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Abstract: We consider the calculation of wave resistance for a ship moving
at constant speed near the free surface of the water. This wave resistance can be
calculated with a linearized steady potential model. To deal with the unboundedness
of the physical domain in the potential flow problem, we introduce one vertical
side as the upstream artificial boundary and two vertical sides as the downstream
artificial boundaries. On the artificial boundaries, a sequence of high-order global
artificial boundary conditions are given. Then the potential low problem is reduced

to a problem defined on a finite computational domain, which is equivalent to a
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variational problem. After solving the variational problem by the finite element
method, we obtain the numerical approximation of the potential flow around the
ship, which is used to calculate the wave resistance by formula presented in this
paper. The numerical examples show the accuracy and efficiency of the proposed
numerical scheme given in this paper .

Key words. ship wave, potential flow, global artificial boundary condition,
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Introduction: Many physical and engineering problems correspond to partial differ-
ential equations defined on unbounded physical domain. How to reduce the original
problem to a bounded computational domain with high accuracy presents to be
a challenge in solving these problems. In the past two decades, there have been
many important progress in solving partial differential equations in unbounded do-
mains, see, e.g. [7]-[19]. One of the most popular approach is the artificial boundary
method, i.e., by introducing artificial boundaries and setting up artificial boundary
conditions on them, we can reduce the original problem to a problem defined on
bounded computational domain. In this paper, we would use the artificial boundary
method to compute a linearized steady potential flow problem, and use its solution
to calculate the ship wave resistance.

A ship moving near the free surface of the water would induce a pattern of

trailing gravity waves. This pattern is formed through the work done by the ship



against the wave resistance. Numerical approximation of this wave resistance is a
matter of high interest for ship design and marine engineering. One approach to
this problem is calculating the wave resistance through a potential model. This
model can be simplified by assuming the steady motion of the ship and linearization
of the free surface boundary condition. Thus the potential flow around the ship is
governed by a linearized steady potential flow problem. After the computation of
this linearized steady potential flow problem, the wave resistance can be calculated
by the numerical approximation of the potential flow with proper formula. In the
recent years, there have been many studies on the ship wave resistance based on
this approach [26],[3],[23],[24],[5],[6],[22] which show that this approach is accurate
and ensures positive outcome of the wave resistance. The technique for solving the
potential problem can be various. In this paper, we are ready to tackle the potential
flow problem by the finite element method based on non-symmetric Galerkin vari-
ation, and apply the high-order global artificial boundary conditons to handle the
unboundedness of the physical domain. Furthurmore, We would present the discrete
formula for calculating the wave resistance.

We concentrate in applying the high-order global artificial boundary conditions
to the potential flow problem and deducing the formula for calculating the wave
resistance from the potential flow. Concretely, we consider a 3-D problem for a ship
moving at constant speed near the free surface of the water in a three-dimensional
channel of constant rectangular cross section .

Let d denote the depth of the water , ¢ denote the width of the channel, U



denote the speed of the body and g denote the acceleration of gravity. We scale the
physical quantities by the length d and the velocity \/gd. We describe the motion
in Cartesian coordinates fixed with respect to the body, where the x-axis points
opposite to the forward velocity and z-axis is directed vertically upward, y-axis
points to the remaining direction of the right-angle reference frame, y=0 corresponds
to one side of the channel and y=c to another side of the channel, z=0 corresponds
to the undisturbed free surface and z=-1 to the bottom. Q2 = R x (0,¢) x (—1,0) is
the domain occupied by the water. The total velocity potential is split into a free
stream potential plus a perturbation potential: ®=pz + ¢(z, 2), where u=U/+/gd
is the Froude number. We would only need the perturbation potential to calculate
the wave resistance. Assuming the ship is slender and thin, we can replace the ship
by a pressure distribution[24]. By linearizing the boundary condition at the free
surface, see whitham[25], we obtain the following problem for the linearized steady

perturbation potential on the unbounded domain €2:

Ap=0  inQ, (1)

together with the boundary conditions

1

(M2¢xm + ¢z)|z:0 =——2F —oo<r<+00,0<y<c, (2)
PV

Gslime1 =0 —co << +00,0<y<ec, (3)

Gyly=0 =0 —o00 < x < +00,—1 <2<, (4)

Pyly=c =0 — 00 <& <400, -1 <2<0, (5)



T——00

lim ¢ =0, lirf ¢ is bounded —1<2z<0; (6)

where P is the pressure distribution at the free surface. It is reasonable to
approximate P as a function having a compact support. This is important for
deducting the artificial boundary conditions in this paper.

The organization of the paper is as follows. In section 2, for the given problem
(1)-(6), we introduce the upstream artificial boundary I',, the downstream artificial
boundary I, and the auxiliary artificial boundary I'y and apply the high-order
artificial boundary conditions on these artificial boundaries, then the problem (1)-
(6) is reduced to a problem defined on a bounded computational domain. In section
3, we get the equivalent variational problem for the reduced problem, which can be
solved by the finite element method. In section 4, the formula for calculating the
ship wave resistance through the potential flow will be presented. Numerical result is
presented and the efficiency and accuracy of the proposed schemes are demonstrated
by numerical test in Section 5 and some concluding remarks are given in the final

section.

1 The global artificial boundary conditions

Take three constants a < b’ < b, such that P, =0 on z < a and > b . Then we

obtain the upstream artificial boundary I'y = {(z,y,2) :x =a,0 <y <e¢,—1 <2z <

0}, the downstream artificial boundary I'y = {(z,y,2) :x =0,0 <y <¢,—1 <z <

0}, and the auxiliary artificial boundary I'y = {(z,y,2) 12 =0,0 <y < ¢,—1 <



z < 0}. The artificial boundaries I'y, T, divide the domain € into three parts:

Qo ={(z,y,2): —0<zr<a0<y<c—-1<z<0}
Qr={(z,y,2);a<zx<b0<y<ec-—-1<z<0}

O ={(z,y,2) 1 b <z <400,0<y <¢, -1 <z <0k

furthermore we denote

U ={(z,y,2) : 0 <2 < +00,0<y<c,—1<2<0}

1.1 The artificial boundary conditions on the artificial bound-
aries

We now recall the artificial boundary conditions on artificial boundaries I', and I',
[17].
On the downstream artificial boundary I', we have the approximate artificial

boundary conditions:
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where M, K are positive integers, the constants p*, A", ui*, ¢, di*(m, k > 0) can
be found in [17].

On the upstream boundary I', we have the approximate artificial boundary con-

ditions:
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for M > 0, K > 1 are positive integers.

1.2 The reduced boundary value problem of problem (1)-(6)

Using the artificial boundary conditions given in this section, the problem (1)-(6) is

reduced to a boundary value problem on the computational domain Q:

A¢ =0 in Qr, (7)
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(12600 + 62| om0 = —piﬂPx a<z<b 0<y<e (8)
Gzloee1=0 a<z<b 0<y<ec, 9)
Gyly=0 =0 a<x<b —-1<2z2<0, (10)
byly=c =0 a<z<b —1<z<0, (11)
R™¢) =0 0<m< M, (12)
| ¢dz = Sa (), (13)
N O] (14
o2 = Do), (15)

Let ¢ be a solution of problem (7)-(15). Then SX(¢) is constant. Let

(16)
For ¢ the condition (13) is simplified:

/ ¢dz =0

and ¢ satisfies the equation (7) and the conditions (8)-(15) except (13). hence we

consider the following simplified problem:

Ap=0  inQp, (17)
2 H

W hzz + P2)|zm0 = ——= a<zr<b 0<y<ec, 18
( )]2=0 NG (18)
Gslim1 =0 a<r<b 0<y<c, (19)
Gyly=0 =0 a<x<b —1<z2<0, (20)



Gyly=c =0 a<zr<b —1<z<0, (21)

R™¢)=0  0<m<M, (22)
odz = 0, (23)
Fa
e ] (24)
dp|
o2, = Do), (25)
5:(9)

Suppose ¢ is the solution of problem (17)-(25), then ¢ = ¢+—"~"2 is the solution
c
of problem (7)-(15). In the following section the equivalent variational problem of

problem (17)-(25) is given.

2 The equivalent variational problem of problem
(17)-(25)

Let H™(Qr) and H*(I'g) denote the usual Sobolev spaces on the domain Qr and
the boundary 'y = {(z,y,2)|a <z < b,0 <y < ¢, z =0} with integer m and real

number s [1], we introduce the space:
V ={vlv € H (Qr) and v|r, € H'(Iy)}

and its subspace

0
U={vlveV,Rl'(v)=0,0<m< M and / v|p,dz = 0}.

-1

Then we have the following result:



Theorem 2.1. The boundary value problem (17)-(25) is equivalent to the following

variational problem:

Find ¢y € U, such that

Ar(dnr, V) + Ao, ¥) + AY X (b, ¥) + A5 (dure, ) = F(¥), Y eV
(26)

where
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Proof is standard, which is omitted.
We note that the solution space U is a true subspace of the trial space V. The
variational problem (26) is not suitable for obtaining the finite element approxima-

tion of the problem (17)-(25) .

Let
v = 1, (27)
U = cosmﬁysinu{)”(a:—b’)cosh)\gn(l—l—z) 0<m< M,
0, {a<z<V,0<y<e¢—-1<2<0}
¢m+2 = (28)
Ums QQZ{bI§$§b70§y§ca_1§Z§O}
0<m< M,

A ) = Ar(d,9) + A4, 0) + AT (9, 9) + A" (¢, 9).
Then for any ¢ € U we have
AME(p ) = 0 1<i<M+2, (29)
A0 ) = AT (0,1) 1<i<M+2. (30)
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For the variational problem(26), we have the following results, see [17]:

Lemma 2.1. For any ¢ € U the following equalities hold
Alg, ) = F(y)) Y ¢elU 1<i<M+2. (31)
Let V =V*@® {¢1,19 ,- -+ ,¥p12}. From the lemma 3.1 we know that

Theorem 2.2. The boundary value problem (17)-(25) is equivalent to the following

variational problem
Find ¢y € U, such that
A(dur,¥) = F(¥), Vi e V" (32)

Suppose Uy, and V,* are the finite element subspaces of U and V*, then we obtain

the finite element approximation of the problem (32) :
Find ¢)'% € Uy, such that

A( hMKflth) = F(wh)a V@/)h € V}j (33)

After solving the problem (33) we obtain the approximate solution ¢3'* of the

original problem (1)-(6) on the computational domain Qr

3 Formula for calculating the ship wave resistance

The wave resistance can be calculated by integrating the normal pressure forces over

the ship, which can be transformed into the integration of the potential flow on a

12



plane section downstream by some proper manipulation . Papers [23],[24] provide

the expression for calculating the wave resistance in the following integrating form:

Fom 5ol [ [ 1620 = @) = @dudz = [ (@ cadi)] . 30

c
0 z=r
where ¢ is the potential flow around the ship, » can be any number greater than
b, i.e. the value of F, have no connection with the choice of r provided r > b.
We would transfer this expression to the discrete formula suitable for the numer-
ical result of the potential flow.
We again use the seperated variable expression for the downstream potential

flow:

o(r,y,2) = ap+ Z Ccos mﬂy{[agn cos pg'(x — b) + B3 sin ug' (z — b)] cosh Ag' (1 + z)
c
m=0
+ YA e st (14 2) b (@ 2) € Dy (35)
k=1

We choose the wave-containing part only, the potential flow can be approximated

as:

o(x,y,2) =~ ag + Z cos m;ry (g cos pg' (x — b) + B sin pg' (z — b)] cosh Af* (1 + 2).

m=0
(36)
We have
by = Z o' cos m:y [—ag sin gt (x — b) 4+ 5" cos pg'(xz — b)] cosh AJ* (1 + 2),
m=0

6y = > (" sin m;ry [ cos i (x — b) + B sin p(z — b)] cosh ATV(1 + 2),

13
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(39)
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(40)
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We can find

Ky =K+ Kop + K3,y m >0, (41)
which can also be written as
Ky — Kipy = Koy + K3,, m2>0. (42)
Put (37)-(40) into (34) and notice (42), we have
Foo= S OF K (B — () Ko (0K}
m=0
L U K (O (0 K (57 K]
m=0
SED RN MR IE R

- %p > AIB? + (a5 + Kam]}- (43)

By truncating the infinite series in (43), we get

Fo x50 S UG + (0 VKo + Kol (44)

where M’ is the number used in the upstream artificial boundary condition (22),

{ag'}, {3y} are the coefficients in the expression (35) or (36).

(44) is the formula for calculating the wave resistance with the numerical result of

the potential flow. Formula (44) retains two properties of expression (34) . First, the

value of the wave resistance always hold positive in (34). It can be easily checked

Ky, and Kj,, always hold positive for m > 0, so formula (44) ensures positive

outcome of the calculation of the wave resistance. Secondly, the value of the wave

resistance is disrelated with the choice of r in (34). This is obvious in (44) since the

value of {af'}, {5} have no relation with the choice of the x-coordinate value.
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4 Numerical Results

In this section, we present the numerical result of the ship wave resistance for the
Wigley model 1805 A and give some numerical test to prove the effectiveness and

accuracy of our global artificial boundary conditions.

4.1 Solution of a 3-D problem

In this subsection, we consider the calculation of the wave resistance for the Wigley
model 1805 A [23] moving at constant speed near the free surface of the water in a
three-dimensional channel of constant rectangular cross section . The hull shape for

this model is defined by

c B Z .9 2z 5 2% 4
y— 5 =0 (1- (50 - o0 -0 (45)

for |z| < g,—D < z < 0 with £ = 0.6.

L, B, D are the length, beam and draft of the ship respectively, in our computa-
tion, we choose L = 0.4, B = 0.05, D = 0.05.

We would use in this calculation a relatively simple stationary pressure modle for
the potential problem, that is, the pressure distribution on the free surface is taken as
the water pressure due to the existence of a unmoving ship. But we should mention
that our global artificial boundary conditions are independent with the choose of
the concrete mathematical model for the potential problem. As long as the free
surface boundary condition in the far field can be approximated as a homogeneous
one, then our artificial boundary conditions can work well.

16



The linearized free boundary condition is defined on the undisturbed free surface
of water which is assumed in the mid-height of the ship|[3].

12 T T T T T
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Figure 1: Numerical result of the drag curve for the Wigley model 1805 A .

The mesh used in the computation is nonuniform in z-direction. Let h represents
the mesh spacings in x-direction. We shall always take &’ = b — h in the following.
The mesh spacings in x- and y-directions are 0.025 , 0.02 respectively.

After we numerically solve the potential problem, the wave resistance F}, is cal-

culated by the numerical approximation of the potential flow.
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The circular Froude coefficient is defined as

250  F,
Cp = [P YT
T QP
44 . .
where Qgip = %LBD is the volume of the wetted part of the ship.
Take a = —0.25,b = 0.25, ¢ = 1, Figure 4 shows the numerical result of the drag

curve for the Wigley model 1805 A , which is in good agreement with the results

found in [23],[24],[22],[6] .

4.2 Test of the artificial boundary condition on downstream
artificial boundaries

We shall test the influence of the location of the artificial boundary I',. We take
a=—0.3and b =0.3,0.5,0.6,0.8,0.9 and 1.0, respectively. We choose x = 0.4, M =
60, K = 20, M’ = 60. Let ¢ denote the “exact solution” which is the finite element
solution of (33) when b = 1.0. Table 1 shows the relative errors of ¢p— ¢y, in Lo,-norm,
Ly-norm , H'-norm and the wave resistances calculated from them for different lo-
cation of the artificial boundary I'y, where ) is the bounded computational domain
Qr when b = 0.3. As shown in table 1, the influence caused by different location
of artificial boundary I'y is very small. Therefore for a given accuracy, it is possi-
ble to use a small bounded computational domain. So the using of global artificial

boundary conditions can save computational cost greatly.
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Table 1: The effect of the location of the artificial boundary I,

Errors b=0.3 b=0.5 b=0.6 b=0.8 b=10.9

max |¢ — ¢u|/max |¢| 2.1710E-2 1.3366E-2 1.5141E-2 1.3441E-2 9.6702E-3

o — dnllocn/lDlloo, 2.9874E-2 2.0295E-2 1.8855E-2 9.6861E-3 5.0122E-3

19 — bullioe/ldllo, 2.8937TE-2 2.2215E-2 2.0913E-2 1.2276E-2 6.4914E-3

|F, — F®|/|F,|  7.4479E-4 1.9118E-3 4.6823E-3 1.9122E-4 2.1485E-4

5 Conclusions

A sequence of high-order global artificial boundary conditions at the downstream
and upstream artificial boundaries are applied for the linearized steady potential low
around a body moving at constant speed near the free surface of a liquid . Then the
potential flow problem is reduced to a problem defined on a finite computational
domain, which is equivalent to a variational problem. The variational problem can

be solved by the finite element method. Then the numerical approximation for
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the potential flow problem is obtained, which can be used to calculate the wave
resistance with formula presented in this paper. Numerical examples show that our
global artificial boundary conditions are very effective and the numerical scheme for
calculating the ship wave resistance is accurate. Summarizing this paper, We can

make some remarks:

e Our global artificial boundary conditions are very effective in that the influence
caused by different location of artificial boundary is very small. Therefore we

can choose a small bounded computational domain to get high accuracy.

e Numerical experiments demonstrate the accuracy of our numerical scheme and

the effectiveness of the nonuniform mesh.

e The wave resistance calculation formula in this paper can ensure a positive

result.
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