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Abstract

We analyze the Cahn—Hilliard equation with a relaxation boundary condition
modeling the evolution of an interface in contact with the solid boundary. An
L estimate is established which enables us to prove the global existence of the
solution. We also study the sharp interface limit of the system. The dynamic of the
contact point and the contact angle are derived and the results are compared with
the numerical simulations.

1. Introduction

Wetting and spreading are of critical importance in many applications such
as microfluidics, inkjet printing, surface engineering and oil recovery [4,12]. The
subject has attracted much interest in physics and applied mathematics commu-
nities. The phenomena of wetting and spreading are governed by the surface and
interfacial interactions, acting usually at small scale. The fundamental concept that
characterizes the wetting property of the solid surface is the static contact angle,
which is defined as the measurable angle that a liquid makes with a solid. The
contact angle of liquid with a flat, homogenous surface is given by the Young’s
equation [23]
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Fig. 1. Contact angle formed by the liquid air interface with the solid boundary

where vgy, v, and v are the surface tension of the solid-vapor interface, the solid-
liquid interface and the liquid-vapor interface respectively (see Fig. 1). Mathemat-
ically, the wetting phenomena and the equilibrium state of the two phase fluid on
a solid surface can be described by the phenomenological Cahn—Landau theory
[4,6], which uses the interfacial free energy in a squared-gradient approximation,
with the addition of a surface energy term in order to account for the interaction
with the solid wall (see also [15])

F= [ Se0r+ i r@ar+ [ v @)
Q2 & ilo)

where ¢ is a small parameter, ¢ is the composition field, F(¢) is the double well
potential for the bulk free energy density in 2. The simplest double well potential is
given by F(¢) = (1 —¢?)%. v(¢, x) is the free energy density at the solid boundary
a2 which interpolates between vg;, and vgy and it is locally x dependent for rough
surfaces [20,21]. The equilibrium interface structure is obtained by minimizing the
total free energy JF, which results in the following Cahn-Landau equation

—eA¢p + éF/(¢) =0, in Q 3)
g v
83_n+£_0 on 0%. (@)

Young’s equation (1) can be derived from the boundary condition (3) in the sharp
interface limit (see for example [20]). A special case of (3) d,¢ = 0 corresponds
to the 90° contact angle when v is a constant function.

The dynamics of a two phase system on a solid surface can be modeled by the
Cahn—Hilliard equation

¢ =Av, v=—eAp+1F(¢) in Qx(0,00),

¢ + o (88n¢ +/'(¢, x)) =0 on 92 x (0, 00), 5)
d,v =0 on 922 x (0, 00),
G, 1) = do(") on © x {0}

where ' = 0/9¢, 0, = n - V, and n is the unit exterior normal to the boundary
02 of a smooth bounded domain €2, v is the chemical potential in the bulk. The
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above system is a special case of a more general diffusive interface model for the
two phase flow consisting of a coupled Cahn-Hilliard—Navier—Stokes system with
the Generalized Navier Boundary Conditions (GNBC) introduced in [17-19] to
model the moving contact line problem. In the slow dynamics, one can neglect the
effect of the flow and the system is reduced to the Cahn—Hilliard equation with a
relaxation boundary condition (5) which enables us to study the evolution of the
interface along the solid boundary and the dynamic contact angle.

The system is a gradient flow of an energy functional (2) (see Section 2). We note
that the Cahn-Hilliard equation with the standard boundary conditions d,v = 0
and d,¢ = 0 has been well-studied, see [3,7-9,16] and the references therein.
However, there seems to be no standard theory in the literature that can be applied
to obtain the well-posedness of the problem (5).

This paper consists of two objectives: a rigorous mathematical analysis for the
well-posedness of the problem (5), and a formal derivation for dynamics of contact
angle in the ¢ \( 0 limit. The former part shows that (5) is a mathematically sound
formulation and the latter part shows its potential application, thereby supporting
the conclusion that (5) is a reasonable model for the underlying physics.

We shall establish the global-in-time existence of a classical solution of (5). We
first propose a new regularization scheme for the system (5) and prove the local-
in-time existence of the solution by a standard fix-point approach for semi-linear
problems. Clearly, the key for the global existence of a classical solution is the
L estimate. For this, we utilize a technique that is quite different from that of
Caffarelli-Muller [7]. In [7], the non-linear function f is assumed to be of linear
growth, so potential theory for the linear part and Sobolev imbedding for the non-
linear part cooperates in harmony. In general for semi-linear problems, even for
gradient flow such as Navier—Stokes equations, one can only establish the global
existence of a classical solution for low space dimensions. Nevertheless, bearing
in mind that (5) is a gradient flow with a unique structure here, we imposed a
condition that is opposite from [7]. We assume that f has a physically meaningful
super-linear growth:

wf (u) = u’ if ul > 2. (6)

Such conditions work very well for second order parabolic equations (such as the
Allen—Chan equation [1]), due to the celebrated tool of the maximum principle. Here
we introduce a novel yet quite simple technique (Sections 3.2, 4.4) that enables us
to use the idea of the maximum principle to show that the non-linear term is indeed a
good term that forbids the solution from blow-up, thus being in agreement with the
modeling of physics. As far as we know, our method of utilizing the non-linearity
(6) to show the L* bound for the fourth order Cahn—Hilliard equation and the
phase field model is new. In essence, our technique can be classified as an invariant
region method.

The Cahn-Hilliard equation is a phase field model used to describe interfacial
dynamics. Clearly we would like to know what and how the macroscopic phenom-
ena, that is law of motion of sharp interface (¢ \ 0 limit of the zero level set of ¢)
are enforced by the Cahn—Hilliard equation. In this direction, the leading work is
that by Pego [16] who derived the law of motion of interface. Rigorous verification
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of Pego’s derivation is carried out in [2,9]. However, Pego’s work did not touch the
important issue of how the interface interacts with the boundary. Here we carry out,
only on a formal level, a multi-scale expansion for the system. We demonstrate, in
the case of a droplet spreading along a flat surface, that the Cahn—Hilliard system
(5) models at the tip of interface the following dynamic contact angle law:

a (B —sinBcos B)¥?[cos B — o (p(s))]
JA sin B[sin B — B cos B] '

d J—
Eﬂ(s) =

Here s = et, A is the volume of the phase domain, p(s) and B(s) are, respectively,
the contact point and contact angle of interface with the boundary 9€2 (in the limit
as ¢ — 0 of zero level set of ¢).

The paper is organized as follows. Sections 2—4 are rigorous mathematical
analysis whereas Sections 5-6 are only in a formal level. In Section 2, we show
some basic properties of the Cahn—Hilliard equation (5), mainly its gradient flow
structure of a energy functional with a boundary energy term. In Section 3, we
construct a regularized system for the equation and study its well-posedness. In
Section 4, the well-posedness of (5) is studied. We prove the existence, uniqueness
and regularity of the solution of the equation. In Section 5, we briefly go over Pego’s
conclusion [16] regarding the law of motion of interface. In the last section, we study
the fast time behavior for (5) by asymptotic analysis, to derive the dynamics of the
contact angle. In the regular time scale, the contact angle is seen as a constant, the
equilibrium angle of Young’s equation.

2. The gradient flow structure of (5)

We assume the explicit dependence of the surface energy density v on the
surface location x in the form of v(¢, x) = o (x)€(¢). We also assume that

0,0, F,3QeC® ¢ w)=0, F"u)>0,uF )>u)® when |u|>2.  (7)

The energy functional E associated with the Cahn-Hilliard equation (5) is
defined by

€ ) 1 N-1
E[¢] :=/ (EIWI +—F(¢)) dx+/ o (X)e(PYH™ " (dx). (®
Q & I

The first variation of energy in the direction ¢ can be calculated as

SE
< [¢],§

S >:= E[qb—i—sg“]‘szo

4
ds
/ eV Ve +eT F(@)¢) + / o () (#)¢
Q Q

J

(-eap+e P @) e+ [ (eanptomi@)e

Q2
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Note that

d SE

8¢

Hence, the Cahn—Hilliard dynamics is a gradient flow with dissipation rate

2, 1 2
Dlv,¢]:= [ Vv +— [ &
Q @ JiQ
2
- / )V(gmp - s_lF/(qb))‘ + oc/ |edutp + o (@), (©)
Q aQ
The second variation of E in the direction (¢, {) can be calculated as

82E[¢] & K |

= [ (eveP + e @) + [ ot o)
Q Q

Ex[¢.¢] 1=<

=

This gives

d 1d
EEW] = —D[v, ¢/], EED[I)’ ¢] = —Ealg, ¢1].

The gradient flow structure of the Cahn—-Hilliard equation implies that a long
time decay of its solution to a stationary one. This implies that a Gronwall-type
argument can be applied to give the uniqueness of solutions (see Theorem 2 in
Section 4). It will be proved in the following two sections. It is easy to see that
solution of equation (5) also preserves the mass:

i/qbdx:/qﬁtdx:/ Avdx:/ 3 HY 1 (dx) = 0.
dt Jo Q Q Q

3. Well-Posedness of a Regularized Problem

To establish the existence of a solution of (5), we start with the following
regularization

8¢y —eAp+eVF'(p) =v, Sv; —Av=—¢, inQ x (0,00),

¢ — 8App = —a (3¢ + 0l (#), dv=0  on IQx (0,00), (1)

¢(,0) =¢o, v(-,0) =vo on  x {0}
where 6 € (0, 1] is a parameter and Ajg is the surface Laplacian of the manifold
d£2. Note that except for the boundary condition, this is the well-studied phase field

model [5] in which ¢ is a phase order parameter and v is the temperature.
The main result in this section is the following theorem.

Theorem 1. Assume (7) and (¢o, vo) € C>(2) x _C1 (). Then problem (11) admits
a unique solution and the solution is smooth on Q x (0, 00).

The proof is given in two steps (see in Sections 3.1 and 3.2, respectively). In
the first step, we prove a local in time existence. In the second step, we establish
an L bound so the local solution can be extended step by step to € x [0, c0).
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3.1. Local in Time Existence

First we establish the existence of a solution on Q7 := Q x [0, T'] where T is
a small positive constant. In the sequel, n € (0, 1) is a fixed Holder exponent and
C is a generic constant that depends only on 7, ¢, «, §, 2, 0 (-), £(-), and F(-), but
not on 7. We denote

m.|m/®m+mwx A%—mu{”m%myWﬂmm}

We shall prove the local existence via the fixed point of a certain operator in the
function space

Xu.r = {6 € V2@ | I8lcring,) < M. (.0 = do)

where M > M) is a positive constant to be chosen later. Here the index (1, 1/2) in
C"172 are corresponding to x and 7 respectively.

1. Fix an arbitrary ¢ € Xy 7. Let V be the solution of the linear parabolic
equation

Vi —AV =cy—¢ in Qr, 9,V=0o0ndQr, V(-0=Vy (12)
where Vy € C%(Q) is defined by
—AVp =cop— vy — ¢ in 2, 9, Vo =0 on 0%, JoVo =0.
By the classical elliptic estimate [11,13],
IVoll c2enggy < ClIdvo + doll ey < CMo.
Comparing V with a linear function of ¢, we find that
IVIlze@r) < Vol + 8 Hico — @l T

Hence, applying Schauder regularity theory [14] for the parabolic equation (12) we
have

CUIVIizo@r + Vol c2inay + llco = Sllering,))
CM{1 +T}. (13)

” \% ||C2+n,|+r]/2(QT)

NN

Setting v = V; we see that v is the unique solution (in a distribution sense) of

Sv; — Av = —¢; in Qr, 0,v=0 on 097, v=uvy on Q x {0}.

2. Next, we define the boundary value <13 as the solution of

¢ — 8Ms0p = —a(d: +ol'($) indQr,  =doondI x {0}.  (14)
Then by parabolic estimate [14],

Ipllcrn A2 (9Qr) S {||¢0||c2(asz) + (L4 D)0 + o' (D)l coar }
< CM{1 +T}. (15)
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Finally, we define ¢ as the solution of

Y —eAY + e 'F'(y) =V, in Qp, ¥ =¢on IQr,
Y = ¢gon Q x {0}. (16)

Note that "' F/(3/) < V, at any interior point of local maximum of ¥ and
e VF'(Y) > V; at any interior point of local minimum. Hence, we can use (7)
to derive that

11y < max {1Bllc @y I90llciay: 2. felVill iy, | < MU +T).

It then follows by parabolic estimate [14] that

”‘WHCI_M’(H'")/Z(QT)
<C {||¢0||c2(§z) 1l crenasnrgay) + e F () = VillLe@p (1 + T)}
< C{M +|F(CM[1 + TD| + |F' (=CM[1 + TD|} (1 + T).

Finally, by the definition of the Holder norm, we can derive that

1 = dollcrizg, < IV lernamng, T

3. Fix M = 2Mj. One can check that if T > 0 is sufficiently small, the map
¢ — Y maps Xy, 7 to itself and is a contraction, and therefore admits a unique
fixed point. The unique fixed point provides a unique solution of (11) on Q7. In
addition, by a bootstrap argument and standard parabolic regularity theory [14],
(¢, v) is smooth in Q x (0, T]. We omit the details.

3.2. Global Existence

Let (¢, v) be a solution of (11) in  x [0, T). Suppose we can show that
|1l 2@,y is bounded. Then from the equation for V in (12) and the parabolic L?
estimate, v = V; is bounded in L?(Q27) for any p > 1. Consequently, from the
equation for ¢, we see that ¢ is bounded in Wl%’l (Qr) forany p > 1, which implies
that ¢ is bounded in C'*7-(1+1/2(Q1); see the derivation from (19) (with L™ (Q27)
replaced by L?(27) for p > 1) to (20) below. A bootstrap argument then shows
that (¢, v) € C®(Q x (0, T]). Hence, the solution can be extended beyond 7.
Therefore, to establish the global in time existence, we need only establish an L*
bound of ¢. For this, assume that (¢, v) is a solution in Q x [0, T'] and define

My = max ||, M> = max |v] = max|V,].
Qr Qr Qr

As we are establishing the upper bound of Mj, we need only consider the case

M > 2My.

Let (x*,t*) € Qr be a point such that M; = |$(x*, t*)|. Without loss of
generality, we assume that ¢ (x*, r*) > 0. As M| > 2My, we have t* > 0. If
x* € 0Q, then 9,,¢ (x*, t*) > 0, 9;¢p(x*,t*) > 0, and Ayop (x*, t*) < 0, so the
boundary condition for ¢ implies that o (x*)£' (¢ (x*, t*)) < 0. By (7), this implies
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that qb(x* t*) < 2, contradicting the assumption ¢ (x*, t*) = M| > 2My > 2.
Hence, x* € Q and t* > 0. Consequently, A¢(x*,1*) < 0, ¢:(x*,1*) > 0, so
e F (¢ (x*, t%)) < v(x*, *). This implies that, by (7),

(M1)* < F'(¢p(x*,1%)) < ev(x*, 1%) < eMa. (17)

Similarly, if ¢ (x4, t,) is a global minimum of ¢ then either ¢ (x4, t.) > —2M or
F'(¢p (x4, tx)) = —eM,. Without loss of generality, we can assume that My > 1.
Then,

IF" (@)l e,y < max L |F' @), [F' (@™, )], |[F'(¢(xs, t*))l]
< CMs. (18)
Applying the parabolic estimates first for ¢ and then for ¢ we derive that

Ipllcrinainngyy < CUL+THMo + g7 F'(¢) — vllL~p
+lowdllconr) + 1) (19)

The quantity [|9,¢|lc@e,) on the right-hand side can be control by the left-hand
side via the interpolation: there exists a positive constant C = C (2, n7) such that
for any § € (0, 1],

IVelc@r < C8 ' Mdlc@y) +8lIllcronaimn g,
Setting §= 1/[2C(1 4 T)] we then derive from (19) and (18) that

lpllcrenasmngyy < CLL+TH MM + |67 F — vl po@p)}
< C{1+ T}V, (20)

Now we use the parabolic estimate for (12) to obtain

IViiLe@r < C{lIVollLe@) + llco — dllLe@n T} < C[1 + T1My,
||V||c2+n-l+n/2(QT) C{||V0||C2+n(g'2) + llco — ¢||cl,1/2(QT)(1 + 1)}
Ccll + 1T1V"2m,

<
<
by (20). Finally, using v = V; and the interpolation with 6 = n/(1 4 n) we obtain
Mo < WVlle2iapy < 20V 1@ IVl 2l isngg,, < CLL+TI MM, =0
Upon using M < /e M, we derive that
My <+ D) My ml=o
so that
My < C[1+T1PVntD/6 - py< c1 4 T Wt0/8

This completes the proof of Theorem 1. O
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3.3. Energy Estimates

The a priori estimates in the preceding subsection depend on §. In order to pass
to the limit § Y\, 0, we need estimates that do not depend on §. For this, we employ
energy estimates.

1. For each ¢t > 0, integrating év; — Av + ¢, = 0 multiplied by v = §¢;, —
eAp + e~ F'(¢) over Q, using integrating by parts with the substitution 3,v = 0
and —£0,¢ = [¢; — §Ayap + acl/($p)]/a on 2 we obtain

0=/ v(av,—Au+¢,)=/ (50— vAv + (86, — 0 + 7 F ()11
Q Q
F’<¢>¢z)

£

= / (avv, +|Vu|? + 8¢} + eV - Vo, +
Q

+/ ¢ — 8Ayap +aclt(¢)] 4
aQ o

_d AL ) 8|Vaadl®
_d_tl/9(7+ o B )+/m( 20 +ae<¢))]

+/Q(|W|2+a¢,2)+ a iy

Q o

Similarly, using —£8,¢; = —(£0,0); = [¢prr — SAyd; +0L" (P)¢:]/o on IR, we
derive that

0= /9 v (Sv; — Av + qst)z/Q (503 — v Av+[8¢y — 8A¢t+8_1F”(¢)¢,]¢t)

d Vo2 52 ¢?
- L)+ L5
" 2 2
+ / (8v?+s|v(/>t|2+m)+ / (M +oe”<¢)¢3)-
Q & a0 o

Since both F” and £” have lower bounds, these two energy estimates will provide
norm bounds that do not depend on the non-linearity of F.

2. Non-linearity may mess up the usefulness of higher order energy estimates.
We write two of them:

0 =/ v (v — Av + @),
Q
= /Q (5Utvtt — v Av, + [0y — AP + S_IFN(¢)¢1‘]¢U)
_d sv2  e|Ver*  FU(¢)? 8| Vaqe:|?
‘5[/9(7+ 2 T2 )+/asz 2a ]

z 3 2 1
+/ (|Vvt|2 + 8¢12t - M) +/ (@ + ol (¢)¢z¢tt) ’
@ 90

2¢e o 2
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0= /Q v Bv; — Av + ¢y),
= /9(51),2[ — U Avy) + [6¢1 — APy + E_IFN(¢)¢” + 8_1FW(¢)¢’2]¢”
_d [ [ (vl 5 ¢3,]
sl L) L5
5|V 2
n /a ) (% + ot ($)p> + oe/”(¢)¢3¢n)

" 2 " 2
+/ ((Svtzt + £|V¢tt|2 + F (¢)¢” i (¢)¢t ¢”) .
Q

&

We summarize the estimates as follows. Introduce

Vo2 F
El¢] = /(8' 2"” + i¢))+[)goﬂ<¢),

2

N A

// 2
Exl¢. ¢ =/ (8|V§|2+L)§) +/ ol ()72,
Q & I

Then we have the fundamental energy identities

d
0= ([¢]+ (101220, +a~ ||Vasz¢||iz(m)])+D[v,¢,]+8||¢t||iz(m,

1 d
0= 3= (DI g1+ 81191120 ) + Eals. 611+ 8ll1ur I} g

+a [ Vaadi 7250, 1
Higher order energy identities can be derived by direct differentiation: for any
positive integer &,

1 d
5 d—E 31, 8K, 9% vl + DO[8fv, 9F o] = Nowy,

1d
D[3Fv, 35 1] + E°g, 0T, 851 v] = Nowin

2d

where Bk azk and

F'(@)|0F ¢ 5|Vandkel’
Eg[¢,a,"¢,a,’<v]:=/ (€|V35¢|2+—(¢)8| i +8|a,’<v|2)+/ Waati ol
Q Q2

o
D[ofv, 31 p1 = IVOfvlTa g + @~ 10/ D117 g + 8195 T D117 g

F”/<¢>¢,<a{<¢)2)

1
Nogt1 = E/Q (3,k+l¢ [3,]{F/(¢) - F//(¢)3tk¢] - >

+/ odk ok (¢),
02

Notya 1=+ / o g [0 @) — FI@)0f ] + / oo (@),
& Jo Q2
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3. Using cut-off functions, one can establish estimates for arbitrary higher order

derivatives. For interior estimates, suppose ¢ = ¢(x) is smooth and ¢ = 0 on 9€2.
. . . 51!
Then for any integer index 8 = e, , denoting 9f = S
y integ B = (B BN+1) g PR P
we have

0= / c0PvaP[sv; — Av + o]
Q

= / ¢ {80PvaPv, — 3PvAdPv + 8P (8¢, — eAg + F'(9)10P g1}
Q

1d (¢)
_ B2 B 2 B 12
=53 Q((SIB v|” +¢|Varelm + ——— (0" ¢ )

+/ (107 vl + 8107 9:1) ¢ +
Q

where - - - are lower order terms.

Near the boundary, one can begin with estimating tangential derivatives, Vyq 1=
V —n(n- V) where n is a smooth vector function in € such that  is the unit exterior
normal to 3. For example, suppose p € 9 and ¢ is a smooth function in RV
vanishing outside of a small neighborhood of p. Then

0= / ¢ Vaqu - Vaqldv, — Av + ¢]
Q

= /Q ({fWan - Vaqur—Vaqu - Voo Av+Viqldpy — eAp+F'(P)] - Van)z)

1d ”(¢) 2 / Vil
= (/Q <5|Van| el VVaad P+ P | 9500) );+ e

81Vaqd:|?
+ [ (199000 + o1¥aa0i ) ¢ + M;
Q IR o

Here we use the fact that the boundary condition equations d,v = 0 and 9;¢ +
a(ed, + ol (¢)) = 0 can be differentiated in ¢ and in any tangential directions.

Finally, any other derivatives involving differentiation in the normal direction
can be estimated by using the differential equation and the boundary condition
equation. We omit the details.

4. Well-posedness of (5)

In this section, we establish the well-posedness of (5). We show the uniqueness
of the weak solution of (5) in Theorem 2 and the existence and regularity of the
solution in Theorem 3. The proof of Theorem 3 is based on a L estimate which is
shown in Section 4.4. In the last subsection, we derive formally the sharp-interface
limit of the Cahn-Hilliard equation.
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4.1. Weak Solution and Uniqueness

For completeness, we begin with the definition of a weak solution and its unique-
ness.

Definition 1. A pair (¢, v) is called a weak solution of (5) if for every T > 0,
¢, Vo, v, Vve L (Qr), ¢F (¢) € L'(Qr), ¢, 0l ($) € L*(3Q7)

and for every smooth ¢,  with compact support in  x [0, 00),

/oo/ ucdxdz:/oo/ <sv¢.v;+w)+/m/ (‘M+a£’(¢)g),
0 Ja 0 JQ & 0 Ja \ @
//Vv-wdxdr:/ /¢m+/ B0, 0)

0 JQ 0 JQ Q

Theorem 2. Assume that F, o, £ are smooth and F" > —m and |¢""| < m for some
m € (0, 00). Then for every ¢g € LZ(Q), there exists at most one weak solution of

).

Proof. Let (¢1, v1) and (¢, v2) be two weak solutions. Fix T > 0. Set¢ = ¢1 —¢»
and n(-,t) = f}(v1(~, ) —v2(-, 7))dr fort € [0, T] and set { = 0,n = O for
t > T. Since F(u) + mu? /2 is a convex function we can derive that for every
ui,uy €R,

max{|ua F' (uy)|, [ur F'(u2)| < max{|ug F'(uy)|, [uaF' (u2)|} + mllui|* + [ua]*] .

This implies that both ¢y F’(¢) and ¢ F’(¢1) are in L' (Q7). Thus, by an approxi-
mation process, both ¢ and 1 can be used as test functions. Taking the difference of
the definition equations for (¢1, v1) and (¢2, v2) and using n; = v — v we obtain

T T 00
// V(v —vz)-Vnz//(¢1 — )0, =/ /(Ul —m)¢
0JQ 0JQ 0 Q
T F' —_F' T
:// (8|V§|2+( @) (¢2))§)+// (g’—g+o[6’<¢1>—6/(¢z>]z).
0JQ & 0 Joo \ @

As v; — va = n; the left-hand side equals

T T 1
//wvl—vz)-w://w-w:—E/ V(L 0P
0JQ 0JQ Q

Also, using F” > —m and |[£”| < m we have

(F'(¢1) — F'($2))¢ = —m&?, o[t/ (¢1) — € (@)]¢ = —ml|o|LC?.

By Sobolev embedding there exists a constant A = A(e, m, ||o||L~, ) such that

T/ §2+m||0||L°°/ 2 < 5/ |vc|2+A/ . @1)
e Ja IQ 2 /o IQ
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Thus we obtain

1 T 2 L T) T
——/ IVn(',0)|2>/ /<e|vq|z—£)+/ ASED) —mnonm// %
2 Ja 0 Jo £ Q 2« 0 Joag

€ 2, 1 2 r 2
>—/ vzl +—/ (. T) —A// 2.
2 Ja 2a Jaq 0 Jog

In particular, setting w(t) = [;6[¢1(-, 1) — 2 (-, 1)]* we find that w(T) < 20 A fOT
w(t)dt. Asw(0) = 0and T > 0is arbitrary, the Gronwall’s inequality then implies
that w = 0, from which we derive that ¢; = ¢, and v{ = v;. This completes the
proof. O

4.2. Existence of a Strong Solution

A weak solution is called a strong solution if it has more regularity than is
needed in the definition. It is called a classical solution if all of the derivatives that
appeared in (5) exist in a classical sense and the equations are satisfied pointwisely.
We can now pass to the limit § N\ 0 from the solution of (11) to obtain a strong
solution of (5).

Theorem 3. Assume (7). Let ¢g € C>®(Qr) be given. Set vg = ¢ ' F'(¢) —
eApo, ¢or = Avg and assume that the compatibility condition ¢or + (9,00 +
ol (¢g)) = 0 on 9 holds. Then problem (5) admits a unique weak solution. The
solution satisfies the following estimates:

d d
— [ ¢dx=0, —E[¢]=—D[v, ],
dt/Q¢ X ” [¢] [v, ¢:]
'
Dlv, g1 +2 / Eal4. ¢]d < Dlvo. dorl.
0
In addition, if the space dimension N < 3, then the solution is smooth in Qx (0, 00).
Proof. Denote
m = max [— min F” (1), max |Z”(u)|] .
ueR ueR
We derive from (21) that

€ 2 2 2 ¢ 2
E2[¢,§]>§/Q(IV§I + )—A/mz > 2101 g~ AwDlv. 1. (22)

Hence, for the solution of (11), integrating the first two energy identities we
obtain

31Vaadll? 0

t>0

00 2
+ [ (Dl + 81011 ) a1 <
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sup (DLv, ¢1+ 51122 g )

o
+f (enzmn%,l(m T 8l +

where Cy is a constant that does not depend on § € (0, 1].

It then follows from a standard procedure that along a sequence of § N\ O,
the solution of (11) approaches a limit which is a strong solution of (5). As weak
solutions are unique, the whole sequence of solutions of (11) converges to the weak
solution of (5), as § N\ 0.

Suppose N < 3 and we can show that solution of (5) is bounded then we

~

8IVaadrlI71 50 _
o

can use higher order energy identities to estimate E;[¢, Btk 291 and D5+ 0% S atk En L2 for
k =2,3,....Alsoone establishes energy estimates for spatial derlvatlves to derive
that (¢, v) is smooth and is a classical solution.

Hence, to show that we have a classical solution, thereby completing the proof
of Theorem 3, we need only establish an L® estimate for the solution. This will be
done in the next two subsections.

Suppose we can show that ||@|| =) < K(T) for a classical solution. For
weak solutions, we argue as follows: first we modify F’ by zero in (—oo, —K (T) —
1JUI[K(T) 4+ 1, c0) to obtain a classical solution. This classical solution will be
bounded by K (T) so it is the weak solution of the original problem. Hence, we
need only work on classical solutions. O

4.3. The Principal Eigenvalue

We denote
\v/ 2 —lF// 2 ' " 2
i) = i J2leIVEl e P 1+ fyg o))
Jo t=0 EIBQ§2+fQ|VAN §|2
Ag = min[ inf  Ag(2), 0]
t€[0,00)

where AI_\,I is the inverse of the Laplace operator under the Neumann boundary
condition, that is, 2 = A;,l ¢ is defined as the solution of

§_§——/§1n Q, 9, =0o0n 9%, /dezo.
€2 Q
Note that A, > — A« where A is defined in (22). If the interface is well-developed,
the eigenvalue is as that investigated in [ 10], with the conclusion that A, is bounded
from below by a constant that does not depend on €. Here we allow A, to depend
on €.

The energy identity implies that

1d d
EED[U’ ¢l = —Ez[, ¢:] < =2 (0)D[v, ¢] < ASEEW}
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Set D(t) = D[v(-, 1), ¢:(-,t)] and E(¢) := E[¢(-, t)]. Integrating the above
inequality in [0, #] we obtain

D(1) < D(0) — 2A.[E(0) — E(t)] < D(0) +2Aa¢E(0) =: C.

2, 1 2
sup(/ V| +—/ qﬁ,) <C.
>0 \JQ o Joq

Using [9, Lemma 3.4] we have

Thus, we have

Il e = IVVll2@) + lvli2@) < C(R,m) (El¢] + Vvl 2(g) < Ci.

Hence, by Sobolev’s imbedding

2N . . .
lvllLr ) <C(p, vl 1o <CCr, P=5_3 (if N<2, p>lis arbitrary) .

4.4. The L*° Estimate

Assume N < 3. Then p :=2N/(N —2) > N.
Let a, be a constant defined in (23) below. We set

k=a(5a; + llot'|| Lo@xr)) + 1.
Let (x*, t*) € Q x [0, T] be a point such that

O (x*, t*) —kt* = max (¢p(x,t) — kt).

Qx[0.7]
Then maxg ¢ < ¢ (x*, t*) + kT. We now estimate ¢ (x*, t*).

(1) If r* = 0, we have ¢ (x*, t*) = o (x™) < Mp.
(i1) Supposer* > 0.Denote ®(y, t) = ¢p(x*+ey, 1), B={y||y|] < 1,x*+ey €
Q}. Then

gv=—A,®+ F'(®) in B.
Let W(-, t) be a solution of
—AV =9(y) :=ev(x*+¢ey,t)in B, ¥ =0 on dB.
Then, since p > N,

Cllolrs < Ce' NP | r

IVyW(, Dl + TVCE, DllLen) <
< Ce2 N2

lvllLoo0,00:LP () =: @e.  (23)
Denote ¥ = W — 2a,(1 — |y|*) and ® = ® — U. Then ® = & + ¥ and
~Ay® = —F'(d+ W) +4Na, in B.

Let (§,7) € B x [0, T] be a point of maximum of ® — k7 in B x [0, T'].
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(1) The case | 9| = 1 is impossible, since we would have W (3, f) = 0 so

d(x*, %) — kt* = ®(0, 1*) + U (0, t*) — kr*
@0, 1) — kt* — ag,

//\ //\

which contradicts the definition of (9, 7).

(2) The case & := x* 4+ £ € 9 is also impossible, since at (%, ), we would
have ¢, = <i>t(jz, f) > k (here we observe that \Ilt = 0on dB x [0,T]) and
gopp > — V| Lo > —5a., contradicts the boundary condition ¢; + «(£9,¢ +
ot'(¢)) = 0 and the definition of k.

(3) Hence, y must be an interior point of B. Then —A d>( $,1) > 0, so we have
F'(® + W) < 4Na,. This implies that ®(§, 1) + ¥(3, ﬂ 2 + /4Na,. Hence,

P*. %) = B0, 1%) + V(0. 1) < BG. D) + k(=) + T(0, 1)
<24 VANa, = U3, D) + k(" =)+ B0, 1)
<2+ V4Nag + kT + 3a,.

Similarly, we can establish a lower bound of ¢. Hence, we have

K(T):= max |¢| < Mo+ 2kT + 3a, ++/4Na,.
Qx[0,T]

This completes the proof of Theorem 3.

5. Formal Asymptotic Limit as ¢ N\ 0

Assume that F is a double equal-well potential: F(u) > F(£1) = 0 for all
u # £1. Also assume that the initial data ¢o = ¢ depends on ¢ and satisfies

1
@/Q%(X)dx =m, Elgjl<eo

wherem € (—1, 1) and ¢ are positive constants that do not depend on ¢. Denote the
solution of (5) by (¢, ve). Then one can show that along a sequence ¢ \ 0, (¢¢, v;)
approaches a limit (¢*, v*) having the property |¢*| = 1 almost everywhere; see,
for example [9]. Also, denote

sz,i:[xes'z

lim lim min  {F+¢:(y, 1)} = 1¢,
N0 eN0 YEQ, [y—x|<r

I, =0QNdQ;, T =Uxly x {1},

It is formally derived by Pego [16] and then rigorously verified by Alikakos, Bates
and Chen [2,9] for the classical Cahn—Hilliard system that v* solves

Av" =0 in Q\I7, v* =o0o(N — DKr,, [nr, Vo] . 2Vr, on I,

t
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where o9 = f_ll JVF(s)/2ds, []|r, is the jump across Ty, nr, is the normal of
3" at Ty, K, and V; are the mean curvature and advancing speed of the front
I, of Q.. Together with the boundary condition 3,v* = 0 on 3<2, the limit free
boundary problem for (v*, I") is well-posed provided we know the dynamics of the
intersection I'; N Q2.

Here we provide a formal argument showing that the intersection of interface
I'; with 92 does not change in time:

rNaQclr;No vo<r <.

For this assume N = 2 and [—1, 1] x {0} is part of the boundary of 2. Assume
that one of the intersection points is (x¢ (), 0), and that from t = O to ¢t = T, the
intersection point moves from x,(0) = 0 to x,(T") = b > 0. For each x; € (0, b),
denote by tsi(xl) the time at which ¢, (x1, O, tsi(xl)) = +£1/2. Then

b
b= lim/ [ (x1, 0, 1.7 (x1)) — ¢ (x1, 0, 7, (x1))] dxy
eN\O Jo

b rtFxn)
= lim/ / ¢e.r(x1,0, 1) dr dx;
eNO0Jo Ji ()

o0
<tim [ [ 6 VD<ol JiDi
eNO Y Jo  Jag N0

where | D, | isthe areaof theregion D, := {(x,1) | x € 92,0 <1 < T, |¢pe(x,1)| <
1/2}. Formally, D, has thickness O(g) so limg\ o |D¢| = 0. Thus b = 0. Hence,
formally, in the limit ¢ N\ 0, intersection points of I'; with <2 do not move.

6. Fast Time Motion

Assume that N = 2 and I'; has only one component. When 1 « ¢ < 1/e,
the interface is almost circular whereas its intersection with 92 does not show
noticeable motion. Hence we assume that initially the interface is circular and use
fast time s = et. Note that s € [0, 1] is equivalent to ¢ € [0, 1/¢].

To derive the dynamic laws for the interface, contact angle and the contact
points under the fast time s, we use the techniques of the matched asymptotic
expansions. We shall first perform the standard matched asymptotic expansion
away from the solid boundary which follows the steps given in [16]. For simplicity,
we only summarize the results from the outer and inner expansions. We then focus
our attention on the near contact point expansion to derive the dynamics of the
contact angle and the intersection points.

The initial-boundary value problem of the Cahn-Hilliard equation becomes

F'(¢p) — e2A¢p = ev, Av=c¢ep; in Q x (0,00),
s = —aled, ¢ + o (x)' ()], 9,v =0, on 982 x (0, 00) 24)
¢ = ¢o on € x {0}.
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Fig. 2. Region Q, Q1, Q~

The energy identity implies that

/ (/ IVv|2+0l/ [83n¢+U(X)€/(¢)]2) < ¢El¢o].
0 Q a2

Hence as ¢ N\ 0, v(-, s) approaches a constant, which indicates that the interface
is circular.

We consider a simple case (see Fig. 2) where Q2 = (—1,1) x (0, 1) and the
initial interface is a circular arc:

Lo = {{0, =h(0)) + R(0){sin O, cos 0) | |0] < B(0)},
Qy = {(x1,x2) | x2 > 0, x7 + (x2 + 1(0))* < R(0)?}

where 1(0) = R(0)cos 8(0) and B(0) € (0, ) and R(0) > 0. The area of the
region € is

A =1Q5] = R(0)* (B(0) — sin B(0) cos B(0)) .

6.1. The Outer Expansion
Away from the interface in the phase region QF, we have the outer expansions
v~vi~v6—L+Zi>1 eivii, AvE = egF,
¢~ T~ dy + s e0E. Fl¢T) = evt +2A¢%,
It is easy to show that the leading order solutions are ¢0i = =1 and vOi satisfy

Avoi=0
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with boundary condition
dgvy =0 on dQNINT. (25)

Since the outer expansion equations for quc do not allow the imposition of any
boundary conditions, boundary layers are expected.

6.2. The Inner Expansion

For s > 0, we expect the limit interface (¢ — 0) be a circular arc centered at
(0, —h(s)) with radius R(s):

Iy = {(0, —h(s)) + R(s)(sin@, cos @) | 10| < B(s)},  h(s) = R(s)cos B(s).
We assume that the zero level set, I'; of ¢ can be written as

I = {(0, —h(s)) + R*(0, 1)(sin 6, cos 0) | 0] < BS(s)}.
We use the expansion

R0, s) ~ R(s) + zg"R,-(e, s) = R(s) +eR°(0,s), R~ Zai_lRi.
i>l i>1

It is convenient to use the polar coordinates (r, &) centered at (0, —A(s)):

x = (0, —h(s)) + r(sind, cos§), r := |x — (0, —h(1))|, 6 = Arctan — .
X2 + h(s)
‘We now consider the change of variable (x, s) — (z, 6, s) where z, a special version
of the stretched variable, is defined by]
r—R0,5)  |x —(0,—h(s))| — R(s) — eR°(9, )

€ € '

Near the interface, we use the expansion

Px.s) ~ D e'pi(z,0,5), v~ evilz,0,5). (26)

i>0 i>0
Denote
X(@,s) :=(0,=h(s)) + R(s)N(@), N(O) = (sinf, cosb).
One can derive the following matching conditions, as z — £00:
vz, 0. 5) ~ vy (X(0,9).5),
vi(2.0.5) ~ v (X (0, 5).5) + (R1(0, 5) + Do, (X (0. 5). 9),

Similarly, we can also derive matching conditions for ¢.

1 Typically the stretched variable is defined as z = d(x, '¢)/e where d(x, ['¢) is the
signed distance from x to T'{.
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Substituting the expansions (26) into the Cahn—Hilliard equations (24), we can
easily derive the leading order solution ¢y (z, 9, s),

$o(z,0.5) = Q(z)
where Q is the unique solution of
Q.. — F'(Q)=00n R, QO(xo0) =1, Q@) =0. 27
This implies that
0@  du
0:0) = VIFQ@). [ =z vieR
For the leading order vy, we have

00
vo(z,0,5) = ———,

R(s)

where

] 2 _ L
o0 =5 /]R Qi@ dz= /_ 1 VFu)du. (28)

The solvability condition for the higher order solutions then shows that the interface
dynamics preserve the area of 2, that is

12y | = R*[B —sin Bcos B] = |25 | = A.

6.3. Expansion Near Contact Point

Assume for simplicity that the solution is symmetric with respect to the x;-axis.
Near the right intersection p, = (R°(0, s) sin0, 0)|g—=ge(s), we use the stretched
variable (y, z) defined by

X7 r— RE(9,s)
y:—, 1=

& &

_ /2 2 p— BN
(r_\/)c1 + (x2 + h(s))*, 6=Arctan xz—i—h(s))'

Expand ¢ ~ 3,58 @' (2, y,5), v ~ D508 Vi(z, y,5), and Be(s) ~ B(s) +
> i &' B'(5). The leading order expansion becomes

0 0 0 0y
¢ +2cosf Py + Py —F(®")=0 VzeR,y>0,5>0,

®0(z,00,5)=0(2), VzeR,s>0,
0 (29)
(hs cos B— Ry —a cos B) P
=a[®) — o (Rsin B, 0)¢' ()] VzeR, y=0,s>0.

In general it is very hard to find an explicit solution for this problem. Nevertheless,
we can assume, for simplicity, that

¢ () = V2F @)
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so that we have
Q) = 0..

This choice of £(u) is in fact preferred as argued in [20]. Then, we have an explicit
solution ®¢(z, y, s) = Q(z), subject to the compatibility condition

hscos B — Ry = a(cos B — o (Rsin B, 0)).
Using the relations

R:L, h:Rcosﬁ:M (30)

B —sinfcos B B —sin B cos B

we then derive the dynamics

d o (B —sinBcosp)3/*[cos B — U(\/ﬁf‘in—s%’ 0l 1
P = JA sin B[sin B — B cos B] oo

Once the contactangle B (s) is solved from (31), the evolution of the drop radius R(s)
and the position of the contact point x(s) = R(s) sin(8(s)) can then determined
by using (30).

6.4. A Traveling Wave Problem

For general ¢, the dynamics can be obtained as follows. First we solve a non-
linear eigenvalue problem: for p € 92 and 6 € (0, 7), find A = A(p,0) and
O() = d(p,0;-)onR x [0, 00) such that

O, +2c0s0Py, + Py, — F'(P) =0 on R x (0, 00),
P(-,00) = Q0(), on R x {oo}, (32)
O, =0 (p)l(P) — 1D, on R x {0}.

Then the dynamics becomes
hgcos B — Ry = af[cos B — A(p, B)], h = RcospB, p=(Rsinp,0).

Note that from a solution of (32), we have a traveling wave of the form u(z, y, s)
= ®(z — As, y) where u solves

Uz +2cosbuzy +uyy, = F'(u) on R x (0,00) xR,
us =uy —o(p)t'(u) on R x {0} x R.
It is still open to show that the non-linear eigenvalue problem (32) admits a unique

solution for general monotonic £(-) satisfying £/(+1) = 0.
To have a basic estimate of A, note that

0 (Lo2 Lo peay) + 2 (cbcb +cos9<I>2)—O
9z\2 ° 27 gy \ 7N F 7
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Fig. 3. Contact angle dynamics—the function 8 = B¢ (s). Top curve is the solution of (31);
middle and bottom curves correspond to the solution of the Cahn-Hilliard equation with
& = 0.05 and ¢ = 0.1, respectively. The dotted line corresponds to the equilibrium contact
angle /3

Integrating over z € R we then derive that

d
= (q>zc1>y+cos9c1>§) dz=0 Vy>0.
dy Jr

This implies that
/ ®y(z,0)D,(z,0)dz = cose/[Qﬁ(z) — ®2(z,0)]dz.
R R

Thus, integrating ®,(z, 0) = o (p)¢' () — AP, multiplied by & over z € R we
derive that
1) — £(—1) Jel®2(z.0) — Q%(2)]dz

)\. = A 9 )
o(p) ol od Jr ®2(z. 0) dz

here, of course, ® depends on p and 6.

6.5. Numerical Verification of the Contact Angle Evolution Law (31).

Here we numerically verify (31) by (i) numerically solving the Cahn—Hilliard
equation (24) with small ¢, (ii) finding the evolution of the contact angle from the
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resulting numerical solution, and (iii) comparing the dynamics of the contact angle
with the solution of (31).

We set 0(-) = cos(w/3) = 1/2 and @ = 1 and choose 2 = (—1,1) x (0, 1)
and initial drop as a half disk with radius R¢(0)= +/0.8/7 ~0.5046, contact angle
B¢(0) = 7/2, and volume A = 7 R¢(0)?/2 = 0.4.

The solution 8 = B(t) of the equation (31) is plotted in Fig. 3. It is clear that
when ¢ — 00, B(t) approaches the equilibrium contact angle 8(oc0) = arccoso =
/3.

Numerically solving the Cahn—Hilliard equation with small ¢ is very difficult.
We use a numerical scheme recently developed by Gao and Wang in [22]. From
the numerical solution, we compute the dynamics of the point and angle of contact
by following the evolution of the intersection of the zero contour line of ¢, (x, t)
with the boundary. The evolutions of the computed contact angles, for ¢ = 0.1 and
& = 0.05, are shown in Fig. 3. The results not only illustrate a good convergence
to the dynamic law (31) as ¢ — 0, but also demonstrate the excellent performance
of the numerical scheme developed in [22].
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