MBM  for WF;

I MKMM M pO) = p 4 (MM
for MGCF;

where M (") and B{" are the sameas M y and Bk,
but they are computed from P ("),

N = [rEi™)T; RE™M)TT
D™ = 2diagH2(p{")1s K (p\")!s:
H2(PE ) K (P )Is];
K™ = diagfsign(H (p{"))sign* (K (pi"))!13;
;sign(H (pt))sign* (K (p)))13]:

The coe cien t matrices are highly sparse. We use
Saad'siterativ e method [20], namedGMRES, to solve

the systems. The experiment showsthat this iterativ e
method works very well.

7 Multi-resolution  Representa-
tion and Examples

The multi-resolution represenation is achieved asfol-
lows:

1. Re ne the discrete boundary curveshby paramet-
ric quadratic or cubic interpolation and sam-
pling.

2. Interpolatory triangular subdivision of the tri-
anglesof the patch, using the linear subdivision
scheme.

3. Perform the boundary pre-processingstep as be-
fore (seeSection 3).

4. Evolve the re ned patch using the same PDE
previously usedfor this patch.

We now give seweral examplesto illustrate that C?!
smooth multi-resolution surfaceswith sharp features
could be constructed using the fourth order ows.
Fig. 5 shows the construction results. The rst col-
umn shaws the input patch boundary curves(see(a),
(d) and (g)) and triangular meshes(see(j) and (m))
with speci ed cortinuity for sewral geometric mod-
els. C! boundary condition (normal) is specied at
the vertices where smooth joining is required. The
continuity condition at the sharp boundary is set to
CP. The secondcolumn shaws the results of ewolved
surfacesusing surface di usion ow for (b), (e) and
(k), and Willmore ow for (h) and (n). The third
column shows the results of re nement and then evo-
lution of the secondcolumn. For (b), (h), (k) and (n),
ead triangle is subdivided into 4 sub-triangles (bisec-
tion subdivision once), while the triangles of (e) are
subdivided into 16 sub-triangles (bisection subdivi-
sion twice).

The input (j) of the cow model and (m) for the
head model are the collections of triangles. The
initial patch construction subdivides ead triangle
into 16 sub-triangles (bisection subdivision twice) for
cow model and 4 sub-triangles (bisection subdivision
once) for head mode. The newly generatedvertices,
including the vertices on the triangles' boundaries,
are speci ed asinner points, sothat thesepoints are
under changing in the ewolution process.The aim of
these two examplesis to illustrate that from piece-
wise linear patches we can produce smooth surface
while interpolating the original input vertices, with-
out specifying normal information.

8 Conclusions

We had proposedto usediscrete surface patchesob-
tained by solving various geometric PDEs to model



(a) Input boundary curves

(b) Result of SDF

(c) Subdivided onceand ewolved

(d) Input boundary curves

(e) Result of SDF

(f) Subdivided twice and ewolved

(g) Input boundary curves

(h) Result of WF

(i) Subdivided onceand ewlved

()) Input triangular mesh

(k) Result of SDF

() Subdivided onceand ewlved

(m) Input triangular mesh

(n) Result of WF

(0) Subdivided onceand ewlved

Fig 5: Smooth surface construction using the fourth order ows




geometric shapes. The implementation shows that
the method is simple, e cien t and producesideal re-
sults. Each of geometric PDEs vyields surface with
particular geometricproperties. Userscan choosethe
suitable PDEs for their speci c problems. Under the
framework of the current construction scheme, more
geometricdriven o ws could be incorporated.
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