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ABSTRACT. In this paper, a nonconforming finite element method coupled
with an artificial boundary technique is developed in a multi-atomic Young
measure approximation to solve the two-dimensional variational problem for
the magnetization field in micromagnetics, which has an anisotropic potential
energy and a non-convex constraint and thus can develop microstructures.
Compared with the conforming finite element approach, which turns out to
be unstable in the sense that spurious numerical oscillations can occur in the
discrete macroscopic magnetization field, the stability and convergence of the
nonconforming finite element method can be established. It is also proved
that, for the uniaxial energy density, two-atomic young measure is sufficient
to approximate the macroscopic magnetization field. The efficiency of the

method is illustrated by some numerical examples.

1. INTRODUCTION

A static magnetization field m of ferromagnetic materials in Q2 C R" is
characterized by the problem of minimizing the total Gibbs free energy [4]

1
E(m):/ggo(m)dx—/QH-mdx%—ﬁ/Rn \Vumw|?dr, n=2,3, (1.1)

where p(m) is the magnetocrystalline-anisotropic energy density which depends

on the materials’ property, H(x) is the applied static magnetic field, and
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is the potential of the stray field energy which is related to m by the following
Maxwell’s equation

div(=Vum + myq) =0 in R"; and uy — 0 as |z] — oo . (1.2)

By the classical micromagnetics theory, |m| depends only on the tempera-
ture 7T, and |m| # 0 when T < T, the Curie temperature. For simplicity and
without loss of generality, we may assume that the material is put at some fixed
temperature below 7, and the system is scaled such that |m| = 1.

Thus, we are led to the following variational problem, with unknowns m €
A:={m:m e (L*Q))" and |m| =1, a.e. x € Q} and uy, € H'(R"),

min F(m)
mecA
(P) S.‘t. ’
div(=Vum, + myq) =0, in HY(R"),
Um — 0, as || — oo,

where E(m) is defined by (1.1) with ¢ € C(S"!) and H € (L*(Q2))" being
given. This is a minimizing problem in which both the energy functional and
the admissible set of functions are nonconvex. The minimizing sequences of
such a problem would generally generate finer and finer oscillations which do
not have weak limits in the admissible set [14]. Some relaxations of the problem
have been developed. There are mainly two kinds of relaxations. One is the
convex-hull relaxation [5, 6, 9, 10], which is a purely macroscopic model and is

of the form
min £ (m)
meA**
(RP1) ¢ > .
div(—Vum, + myq) =0, in H 1(R"),
Um — 0, as |r| — oo,

where A** = {m :m € (L?(2))" and |m| < 1, a.e. z € Q} and

1
E’**(m):/(ﬁ**(m)dx—/H‘mdx—l——/ |Vum|*dr, n=2,3 (1.3)
Q Q 2 /g

Here ** = min{f : f < ¢ and f is convex} is the convex hull of ¢ : R" —
R' U {00}, which is defined by

o) — Jop(m), |jm|=1;
(m) _{ +00, otherwise.



Since the convex-hull is generally not available in explicit form, the application
of the convex-hull relaxation is very limited. In fact, as far as we know, the
uniaxial anisotropic energy density function is the only example in the numerical
simulation of the convex-hull relaxation of micromagnetics.

A more generally applicable method is the so-called Young measure re-
laxation [8, 15, 19, 21, 22, 23], which is a mesoscopic model and can provide
some information on the underlying microstructure of the problem. Denote
v = {V;}seq a family of weakly measurable probability measures supported

on S"7', i.e., the mapping  — [g, , u(A)vz(dA) is measurable for any given

we C(S" ") and [, vp(dA) =1, Vo € Q. Let

At = {v = {Vp}peq : suppr, € S" ' ae. x € Q}, (1.4)

and define the relaxed energy functional by

1
// A)v,(dA) dx—/H mdzr + 2/ |Vum[*dz.  (1.5)
Sn—1 n

Then, the Young measure relaxation of (P) is given by

min £ (v)
vEAH
s.t.

(RP2) m(z) = fsn—l Av,(dA), a.e. x € Q,
div(—=Vum + myq) =0, in HY(R"),

Um — 0, as |z| — oo.

It is easily seen that, by the Maxwell’s equation, the stray-field energy
/ An |Vum|? dz can be replaced by an equivalent finite integral fQ m - Vuy, dz.
Sometimes, it is convenient to rewrite the relaxed energy functionals in the

following equivalent form

E“*(m):/ ©"(m dx—/H mdz + — /m Vi dz, (1.6)

// A, (dA) dx—/H mdx + — /m Vumdzr.  (1.7)
Sn—1

In this paper, we restrict ourselves to the two-dimensional case (n = 2),
and consider the numerical approximation of the problem (RP2), though many

results are readily applied to the three-dimensional case (n = 3) as well.
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Numerical methods and analysis have been studied in recent years by many
researchers, see for example [5, 6] for the convex hull relaxation (RP1), and
[15, 19] for the Young measure relaxation (RP2), among many others. The main
idea of the latter is to reduce the original problem to the so-called active multi-
atomic young measure optimization problem, in which the key step is to identify
“active” atoms. Kruzik’s strategy [15] is to use the optimality conditions derived
from a Weierstrass maximum principle to single out the active atoms from all of
the mesh points. Exploiting the idea of the mesh transformation method, Li put
the determination of the supports and volume fractions of a limited number of
atoms into the optimization process [19]. To fully discretize the problem, these
methods need to couple with a finite element approximation to the Maxwell’s
equation. Numerical examples showed that a direct application of a conforming

finite element approximation may develop numerical oscillations [5, 19].

In this paper, we develop a numerical method for (RP2), which uses a
multi-atomic Young measure approximation for the anisotropic energy density
and a nonconforming finite element method coupled with an artificial bound-
ary method for the approximation of the Maxwell’s equation. Motivated by
the results of mixed finite element methods and also by the method used by
Carstensen in the numerical approximation of (RP1) [5], we choose the piece-
wise constant element for m and the Crouzeix-Raviart element for wu,,. For
such a choice, we are able to prove the existence, convergence and stability of
the numerical solutions to the full discrete problem. We are also able to prove,
by further exploiting the relationship between the discrete problem of (RP1)
and that of (RP2), that in the uniaxial case two atoms are sufficient in the nu-
merical approximation to produce the macroscopic magnetization field. In the
present paper, the proof for the stability of the method will be concentrated on
the uniaxial case, which is regarded as a good platform for the numerical analy-
sis of the relaxed models in micromagnetics [5, 6, 10], while the stability for the
general case is more delicate and will be treated in a separate paper. However,
we notice here that, making use of the Young measure relaxation instead of
the convex-hull relaxation, our method is ready to be applied to more general
cases, and with some careful handling and subtle analysis, the corresponding
stability result, which is much more complicated than the uniaxial case because

of possible non-uniqueness of the macroscopic magnetization field, can also be
established.



The rest of the paper is organized as follows. In section 2, some analyt-
ical results on the multi-atomic Young measure approximation are presented.
In section 3, we will construct and analyze the nonconforming finite element
approximation combined with an artificial boundary method for the Maxwell’s
equation. In section 4, we will analyze the existence, uniqueness and conver-
gence of the numerical solutions of the full discrete problem, and prove the
stability of the method for the uniaxial case. In section 5, we discuss the im-
plementation of the algorithm and give some numerical examples.

2. MULTI-ATOMIC YOUNG MEASURE APPROXIMATION

We start with the finite element approximation of the Young measure. It
is worth noticing, as we will see below, that the multi-atomic young measure
approximation can also be viewed as a finite element approximation.

Let T'}(Q2) be a regular triangulation of © with mesh size h and T%,(S"!)
be a regular triangulation of S"~! with mesh size /’/, which is a finite element
partition of S"~! using curved simplex elements on S"~!. Denote I'y, = T'} (Q) x
I'?,(S"7!) the triangulation introduced by T'}(Q2) and T3, (S™') on Q x S"~!
with mesh size h = (h, /).

Define a projector P} : L'(Q; C(S™ 1)) — LY(Q;C(S™1)) by
[PLf](z, A) = /fy, )dy, ifre KTy,

and define an operator P by

Ny

[P fl(x, A) = Z fx, Ag)ui(A

where A; are the nodes of the triangulation I'?,, and v; are element-wise affine
basis functions derived from barycentric coordinates of the finite elements in I'?,
(see [15, 19]), which satisfy v;(A4;) = 1, v;(A;) = 0,if i # j, forall 1 <4, j < Ny,
and Zl 10 (A) = 1 for all A € S"7'. It is easily seen that By, = Py =
PlP? = P2 P} defines a projector which provides an -element-wise constant

and S" !-element-wise affine approximation. If we define its adjoint operator



Py A — A* by
< B f>=<uv,PBf> VveA",
where A" is the set of Young measures defined by (1.4) and

<uf >:/Q . f(x, Ay, (dA)dx,

and denote PiA* C A* by A}, then Al is a set of the form [22]

i=1 =1

Ny Ny
Al = {u;* P =) Akiban Ak >0, Agi=1, VK € r}l} :
where 44, is the Dirac measure supported at 4; € S"~!. We have [22]
}llli% ||th — f||L1(Q;C(Sn71)) = 0, \V/f - Ll(Q; O(Sn_l)),

and

| <v—RBu[>]=|<v,f-DPuf>]

S ||V||L1(Q;C(5’"*1))* f — th”Ll(Q;C(S"*l)) — 0, as h — 0, (21)

i.e. L'-weak*-limy, .o Piv = v in L*(Q; C(S"1))*(see [15],[22]).
The finite element Young measure version of (RP2) is

(FERP) : problem (RP2) with A" replaced by Aj. (2.2)

Since the Young measure solution is typically supported at a very few atoms
(the so-called active atoms), the finite element Young measure method can be
terribly inefficient. Currently, there are two ways to improve the efficiency.
One is to use the Weierstrass maximum principle to single out the active atoms
[15]. Another is to regard the support of the atoms as a set of variables in the

minimization process [19]. Here, we take the latter approach.

For a given integer k£ > 1, define

k
h,k h,k h,k -1
Aj g = {V P = MM ers Ve = ) Akida, Awi € 5™

i=1

=1

k
Aei >0, Agi=1,V1<i<k and VKEF}I}. (2.3)



Then, (FERP) with variable nodes leads to the semi-discrete problem
(SDRP) : problem (RP2) with A" replaced by Aj ,. (2.4)

Notice that we use only k atoms in A’,ik, that is why we call it the multi-atomic
Young measure method.

It is shown in [19] that the problem (SDRP) has a minimizer and we have
Theorem 2.1. [19] Let ¢ € C(S™') and H € (L*(Q))", then
lim inf  E*(") = inf E*(v). (2.5)

h—0,k—o00 Uh’kE.AZ & vEAH

Especially, if the problem admits a Young measure solution supported at kg
atoms, then we have

. . wi hky u
llzli% uh,ggﬁtg,k EA (™M) = uleI}z{u E*(v), VEk > k. (2.6)
In general, it is known that inf{ko} < mn + 1 [15]. In the following we show
that inf{ko} = 2 in the uniaxial case. The result implies that two atoms are
sufficient to attain the minimum in the uniaxial case. In fact, we have
Lemma 2.1. In the uniazial case, that is when p(m) = c;m? + c(1 — m3)?

with c1,co > 0 and m = (my, mo)?, the following relation holds

inf  Ef(™) = inf ErM?),  VE>2. (2.7)

h,kc AH h,22c AM
v GAh,k v 6.»4]172

Proof. First, we claim that

inf E*(my) < inf B, VE>2, (2.8)

mp, €A* l/hvkE.AZ’k

where A3* = {my, : my,|x is constant VK € T’} ()}, E** is defined by (1.3) with
¢ (m) = cym? + com] and Uy, being the solution to the Maxwell’s equa-
tion (1.2) with respect to my. In fact, for any v"* € A}, and " =
Zle Aki0Ay,, define my € Ay* by my|x = Zle Ak Ak, then, it follows

from the convexity of ©** and o™ < ¢ that

E*(my) = B0 = ) (97 (k) = ) Aka(Ax)IK] < 0.

Ker'l(Q) i=1



Next, we claim that

inf  E*(V") < inf  E(my). (2.9)

vh2e Al my, CA;*
In fact, for a given my, € A;*, define (see also [5, 9]) ,

VM2 (my) = M) 04, (m,) + (1= Am4))0 4, ()

where Aj(my) = mpi+ /(1 —mj,) §, Ao(mp) = myi— /(1 —mj ) J, 1]
. . . _ 1 ,
are the unit vectors along the axis of coordinates, and A(mj,) = 3 + -——2— W=

then, a direct calculation yields

2

B (v"2(my)) — E* (my,) = / (3 A(my)e(Ai(my) — ¢ (A(my,))de = 0.

=1

It follows from (2.8) and (2.9), and the fact that, for k > 2, Ay, € A},
that

inf  F(M) = inf  BM?) = inf E¥(my), VE>2.  (2.10)

vhoke Al | vh2e Al my, €A}
This completes the proof. 0
Theorem 2.2. In the uniaxial case, we have

lim inf E“("?) = inf E*(v) (2.11)

h—0 ph,2 GAZ 5 VEAH

Proof. The conclusion follows directly from Theorem 2.1 and Lemma 2.1. [

3. A NONCONFORMING FINITE ELEMENT METHOD COUPLED WITH AN
ARTIFICIAL BOUNDARY TECHNIQUE FOR THE MAXWELL’S EQUATION

We consider to solve numerically the Maxwell’s equation in R"
div(=Vum + myg) =0,  in H }R"); (3.1)
u—>0

, as x| — oo. (3.2)

First, we apply an artificial boundary method to reduce the problem to a
boundary value problem of the Maxwell’s equation on a bounded domain.
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Let Q; = B(0; R) = {x : |z| < R} with R sufficiently large so that Q C €,
and let n be the unit outward normal of 0Q; = 0B(0; R) = {x : |x| = R}, and
let Qe = R" \ Qz

Consider the problem defined on the exterior domain €2,

—Au=0, in €,
u=u(R,0), on 0, (3.3)

u— 0, as |z| — oo.

The solution of this problem can be written as a Fourier expansion

— % + ; (§)n (a, cos(nd) + b, sin(nh)), (3.4)

with the coefficients a,, = + f u(R, ¢) cos(neg)do, b, f027r u(R, ¢) sin(ng)da,

and we have

Ou(R,0) _ Z %(an cosnb + by, sinnb),

substituting a,, b, into the above equation, we get

8uR6 Z%/ﬂ (R, ¢) cosn(0 — ¢) do.

This allows us to define an operator L : HY/2(9Q;) — H~'/2(9Q;)(See [11])

Z::WR/ u(R, ¢) cosn(f — ¢) do. (3.5)

Now, we can reduce the problem (3.1), (3.2) to the following equivalent problem

div(—Vum + myq) = 0, in € (3.6)

0
a—z = Lu, on 0§); (3.7)

2T
/0 w(R, 6)do = 0. (3.8)
Define
27
V= {ve H'() - / o(R, 8)dé — 0}, (3.9)
0

9



a(u,v):/ VuVuvdz f(v):/ mVouxqdz, (3.10)
Ql‘ Qi

o 2m 2w
blu,v) = %/ / u(R,0)v(R, ¢) cosn(0 — ¢) do db, (3.11)
n=1 0 0
then (3.6)-(3.8) has the weak formulation

Find u € V, such that
(3.12)

a(u,v) + b(u,v) = f(v), VveV.

Since the bilinear form a(u,v) + b(u,v) is symmetric, continuous and V-
elliptic on V' x V', by the Lax-Milgram theorem, we have

Theorem 3.1. Problem (3.12) has a unique solution.

In a numerical implementation, the exact artificial boundary condition term
b(u,v) has to be replaced by a truncated approximate artificial boundary con-
dition term. We are thus led to the following approximation problem

{ Find u € V, such that

a(u,v) + by (u,0) = f(v), VveV. (3.13)

where a(u,v) , f(v) are defined by (3.10) and

b, v) = 30 /O " /0 (R O)(R. ) cosn(f — ) dodd.  (3.14)

Similarly, we have

Theorem 3.2. Problem (3.13) has a unique solution.

We also have the following convergence theorem.
Theorem 3.3. Let u, uxy € H'(Q;) be the solution of (3.12) and (3.13) respec-
tively. Suppose there exist Ry < R and an integer k > 1 such that Q C B(0, Ry)
and u|pp(o,r,) € H*2(0B(0, Ry)). Then, we have
o Ro\ V!
[u —unliq; < N1 (§> |ule—108(0,R0): (3.15)
where C' is a constant independent of k, Ry and N.

10



We need the following lemma.

Lemma 3.1. [13] Under the conditions of theorem 3.3 , we have

C Ro N+1
i‘el‘l/) b(w, v) — by (u,v)| < W (E) ‘u|k—%,aB(O,Rg)' (3.16)

|U|1,Q¢:1
Proof of theorem 3.3. It follows from (3.12), (3.13) and (3.16) that
lu—unlig < alu—uy,u—uyn)+by(u—uy,u—uy)
= by(u,u —uy) — b(u,u — uy)
C Ro\ "™
W (E) ‘u’kf%,aB(O,Ro)w — UN|1,9;-

O

Remark 3.1. In application, we can always choose R and R such that u is
sufficiently smooth near 0B(0, Ry). This indicates that a small N would be
sufficient to achieve a good approximation.

Next, we discretize the problem (3.13) by a nonconforming finite element

method. Let F,(f) be a regular triangulation of €;, which coincides with T'} ()

on ). Let V}, be the Crouzeix-Raviart element space, i.e.

2m )
Vi = {'U € LX) : / v(R,¢)dp =0, v|x € P(K),YK € T\, and
0
v is continuous at the midpoints of all interior element edges}. (3.17)

The corresponding finite element problem is given as

{ Find u, € V}, such that (3.18)

ah(uh,vh) + bN(uh, Uh) = fh(vh), Vvh € Vh.

where ay(up,, vy) = ZKEW’) [ VupNVupda, fu(vn) = ZKerﬁf) [ mxq - Vugde,
and by (-, -) is defined by (3.14). With a standard argument, we have

Theorem 3.4. Problem (3.18) has a unique solution.

11



We proceed to prove the convergence of the finite element solution. For
v € V4Va, define [[o]ln = (an(v,0) +bx(v,0))7, [olin = (Zpeero S [VolPda)2,

and [v]on = (3 gero [x |0%v|2dz)2. We have the following error estimate.
h

Theorem 3.5. Let u € H'(Q;) be the solution of Problem (3.13), u, € V3, be
the solution of Problem (3.18). Suppose thatu € H*(Q;)NC(), u|lx € H*(K),

m|x € (H'(K))?, for all K € F;:), then we have
|w — unlln < C(1+ NRY2) R |ulgp,. (3.19)

Proof. By the second Strang lemma [7], we have, for some constant C, that

=l < (af o=+ sup Lol ol tn) =l
v €V wpEVh ||wh||h

(3.20)
For the first term on the right hand side of (3.20), we have

inf ||u—op|ln < |Ju—yull,
v EVR

< (an(u — My, u — TMyu))? + (by(u — Myu,u — M)z, (3.21)
where ITj, is the interpolation operator from H*(€2) to Vj, defined by
yulk(a) = u(a), Va € {the midpoints on the edges of K}.

The standard Sobolev interpolation theory gives [7]

(an(u — My, u — yu))2 < Chlulsg, (3.22)
and

by (u — Tpu, u — Iyu)

N n 2m 2 2m 2
= Z — (/ (u — Iju) cos n@d&) + (/ (u — ITpu) sin n0d6>

n=1 mh 0 0

2 on [ N(N +1)
< = Zn/ (u — Ipu)?do = — Z /(u — Ij,u)?ds

R k=1 0 Econ ' E

N(N +1 CN(N +1)

< Ch% Z |u — pulf < Th‘g]u@,gi,

12



where F denotes the edges in Fg), or

(b (u — Ty, u — Myu))2 < CNE|ulag,. (3.23)

For the second term on the right hand side of (3.20), by the standard
error estimate techniques for the Crouzeix-Raviart nonconforming element[3],

we have

Jan(u, wp) + by (w,wp) = fulwn) =1 D> Y /Ewh(g—z—l—mxﬂ-n)ds]

Ker() ECOK

< Ch’whh,h(yu‘g’h + ‘le(ng)’h) < ChHwhHh\u\g,h. (324)
Now, the conclusion of the theorem follows as a consequence of (3.20)-(3.24). O

Corollary 3.1. In the general case, when m € (L*(Q))" and up, is only in
H' (), we have

}llir% |tum — vl |ln =0, uniformly for m € (L*(Q))". (3.25)

Proof. For a given ¢ > 0, define m; = myq * ¢, where 1, s is the regularizer
(or mollifier) and ”*” is the convolution operator, then m; € H'(€;) and for [
sufficiently large, we have ||m; —ml||o < /3 (c.f. [24]). Thus, as a consequence
of theorem 3.5, we have

g = wmlln < g — I + g, = tmlln + [m, = s

< 2|y — mlo + [fupy, — v, [l < 28/3 + Ch fum,|2.

This implies (3.25). O

4. NUMERICAL ANALYSIS OF THE FULL DISCRETE PROBLEM

Let Aj , be the k-atomic discrete Young measure space defined by (2.3).
For v"* € Al let my e = [, Avhk(dA), and let ul, € Vj be the finite

13



element solution of the problem (3.18). Denote Hy = ﬁ [ H(z)dz, and define

B = Y //Sn1 W (dA)de — Y Hy - my ek |K|

Kerl'} (2 Ker'}.(9)

1 h
t3 Z / my pXq © Vi, , d, (4.1)

then the full discrete relaxation problem is given as

(FDRP): min E}("*). (4.2)

vh, keAM

In other words, (FDRP) is obtained from (SDRP) by replacing the stray-field

energy U, , by its finite element solution u?nh‘k (see also (1.7)).

Theorem 4.1. Let p € C°(S™"Y) and H € (L*(2))", then the problem (FDRP)
admits a solution for any given h > 0 and k > 1.

Proof. The theorem follows from the compactness of both function spaces Aj, ,

and V},, and the continuity of B (-) in Aj . O

Theorem 4.2. Let o € C°(S"') and H € (L*(Q))", then we have
lim inf  Ef(v") = inf EX(v) (4.3)

h—0,k—o00 I/h’kGAZ x veEAH®

Proof. Denote ¥ the minimizer of E#(-) in A", let 7 = P, )V be the interpo-
lation of 7 in Afj, ,y = Aj ., here we assume that the triangulation of "' has
k nodes and satisfies limy_.o 2 = 0. Let 7™* be the minimizer of Ej}(-) in A}, ,
Let m = [, AD(dA), My = [, AP (dA), and 1ty = g, AP"*(dA),
Then we have

inf B/(") — inf P'(v) = inf B - B()

vhkeAl vEAK vhkeAl
< [By(0M) = B M) + | B — B (0)| = L+ Do, (4.4)
and

inf F'(v)— inf B < |0 - BY M) = I (4.5)

h,k I
veEAH vh, E‘Ah,k
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The L'-weak*-continuity of Py (see (2.1)) gives limy, o oo I2 = 0. It follows

from the L'-wealk*-continuity of P, .y, Corollary 3.1 and

1
Il = §| Z /Kmhkxg-(Vuﬁth —VUﬁlhyh,>d£L‘|

Ker\)
< C ”U?hh’h, — Wi, 1,0 (4.6)
13 = | Z / mpy X - (Vufhhk —Vumh,k)dﬂ
Ker® "X
< COllug, , — ui, N1ns (4.7)
that limy_. oo /i = 0, for 4 = 1, 3. This completes the proof. O

As a consequence of Lemma 2.1, Corollary 3.1 and Theorem 4.2, we have

Corollary 4.1. For the uniazial case, where o(m) = cym3 + co(1 — m3)?, we

have
lim inf E}(@"?) = inf E*(v).

h—0 yh»ZGAZ 9 vEAX

We have the following uniqueness result for the discrete potential of the
stray field energy, which can be useful in determining whether a given number
of atoms is sufficient to obtain the minimum of (FDRP).

Lemma 4.1. Suppose that, for some ko > 1,
inf E;;(V}%k) = inf Eﬁ(”h,ko)a Vk Z ]{30. (48)

w m
Vh,ke-AhJC Vh,kq eAh,kO

Then, the potential of the stray field energy uﬁlh 15 uniquely determined by the
minimizers of (FDRP) with k > k.

Proof. Suppose k > ky and V,(llli, 1/,(12,)C are two minimizers of E}' in A}, with

V,(zlll K = Zle )\g?icSA(;)i, y}(f)|K = Zle Ag’)"éf‘(ﬁ){ Let u? and ug be the solu-

tions of (3.18) corresponding to the macroscopic magnetization fields mg) and

m;” which are defined by my”[x = Y7, Ah AR mi? = S AR AR,

respectively. We only need to show that u = uf. In fact, for 0 < & < 1,
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define v, € Afiy by nli = S (EAS 0 + (1= N0 ,0 ), then
= &ul + (1 — &)ult is the solution of (3.18) corresponding to the macro-

scopic magnetization field m'¥ = ém{" + (1 — &)m®. If u? # ul, then (3.18)
and the strict convexity of ap(-,-) + by(+,-) would lead to

Z / Vu’g : mﬁf)xgdx = ah(u’g,u?) + bN(u?, u?)
Ker() K

< &lan(uy,uy) + by (u,up)) + (1= €)(an(us, u3) + by (up, u3))

= ¢ g / Vu’f . mg)xgdx—l— (1-=¢) E / Vug . mf)xgdx
K
Ker

Ker(?
and as a consequence we would have

B (o) < EBL i) + (1= OB,
which contradicts the assumption (4.8). O

Now we are in the situation to prove the stability of the full discrete prob-
lem for the uniaxial case. In fact, by establishing a relationship between the
full discrete problem of (RP2) and that of (RP1), we can show that, with the
uniaxial energy density, the full discrete problem (FDRP) has a unique solu-
tion, that is the discrete macroscopic magnetization field my, is unique. This
is the most that we can expect, since the Young measure solution is in general
not unique, which corresponds to the fact that in physics the microstructure is
not unique.

The full discrete problem (FDRP1) of the convex-hull relaxation problem
(RP1) is to minimize the energy functional (see (1.6))

Eyr(my) = ) @(mulx)|K[— > Hg-mylg|K|

Keri (@) Ker} (@)

1 h
+ 5 Z /KthQ . Vumh dx (49)
Ker)

in the set A** = {my, : my|x is constant VK € '}, and |m,| < 1}, where Hx =

] K‘ [y H(z)dz, and ul, is the finite element solution of problem (3.18).

16



Lemma 4.2. For the uniazial energy density o(m) = c;m? + co(1 — m3), we
have that, for any k > 2,

(a): if v"* is a minimizer of E) in A}, ., then my, = [, , Av"¥(dA) is a

minimizer of B in A7*, and

o) = [ ) (4.10)

(b): if my, is a minimizer of E;* in A;*, then there exists a minimizer vk

of Ey in Ay . such that my, = [, Av™*(dA) and (4.10) holds.
As a consequence, we have

inf Ej*(m) = inf E{"F), VE>2. (4.11)

mjy €A™ thkEA’,ik

Proof. The lemma follows from similar arguments as we used in the proof of
Lemma 2.1. [

Lemma 4.3. For the uniazial energy density p(m) = cym? + co(1 — m3), the

potential of the stray field energy u}r‘nh 15 uniquely determined by the minimizers
of the full discrete problem (FDRP1).

Proof. The lemma is a direct consequence of Lemma 4.1 and Lemma 4.2. [

Lemma 4.4. For the uniazial energy density ¢(m) = cym? + (1 — m3)?, the

discrete relazed energy functional E;*(+) has a unique minimizer in Aj}*.

(1

Proof. Suppose mh) and mf)

are two minimizers of E;*(-) in A;*. By the
equation (3.18), and the uniqueness of the potential of the stray field energy
uftfor the full discrete problem (FDRP1), we have

m

Z (m},) —m{)xq - Vopdz =0, Yo, € V. (4.12)

ger® K
h

Let 6), = (m,(Ll) — m,(f)) Xq, by the discrete Helmholtz decomposition theorem|1],
there exists oy € Vj, 0 and 3, € Vh /R such that

Onli = Vi + curl By|x ae., VK € TV, (4.13)
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where Vi,0 = {v € Vi, | v(b) = 0, if bis a midpoint of an edge on dQ;} , V, =
{veC() | vk € P(K), VK € Fgf)}. Noticing that

Z Vo, - curlfpdr =0, Vv, € Vg, (4.14)
Ker() K
by (4.12), we have
Z / Vo - Vagdr =0, Vv, € Vh70. (4.15)
Ker® "X

This implies that a; = 0 and
6h = curl ﬁh = (8yﬁh, —@ﬂh)T. (416)

Since 8, = 0 in Q; \ Q, (4.16) yields 3, = C in Q; \ Q, where C is a constant,
without loss of generality, we may assume C' = 0. Next, we show that the first
element of the vector d; vanishes almost everywhere, i.e.

Oyfp =0, a.e. in Q. (4.17)

Suppose otherwise, then mgi +# mg on some K C €. Define mgf) = fmgl) +

(1 —{')mf). By the strict convexity of ¢**(m) = c;(my)? + c2(mq)* with respect

to my and the uniqueness of the stray field energy, this would lead to
E*(m'® EF*(mWY 1— OE*(mP). v 0.1
n (my”) < EE(my,) + (1 - QB (my7), V€€ (0,1),
which again contradicts the assumption that m,(ll) and m
of E/*(-) in A;*. Since B, = 0 in Q; \ Q, (4.17) implies B, = 0 in Q;, and by
(4.16) this gives d, =0, i.e. mél) = m,(f). O

2 C .
ﬁl) are the minimizers

As a consequence of Lemma 4.2, Lemma 4.4, we have the following unique-
ness theorem for the macroscopic magnetization field my,.

Theorem 4.3. In the uniavial case, where p(m) = cym? + co(1 — m3)?, all

o Wi : .
minimizers of B} () in Ah,k have the same macroscopic magnetization field my,.
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5. THE ALGORITHM AND NUMERICAL EXAMPLES

First, we rewrite the set A’,;k and deduce the discrete problem to an uncon-
strained nonconvex optimization problem.

Let k = 27 where j > 1 is an integer. Fora K € T'};(Q) and i = 1,2,--- , 27,
let O ; € [—m, w]/{—m, 7}, i.e. —m and 7 are considered to be the same point
in the set, define A(fx;) € S* by

A(Ox) = ( COS(‘)W; ) | (5.1)

sin(@KJ

For a K € T}(Q), let ax = {ax,¥_, with ag,; € [—7/2,7/2]/{-7/2,7/2},
and let 1 = 1 +4;2° + 4522 + - - 4+ 4;2/ with 4, € {0,1} for [ =1,2,--- , 4, define

)\(CL’[@i) = HCS(Z‘Z,OJKJ) (52)

where

2 : _ .
sten) ={ Slol et 65

It is not difficult to see that A oy, ) satisfy
k
0<AMag,i) <1, and Y Mag,i) =1
i=1

Denote @ = {0, | K €Th(Q), i=1,--- ,k} and a = {ag, | K € T},(Q),l =

1,---,7}. It is easily verified that

Ay = A (0, 0) = {v = [0, )i ery,

i=1

k
VRO, )l =D Mo, z‘)(sA(gm)} . (5.4)
Now, the full discrete problem (FDPR) can be rewritten as

(FDRP’): To minmize E}(6, a) := E}(v"*(0,0)) in A}, (0, ). (5.5)

The following algorithm can be applied to this unconstrained nonconvex opti-
mization problem [19]:
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1) set j = jo > 1, set k = 27, give the initial mesh;

set (0, a) = (09, v);

2
3) compute E} (0, ) by (5.1)-(5.3) and by solving (3.18);
OE} (0,c)

)
) se
)
4) (0.0
)
)

compute d(0, o) =

(

(

(

(

(5) if ||d(0, a)|| < TOL, go to step T;

(6) search for a minimizer (6, ) of E} along the conjugate gradient di-
rection. Let (0, ) = (01, 1), go to step 3;

(7) if j is not sufficiently large, then set j = j+1 and k = 27, distribute the
new atoms accordingly, then go to Step 3;

(8) if h is not sufficiently small, set h = h/2, TOL = TOL/2 and initiate

the data on the refined mesh, then go to step 3.

Notice that the equation (3.18) is in fact a system of linear equations of the
form

Ty = G, (5.6)

where T is symmetric and positive definite, and thus we have

/ m - Vugdr = vl Tuy = m”GT'T7'Gm, (5.7)
Q
and
0 [om - Vupydzr
= 2GTT'Gm. .
0. o) G Gm (5.8)

In step 3 and 4, Equation (5.7) and (5.8) are used to compute the corresponding
items.

The criteria for enlarging j in step 7 and reducing h in step 8 may depend on
the problem we solve. In general, we may enlarge j on an element, if the number
h/2

of the active atoms is greater than 2/~!, and we may reduce h if u" — u"/? is

not sufficiently small. For the uniaxial case we can set j = 1 and omit step 7.

In the following, we present some numerical examples, which show that our
new method is efficient and avoids the artificial oscillations.

Example 1.  Let 2 = (—0.1,0.1) x (—=0.5,0.5) and ©; = {x € R" :
lz] < 1}, p(m) = 107%(m? + (1 — m3)?) and H = (1072,0), we set j=1 and
TOL=10"1°, In (3.18), we set N = 9.
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FIGURE 1. The potential u}, for Example 1.
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FI1GURE 2. The magnetization distribution my, the potential ufnh
and the two-atomic Young measures for Example 1.

Figure 1 shows the potential uy,,, which is plotted using area averages of
the vertices’ values of uy,, on the adjacent elements. Figure 3 and Figure 5 in
the following examples are drawn in the same way. Compare with the numerical
results obtained in [19], the accuracy is no significant difference. Figure 2 shows
the magnetization my, together with the counter map for the potential of the
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stray field energy and some typical two atomic Young measures, where the
arrows indicate the position of the atoms on S!, and the ratios of the areas of
the rectangles give their volume fractions, which are all very close to 1/2.

Example 2. Let Q = (—0.1,0.1)x(—0.5,0.5), Q; = {z € R" : |z| < 1}. Let
o(m) = 1072(m2+(1—m3)?) and H = 10~%(cos(y7) sin(2.5x7), sin(ym) cos(2.5z7)).
We set j=1 and TOL= 10", and again set N =9 in (3.18).

Figure 3 shows the potential uy,, and Figure 4 shows the magnetization my,
together with the counter map for the potential of the stray field energy um,

and some typical two atomic Young measures, where it is clearly seen that the
volume fractions are well apart in this case .

x10°

F1GURE 3. The potential ufnh for Example 2.

The numerical experiments on the above examples clearly show that, in
sharp contrast to the numerical results obtained by the conforming finite el-
ement approach combined with a smoothing process taking local averages to
eliminate the numerical oscillations [19], the microscopic magnetization field
my, obtained by the nonconforming finite element approximation, as shown in
Figure 2 and Figure 4, is much smoother and shows no trace of numerical os-
cillations, which verifies our theoretical result on the stability of the method.
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FI1GURE 4. The magnetization distribution my, the potential u’]}nh
and the two-atomic Young measures for Example 2.

Example 3. Let Q = {(z,y) : % + 0‘% < 1} and everything else be the

same as in Example 1.
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F1GURE 5. The potential uﬁlh for Example 3.

Figure 5 shows the potential uy,, . Figure 6 shows the magnetization my,, the
potential’s counter map and some typical two-atomic Young measures, where
it is clearly seen that the magnetization is almost uniform, which agrees with

the observation in physics.
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F1GURE 6. The magnetization distribution my,, the potential ufnh
and the two-atomic Young measures for Example 3.
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