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Abstract

We study second to fourth order numerical methods to a type of delta

function integrals in one to three dimensions. These delta function integrals

arise from recent efficient level set methods for computing the multivalued

solutions of nonlinear PDEs. We show that the natural quadrature approach

with usual discrete delta functions and support size formulas to the two di-

mensional delta function integrals suffer from nonconvergence. We then design

high order numerical methods to this type of delta function integrals based

on interpolation approach. Numerical examples are presented to verify the

efficiency and accuracy of our methods.
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1 Introduction

In this paper we study efficient numerical methods to the following type of delta
function integrals

∫

Ω

α(x)
d∏

i=1

δ(βi(x))dx, Ω ⊂ Rd,x ∈ Rd, (1.1)
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where d = 1, 2, 3 correspond to one to three dimensions respectively. The values of
the weight function α(x) and the level set functions βi(x), 1 ≤ i ≤ d are provided
at grid points of a uniform mesh. We assume the functions α(x), βi(x), 1 ≤ i ≤ d
are smooth, and βi(x), 1 ≤ i ≤ d have finite number of common zero points in the
integral domain.

Numerical computations of delta function integrals (1.1) appear in the recent
area of efficient level set methods for computing the multivalued solutions in the
semiclassical limit of the linear Schrödinger equation and the high frequency limit
of the linear wave equation [13,14]. As discussed in Section 2, this leads to the delta
function integrals of (1.1) type.

Compared with (1.1), a class of delta function integrals taking the following form
has been much more widely studied in the literature

∫

Rn

f(x)‖∇u(x)‖δ(u(x))dx, n = 2, 3, (1.2)

where u(x) is a level set function whose zero points consist a manifold of codimension
one. The functions f(x), u(x) are only defined at grid points of a uniform mesh.
Numerical approximations to (1.2) widely appear in the applications of level set
methods [4,11,19,22–24,26,29,34,38]. To approximate (1.2) using the information of
f(x), u(x) at grid points, a thoroughly studied approach consists using discrete delta
functions to compose numerical quadrature. Namely one uses simple quadrature to
approximate (1.2) with the delta function in the integrand replaced by a discrete
delta function which can be represented numerically. Among the various forms
of the discrete delta functions, some simple choices of the discrete delta functions
include [2, 8, 31, 32,35]

δL
w(x) =





1

w

(
1−

∣∣∣ x

w

∣∣∣
)

, | x
w
| ≤ 1

0, | x
w
| > 1

, (1.3)

δC
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
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w
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w
| > 1

, (1.4)
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w
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w
| > 1

, (1.5)

where 2w is the support size of the discrete delta function. This approach is easy
to implement and successful in treating delta function integrals of (1.2) type. Up
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to second order methods based on quadrature approach have been designed and
implemented in the literature [3, 8, 27, 30–33].

In comparison, the numerical methods to (1.1) have been much less investigated.
Due to the success of the quadrature approach in treating (1.2), it is then natural
to extend the same idea to design numerical methods to the delta function integrals
(1.1). Namely one approximates (1.1) by a simple quadrature with delta functions
in the integrand replaced by discrete delta functions. Such a quadrature method has
been used in [13,16] to approximate (1.1). The advantage of this approach is easy to
implement. High order numerical quadratures in one dimension has been analyzed in
[36]. However, we will show in this paper by counter examples that in two dimension
such an approach with usually used discrete delta functions including (1.3)-(1.5) and
currently available support size formulas suffer from nonconvergence. This implies
that to successfully design quadrature methods to (1.1) in high dimensions needs
further investigation, and so far no convergent numerical method to (1.1) in high
dimensions has been available yet.

In this paper we investigate efficient numerical methods to (1.1) in one to three
dimensions different from the quadrature approach. Our idea is to directly inter-
polate the exact value of the delta function integrals (1.1) from the values of the
weight and level set functions at grid points. This idea is even more natural than
the quadrature approach. A possible disadvantage of this method one may argue
is that one needs to determine the existence of the common zero points of the level
set functions in order to apply the interpolation. In comparison, such an issue is
not encountered in the quadrature approach, where one just evaluates the values of
the discrete delta functions and then sum them up. As we will see in this paper, to
check the common zero points of the level set functions in high dimensions indeed is
nontrivial. However, easy-to-implement rule to check the common zero points can
still be designed, as done in this paper. After the check of a common zero point, a
natural way to perform interpolation is to first approximate the common zero point
position, then interpolate the exact value of the delta function integral. However this
approach needs solving nonlinear algebraic equations system if high order accuracy
is expected. In this paper we adapt this natural way by changing the interpolation
space. Our approach does not need to explicitly determine the common zero points
positions and avoids solving nonlinear algebraic equations system in order to achieve
high order accuracy. In this paper we will study second to fourth order methods
respectively.

This paper is organized as follows. In Section 2, we describe the motivation of
our study of the delta function integrals (1.1) in the level set methods. In Section 3,
we give counter examples to show the nonconvergence of the quadrature approach
with usual discrete delta functions and currently available support size formulas to
(1.1) in two dimension. In Section 4, we design efficient methods to (1.1) based
on interpolation approach in one to three dimensions gradually. In Section 5, we
give numerical examples to verify the efficiency and accuracy of our methods. We
conclude the paper in Section 6.
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2 Motivation in level set methods

As mentioned in the Introduction, our study of the numerical computations of the
delta function integrals (1.1) is motivated by the recent efficient level set meth-
ods for computing the multivalued solutions in the semiclassical limit of the lin-
ear Schrödinger equation and the high frequency limit of the linear wave equa-
tion [13, 14], see also the related work [16–18]. Computation of multivalued so-
lutions in nonlinear PDEs has been a very active area of research, for example
[1, 5–7,9, 15, 21,37], to mention a few.

In the high frequency limit of WKB ansatz for Schrödinger or wave equation,
one has to solve the Liouville equation

ft + Hv · ∇xf −Hx · ∇vf = 0 , t > 0, x,v ∈ Rd , (2.6)

with measure-valued initial data

f(x,v, 0) = ρ0(x)δ(v − u0(x)) , (2.7)

see for example [10,20,25], where f(t,x,v) is the particle density function depend-
ing on position x, time t and the velocity or slowness vector v, H(x,v) is the
Hamiltonian depending on specific problem. For semiclassical limit of the linear
Schrödinger equation H takes the form

H(x,v) =
1

2
|v|2 + V (x), (2.8)

where V (x) is the potential, v is the particle velocity, and for geometric optics limit
of the linear wave equation

H(x,v) = c(x)|v| = c(x)
√

v2
1 + v2

2 + · · ·+ v2
d,

where c(x) is the local wave speed, v is the slowness vector.
The solution of (2.6) and (2.7) at later time remains measure-valued (with finite

or even infinite number of concentrations-corresponding to multivalued solutions in
the physical space). Numerical methods by directly computing such measure-valued
solutions could easily suffer from poor resolution due to the numerical approximation
of the initial data as well as numerical dissipation. The level set method proposed

in [13,14] obtains the equivalent form of f which is φ

d∏
i=1

δ(ψi), where φ and ψi(i =

1, · · · , d) solve the same Liouville equation (2.6) with initial data

φ(x,v, 0) = ρ0(x) , ψi(x,v, 0) = vi − ui0(x) , (2.9)

respectively. (The common zeroes of ψi give the multivalued velocity or slowness
vector, see [12, 14, 28])). Thus the computation of measure-valued f can be decom-
posed into the computations of bounded valued level set functions satisfying the
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same Liouville equation, which are much easier to compute with high accuracy. The
moments can be recovered through

ρ(x, t) =

∫
f(x,v, t)dv =

∫
φ(x,v, t)

d∏
i=1

δ(ψi)dv, (2.10)

u(x, t) =
1

ρ(x, t)

∫
f(x,v, t)vdv =

∫
φ(x,v, t)v

d∏
i=1

δ(ψi)dv
/

ρ(x, t) .(2.11)

Thus to implement the above decomposition technique requires efficient numer-
ical methods for evaluating delta function integrals (2.10) and (2.11) provided the
values of φ, ψi at grid points of a uniform mesh. These integrals belong to the type
(1.1). This gives motivation to our study in this paper.

3 Non-convergence of numerical quadratures to

the two dimensional delta function integrals

In this Section we show that in two dimension the numerical quadrature approach
to the delta function integrals (1.1), although simple to implement, suffers from
nonconvergence when using usual discrete delta functions and currently available
support size formulas. Assume the integral domain is covered by a uniform mesh
(xi, yj) with mesh sizes ∆x = ∆y = h, and the values of the weight and level set
functions are given at the mesh points. We consider the following two dimensional
numerical quadratures to (1.1) which have been used in [13,16]

∑
i

∑
j

α(xi, yj)δw1
ij
(β1(xi, yj))δw2

ij
(β2(xi, yj))h

2, (3.12)

where δwk
ij
, k = 1, 2 are discrete delta functions such as (1.3)-(1.5) and wk

ij are their

support sizes.
A key issue for using the numerical quadrature (3.12) is how to choose support

sizes wk
i,j, k = 1, 2 properly to ensure the convergence of the method. In [13,16] the

following natural support size formulas are used

w1
ij = w2

ij =
∣∣∣|∂Ψ/∂(x, y)|x=xi,y=yj

∣∣∣ h (3.13)

and
w1

ij = w2
ij = max

(∣∣∣|∂Ψ/∂(x, y)|x=xi,y=yj

∣∣∣ , 1
)

h, (3.14)

where Ψ = (β1, β2), and the Jacobian is approximated by the central differences in
computations. Another possible support size formula following the principle pro-
posed in [8] takes the form

w1
ij =

(∣∣∣∣
∂β1

∂x

∣∣∣∣ +

∣∣∣∣
∂β1

∂y

∣∣∣∣
)

h

∣∣∣∣
x=xi,y=yj

, w2
ij =

(∣∣∣∣
∂β2

∂x

∣∣∣∣ +

∣∣∣∣
∂β2

∂y

∣∣∣∣
)

h

∣∣∣∣
x=xi,y=yj

. (3.15)
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The derivatives in (3.15) again are approximated by central differences.
However, we will show in the following the numerical quadratures (3.12) using

the discrete delta functions δL
w(x), δC

w (x), δPC
w (x) in (1.3)-(1.5) with above support

size formulas suffer from non-convergence.
We consider the computation of the following delta function integral

∫

R2

δ

(√
2x + y√

3

)
δ

(√
2y − x√

3

)
dxdy. (3.16)

For this problem, the support size formulas (3.13) and (3.14) become w1
ij =

w2
ij = h, and (3.15) is w1

ij = w2
ij =

√
2+1√
3

h. So we test a class of support size formulas

w1
ij = w2

ij = γh, γ ∈ R+. We choose the mesh xi = ih, yj = jh, i, j ∈ Z. Then the
numerical quadrature (3.12) to the integral (3.16) is

J =
∑

i∈Z

∑

j∈Z
δγh

(√
2xi + yj√

3

)
δγh

(√
2yj − xi√

3

)
h2. (3.17)

We assume the discrete delta function in (3.17) holds the property δw(x) = 1
h
δw

h
(x

h
),

which are true for δL
w(x), δC

w (x), δPC
w (x). Then the quadrature (3.17) becomes

J(γ) =
∑

i∈Z

∑

j∈Z
δγ

(√
2i + j√

3

)
δγ

(√
2j − i√

3

)
, (3.18)

which is independent of h. Thus the numerical quadrature (3.17) is convergent only
if (3.18) gives the exact value of the integral (3.16) which is 1. The support size

formulas (3.13) and (3.14) correspond to γ = 1, and (3.15) corresponds to γ =
√

2+1√
3

.

Thus we will test whether the quadrature (3.18) gives the value 1 under the choices

γ = 1,
√

2+1√
3

.

Figure 5.1 depicts the curve log10 (J(γ)− 1) versus γ in the range 1 ≤ γ ≤ 100
computed numerically when choosing the discrete delta function in (3.18) as δL

w(x).
The results show that in such choice, J(γ) > 1 for all the tested γ values including

γ = 1,
√

2+1√
3

.
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Figure 3.1 Curve log10(J(γ)− 1) computed numerically in the range 1 ≤ γ ≤ 100,
using the discrete delta function δL

w(x).

As a comparison, Figure 5.2 depicts the curve

sign (J(γ)− 1) log10 (|J(γ)− 1|) ≡ V (γ)

versus γ in the range 1 ≤ γ ≤ 10 computed numerically when choosing the dis-
crete delta function in (3.18) as δC

w (x). Since the quantity J(γ) is close to 1,
log10 (|J(γ)− 1|) < 0, thus V (γ) > 0 when J(γ) < 1 and V (γ) < 0 when J(γ) > 1.
The discontinuity points of V (γ) represents the positions where J(γ) = 1. The
results show that in this situation, there are countable number of γ values sorted
in ascending order can ensure the quadrature (3.18) being 1, but γ = 1,

√
2+1√
3

still
lead to non-convergent solutions. Moreover, although numerical tests show that
when the discrete delta function δC

w (x) is used, there generally exist support size
choices ensuring the convergence of the numerical quadrature (3.12), it is not clear
yet how to express these support size conditions explicitly by the derivatives of the
level set functions as (3.13)-(3.15) do. Without an explicit support size formula, the
numerical quadrature (3.12) can not be used in practical computations since one
does not actually know how to choose support sizes ensuring the convergence of the
numerical method.
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Figure 3.2 Curve sign(J(γ)− 1) log10(|J(γ)− 1|) computed numerically in the
range 1 ≤ γ ≤ 10, using the discrete delta function δC

w (x).

Using the discrete delta function δPC
w (x) in the numerical quadrature (3.18) gives

similar phenomenon to that using δL
w(x), which is that the numerical quadrature

(3.18) does not give value 1 for all the tested γ values including γ = 1,
√

2+1√
3

.

4 Efficient numerical methods to the delta func-

tion integrals

4.1 One dimension

In one dimensional case the delta function integrals (1.1) take the form

∫ b

a

α(x)δ(β(x))dx, (4.19)

where β(x) may have finitely many zero points on the integral interval.
Instead of using discrete delta functions to compose numerical quadrature, an-

other natural way to evaluate the delta function integral is to use interpolation to
directly approximate its exact value.

Assume the zero points of β(x) are xi
c, i = 1, · · · , K, and β(1)(xi

c) 6= 0, i =
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1, · · · , K, where β(1) is the derivative of β. Then the exact value of (4.19) is

K∑
i=1

α(xi
c)

|β(1)(xi
c)|

. (4.20)

A natural way to evaluate this value is as follows
Algorithm I∗

• for each cell, check whether this cell contains a zero point of β(x).

• if it is true, then

• get an approximate zero point position, denoted by c∗.

• use difference approximation to evaluate β(1)(x) at grid points, so that

approximate grid points values of α(x)

|β(1)(x)| are available.

• use interpolation to approximate α(c∗)
|β(1)(c∗)| .

• add up the results of all the cells containing a zero point of β(x).

In the first step in Algorithm I∗, one needs to check the existence of the zero
point of the level set function. This is trivial in one dimensional case. One just
checks the signs of the level set function at two endpoints of the cell. However this
is not obvious in high dimensions. In the later parts of this paper we will discuss
convenient strategy to determine the common zero points of the level set functions
in high dimensions.

In the second step in Algorithm I∗, one may approximate β(x) by a polynomial
using interpolation, then solve the root of this polynomial as the approximate zero
point position c∗. However, if high order accuracy is required, namely the polyno-
mial is high order, then one has to solve a nonlinear algebraic equation. In high
dimensions, in order to achieve high order accuracy, this approach even requires
solving a system of nonlinear algebraic equations. This is certainly inconvenient. In
this paper we propose a technique to adapt Algorithm I∗ so that it does not require
determining the zero point position and solving the nonlinear algebraic equations
when achieving high order accuracy. We will extend our one dimensional algorithm
to two and three dimensional cases in the later parts of this paper.

Let xc be a zero point of β(x). Our idea is to interpolate α(xc)

|β(1)(xc)| in the level set

function variable space rather than in the integral variable space. Since β(1)(xc) 6= 0,
β(x) has the inverse function at the neighborhood of xc, denoted by x = γ(β). One

has γ(0) = xc. Denote F (y) = α(γ(y))

|β(1)
D (γ(y))| , where |β(1)

D (x)| denotes the difference

approximation to |β(1)(x)|. Then F (0) = α(xc)

|β(1)
D (xc)|

. Assume xc is contained in a

cell [xi, xi+1], and denote βj = β(xj) for all j. Then F (βj) =
α(xj)

|β(1)
D (xj)|

, for j =
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i, i + 1, i − 1, i + 2 and so on. {βj} typically consist a nonuniform mesh near 0.
Thus the problem becomes to interpolate F (0) provided the values of F (y) at the
grid points of a nonuniform mesh around 0. From this viewpoint, one does not need
to determine the zero point position xc in the integral variable space, and avoids
solving a nonlinear algebraic equation.

To interpolate F (0) from the values F (βj), we approximate the function F (y) by
a polynomial p0 + p1y + · · · which has the same values as F (y) at grid points βj for
some j, then the coefficients p0, p1, · · · can be determined, and p0 is the interpolation
value to F (0). For example, to achieve second order accuracy, one chooses the first
order polynomial p0 + p1y which has the same values as F (y) at βi, βi+1, then the
coefficients satisfy the linear algebraic equations

(
1 βi

1 βi+1

)(
p0

p1

)
=

(
F (βi)
F (βi+1)

)
. (4.21)

After solving this linear algebraic equations system, one obtains the interpolation
value p0. Since β(x) is reversible near the zero point, xi 6= xi+1 implies βi 6= βi+1

for a fine enough mesh. Thus the matrix in (4.21) is of Vandermonde-type and
nonsingular. This ensures that our approach is always implementable.

High order methods can be similarly designed. For example, to achieve fourth
order accuracy, one solves a fourth order linear algebraic equations system similar
to (4.21).

One can also use Newton interpolation to approximate F (0). This approach does
not need to solve linear algebraic equations. But it is not extendible to high dimen-
sional cases. The approach we used above via solving linear algebraic equations has
the advantage that it can be systematically extended to high dimensional cases. On
the other hand, since the level set function only has finitely many zero points, the
extra computational complexity of the operations in a cell containing a zero point is
relatively insignificant. This consideration is also proper in high dimensional cases,
in which the level set functions only have finitely many common zero points.

In the last step in Algorithm I∗, directly add up the results of all the cells
containing a zero point of β(x) can cause problems in the situation that a zero point
of β(x) is located at a grid point. For example, if β(xi) = 0, then the cells [xi−1, xi]

and [xi, xi+1] both contain xi, and the approximation to α(xi)

|β(1)(xi)| are added up twice.

To resolve this issue, we propose to introduce an indication function s(x) defined at
grid points. Initially we set s(xj) = 0 for all j. If a cell [xi, xi+1] contains a zero
point of β(x), and the result in the cell is added, then we set s(xi) = s(xi+1) = 1.
For any cell [xj, xj+1], we first check whether s(xj) = s(xj+1) = 0. If not, then
the cell is directly regarded as not containing a zero point of β(x) and no further
operations are needed in this cell. This approach uses the fact that any two zero
points of β(x) have O(1) distance. So if a cell contains a zero point of β(x), then
its neighboring cells can not contain another zero point. By this approach we avoid
adding the result of the same zero point twice. The advantage of this approach is
that it can be conveniently extended to high dimensions.
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After the above discussions, the algorithm we adapt from Algorithm I∗ is de-
scribed as follows

Algorithm I

• set s(xj) = 0 for all grid points.

• for each cell[xi, xi+1], check whether s(xi) = s(xi+1) = 0.

• if it is true, check whether this cell contains a zero point of β(x).

• if it is true, then

• use difference approximation to evaluate β(1)(x) at grid points,

so that approximate grid points values of α(x)

|β(1)(x)| are available.

These values are used as right hand sides of the linear algebraic
equations of (4.21) type.

• solve a linear algebraic equations system of (4.21) type according
to the expected order accuracy, and get the value of p0.

• set s(xi) = s(xi+1) = 1.

• add up the values of p0 of all the cells containing a zero point of β(x).

In Algorithm I, to approximate β(1)(x) at a grid point by the grid point values
of β(x), we use a fourth order difference formula as follows

β(1)(xi) ≈ 1

h

(
− 1

12
βi+2 +

2

3
βi+1 − 2

3
βi−1 +

1

12
βi−2

)
, (4.22)

since we will study up to fourth order method in this paper. This formula will also
be used in high dimensional cases.

4.2 Two dimension

In two dimensional case the delta function integrals (1.1) take the form

∫ b

a

∫ d

c

α(x)δ(β1(x))δ(β2(x))dx, x ∈ R2. (4.23)

Assume the common zero points of β1(x, y) and β2(x, y) are (xi
c, y

i
c), i = 1, · · · , K,

and |∂Ψ/∂(x, y)|x=xi
c,y=yi

c
6= 0, i = 1, · · · , K, where Ψ = (β1, β2), |∂Ψ/∂(x, y)| is the

Jacobian. Then the exact value of (4.23) is

K∑
i=1

α(xi
c, y

i
c)∣∣∣|∂Ψ/∂(x, y)|x=xi

c,y=yi
c

∣∣∣
.
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Compared with one dimensional case, in two dimension an additional issue needs
to be studied is how to check the existence of a common zero point of the level set
functions. As stated before, in one dimension to check the existence of a zero point
of the level set function is trivial. But this is not obvious in high dimensions.

Let us consider a common zero point (xc, yc) of the level set functions β1(x, y) and
β2(x, y). Since |∂Ψ/∂(x, y)|x=xc,y=yc

6= 0, the map Γ : (x, y) → (β1(x, y), β2(x, y))
is one-to-one at the neighborhood of the common zero point. Assume the common
zero point (xc, yc) is in or near a cell

Cij : [xi, xi+1]× [yj, yj+1] (4.24)

in (x, y)-space, consider the set

C̃ij : {(p, q)|∃(x, y) ∈ Cij, s.t.(p, q) = Γ(x, y)}. (4.25)

(4.25) typically is a set with curved boundary. To check that the cell Cij contains
a common zero point of the level set functions is equivalent to check that the set
C̃ij contains the point (0, 0). However this is inconvenient since C̃ij has curved

boundary. This difficulty inspire us to consider the quadrilateral modified from C̃ij

which has flat boundary. Denote β1,k,l = β1(xk, yl), β2,k,l = β2(xk, yl) for all k, l. Let
the level set functions values of the four vertexes of the cell Cij be: P1 : (β1,i,j, β2,i,j),
P2 : (β1,i+1,j, β2,i+1,j), P3 : (β1,i+1,j+1, β2,i+1,j+1), P4 : (β1,i,j+1, β2,i,j+1). We consider
the quadrilateral

Ĉij : the quadrilateral enclosed by the line segments P1P2, P2P3, P3P4, P4P1. (4.26)

Since Γ is the linear map plus high order terms near the common zero point (xc, yc),

Ĉij is approximately a parallelogram and is convex for fine enough mesh. If the
common zero point (xc, yc) is located in a cell Cij, then for this cell and its neigh-

boring cells, the corresponding Ĉij compose an irregular mesh covering the point
(0, 0) for fine enough mesh. Thus our strategy is for each cell Cij to check whether

the point (0, 0) is contained by the quadrilateral Ĉij rather than to check the set C̃ij.
We will use the indication function as adopted in one dimensional case. Namely if
a quadrilateral Ĉij is checked to contain a common zero point, then its neighbor-
ing quadrilaterals are directly regarded to not contain a common zero point. This
avoids to add the result of one common zero point more than once if the zero point
is located at the boundary of Ĉij.

One convenient way to check whether the point (0, 0) is covered by a convex

quadrilateral Ĉij is to compare the position of (0, 0) towards the oriented line seg-

ments
−−→
P1P2,

−−→
P2P3,

−−→
P3P4,

−−→
P4P1. If (0, 0) is at the same side of the four oriented

line segments, then it is enclosed by the four line segments, thus being covered by
the quadrilateral. Algebraically, this can be checked by observing the following four
determinants:∣∣∣∣

β1,i,j β1,i+1,j

β2,i,j β2,i+1,j

∣∣∣∣ ,

∣∣∣∣
β1,i+1,j β1,i+1,j+1

β2,i+1,j β2,i+1,j+1

∣∣∣∣ ,

∣∣∣∣
β1,i+1,j+1 β1,i,j+1

β2,i+1,j+1 β2,i,j+1

∣∣∣∣ ,

∣∣∣∣
β1,i,j+1 β1,i,j

β2,i,j+1 β2,i,j

∣∣∣∣ .

(4.27)
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If these four determinants have the same sign, including some of them being zero,
then the point (0, 0) is covered by the quadrilateral Ĉij, otherwise not.

If we have checked that the point (0, 0) is contained by a quadrilateral Ĉij, imply-
ing the zero point (xc, yc) being in or near the cell Cij, then we can use interpolation

to approximate α(xc,yc)

||∂Ψ/∂(x,y)|x=xc,y=yc | . First we choose a point among the four points

(xi, yj), (xi+1, yj), (xi+1, yj+1), (xi, yj+1). From the viewpoint of numerical accuracy,
we choose the point denoted by (xk, yl) which has the minimum value of β2

1,k,l+β2
2,k,l.

Then in the same spirit as in the one dimensional case, we interpolate in the level
set functions variables (β1, β2) space instead of in the integral variables (x, y) space.
Denote

Gij =
α(xi, yj)∣∣∣|∂ΨD/∂(x, y)|x=xi,y=yj

∣∣∣
, for all i, j, (4.28)

where ∂ΨD/∂(x, y) is the difference approximation to the Jacobian matrix ∂Ψ/∂(x, y),
which can be achieved by using the formula (4.22). Then to achieve second order
accuracy, we can solve a third order linear algebraic equations system, for example




1 β1,k,l β2,k,l

1 β1,k+1,l β2,k+1,l

1 β1,k,l+1 β2,k,l+1







p0

p1

p2


 =




Gkl

Gk+1,l

Gk,l+1


 . (4.29)

To achieve third order accuracy, we can solve a sixth order linear algebraic equa-
tions system, for example




1 β1,k,l β2,k,l β2
1,k,l β2

2,k,l β1,k,lβ2,k,l

1 β1,k+1,l β2,k+1,l β2
1,k+1,l β2

2,k+1,l β1,k+1,lβ2,k+1,l

1 β1,k,l+1 β2,k,l+1 β2
1,k,l+1 β2

2,k,l+1 β1,k,l+1β2,k,l+1

1 β1,k−1,l β2,k−1,l β2
1,k−1,l β2

2,k−1,l β1,k−1,lβ2,k−1,l

1 β1,k,l−1 β2,k,l−1 β2
1,k,l−1 β2

2,k,l−1 β1,k,l−1β2,k,l−1

1 β1,k+1,l+1 β2,k+1,l+1 β2
1,k+1,l+1 β2

2,k+1,l+1 β1,k+1,l+1β2,k+1,l+1







p0

p1

p2

p3

p4

p5




=




Gkl

Gk+1,l

Gk,l+1

Gk−1,l

Gk,l−1

Gk+1,l+1




.

(4.30)
To achieve fourth order accuracy, we solve a tenth order linear algebraic equations

system which can be constructed following the same principle as (4.29) and (4.30).
We can check that the matrixes in (4.29) and (4.30) are nonsingular for fine

enough mesh. Denote

B1,x =
∂β1

∂x
|x=xc,y=yc , B1,y =

∂β1

∂y
|x=xc,y=yc , B2,x =

∂β2

∂x
|x=xc,y=yc , B2,y =

∂β2

∂y
|x=xc,y=yc .

Denote the matrix in (4.29) to be M1, then

|M1| =
∣∣∣∣∣∣

1 B1,x(xk − xc) + B1,y(yl − yc) B2,x(xk − xc) + B2,y(yl − yc)
1 B1,x(xk+1 − xc) + B1,y(yl − yc) B2,x(xk+1 − xc) + B2,y(yl − yc)
1 B1,x(xk − xc) + B1,y(yl+1 − yc) B2,x(xk − xc) + B2,y(yl+1 − yc)

∣∣∣∣∣∣
+H.O.,
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where H.O. represents high order terms. So

|M1| =

∣∣∣∣∣∣

1 B1,xxk + B1,yyl B2,xxk + B2,yyl

1 B1,xxk+1 + B1,yyl B2,xxk+1 + B2,yyl

1 B1,xxk + B1,yyl+1 B2,xxk + B2,yyl+1

∣∣∣∣∣∣
+ H.O.

=

∣∣∣∣∣∣

1 xk yl

1 xk+1 yl

1 xk yl+1

∣∣∣∣∣∣

∣∣∣∣∣∣

1 0 0
0 B1,x B2,x

0 B1,y B2,y

∣∣∣∣∣∣
+ H.O. (4.31)

The first matrix in (4.31) can be regarded as the matrix in (x, y) space corre-
sponding to M1. Since the second determinant in (4.31) is |∂Ψ/∂(x, y)|x=xc,y=yc

6= 0,
(4.31) implies that M1 is nonsingular for fine enough mesh if its corresponding ma-
trix in (x, y) space is nonsingular. This is clearly valid, thus M1 is nonsingular for
fine enough mesh.

Denote the matrix in (4.30) to be M2, denote

B1
ij = B1,xxi + B1,yyj, B2

ij = B2,xxi + B2,yyj, for all i, j.

Then

|M2| =

∣∣∣∣∣∣∣∣∣∣∣∣

1 B1
kl B2

kl (B1
kl)

2 (B2
kl)

2 B1
klB

2
kl

1 B1
k+1,l B2

k+1,l (B1
k+1,l)

2 (B2
k+1,l)

2 B1
k+1,lB

2
k+1,l

1 B1
k,l+1 B2

k,l+1 (B1
k,l+1)

2 (B2
k,l+1)

2 B1
k,l+1B

2
k,l+1

1 B1
k−1,l B2

k−1,l (B1
k−1,l)

2 (B2
k−1,l)

2 B1
k−1,lB

2
k−1,l

1 B1
k,l−1 B2

k,l−1 (B1
k,l−1)

2 (B2
k,l−1)

2 B1
k,l−1B

2
k,l−1

1 B1
k+1,l+1 B2

k+1,l+1 (B1
k+1,l+1)

2 (B2
k+1,l+1)

2 B1
k+1,l+1B

2
k+1,l+1

∣∣∣∣∣∣∣∣∣∣∣∣

+ H.O.

= |M̃2||B̃|+ H.O., (4.32)

where

|M̃2| =

∣∣∣∣∣∣∣∣∣∣∣∣

1 xk yl (xk)
2 (yl)

2 xkyl

1 xk+1 yl (xk+1)
2 (yl)

2 xk+1yl

1 xk yl+1 (xk)
2 (yl+1)

2 xkyl+1

1 xk−1 yl (xk−1)
2 (yl)

2 xk−1yl

1 xk yl−1 (xk)
2 (yl−1)

2 xkyl−1

1 xk+1 yl+1 (xk+1)
2 (yl+1)

2 xk+1yl+1

∣∣∣∣∣∣∣∣∣∣∣∣

, (4.33)

|B̃| =

∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0 0 0
0 B1,x B2,x 0 0 0
0 B1,y B2,y 0 0 0
0 0 0 (B1,x)

2 (B2,x)
2 B1,xB2,x

0 0 0 (B1,y)
2 (B2,y)

2 B1,yB2,y

0 0 0 2B1,xB1,y 2B2,xB2,y B1,xB2,y + B2,xB1,y

∣∣∣∣∣∣∣∣∣∣∣∣

.(4.34)

The matrix in (4.33) is the corresponding matrix to M2 in (x, y) space. Since

|B̃| in (4.34) equals
(
|∂Ψ/∂(x, y)|x=xc,y=yc

)4

6= 0, (4.32) again implies that M2
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is nonsingular for fine enough mesh if its corresponding matrix in (x, y) space is

nonsingular. One can check that M̃2 is nonsingular, thus M2 is nonsingular for fine
enough mesh.

Similarly, one can check that for the tenth order matrix in achieving fourth
order accuracy, it also holds that the matrix is nonsingular for fine enough mesh
if its corresponding matrix in (x, y) space is nonsingular. To satisfy this, one can
choose the ten indices in the matrix for example to be the eight indices among
{(i, j)|i = k − 1, k, k + 1, j = l − 1, l, l + 1} except (k − 1, l − 1), plus two indices
(k + 2, l), (k + 2, l + 2).

Thus we show that our second to fourth order accurate methods are all ensured
to be implementable. After solving the linear algebraic system, which is (4.29) for
second order method, (4.30) for third order method, and a tenth order system for

fourth order method, the resulting p0 is the approximation to α(xc,yc)

||∂Ψ/∂(x,y)|x=xc,y=yc | .
After the above discussions, our two dimensional algorithm can be described as

follows
Algorithm II

• set sij = 0 for all indices.

• for each cell Cij : [xi, xi+1] × [yj, yj+1], check whether sij + si+1,j + si+1,j+1 +
si,j+1 = 0.

• if it is true, check whether the quadrilateral Ĉij contains the point (0, 0).

• if it is true, then

• use difference approximation to evaluate the quantities (4.28) at
grid points. These values are used as right hand sides of the
linear algebraic equations to be solved.

• solve a linear algebraic equations system according to the ex-
pected order accuracy, and get the value of p0.

• set sij = si+1,j = si+1,j+1 = si,j+1 = 1.

• add up the values of p0 of all the quadrilaterals Ĉij containing the point (0, 0).

4.3 Three dimension

In three dimensional case the delta function integrals (1.1) take the form

∫ b

a

∫ d

c

∫ f

e

α(x)δ(β1(x))δ(β2(x))δ(β3(x))dx, x ∈ R3. (4.35)

Assume the common zero points of β1(x, y, z), β2(x, y, z) and β3(x, y, z) are
(xi

c, y
i
c, z

i
c), i = 1, · · · , K, and |∂Ψ/∂(x, y, z)|x=xi

c,y=yi
c,z=zi

c
6= 0, i = 1, · · · , K, where
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Ψ = (β1, β2, β3), |∂Ψ/∂(x, y, z)| is the Jacobian. Then the exact value of (4.35) is

K∑
i=1

α(xi
c, y

i
c, z

i
c)∣∣∣|∂Ψ/∂(x, y, z)|x=xi
c,y=yi

c,z=zi
c

∣∣∣
.

Denote β1,i,j,k = β1(xi, yj, zk), β2,i,j,k = β2(xi, yj, zk), β3,i,j,k = β3(xi, yj, zk), Pi,j,k =
(β1,i,j,k, β2,i,j,k, β3,i,j,k) for all i, j, k. Let the level set functions values of the eight ver-
texes of the cell

Cijk : [xi, xi+1]× [yj, yj+1]× [zk, zk+1] (4.36)

be: P1 : Pi,j,k, P2 : Pi+1,j,k, P3 : Pi+1,j+1,k, P4 : Pi,j+1,k, P5 : Pi,j,k+1, P6 : Pi+1,j,k+1,
P7 : Pi+1,j+1,k+1, P8 : Pi,j+1,k+1. In the same spirit as in the two dimensional case,
we consider the dodecahedron

Ĉijk : the dodecahedron enclosed by the faces

P1P2P4, P1P5P2, P1P4P5, P2P5P6, P2P6P3, P5P8P6,

P2P3P4, P3P8P4, P4P8P5, P3P6P7, P6P8P7, P3P7P8. (4.37)

If a common zero point (xc, yc, zc) is located in a cell Cijk, then for this cell and

its neighboring cells, the corresponding Ĉijk compose an irregular mesh covering the
point (0, 0, 0) for fine enough mesh. To design a convenient way to check a common

zero point (xc, yc, zc), observe that the dodecahedron Ĉijk is covered by the union of
the following two hexahedrons

Ĉ1
ijk : the hexahedron enclosed by the planes

P1P2P4, P1P5P2, P1P4P5, P3P6P7, P6P8P7, P3P7P8, (4.38)

Ĉ2
ijk : the hexahedron enclosed by the planes

P2P5P6, P2P6P3, P5P8P6, P2P3P4, P3P8P4, P4P8P5. (4.39)

For a cell near the zero point (xc, yc, zc), the two hexahedrons Ĉ1
ijk and Ĉ2

ijk are

convex for fine enough mesh. Moreover, Ĉ1
ijk ∪ Ĉ2

ijk can only be slightly larger than

Ĉijk in the sense that for two dodecahedrons Ĉijk and Ĉi′,j′,k′ which are not adjacent,

then their corresponding Ĉ1
ijk ∪ Ĉ2

ijk and Ĉ1
i′,j′,k′ ∪ Ĉ2

i′,j′,k′ also do not contact for fine
enough mesh. Therefore for a cell Cijk it is more convenient to check the existence

of the point (0, 0, 0) in the set Ĉ1
ijk ∪ Ĉ2

ijk, for which we check the existence of the

point (0, 0, 0) in the two hexahedrons Ĉ1
ijk and Ĉ2

ijk respectively. To check whether
the point (0, 0, 0) is covered by a convex hexahedron, we take the similar strategy
as for a convex quadrilateral in two dimensional case. We compare the position of
(0, 0, 0) towards the oriented planes of the six faces of the hexahedron. If (0, 0, 0)
is at the same side of the six oriented planes, then it is enclosed by the six faces,
thus being covered by the hexahedron. Algebraically, for Ĉ1

ijk this can be checked
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by observing the following six determinants:
∣∣∣∣∣∣

β1,i,j,k β1,i+1,j,k β1,i,j+1,k

β2,i,j,k β2,i+1,j,k β2,i,j+1,k

β3,i,j,k β3,i+1,j,k β3,i,j+1,k

∣∣∣∣∣∣
,

∣∣∣∣∣∣

β1,i,j,k β1,i,j,k+1 β1,i+1,j,k

β2,i,j,k β2,i,j,k+1 β2,i+1,j,k

β3,i,j,k β3,i,j,k+1 β3,i+1,j,k

∣∣∣∣∣∣
,

∣∣∣∣∣∣

β1,i,j,k β1,i,j+1,k β1,i,j,k+1

β2,i,j,k β2,i,j+1,k β2,i,j,k+1

β3,i,j,k β3,i,j+1,k β3,i,j,k+1

∣∣∣∣∣∣
,

∣∣∣∣∣∣

β1,i+1,j+1,k β1,i+1,j,k+1 β1,i+1,j+1,k+1

β2,i+1,j+1,k β2,i+1,j,k+1 β2,i+1,j+1,k+1

β3,i+1,j+1,k β3,i+1,j,k+1 β3,i+1,j+1,k+1

∣∣∣∣∣∣
,

∣∣∣∣∣∣

β1,i+1,j,k+1 β1,i,j+1,k+1 β1,i+1,j+1,k+1

β2,i+1,j,k+1 β2,i,j+1,k+1 β2,i+1,j+1,k+1

β3,i+1,j,k+1 β3,i,j+1,k+1 β3,i+1,j+1,k+1

∣∣∣∣∣∣
,

∣∣∣∣∣∣

β1,i+1,j+1,k β1,i+1,j+1,k+1 β1,i,j+1,k+1

β2,i+1,j+1,k β2,i+1,j+1,k+1 β2,i,j+1,k+1

β3,i+1,j+1,k β3,i+1,j+1,k+1 β3,i,j+1,k+1

∣∣∣∣∣∣
.

(4.40)

If these six determinants have the same sign, including some of them being zero,
then the point (0, 0, 0) is covered by the hexahedron Ĉ1

ijk, otherwise not. Similarly,

to check the existence of the point (0, 0, 0) in Ĉ2
ijk we compare the signs of the

following six determinants:
∣∣∣∣∣∣

β1,i+1,j,k β1,i,j,k+1 β1,i+1,j,k+1

β2,i+1,j,k β2,i,j,k+1 β2,i+1,j,k+1

β3,i+1,j,k β3,i,j,k+1 β3,i+1,j,k+1

∣∣∣∣∣∣
,

∣∣∣∣∣∣

β1,i+1,j,k β1,i+1,j,k+1 β1,i+1,j+1,k

β2,i+1,j,k β2,i+1,j,k+1 β2,i+1,j+1,k

β3,i+1,j,k β3,i+1,j,k+1 β3,i+1,j+1,k

∣∣∣∣∣∣
,

∣∣∣∣∣∣

β1,i,j,k+1 β1,i,j+1,k+1 β1,i+1,j,k+1

β2,i,j,k+1 β2,i,j+1,k+1 β2,i+1,j,k+1

β3,i,j,k+1 β3,i,j+1,k+1 β3,i+1,j,k+1

∣∣∣∣∣∣
,

∣∣∣∣∣∣

β1,i+1,j,k β1,i+1,j+1,k β1,i,j+1,k

β2,i+1,j,k β2,i+1,j+1,k β2,i,j+1,k

β3,i+1,j,k β3,i+1,j+1,k β3,i,j+1,k

∣∣∣∣∣∣
,

∣∣∣∣∣∣

β1,i+1,j+1,k β1,i,j+1,k+1 β1,i,j+1,k

β2,i+1,j+1,k β2,i,j+1,k+1 β2,i,j+1,k

β3,i+1,j+1,k β3,i,j+1,k+1 β3,i,j+1,k

∣∣∣∣∣∣
,

∣∣∣∣∣∣

β1,i,j+1,k β1,i,j+1,k+1 β1,i,j,k+1

β2,i,j+1,k β2,i,j+1,k+1 β2,i,j,k+1

β3,i,j+1,k β3,i,j+1,k+1 β3,i,j,k+1

∣∣∣∣∣∣
.

(4.41)

By this way we can check the existence of the point (0, 0, 0) in Ĉ1
ijk ∪ Ĉ2

ijk. We
introduce the indication function as adopted in one and two dimensional cases.
Namely if a cell Cijk whose corresponding Ĉ1

ijk ∪ Ĉ2
ijk is checked to contain the point

(0, 0, 0), then we do not check its neighboring cells. Thus the result of one common
zero point will not be added more than once.

If the point (0, 0, 0) is checked to be contained in a Ĉ1
ijk ∪ Ĉ2

ijk, implying the
zero point (xc, yc, zc) being in or near the cell Cijk, then we can use interpolation to

approximate α(xc,yc,zc)

||∂Ψ/∂(x,y,z)|x=xc,y=yc,z=zc | . As in the two dimensional case, we first choose

a point denoted by (xl, ym, zn) among the eight points (xi, yj, zk), (xi+1, yj, zk),
(xi+1, yj+1, zk), (xi, yj+1, zk), (xi, yj, zk+1), (xi+1, yj, zk+1), (xi+1, yj+1, zk+1), (xi, yj+1, zk+1)
which has the minimum value of β2

1,l,m,n + β2
2,l,m,n + β2

3,l,m,n. Denote

Hijk =
α(xi, yj, zk)∣∣∣|∂ΨD/∂(x, y, z)|x=xi,y=yjz=zk

∣∣∣
, for all i, j, k, (4.42)

17



where ∂ΨD/∂(x, y, z) is the difference approximation to the Jacobian matrix ∂Ψ/∂(x, y, z),
which can be achieved by using the formula (4.22). Then to achieve second order
accuracy, we can solve a fourth order linear algebraic equations system, for example




1 β1,l,m,n β2,l,m,n β3,l,m,n

1 β1,l+1,m,n β2,l+1,m,n β3,l+1,m,n

1 β1,l,m+1,n β2,l,m+1,n β3,l,m+1,n

1 β1,l,m,n+1 β2,l,m,n+1 β3,l,m,n+1







p0

p1

p2

p3


 =




Hl,m,n

Hl+1,m,n

Hl,m+1,n

Hl,m,n+1


 . (4.43)

To achieve third and fourth order accuracy, we solve a tenth and a twentieth order
linear algebraic equations system respectively which can be constructed following
the same principle as (4.43).

Similar to two dimensional case, we can check that the matrix in (4.43) is non-
singular for fine enough mesh. Denote

Bp,x =
∂βp

∂x
|x=xc,y=yc,z=zc , Bp,y =

∂βp

∂y
|x=xc,y=yc,z=zc , Bp,z =

∂βp

∂z
|x=xc,y=yc,z=zc ,

Bp
ijk = Bp,xxi + Bp,yyj + Bp,zzk for all i, j, k

for p = 1, 2, 3.
Denote the matrix in (4.43) to be M3, then

|M3| =

∣∣∣∣∣∣∣∣

1 B1
l,m,n B2

l,m,n B3
l,m,n

1 B1
l+1,m,n B2

l+1,m,n B3
l+1,m,n

1 B1
l,m+1,n B2

l,m+1,n B3
l,m+1,n

1 B1
l,m,n+1 B2

l,m,n+1 B3
l,m,n+1

∣∣∣∣∣∣∣∣
+ H.O.

=

∣∣∣∣∣∣∣∣

1 xl ym zn

1 xl+1 ym zn

1 xl ym+1 zn

1 xl ym zn+1

∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣

1 0 0 0
0 B1,x B2,x B3,x

0 B1,y B2,y B3,y

0 B1,z B2,z B3,z

∣∣∣∣∣∣∣∣
+ H.O. (4.44)

The first matrix in (4.44) can be regarded as the matrix in (x, y, z) space corre-
sponding to M3. The second determinant in (4.44) is |∂Ψ/∂(x, y, z)|x=xc,y=yc,z=zc

6=
0. Similar to two dimensional case, we again have that M3 is nonsingular for fine
enough mesh if its corresponding matrix in (x, y, z) space is nonsingular, which is
clearly valid. Thus M3 is nonsingular for fine enough mesh.

Similarly, one can check that for the tenth and the twentieth order matrixes in
achieving third and fourth order accuracy, the matrix is nonsingular for fine enough
mesh if its corresponding matrix in (x, y, z) space is nonsingular respectively. To
satisfy this, one can choose the ten indices in the tenth order matrix for example to
be (l + i,m + j, n + k) for (i, j, k) being

{(0, 0, 0), (1, 0, 0), (−1, 0, 0), (0, 1, 0), (0,−1, 0), (0, 0, 1), (0, 0,−1), (1, 1, 0), (1, 0, 1), (0, 1, 1)}.
(4.45)
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The twenty indices in the twentieth order matrix can be chosen for example to be
(l + i,m + j, n + k) for (i, j, k) being

{(0, 0, 0), (1, 0, 0), (−1, 0, 0), (0, 1, 0), (0,−1, 0), (0, 0, 1), (0, 0,−1), (1, 1, 0), (1, 0, 1), (0, 1, 1),

(−1,−1, 0), (−1, 0,−1), (0,−1,−1), (1,−1, 0), (1, 0,−1), (0, 1,−1),

(1, 1, 1), (2, 0, 0), (0, 2, 0), (0, 0, 2)}. (4.46)

Thus our second to fourth order accurate methods are all ensured to be imple-
mentable. After solving the linear algebraic system, the resulting p0 is the approxi-
mation to α(xc,yc,zc)

||∂Ψ/∂(x,y,z)|x=xc,y=yc,z=zc | .
After the above discussions, our three dimensional algorithm can be described

as follows
Algorithm III

• set si,j,k = 0 for all indices.

• for each cell Cijk : [xi, xi+1]×[yj, yj+1]×[zk, zk+1], check whether si,j,k+si+1,j,k+
si+1,j+1,k + si,j+1,k + si,j,k+1 + si+1,j,k+1 + si+1,j+1,k+1 + si,j+1,k+1 = 0.

• if it is true, check whether the union of hexahedrons Ĉ1
ijk ∪ Ĉ2

ijk contains
the point (0, 0, 0).

• if it is true, then

• use difference approximation to evaluate the quantities (4.42) at
grid points. These values are used as right hand sides of the
linear algebraic equations to be solved.

• solve a linear algebraic equations system according to the ex-
pected order accuracy, and get the value of p0.

• set si,j,k = si+1,j,k = si+1,j+1,k = si,j+1,k = si,j,k+1 = si+1,j,k+1 =
si+1,j+1,k+1 = si,j+1,k+1 = 1.

• add up the values of p0 of all the Ĉ1
ijk ∪ Ĉ2

ijk containing the point (0, 0, 0).

5 Numerical examples

In this Section we give numerical examples in one to three dimensions respectively
to show the efficiency and accuracy of our methods proposed in this paper.

Example 5.1. Consider the numerical computation of the one dimensional delta
function integral (4.19). We choose α(x) = log(x + e), β(x) = e

√
2x − 1. We test a

number of mesh sizes. For each mesh size, we select 100 uniform meshes via random
shifts. We show the largest relative numerical errors of our methods among using
these 100 meshes for each mesh size.
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Table 5.1 Example 5.1, relative errors of the one dimensional methods

Mesh size 0.1 0.05 0.025 0.0125 0.00625 Re

second order method 3.21E-3 8.27E-4 2.08E-4 5.19E-5 1.29E-5 1.99

third order method 5.06E-4 6.22E-5 7.72E-6 9.60E-7 1.20E-7 3.01

fourth order method 6.34E-5 3.99E-6 2.50E-7 1.56E-8 9.76E-10 4.00

Table 5.2 Example 5.2, relative errors of the two dimensional methods

Mesh size 0.1 0.05 0.025 0.0125 0.00625 Re

second order method 1.00E-1 3.01E-2 6.96E-3 2.16E-3 5.80E-4 1.87

third order method 1.51E-1 1.75E-2 2.18E-3 2.54E-4 3.47E-5 3.03

fourth order method 4.04E-1 6.02E-3 4.96E-4 2.52E-5 1.16E-6 4.47

Table 5.3 Example 5.3, relative errors of the three dimensional methods

Mesh size 0.1 0.05 0.025 0.0125 0.00625 Re

second order method 8.03E-3 2.36E-3 6.21E-4 1.48E-4 3.43E-5 1.97

third order method 5.13E-3 6.18E-4 1.00E-4 1.24E-5 1.56E-6 2.90

fourth order method 4.11E-4 3.24E-5 2.46E-6 1.26E-7 3.95E-9 4.13
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Table 5.1 lists the results of our second to fourth order methods. The last column
in the Table presents the estimated convergence rates. These results clearly show
that our numerical methods achieve the expected numerical accuracy.

Example 5.2. Consider the numerical computation of the two dimensional
delta function integral (4.23). We choose α(x, y) = cos(x + y), β1(x, y) = e5x+y −
1, β2(x, y) = ex+ 2

5
y − 1. We test a number of mesh sizes. For each mesh size, we

select 100 uniform meshes via random shifts in two axis directions. We show the
largest relative numerical errors of our methods among using these 100 meshes for
each mesh size.

Table 5.2 lists the results of our second to fourth order methods. The last column
in the Table presents the estimated convergence rates. These results show that our
numerical methods achieve the expected numerical accuracy.

Example 5.3. Consider the numerical computation of the three dimensional
delta function integral (4.35). We choose α(x, y, z) = cos(x + y + z), β1(x, y, z) =

e
1√
3
x+ 1√

3
y+ 1√

3
z − 1, β2(x, y, z) = e

1√
2
x+ 1√

2
z − 1, β3(x, y, z) = e

2
3
x+ 2

3
y+ 1

3
z − 1. We test a

number of mesh sizes. For each mesh size, we select 50 uniform meshes via random
shifts in three axis directions. We show the largest relative numerical errors of our
methods among using these 50 meshes for each mesh size.

Table 5.3 lists the results of our second to fourth order methods. The last column
in the Table presents the estimated convergence rates. These results show that our
numerical methods achieve the expected numerical accuracy.

6 Conclusion

In this paper we studied high order numerical methods to a type of delta function
integrals in one to three dimensions. Such delta function integrals arise from recent
efficient level set methods for computing the multivalued solutions in the semiclas-
sical limit of the linear Schrödinger equation and the high frequency limit of the
linear wave equation [13,14].

We show that the numerical quadratures to the two dimensional delta function
integrals, which are designed based on very natural idea, suffer from nonconvergence
with usual discrete delta functions and support size formulas. We then proceed to
design efficient numerical methods to the delta function integrals in one to three
dimensions based on interpolation approach. In such an approach, one needs to
check the existence of the common zero points of the level set functions, which
is avoided in the quadrature approach. Such an issue indeed is nontrivial in high
dimensions. In this paper we give convenient strategy to check the common zero
points of the level set functions. After the check of a common zero point, the usual
way to perform interpolation needs to approximate the common zero point position,
which requires solving nonlinear algebraic equations system if high order accuracy
is expected. We adapt the usual way by changing the interpolation space. Our
approach does not need to explicitly determine the common zero points positions
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and avoids solving nonlinear algebraic equations system in order to achieve high
order accuracy. In this paper we have designed second to fourth order methods.
Numerical examples are presented which verify that our methods proposed in this
paper are efficient and achieve the expected accuracy.
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