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1 �µ0�

Ed´�N3�NL¡*Ð$Ä�Ôny�.~X,Y¾3Ö�L¡�EÄ,�h3/eñ�m6

Ä�g,.¥�Ôny�Ñ�9�6N�Ed5�.Edy�3F~)¹¥Úó�)�¥�kNõA

^,~Xg�'á���,�hzó�.�´Ï�Xd,Cc5,Edy�´��õÆ����ïÄ9:¯

K [1–3].

Edy��d6N.¡Ú�NL¡m��>�£ã(�ã 1).±Y�~,��NL¡��NL¡m

�>��u90o �,·�¡�NL¡´�Y�;��,�d�>��u90o �,·�¡�NL¡´ÕY�.l

Ônþù,�>���dá�L¡5�Ú�NL¡Üåû½.��/,�Ä���-ðü�6XÚ, Ù²

ïG�eü�6.¡��N>.��>�θY d�-ðL¡ÜåγLV , �-�L¡ÜåγSL Ú�-ðL¡Ü

åΓSV ¤(½,Ù'XXe

cos θY =
γSV − γSL

γLV
, (1.1)

d=Í¶�Youngúª [4].

¦+YoungúªO(�x
²ïG�e1w!��NL¡þ�N�>����,,
g,.¥�

Edy�%E,�õ.�NL¡�o÷5ÚzÆ5��!�5�±wÍUC�>����. ~X,Ö�
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ã 1 �íL¡��NL¡��>�

ã 2 �*ºÝeÖ�L¡�o÷(� [5]

L¡äk�ÕY5Úg�'õU, Ò´duÖ�L¡�3õºÝ�o÷(�(�ã 2). ,	, �NL¡

�o÷5ÚzÆ5��!�5�¬�5¤¢�>�¢�y�,=�%3�NL¡þ��>�Ø��,Ù

���>�Ï~¡�c?�>�, Ù���>�¡��ò�>�.

o÷½zÆ5��!�.¡�Ed5��kéÈ�ïÄ{¤. éù
E,�NL¡þ�>���

x, kü�Í¶�úª,=Wenzel úª [6]ÚCassie úª [7]. Ù¥, Wenzel úª�x
o÷.¡þ�÷

*�>�����o÷§Ý9Young �>��m÷vXe'X,

cos θa = r cos θY . (1.2)

Ù¥, r L«�NL¡�o÷Xê, ´o÷L¡¡È�ÙéA1w²¡�¡È�'. ´�o÷Xêr o

´�u1, ¤±�θY > 90o �, Túª¦�÷*�>�'Young �>��§
�θY < 90o �, Túª¦

�÷*�>�'Young �>��. ù�·��*	�Î. �Wenzel úªéA, Cassie úª�^u�x

1w�!�.¡þ÷*�>����. b��NL¡kü«á�|¤, KCassie úª�

cos θa = λ cos θY 1 + (1− λ) cos θY 2, (1.3)

Ù¥θY 1 ÚθY 2 ©O´ü«á�¤éA�Young �>�, λ L«1�«á�3T�NL¡þ¤Ó�¡

È'~.

�,þ¡ü�úª�±½5)º�
g,y�, l
�2�¦^, �´¦�%é�U
½þ)º

ÔnÁ� [8, 9]. 
�, ùü�úªØU£ã~���>�¢�y�. �C'uùü�úª��(5k

éõ�Ø [8,10–12]. Ïd,XÛÏLêÆ�{n)o÷.¡þ�Edy�,Ïé�x÷*�>����

úª, ´����ïÄ�¯K.Cc5,T¯K3êÆ+��ÚåéõïÄ [13–20].
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lêÆþw, o÷.¡þ�Edy�´���kE,>^��õºÝ�gd.¡¯K, éT¯K

�©ÛÚO�Ñ'�(J.Äk,·�I�4�zXÚ¥�o.¡U, T¯K�4�­¡¯Kk��é

X. �ü�6.¡��N>.��>��½�, T¯K�±=z�IO�4�­¡¯K [21]. ,
,E

d¯K¥��>��´�±gdCÄ�, 
�du�N>.�o÷5´3�*ºÝ,
·�'%�´

÷*�Edy�,¤±I�éT¯K�þ!z. égd.¡¯K?1þ!z©Û¿Ø{ü [22,23]. cÙ

´·���©ÛXÚUþ�ÛÜ4�)�5�. Ùg,Ä�Edy���þ´��E,�£Ä�>�

¯K. �X¤�,£Ä�>�¯K´6NåÆ¥ÿ���)û�¯K��, ²;�6NÃw£>^�¬

�)Ã¡��UþÑÑ [24].���ù«�Ôn�y��),<�I�ÀJÜ·�>^�(X [25,26]),l


�)�
#�êÆ�.. ·�I�éù
êÆ�.?1©Û,^±n)E,�Edy�. d	,gd

.¡¯K�ê�¦)´O�êÆ+��JK��,�,®²kéõ�{,'XY²8�{,�|�{�.

òù
�{k�A^uo÷.¡¥Edy�¯KE�´¯.�k��[ù
¯K,<��UI�uÐ#

�ê��{.

�©¥,·�òÌ�0�C
céE,Edy���
êÆ�¡�©Û, Ï"4k,��Ööé

�'¯Kk��
). �©�äNSNÚ��(�{0Xe.1�!,·�0�£ãEdy��êÆ�

., �)·�Uþ�.9ÙuÐ¯K��.. 1n!,·�ò0�o÷.¡þ÷*�>��êÆ©Û,

Ì�´éo÷õºÝ>^��þ!z(J9ÙÔn¿Â.1o!,·�0�é·��>�¢�y��ê

Æ©Û.1Ê!,·�0�éÄ��>�¢�y���
©Û. ��·�ò?1{ü�o(ÚÐ".

2 êÆ�.

2.1 .¡U4��.

·�Edy�,�Ø�Ä­å�^�,�dXÚ¥o.¡U4�¤�x.é��äk�N>.��

ðü�6XÚ, Ùo.¡U�)nÜ©:�-��m�.¡U,�-í�m�.¡U±9�-í�m�.¡

U.Ïd, XÚoUþúªXe:

E =

∫
ΣSL

γSL(s)dS +

∫
ΣSV

γSV (s)dS +

∫
ΣLV

γLV dS (2.1)

Ù¥ΣSL, ΣSV ÚΣLV L«�-�,�-íÚ�-í�m�.¡, γSL, γSV ÚγLV L«�A�Uþ�Ý(�

uL¡Üå). Ï~�¹e, γLV �~ê, þãUþL�ª¥�1n��±{z�γLV |ΣLV |, ùp|ΣLV |
L«ΣLV �(2 �)HausdorffÿÝ. ��NL¡�!�.¡�,(2.1)¥�cü���±�aq{z.

�ü�6XÚ��²ïG��,ÙXÚoUþ��4�.·�3��«�Ω ¥�ÄT¯K, ��N

¤Ó«��Ω1, íN¤ÓNÈ�Ω2 = Ω \ Ω1, �N>.�ΓS ´∂Ω ��Ü©,Xã3¤«. XJ·�b

��N�NÈ�±ØC, |Ω1| = V0, V0 ���½~ê, @oXÚ�²ï�dXeUþ4�¯K¤û½

min
|Ω1|=V0

E(Ω1) =

∫
∂Ω1∩ΓS

γSL(s)dS +

∫
∂Ω2∩ΓS

γSV (s)dS + γLV |∂Ω1 ∩ ∂Ω2|. (2.2)

2.2 �|�.

þãUþ�.´²b.¡(sharp-interface)�.,éÙ?1O�Ú©ÛÑ'�(J"��B,<��

ÏL�|(phase-field)�.5ïÄT¯K, |^��1w��|¼êφ 5L«�íü�¤Óâ�«�.
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ã 3 o÷.¡þEd¯K

ü��m.¡´k�½°Ý��
.¡(diffuse interface). T�.¥, Ï~^Ginzburg-Landau Uþ�

¼ [27]%C�-í�m�.¡U, ¿Ú\Ü·��N>.�.¡U�,��Xe�Uþ�¼.

Eε(φ) =

∫
Ω

ε

2
|∇φ|2 +

f(φ)

ε
dx+

∫
ΓS

γ(φ)dx. (2.3)

Ù¥f(φ) ´gdU�Ý, Ï~´��V²¼ê, ~Xf(φ) = (1−φ2)2

4 ,

γ =
γSL + γSV

2
+
γSL − γSV

2

(3φ− φ3)

2
.

·�Edy��deã¯K�x:

infφEε(φ). (2.4)

s.t.
∫

Ω
φ = C0

C0 ´��~ê.

��B©Û, �|�.¥φ �±��H1(Ω) ¥�¼ê. 4�zXÚ¥�oUþ�±ÏL¦)�

¼(2.3) ¤éA�FÝ6�§��. ~X, Ù3H−1(Ω) ¥�FÝ6�§�Cahn-Hilliard �§
∂tφ = ∆µ, in Ω

µ = −ε∆φ+ f ′(φ)
ε in Ω

∂nµ = 0, ∂tφ = α(ε∂nφ− ∂γsf (φ)
∂φ ), on ∂Ω.

(2.5)

Ù¥α > 0´��tµ~ê. �²;�Cahn-Hilliard�§�',þã�§äk��tµ�>.^�.T

^��dOnsagerC©�ní�Ñ5 [28],£ã
>.þ�UþÑÑ.�§(2.5)��d�2ÂNavierw

£>^�(GNBC)�ü�6�.í�Ñ5, T�.�±�x£Ä�>��$Ä [26]. ��þ, ü�6�

.´Navier-Stokes�§ÚCahn-Hilliard�§ÍÜ��.. �XÚ¥6N�Ýé�,·��Ñ6N�Ý,

KTÍÜ�.Ò{z��§(2.5). �§(2.5) £ã
XÚo.¡U~��L§,l�½§Ýþ�x
E

dy��Ä�1�. Ïd, �§(2.5) ��±��Ä�Edy��{z�..

4



¥I�Æ : êÆ µ"¥v�

2.3 ü«Uþ�.�m'X

£ãEdy��ü«Uþ�.äk���éX. ~X, b½gdU�Ý¼êf(φ) 3±1 ?��Û

Ü4�,�εªu0�,duf ´V²¼ê, φÂñu±1. ·�Ï",�εªu0�,�|�.U
Âñ�

²;²b.¡Uþ�.. T¯K�@dModica?1
ïÄ [29]. ¨ïá
1w!�.¡þ�|�.�

Âñ5. 3 [30], ·�òÙ©Ûí2��!�.¡�/, ¿y²
ÛÜ4�:�Âñ5. T(J�±^

5n)�!�.¡þ÷*�>�9Ù¢�y�.

'uC©¯K�Âñ5�î�nØÄuΓ ÂñnØ [31, 32]. Ì�(ØXe. 3k.C©�¼�

mBV (Ω)¥, ½Â

Iε(φ) =


∫

Ω
ε|∇φ|2 + f(φ)

ε dx+
∫

ΓS
γ(φ) e

∫
Ω
φdx = c0

+∞ Ù¦,
(2.6)

±9

Ĩ0(φ) =

 σ|∂Ω1 ∩ Ω|+
∫
∂Ω1∩∂Ω

γ̃(x, 1)dS +
∫
∂Ω\∂Ω1

γ̃(x,−1)dS eφ = ±1, a.e. �
∫

Ω
φdx = c0

+∞ Ù¦.

(2.7)

Ù¥, Ω1 = {x|φ(x) = 1}, f(·) > 0 ´gdU�Ý,

σ =

∫ 1

−1

√
2f(r)dr,

±9

γ̃(x, t) = inf
s
{γ(x, s) +

∣∣ ∫ t

s

√
2f(r)dr

∣∣}.
·�kXe·K:

·K1 �ε ªu"�, �¼Iε(φ) 3L1(Ω) ¿ÂeΓ-ÂñuĨ0.

AO/, �f(φ) = (1−φ2)2

4 �, γ̃(x, t) = γ(x, t), σ =
∫∞
−∞(Φ(ξ)′)2dξ =�ü�6.¡�L¡Ü

åγLV , Ù¥Φ(ξ) = tanh(ξ/
√

2) �x
�
.¡¥φ �(� [33, 34].

·K1 �y²� [30]. ÄuT·K, ·���ïáC©¯KÛÜ4�:�Âñ5�. ù=Xe½

n.

½n2 XJφ0 ∈ BV (Ω) ´I0 �3L1
loc ¿Âe����áÛÜ4�:, K�3S�φεj ∈ BV (Ω)

´Iεj 3L
1
loc ¿Âe�ÛÜ4�:,�÷v

lim
j→∞

‖φεj − φ0‖L1 = 0, (2.8)

Ù¥limj→∞ εj = 0.

T½ny²¥, ·�Ì�|^Kohn ÚSternberg 'uÛÜ4�:�Âñ5½n [35].

3 o÷.¡þEd¯K�þ!znØ

��N>.�!�²¡�, ·�Ed¯KlÔnÚêÆþÑ'�{ü, Ù)��²þ­Ç�~ê

�­¡(¥¡), T­¡��N>.Y��Young úª¤�x.���NL¡äk�*�o÷(��,T
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¯Kò�~(J. Ï��*�(�K�
÷*�>����, ù��þ´��õºÝ¯K. �!, ·�

ò0�éEdy���
Ì�þ!z(J.

3.1 �|�.�þ!z

·�Äk�Ä�|�.�þ!z�{ [36]. ·�æ��üÑ´kéC©¯K(2.4) �î.-.�K

F�§�ìC©Û, l/ªþí�Ñþ!z�(J, ,�2|^C©Γ ÂñnØî�y²�'(Ø.

´�, �|Uþ�.(2.4) �î.-.�KF�§�
−ε∆φ− (φ−φ3)

ε = c, in Ωδ,

ε∂φ∂n −
σ
2 cos θY (x, xδ )sγ(φ) = 0, on Γδ∫

Ω
φdx = c0.

(3.1)

ùpΓδ = {(x, y)|y = δh(x, xδ )} L«��ÛÜ±Ï�o÷>.. sγ(φ) = 3
2 (1 − φ2). ùp, ·��b½

�NL¡��U´�!��, θY (x, xδ ) ´ ��¼ê, ¿äkÛÜ±Ï5. c ´��.�KF¦f, ´

dφ È©�u~êÚ\�.

éT¯K, ·��½ε, �Äδ ªu0 ��4�. ·�Äkb½φ �±'uδ ?1Ðm

φ = φ0 + δφ1 + · · · ,

ÏLìC©Û, �±í�ÑÙÄ�φ0 ÷vXe�§
−ε∆φ0 − (φ0−φ3

0)
ε = c, in Ω0,

ε∂φ0

∂n −
σ
2 sγ(φ0)

∫ 1

0
cos θY (x,X)

√
1 + (∂Xh(x,X))2dX = 0, on Γ0∫

Ω
φ0dx = c0.

(3.2)

ùpΓ0 = {(x, y)|y = 0}, Ω0 ´±Γ0 �>.�«�. |^Γ-ÂñnØ, ·��U
y²(3.1)¤éA�C

©¯KÂñu(3.2)�C©¯K.

Äk, ·�b�h > 0, l
kΩδ ⊂ Ω0. �§(3.2)�)´C©¯K�4�:.

min
φ∈V

F (φ) :=

∫
Ω0

ε

2
|∇φ|2 +

f(φ)

ε
dx− εσ

2

∫
Γ0

B(x)
(3φ− φ3)

4
dS, (3.3)

Ù¥B(x) =
∫ 1

0
cos(θs(x,X))

√
1 + (∂Xh(x,X))2dX �

V = {φ ∈ H1(Ω0) :

∫
Ω0

φdx = c0 on ∂Ω \ Γ }.

aq/, �§(3.1)éAXC©¯K:

min
φδ∈V

F δ(φδ), (3.4)

Ù¥

F δ(φδ) :=


∫

Ωδ
ε
2 |∇φ

δ|2 + f(φδ)
ε dx− εσ

2

∫
Γδ

cos θs
(3φδ−(φδ)3)

4 dS, φδ ∈ V δ;

+∞, φδ ∈ V \ V δ.
(3.5)

6



¥I�Æ : êÆ µ"¥v�

V �f�mV δ ½Â�

V δ = {φ ∈ H1(Ωδ) :

∫
Ωδ

φ = c0}.

ùp·�òF δ(φδ) ½Â3V þ, 
Ø´V δ, ´�
�B|^ΓÂñnØ [31].

½n3 �F δ ÚF X(3.3) Ú(3.5) ¤½Â, ·�k

i). �δ → 0, �¼F δ 3H1(Ω) fÿÀ¿ÂeΓ- ÂñuF .

ii). é?¿δ > 0, �φδ ´F δ 3V ¥�4�:, @o�3��f�, Ø�EP�φδ, 3H1(Ω) ¥fÂñ

��¼êφ, �φ ´F �4�:.

T½n�y²ë� [36]¥½n5.1�y², ùp�>.^��
��UC.

ã 4 �
.¡��>�

�§(3.2)¥�>.^��±�Ñ²;Wenzel ÚCassie úª. Ùí�L§Xe. 5¿�φ0 û½


��þÝ�ε ��
.¡, Ù��NL¡�>.��, Xã4 ¤«. ·�é(3.2)¥�>^�ª�
.¡

È©, 5¿�∫
int∩Γ0

ε
∂φ

∂n

∂φ

∂x
dx =

∫ ∞
−∞

ε
∂φ

∂m

∂φ

∂x
dx cos θe =

∫ ∞
−∞

ε
( ∂φ
∂m

)
dm cos θe = σ cos θe,

9∫
int∩Γ0

σ

2
sγ(φ)

(∫ 1

0

cos θY (x,X)
√

1 + (∂Xh(x,X))2dX
)∂φ
∂x

dx = σ

∫ 1

0

cos θY (x,X)
√

1 + (∂Xh(x,X))2dX,

·����,

cos θe =

∫ 1

0

cos θY (x,X)
√

1 + (∂Xh(x,X))2dX. (3.6)

éuAÛo÷.¡, θY ´~ê, ·��±��

cos θe = r(x0) cos θY , (3.7)

Ù¥r(x0) =
∫ 1

0

√
1 + (∂Xh(x0, X))2dX L«�>:x0 NCo÷.¡Ú��1w.¡�¡È'. ´�

ùÒ´²;�Wenzel úª. 
��NL¡1w(h ≡ 0)�, þã�§{z�

cos θe =

∫ 1

0

cos θY (x0, X)dX. (3.8)

7
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AO/, XJ�NL¡dü«á�|¤, KT�§{z�

cos θe = λ(x0) cos θY 1 + (1− λ(x0)) cos θY 2, (3.9)

Ù¥λ(x0) ´x0 NC1�«á�¤Ó�¡È'~, w,ùÒ´²;Cassie úª.

þãé��¯K�©Û�±g,/í2�n��/ [37]. �,þã©Û�y
²;WenzelÚCassie

úª,�´Ï�¦^
�
.¡��.,·��½ε,4o÷Xêδ ªu",ù��þ�UéAuδ �uε

��/. �Ä�éõ¢S¯K¥.¡þÝ�U��uo÷ºÝ, Ïd, �
ïÄ���/e÷*�>

���, ·�I��Ä²b.¡��.�þ!z.

3.2 ²b.¡�.�þ!z

éEdy�²b.¡�.�þ!z,3êÆþ<�lØÓ�ÝéT¯K?1
ïÄ.~X, Alberti

ÚDeSimone éAÛo÷.¡�C©¯K?1ïÄ [13], ¦���.b�íN�±��NCX3o÷

�Y¥, ¦�í�
þ!z��., ¿�y²
T�.)�þe.éAuWenzel G�ÚCassie-Baxter

G�. 3 [15]¥, CaffarelliÚMelletézÆ5�Øþ!.¡��/ïÄ
Ùþ!z(J.3 [38]¥,·

�éAÛo÷��/y²
¯K��Û4�)ÂñuWenzel úª¤éA�þ!z). e¡òÌ�0

�·��©Û(J.

ã 5 n�±Ïo÷.¡þ�ü�.¡

·��Än��²b.¡�.. Xã 5¤«,b½±Ï5o÷�N>.dx = hδ(x, y) = δh(yδ ,
z
δ )

�Ñ, h(Y,Z) 3Y,Z ��þ�±Ï�1 �1w¼ê. ·�b½�-í.¡z = u(x, y) �3u��k.

«�[hδ, 1]× [0, Nδ]× [−M,M ] ¥, �÷vu(1, y) = 0. ·�b�u 3y ��þ�±Ï¼ê. Ãþjz�

�, dXÚ¥�o.¡U���:

Eδ,N [u] =
1

Nδ

∫ Nδ

0

∫ 1

hδ

√
1 + |∇u(x, y)|2dxdy − cos θY

Nδ

∫ Nδ

0

√
1 + (h′δ(y))2u(hδ, y)dy. (3.10)

8
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ùp, ·�Øb½�N�NÈ�½, 
´�½ü�6.¡�mà>.. ÙéA�î.-.�KF�§�

div
(

∇u√
1+|∇u|2

)
= 0, in Bδ,N ,

u·, 0) = u(·, Nδ),

uy(·, 0) = uy(·, Nδ),

u(1, y) = 0, y ∈ (0, Nδ)

nΓδ · nSδ = cos θY , on CL.

(3.11)

ù´���AÏ>^��4�­¡�§, Ù¥Bε,N ´u3�I²¡{z = 0}�ÝK, CLL«�>��

 �.�§¥1�1Ú1n1´±Ï>^�,1o1´Dirichlet>^�,1Ê1L«3�à�>�þ��

>��*þE÷vYoung úª.

·�3Lipschitz ëY�¼ê�m(C0,1)¥�ÄUþEδ,N �4�.

Xδ =
{
u ∈ C0,1([−hδ, 1]× [0, Nδ]) | u(·, 1) = 0, u(0, ·) = u(Nδ, ·)

}
(3.12)

·�y²
�¼Eδ,N 3Xδ ��Û4�Âñue¡Uþ�¼��Û4�:,

E(v) :=

∫ 1

0

√
1 + (vx(x))2dx− v(x) cos θ̂, (3.13)

Ù¥θ̂ = acos
( ∫ 1

0

∫ 1

0

√
1 + |∇h(Y, Z)|2dY dZ cos θY

)
. ·�kXe½nµ

½n4 �uδ ´Eδ,N ((3.10))3Xδ S��Û4�:, @o·�k

lim
δ→0

max
y∈[0,δ]

‖uδ(·, y)− v∗‖L1(0,1) = 0, (3.14)

Ù¥v∗ = k(1 − x), (Ù¥k = ctan(θ̂)) �(3.13)¥UþE(v) 3X = {v ∈ C1([0, 1]) | v(1) = 0} ¥�4�
:.

T½nL², Eδ,N ��Û4�¤éA�­¡Âñ^��²¡, T²¡��>��>.�Y��θ̂

÷v,

cos θ̂ =

∫ 1

0

∫ 1

0

√
1 + |∇h(Y,Z)|2dY dZ cos θY . (3.15)

w,ùÒ´²;Wenzel �§. �é{`, XJ�ÄXÚ��Û4��,÷*�>�÷v²;Wenzel �

§. þã©Û��±í2�zÆ5�Øþ!.¡�/, aq�±í�ÑXÚ�Û4�:3þ!z¿Â

e÷v²;Cassie �§:

cos θ̂ =

∫ 1

0

∫ 1

0

cos θ(Y, Z)dY dZ (3.16)

3.3 ÛÜ4�)�þ!z

þã©ÛÌ��éC©¯K��Û4�. ¢S¯K¥,  I��ÄXÚ�ÛÜ4�÷v�5�,

Ï�3Ôn¢�¥, ��XÚ��Û4�  '�(J. 3 [30]¥, ·��Ä
����¯K, b��

N>.��!�.¡, ·�©ÛXÚUþÛÜ4�:¤÷v�5�. ·�î�y²
ÛÜ4�:¤é

A��>���6u�>:� �, 
�d²;Wenzel ÚCassie úª�½. 3 [39] ¥, ·�©Û
n

��/, í�Ñ#���?��Cassieúª. ÙÌ�(JXe.

9
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�{ü, ·�k�Ä1w�!�.¡, 3¯K(3.11) ¥, b�h ≡ 0, 
θY äk±Ï5�©Ù. b½

ü�6.¡u ´,1w.¡3�N>.NCäk�6Ä, =-:

u(x, y) = u0(x) + δu1(x,
y

δ
) + · · · , (3.17)

ÏLìC©Û, ·�uyu0(x) ÷v

u0(x) = k(1− x),


Ù÷*�>�d±eúª�Ñ,

cos θe =
k

1 + k2
=

1

δ

∫ δ

0

cos θY (y, ψδ(y))dy, (3.18)

Ù¥{(x, z)|x = 0, z = ψδ(y)}L«ü�6.¡��N>.���(�>�).·�¡(3.18)�?�Cassieú

ª.

?�Cassieúª�²;Cassieúª(3.16)kX���«O. (3.16)L²÷*�>���NL¡þYoung�

>��¡²þ,
(3.18)L²,÷*�>�A�3�>�þYoung�>��²þ. �é{`,XJ�ÄÛ

Ü4�:,Ù÷*�>�ØUd²;Cassieúª¤�x. ?�Cassieúª�Ôn¢�(J�ÎÜ [12,40].

ù
©Û�±í2�AÛo÷.¡��/, 3 [41]¥, ·�í�Ñ��?��Wenzelúª, ¿ÏLC©

�{î�y²
ìC©Û�(J.

4 [·��>�¢�y��©Û

Xc¤ã, o÷.¡þ�Ed¯K, ÙUþ�¼äkNõÛÜ4�:, 
ù¬K��¢SL§¥

á��Ed5�. ��5ù,�N�c?�>�Ø�uÙ�ò�>�, ùÒ´�>�¢�y�. XÛ

½þn)�>�¢�y�, ´¢SA^¥�~­��¯K(X [42, 43]), Ïd�ÚåêÆ+�éT¯K

�éõ,�. ~X, Caffareli ÚMellet y²
�!�.¡þUþ�¼¯K�ÛÜ4�¤éA��>

�3,«mS, ùéAX�>�¢�y� [16]. AlbertiÚDe Simone b½�>�£Ääk�CzÇÃ

'(rate-independent)�UþÑÑ, ¦��E
���>�¢�y��C©�. [20].

ã 6 >.dü«á�±Ïü�¤�+�( [30])

3 [30]¥, ·�é��Ed¯K�
�
���©ÛÚO�.�Ä�!�.¡þ[·�Ed¯K,

·�uyXÚ¥c?�>��uXÚ¥���Young�>�, �ò�>��uXÚ¥���Young�

>�, ù½þ)º
���¹e��>�¢�y�. ~X, Xã 6¤«, ·��Ä����+�,ÙL¡

10
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dü«á�|¤, éA�Young �>�©O´θA ÚθB, �Ø�-θA < θB. +�o�Ý�2L, 3¥m

Ü©[−L/2, L/2], ü«á�±Ï5ü�. b��kk �±Ï, z�±ÏSü«á�¤Ó¡È(�Ý) Ñ

�L/2k. �Ω1 ÚΩ2 L«�N(6N1)ÚíN(6N2)¤Ó�«�. Pα = |Ω1|
4Lh ��N¤ÓNÈ'~. ·

��úUC�N�NÈ, �Ä[·�L§, KXÚ?u²ïG�, ü�6.¡�­Ç´~ê. Ïd, é

u�½�NNÈ±9�>����, ·�o�±wª¦Ñ�>:� �

x =
1

2

h

cos2 θ

(
(
π

2
− θ)− cos θ sin θ

)
+ 2αL. (4.1)

dd·��±dUþúª(2.1)wªO�XÚ¥.¡U���. ��B,·�Ú\Ãþj��é �x̂ =
x−L
h , KÃþj�.¡U�

Ê(α, θ) =
γLV |ΣLV |+ γSL|ΣSL|+ γSV |ΣSV |

γLV h

= C +



π−2θ
cos θ − 2x̂ cos θA, x̂ 6 − L

2h ;

π−2θ
cos θ + (L−2∆x) cos θA

h − 2Ix∆x(cos θA+cos θB)
h

−2(x̂− (2Ix+1)∆x
h + L

2h )β̂, − L
2h 6 x̂ 6 L

2h ;

π−2θ
cos θ − 2x̂ cos θB, x̂ > L

2h .

(4.2)

Ù¥Ix =
[

2x̂h+L
4∆x

]
´ê 2x̂h+L

4∆x = x−L/2
2∆x ��êÜ©, L«��N��Óâ�±Ï�ê, 


β̂ =

 cos θA if 2x̂h+L
4∆x − Ix 6 1

2 ;

cos θB, otherwise.

�½α, ·�U
O�Uþ4�¯K�4�:. �´duXÚ¥4�:Ø��, ·�æ��üÑ´

ÅìO�½~�α��5�[��O·�L§. �αUC�,·�|^þ�Ú�)��Ð�,UìαU

C���|¢¯K1��ÛÜ4�:��TÚ�). ·����O�(Jdã 7 ¤«, Tãw«
Ø

Ó�/e�>�Ú�>:�Cz�¹,ùp·�ÀJk = 15. ·��±w��ß��>�¢�y�,Ù

c?�>���ò�>�©O�uXÚ¥���Ú��Young �>�, ù��y
·��©Û(J.
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ã 7 �>�Ú�>:�NÈCz(αO�½~�)
Cz��¹. ùpk = 15, θA = π
6
,θB = 5π

6
.
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þã©Û�´�é���¹, éuk
AÏ�n�¯K, ·��±(Ü?���>�úª(X?

�Cassieúª) 5½þ�x�>�¢�y� [39]. �´éu���n�¯K, Ï��>� �Ú/G�

E,5,·�EØU�Ñ�±½þýÿ�>�¢�y��nØ(J.ùI�?�ÚïÄÚê��[.

5 �muÐ�Edy��.�©Û

Xc¤ã,�6N$Ä'��ú,ÙUþÑÑØÓÌ�Ü©�,Edy��^�tµ>^��Cahn-

Hilliard �§(2.5)�x. 3 [44]¥, Äu'u)���L∞ �O, ·�y²
T¯Kr)���m�3

5, ¿ÏLìC©Û, ïÄ
T¯K�²b.¡4�, e¡·��0�ìC©Û�(J, ¿ò�^un

)�
Ä�Edy�.

(a) �%/G��mCz (b) Ä��>���m�Cz

ã 8 Ä�Edy��©Û

·��Ä�ε ªu0 �, ·�uyá�m�>��±ØC, 
.¡C¤­Ç�~ê��l. 
XJ

�Ä��m1�, Ú\#��mCþs = εt. �§(2.5)C�
∂sφ = ε−1∆µ, in Ω

µ = −ε∆φ+ f ′(φ)
ε in Ω

∂nµ = 0, ∂sφ = α
(
∂nφ− ε−1 ∂γsf (φ)

∂φ

)
, on ∂Ω.

(5.1)

�ÄXã 8(a)¥��/,���%3�NL¡�*Ð.d�§(5.1),·��±í�Ñ�>�β ÷v��

��5~�©�§
d

ds
β(s) =

α√
A

(β − sinβ cosβ)3/2[cosβ − cos θY ]

sinβ[sinβ − β cosβ]
. (5.2)

UìT�§,βÅìüz�²ïG���>�. ·�^ê��{�y
T4��§��(5. ·�^�

�à©��ê��ª¦)Cahn-Hilliard�§ [45], ·�O�
ü�ØÓ�ε, ·�uy, �Xε �~�,

�>���m�CzÂñu~�©�§)�1�(�ã8(b)).

|^ù«g�, ·���±�ÄzÆ5�Øþ!.¡þ�Ä�Edy� [46]. ·��Äaquã

6 ¤«��9�!��+�S�Edy�. �þ!�[·�©ÛØÓ, ·�b½Uì�½�Ý +�

12
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¥O\½~�6N�NÈ. ·��	T+�S�é6��Cahn-Hilliard �§, ò(5.1) ¥1�1��§

U�

∂sφ+ ux∂xφ = ε−1∆µ.

ÏLaq�ìC©Û, ·��±í�Ñ�>�θ Ú�>:�é �x̂ ÷vXe~�©�§
θt =

[
α̂ cos θ−cos(θY (Hx̂))

sin θ + v
]
g̃(θ),

x̂t = −α̂ cos θ−cos(θY (Hx̂))
sin θ .

(5.3)

Ù¥g̃(θ) = cos3(θ)
cos θ+(θ−π2 ) sin θ , v �x
�NNÈUC��Ý.
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ã 9 Young�>�(θY (x))1wCz�!�.¡þc?Ú�ò�>�.

|^þã©Û(J,·�Ï"�±n)�E,�Ä�Edy�.��;.�ê�(JXã 9¤«,

ùp·�b½�9þYoung�>�Ø´©¡~ê, 
´��1w¼êθY (x) = π
2 + π

6 sin(kx). éuØÓ

�k, ·�O�Ñc?Ú�ò�>��Cz. ùp·�-α = 10, v = ±0.5. ê�(Jw«
�ß��

>�¢�y�.

6 o(�Ð"

3�©¥, ·�£�
3êÆ�¡éEdy���
©Û(J. ·�é���E,>^�gd.

¡¯K�þ!z, �y²;�>�úª¤á�^�, ¿í�Ñ�
#��>�úª. ·�|^ØÓ�

.,é�>�¢�y�?1
nØ©Û. ù
©Û(JU
�·�@£g,.´Lk��Edy�.

Ï��Ì��Ú·�Y²k�,�©vk�9Ed¯K¥�
­��¯K.~X,·��0�o÷

.¡þWenzel G�ÚCassie-Baxter G�(í��3uo÷.¡�Y�G�) �m�=�(wetting tran-

sition) [47], ù��´��ÏéQ:�¯K [48]. 2X, ·�vk�96N$Ä,cÙ´�£Ä�>��

'�Ä�Edy�, Ùï�,O�Ú©ÛÑkéõ���(J [3]. ,	, ·��vk�9�>)�M�

3>|^�e�>Ed(electrowetting) [49]�¯K.
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SCIENCE CHINAMathematics: Mathematical Analysis for Wet-

ting on Rough Surface

Xianmin Xu & Xiao-Ping Wang

Abstract Wetting on rough surface is a common phenomenon in nature and our daily life. It has many

applications in some industry processes, like painting, printing etc. Nevertheless, the theoretical understanding

for wetting on rough surface is is not complete. There is some controversies on some well-known formula, like

the Wenzel and Cassie equations. In this paper, we will review some mathematical analysis for this problem,

including homogenization for wetting problem on rough surface and analysis for contact angle hysteresis. We

show how mathematics help us to understand the complicated wetting phenomenon.
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