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Implementation of Linear Nédélec Element in PHG and
Parallel Adaptive Simulation of 3-D Time-Harmonic

Electro-Magnetic Problems

Cui Tao (majored in compuational mathematics)

Directed by Prof. Zhang Lin-bo

PHG (Parallel Hierarchical Grid) is a parallel adaptive finite element toolbox under

development at the Academy of Mathematics and System sciences, Chinese Academy of

Sciences, for parallel solution of partial differential equations (PDEs) using adaptive fi-

nite element method. This thesis presents the work on implementing the linear Nédélec

element in PHG and numerical experiments with time-harmonic electro-magnetic prob-

lems.

PHG works with conforming tetrahedral meshes which are adaptively refined by

bisectioning selected tetrahedra. It is designed for distributed memeory parallel com-

puters. This work mainly consisted of tuning, testing and debugging modules and data

structures of PHG to make them suitable for finite element computations using vector

basis functions such as the linear Nédélec element. Some aspects of the internal design

of PHG were also improved. For example, a more flexible cache mechanism for transpar-

ently caching values of basis functions and their gradients at the quadrature points was

implemented, which simplifies the user interface for finite element applications, and the

linear solver interface of PHG was enhanced for dealing with more complex problems.

The linear Nédélec element was integrated into PHG and thoroughly tested. A set of

new functions which are useful for solving the Maxwell’s equations was implemented.

The implementation of linear Nédélec element was further justified by a number of

numerical experiments with 3D time-harmonic electro-magnetic problems. Up to 128

cluster nodes were used to solve problems with up to 100 million degrees of freedom.

For problems with strong singularities, expected convergence behaviour of the adaptive

procedure based on a posteriori error estimates was observed. The computations show

that our code is reliable, efficient, and has good parallel scalability.

Keywords: parallel computing, adaptive finite element, tetrahedral mesh, bisec-

tioning refinement, Nédélec element, a posteriori error estimates
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È½ök����{�lÑ�O5�O �©§�Ñ���5½��5�ê�§
|§,�¦)T�ê�§|§�ª���§�lÑ)"�X¢S¯KéO�°Ý
��¦�5�p§<�éê��{9O�Uå�JÑ
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©ÛB´Ù¥��"g·Ak���{Ú¿1O��{±9¿1O�Å�uÐ§
�]Ô�«��5�¯KJø
�U"

§1.1 g·Ak���{

3ééõÔnÚó§¥�¢S¯K?1ê�¦)�§·�²~¬��ù��
¯Kµdu¯K�ÛÜÛÉ5��ê�)��N°ÝÔ�"�{ü�)û�{
Ò´3��O�«�þ!/O\�õ���:§�´§ù�¬��¯K5�×�
*��ÑO�Å��;ÚO�Uå¶�����1��{´3kÛ5�«�O
\��:§Ó��±�Û5«����DÕ5§ù�Q�±��¦)¯K¤I�
�°Ý§q�±!�O�]"g·A�{¦�)ûù�¯K¤��U"~^�
g·A�{Ñ´�â¯K�Û55N���½öÛÜÄ¼ê¢y�µ

• h �{µÏL���[z½oz5¢yg·A"

• p �{µÏL3ÛÜO\½~�Ä¼ê5¢yg·A"

• h–p �{µ(Üþ¡ü«�{5¢yg·A"

• r �{µ£Ä���{§ÏL?U��:� �5¢yg·A"

XJvkAO�`²§�©��J��g·A�{Ñ� h �{"
Babǔska. IÚ Rheinboldt. W3 1978cJÑ
Äu��Ø��O�g·Ak

���{ [2]"g·Ak���{�âz�ü�þ���Ø��O5�äÛ5«
�ÚI�3T«�O\���:ê"Rüdiger Verfürth3 [4]¥�[0�
íþ.
���Ø��O�{Ú�A�g·A�{"g·Ak��O��Ä�L§Xã
1.1 ¤«"

g·A�{�¤õ¢yÌ���A�Ï�µ��Ø��O§[zÚoz�ü
Ñ§g·AL§�Ê�OK±9�«ëê�À�"��Ø��O´T�{�'
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�§��Ø��O9Ù�Of�Ð���K��O���Ç"3��
����
Ø��O��§g·A�{�â��Ø��Of5N���§¦�3N����
�þ��OØ�A�²þ©�§lJpO��Ç"

3�½��Ø��Of�cJe§XÛÀJü�5?1[z½öozò��
K��{�Âñ5Ú�Ç"��5`§~^�[züÑk±eA«µb½ t ´�
N¿©�� T ¥�?¿��ü�§tol ´g·Aª��Ø�z�§ηt L«ü� t

þ���Ø��Of"

(1) ��Ø�üÑ£Maximum strategy¤µ�½ γ ∈ (0, 1) À�¤k÷v±eØ
�ª�ü� t ∈ T IP�[z

ηt > γ max
t∈Y

ηt

éu 2 �ê���Ø��Of��À� γ = 0.5

�{ 1.1. �½ γ ∈ (0, 1)

procedure marking( T )

ηmax := max(ηt, t ∈ T )

forall t in T do

if ( ηt > γηmax )

mark t for refinement

end for

end procedure

(2) Ø��©ÙüÑ£Equidistribution strategy¤µ� Nt � T ¥o�ü�ê§
XJ·�b�3¤kü�þ�Ø�²þ©�§= ηt = ηt′ , ∀t, t′ ∈ T §@o

η =

(∑

t∈T
ηp

t

)1/p

= N
1/p
t ηt ≤ tol

=⇒ ηt ≤ tol

N
1/p
t

�
��ù«²þ©�§·�À�÷v±eØ�ª�ü�§IP�[z"

ηt >
tol

N
1/p
t
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�{ 1.2.

procedure marking( T )

forall t in T do

if ( ηt > θtol/N1/p
t ) then

mark t for refinement

end for

end procedure

(3) �yØ�eüüÑ£Guaranteed error reduction strategy¤µéuþ¡ü
«[züÑ§ÿ�UlnØþy²ÙÂñ5"Dörfler [21] éu Poission ¯K
�Ñ
�«U�y�éØ�~��üÑ§ÄuXeb�µ

• ¯K�®�êâ£~XµXêÚmà��¤d�c��þ��¤û½§=
�±�Ñê�È©�Ø�"

• �IP�[z�ü��z�^>����©�g"

�½ëê θ ∈ (0, 1)§IP8Ü A ⊆ T §¦�
∑

t∈A ηp
t ≥ (1− θ)pηp

�{ 1.3. �½ θ ∈ (0, 1); ν ∈ (0, 1)

procedure marking( T )

ηmax := max(ηt, t ∈ T )

sum := 0

γ := 1

while sum < (1− θ)pηp

γ := γ − ν

forall t ∈ T do

if (t is not marked) then

if ( ηt > γηmax ) then

mark t for refinement

sum := sum + ηp
t

end if

end if

end for

end while
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end procedure

duoz���¬�)�	�Ø�§�oz��ü��¬Úå±���
ü��oz"¤±§�k�ü���Ø��O�~���ÿâ�±IPTü�o
z§���yoz��)�Ø�Ø¬�u^5�½[zü��Ø�z�"éu
½~¯K§�½��¥¤kü����Ø��O�§ozüÑ��k±eA«µ

(1) ��Ø�üÑ£Maximum strategy¤µ�½ëê γ > γc§�oz�ü�÷v:

ηp
t + ηp

c,t ≤ γc max
t∈T

ηp
t

(2) Ø��©ÙüÑ£Equidistribution strategy¤µ�½ëê θc§�oz�ü�
÷v

ηp
t + ηp

c,t ≤ θc
tol

N
1/p
t

(3) �yØ�eüüÑ£Guaranteed error reduction strategy¤µ�½ θc ∈ (0, 1)§
oz8Ü A ∈ T ¥�ü�§�oz�ü�÷v:

∑

t∈A
(ηp

t + ηp
c,t) ≤ θp

cη
p

�©¥�~fXJvkAÏ`²Ñòæ^��Ø�üÑ"

§1.2 ¿1ê�O�^�

�XO�ÅM�Eâ�¯�uÐ§ê�O�^��A^®²�\��ÆïÄ
±9ó�)����+�"ê�O�^��uÐ�r?
nØ©Û�uÐ§§Ø
=¤��ynØ©Û(J�k�óä§�U�[Ñ´LäN�Ôny�§�«
�õ�¯K§léu#��{Ú#�g�"

�´�X¯K5��O�±9éO�(J°Ý�¦�Jp§G1§S�5�
J±÷v¢SA^�I¦"¿1O��{Ú¿1O��¸�Ñy§�¦)�5�
�ÆÚó§¯KJø
�^å»"ê�¿1�{�ïÄÅì¤�éõ�ÆïÄÚ
ó§A^+��Ø%¯K§¿1ê�^��ïu��5�É��õ<�'5"�
±ý�§¿1g·A�{ò¤�8�é��ã�mS�['5��:"Äu¿1
g·A�{mu�ê�O�^��ò¬¤�ó§�±9�ï<
Ã¥�kåó
ä"
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�´¿1^��mu'DÚ�G1§S�\E,"éuÓ��ê�O��
{§G1�{��O�ûuT�{�êÆ��§Ø¬Ï�O��¸�ØÓØ
Ó§G1§S�¢y��Ó�É"�´¿1�{��O%¬Ï�O��¸�ØÓ
ké��O§¿1§S�¢y���$�"ùpI��ÄO��¸�a.ÚA
:§Xµ́ ¿1Å�´�þÅ¶́ ©Ùª�;a.�´���;a.¶±9?n
ì��ê!�ä�¸�Ï�"

�âO��¸�ØÓ§¿1§S��O�.���©�±eoaµ

• �þ§S�.
�þ§S�OÒ´rIþ§S¥�±�þz�Ì�U¤�þö�§~^��
O�ªkü«µ�!¦^�þ§S�O�óL«§S¥��þzO��Ü©¶
�!|^?ÈXÚ��þzõUòG1§S¥��þzO��Ü©�þz"

• êâ¿1�.
|^êâ�m�Ã'5§éêâ�Ün�Sü§¦þ¦éêâ�ö�´ÛÜ
�§ØI�ÚÙ§(:?1êâ��"|±�-?�[âÝÚ�é!Ì�?
�¥âÝ¿1§·^u SMP!DSMÚ MPP¿1Å§�;.�?§�ó´p
5U FORTRAN£HPF¤"

• ���;�.
¤k�?nìPk�Ó�ÔnS�§ÏLÖª�ú��;ì¥���Cþ?
1Ï&"|±�§?¿1§·^u SMP Ú DSM ¿1Å"8c�61���
�;§S�OIO´ OpenMP"

• �ED4�.
|±?§?��âÝ¿1§äkéÐ��*Ð5§�~·Üu�5��Æó
§O�"��?nìPkÕá�ÔnS�§p��mØU���¯§7LÏL
�ED45��êâ"�ED4¿1§S��O�¦^réÐ/©)¯K§
Ün|�êâ���"�c§dup�pé�ä�Ñy§�ED4�.®²
¤��2�|±�¿1§S�O�ª"�ED4?§�. MPI ®²�ý�
õê¿1O��¸|±§¤��8�61�¿1§S�O�ª"

C
c§ISþé¿1ê�^��ïÄ?Ð�~×�§®²�¤
�þ�¿
1ê�^��§XµPETSc!ScaLAPACK!TAO!UG �"ù
^�3��p#
Eâ+�u�X���^§§�¦éõ�ïó�öÚA^ó§�lE,!�
�¿1§S�O!NÁ¥)øÑ5"ù
^���õdØÓ+���Æ[Ü��
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¤§8¤
²;!¤Ù�ê�O��{§¿�²L
.��5U`z§�äk¡
���A^+����"

¿1ê�^��ïÄÚmu´���)êÆ!O�Å!̂ �ó§�õÆ��
��ïÄ+�"¿1ê�^��ïÄÚmu�'G1ê�^�(J�õ§§�¦
muöØ=PkêÆ!Ôn��¡�nØ�£§Ýº^��O!mu§¿1?§!
NÁ!5U`z�Eâ§��7LÙG�«¿1O��¸§
)ISþ�#¿
1ê�^��uÐÄ�"o�5`§¿1ê�^��ïÄ�mu´�~äk]Ô
5�ó�"

8c61���ïÄ�'�¿1ê�^��Ì�k

(1) PETSc [14]µPETSc´{I ArgonneI[:¢�¿êÆ�O�ÅÜ��|
ïÄ<
 Satish Balay, William Gropp, Lois C. McInnes, Barry Smith�9�'
�¯Æöu 1995 cm©mu��£��*Ð�ÆO�óä�"PETSc æ^
¡�é�§S�O§äkér��£�5!�*Ð5¶§¡� �©�§�
�ÆO�§äkõ«�ÆO�IO|�§X�5�§|){ì!��5�§
|){ì! �©�§�mÚ){ì (TS)�¶Ó�§PETScäk���©�
Ú`���o"PETScÅì¤�É<Ê8¿���þA^��«�ÆO�ó
ä"

(2) PadFEM [15]µPadFEM ´��|±¿1g·Ak���[�²�"Ø
Ä
u Tcl/TkÚ Java�ã/ý?n��	§��)é��?¿«��Äuo�
ä���)¤ì!��y©�{!�«){ì!Ø��Oì±9��[zÚ
K1²ï�{"éu��i�!NÁÚ�?n§Jø
Äu Xlib �ã/�
� XFem"¿1z�ª�Äu��y©� SPMD"T^�#N¦)½~Ú�
½~äk·Ü>.^� ( Dirichlet Neumann a) � Poisson �§§9�½~
Navier-Stokes �§"

(3) UG [18]µUG �mu©u 1990 c 7 �"X8���<�ó�uÙØ%õ
U�þ"�c��äk�� 450,000 1� C �è"UG ´��3��Ún
��mÃ(���þ¦^g·Aõ���{�(¹�ê�¦) �©�
§�^�óä"Ù�Og�(¹õ�§|±õ«lÑ�ª§·^uõ«ØÓ
�µ�A^"UG SØ§S�O���¦)� �©�§Ã'�"§JøA
ÛÚ�êêâ(�9Nõ��?n�{!ê��{!�ÀzEâÚ^r.
¡"UG |±õ«ü�a.§æ^ÛÜ�g[zÚoz�{¢yg·A"¢
y
 CG!CR!BiCGSTAB!¦{ÛÜõ��!ILU!Gauss-Seidel!JacobiÚ
SOR �){ì"Äu�#� UG SØ§S�¯Ka�)µIþé6*Ñ!�
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�5*Ñ!��5!��5!Ø�Ø !õ�'6¥�Ý°Ä6Úõ�6"�
´ UG Lu
���èþ¦UYmu±9�è�o4Ù(J"

(4) DAGH [17]µDAGH´� NSF�]Ô�8 Binary Black Holemu���
O�óä�"§Jø
��^g·Ak��©¦) �©�§|�µe§�
^u¦)��Ún�¯K"O�L§��â^r�I¦æ^G1½¿1�ª
�¤"DAGHJø^r§S��§#N^r^DÚ� FORTRAN 77Ú Fortran

90 ½ C Ú C++ 5¢yäN�ê�O�L§"DAGH �¢y¦^g·A�
�[z�{¦) �©�§Jø��§Smu²�"©?J� (hierarchical

abstraction) ÚSN�©l (separation of concerns)�8¤� DAGH �mu�
¥"3g·A¦)L§¥§l��Ä:o��m©"3¦)L§¥§̂ �x
)�Ü©ëê§XÛÜ�äØ�§5£OI�?�Ú¦)�«�"=3ù

«�V\�[�f��§òù�L§48/�e���������[z�
½ÛÜ�äØ�®²ü�Ï"�Y²±e"Ïd§3g·A��[zO�¥
��Ú�=éÄ:��´�½�§éf���¯K�I�5ÛÜ/(½"T
^�Ì�´�ék��©�ª�"

(5) ParMETIS [12] [13]µd George Karypis, Kirk SchloegelÚ CipinKumarmu�
ParMETIS (parallel graph partitioning and sparse matrix ordering library) ´�
�Äu MPI �¿1^��§Ù¥��{Ì��9ü�¡µ

• ¿©Ú#¿©Ã(�ã
• Ø ÚüDÕÝ


ParMETIS AO·Ü¿1ê��[¥���¿©"3é��¿©�L§¥§
ParMETISU
3�±�f«���²ï�cJe���Ý/~�S>.þ
�ü�ê8§l!�¿1O�¥ MPI Ï&�m�"ParMETIS�Ø%�{
5u METIS§�´�
�þ�*ÐÚò�§U
?n©Ùª�;�êâ§
��
ý�¿Âþ�¿1"� METIS�'§ParMETIS�·Üu¿1O�Ú
�5�ê��["8c§ParMETIS Ì�Jø±eõUµ

• ¿©Ã(�ãÚÝ

• ©g·A[zã
• ¿©õ� ÚõÔn�[ã
• U?yk¿©(J
• O�DÕÝ
�Ø �;
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• �ï���éóã

¤k ParMETIS �¼êÑ±e¡¤0��ã�A���Ñ\ëêµ

• ã���(�§�Ò´ã¥º:�m��é'X"

• ã¥º:Ú>þ��"
• ã3�?nìþ�©Ù�¹"

3ØÓ�A^�¸e§ParMETIS ¤?n�ã�¹Â�Ø¦�Ó"�?
1��¿©�§ParMETIS Äkò��éó���Ã�ã§ã¥º:Ú>�
¹Â�±�âI�5À½"~X§�±òéóã¥�z�º:½Â���¥
���ü�¶XJü�ü�´���§@o3éóã¥§�Lùü�ü��
º:Ò¬k�^>�ë§��ü��½Â�±æ^Pkú�>!Pkú�¡!
Pkú�º:�õ«�ª"

þ¡�´{ü�Þ
8c®k��
¿1^��§z�«ÑkÙ�g�`"
:§¦^�I��â¤¦)¯K�A:9O��¸?1À^"

�©�ó��7·�gÌmu�Äu�ED4�.�¿1g·Ak��²
� PHG ?1§3T²�¥¢y
�5cü�§¿|^�5cü�én���|
¯K?1
�.¿1ê��[¢�"

§1.3 Maxwell �§|

>^Æ´ÔnÆ¥��+�§>^©Û¯KÌ�´¦)�½>.^�e�
ð�d�£Maxwell¤�§|"�©�ê�¢�ò¦^ PHG ��5cü�5¦)
ð�d��§|§Ïdù�!¥{�0��eð�d��§|�Ä��£"

ð�d��§|�y
÷*>^y����5Æ§éuÄ��>^|Cþ§
�§|�¹±eo��� �©�§µ

curl ~E +
∂B

∂t
= 0 £{.1½Æ¤ (1.1)

curl ~H − ∂D

∂t
= J £ð�d� - S�½Æ¤ (1.2)

∇· ~D = ρ £pd½Æ¤ (1.3)

∇· ~B = 0 £^|pd½Æ¤ (1.4)
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Ù¥µ
~E =>|rÝ (ÏA/�)

~D =>Ïþ�Ý (¥Õ/�2)

~H =^|rÝ (S�/�)

~B =^Ïþ�Ý (�Ë/�2
)

~J =>6�Ý (S�/�2)

ρ =>Ö�Ý (¥Õ/�3)

,��Ä��§´ëY5�§§�±�¤

∇· ~J = −∂ρ

∂t
(1.5)

§L«>ÖÅð"
�§£1.1¤–£1.5¤¥�kn�´Õá�§¡�Õá�§"cn��§§�§

£1.1¤–£1.3¤§½öcü��§§�§£1.1¤Ú£1.2¤§±9�§£1.5¤§Ñ�±�
À�Õá�§"Ù§ü��§§�§£1.4¤Ú£1.5¤½ö�§£1.4¤Ú£1.3¤�d
Õá�§�Ñ§Ïd�¡�9Ï�§½�'�§"

duÊ�ð�d��§¥�kn�´Õá�§�§ê�u��þ�ê§¤±
n�Õá�§´�½)�/ª"�|þm���'X(½�§ð�d��§|â
k½)/ª"��'X£ã
��Ä0��÷*5�"éu{ü0�§¦�´

~D = ε ~E (1.6)

~B = µ ~H (1.7)

J = σ ~E (1.8)

Ù¥§��ëê ε!µ Ú σ ©OL«0��0>~ê!̂ �ÇÚ>�Ç"é��
É5�0�§ù
ëê´Üþ¶é��Ó5�0�§§�´Iþ"éu�þ!0
�§§�´ ��¼ê¶éþ!0�§§�Ø� �Cz"�©Ì��Ä0��
�5!��Ó5��¹§d�§ε!µÚ σ ´'u�mCþ x�k.Iþ¼ê"é
áþã�§§=��£ã>^Å�0��m�p�^���V.XÚ"

3ØÓa.�>^|¯K¥§  �±�é>^|¥��mCþJÑ�

b½±{zXÚ§���A�êÆ�."�©ïÄ��¹´b�|þ´üª�
�¼ê����|"ù��ò|þ©)�µ~E(x, t) = Re(Ê(x)eiωt) Ú ~H(x, t) =

Re(Ĥ(x)eiωt)§lð�d��§|{z�ª�þ�Ø½�� �©�§"ù«
��|�.�±^uO�Ñ�¯K§Å�¯K [22] [23] ÚDÂ�ª§�C��^
u¦)���¯K [24]"
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�(½>^|§�7L�Ñ¦)��>.^�">.^�´õ«õ�§Ï¯
KÉ�"3>^+�¥§éõ4«�¯K�¦)�>.Ñ´7á§Xn���
¯K§7áN�Ñ�¯K�"XJÀ7á�n��N§@oda¯K�>.^�
Ò�±�¤

~n× ~E = ~g (1.9)

½
~n× curlH = ~g (1.10)

ùp ~n´>.�ü {�þ"êÆþ¡ª£1.9¤�1�a>.^�§ÙA���
�þ3>.�®��½�¶ª£1.10¤�1�a>.^�§ÙA����þ��ê
3>.�®��½�"

�4«�ØÓ§m«�¯K£XÌ�ÚÑ�¯K¤�>.^�Ï~ØU�¤
1�½1�a>.^�§´1na>.^�"ùa>.�A�´��þÚ��
þ��ê3>.k(½�'X"Xgd�m�Ì�ÚÑ�¯K§ÙÃ¡�?�>
.^��µ

lim
r→∞

[
curl

(
E

H

)
+ jk0r̂ ×

(
E

H

)]
= 0 (1.11)

Ù¥ r̂ =
√

x2 + y2 + z2"ù�Ò´Ï~¤`�¢"�Ì�^�"�©¥��~ò
Ì�?n4«��>.^�"

§1.4 Ø©�Ì�ó�

�Ø©�Ì�ó�´3n�g·Ak��^�²� PHG þ¢y�5cü
�§±9�écü�O��I�ÿÁ!U? PHG ¥��'êâ(�Ú�è"

PHG �k��O��O
�|p��êâ(�Úö�§Ì�ÏLgdÝé
�9�'�ö�5¢y"ù
êâ(�9ö�±�«Ï^�!¡�é���ªµ
C
E,���ö�!êâ©Ù!¿1Ï&�[!§¿òù
Ü©é^r��Û
õå5§¦�^r�èØ7'%���!¿1��'�SN§���G1§S�
�{'"Ó�§ù���Og���B
#�k��a.3 PHG ¥�¢y"~
X§�V\�«#�k��a. (Ä¼ê)�§��½ÂÐ�A�gdÝa.§J
øTa.¤I�A�Ä�ö�§�)Ä¼ê9ÙFÝ��O�úª!¼ê�m�
k���m���ö� (=gdÝé��Ð©z)!IOü�þIfü�m���
'X§Ò�±¦^ PHG ¥®²¢y�¤kp�ö�§X�Ä¼ê�'�ê�È
©!k��¼ê��«$� (�)�ê!�©!È©$�)!±9���Cz�g
dÝCþ���![£�"du�Ð� PHG �è¥�¢y
Iþa.§Ì�´



12 Æ Ø©

Lagrangea�k��Ä¼ê§�
�Ð�O�êâ(�!¼ê��¿Ø��·Ü
u¥þa.�Ä¼ê§�
¼ê¥��è?n¥þa.�Ä¼ê�k�Ø"�©
�Ì�8�Ò´ÏL�5cü��¢y5u�!�õ PHG¥��'êâ(�±
9�è¥�¥þÄ¼ê�'�ö�§¿ÏL>^|¯K�ê��[5ÿÁ�'�
è��(59O��Ç"äN/§Ø©Ì��¤
eãA�¡�ó�µ

(1) 3 PHG ¥¢y
�5cü��gdÝa."

(2) ?U PHG ¥��¬¦�·Üu?n¥þÄ¼ê§¿?�
�
�'�êâ
(�Ú¼ê��"é PHG ��«p�ö�?1
�þÿÁ§�y
ù
ö
���(5§�ò5p�cü��¢y�e
Ä:"

(3) U?
 PHG�ê�È©¼ê�Ä¼ê cacheÅ�§¦Ù���\5�§·^
5�r"

(4) ?U
 PHG ��5){ì��§¦�U
?n±õ�gdÝé����þ
��¹"

(5) 3dÄ:þ¢y
n��� Maxwell�§�¿1g·Ak��O�§S§¿
?1
�.¿1ê��[¢�"

PHG ´·���gÌ�O���Äu���©[z!·Üu©Ùª�;¿
1O�Å�n�¿1g·Ak��²�"du8cISþÿvkúmuÙ�a
q^�§Ø©¥�ó�¤�9�NõïÄSN´&¢5!M#5�"�, PHG

ÿ?3Ð©mu�ã§�ÙØ%Ü©��è½®�L 3 �1§éÙ.�êâ
(�!¼ê�����?U  �9�õ�©�!�þ�è�UÄ9��5�
�þÿÁó�",	§�5��è¥§�¥þÄ¼ê�'�ÃõÜ©vk²Lÿ
Á§¿�k
´��§k�I�ÏL�þ¢�!©ÛâUéÑ�5�è¥�3�
¯K"ù
Ï�O\
�Ø©ó��JÝ"

§1.5 Ø©SNSü

�)�Ù3S§�Ø©�©�ÊÙ"1�Ù�Úó§�¹ég·Ak���
{!Maxwell �§|�µ�£�£�Úyk¿1ê�^�V¹�0�"1�Ùé
�3mu¥�¿1g·Ak��²� PHG£Parallel Hierarchical Grid¤?1
0
�§¿?Ø
ê�È©¼ê����O9�©éÄ¼ê9�ê�O�¥� cache

Å��U?"ê�È©¼ê¥éÄ¼ê9�ê�� cacheÅ�3�yO��Ç�
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�¹e{z
^r��"1nÙ0��5cü���µ±9äN¢yL§§�)
�5cü�D�¼ê!Ä¼ê�¼ê���¢y[!"1oÙ0�
|^�5c
ü�¦^g·Ak���{én���|¯K3¿1O�Åþ?1�ê��[
¢�(J§ù
ê�¢�(J�y
�©¤¢y��5cü�9�'�è��(
5Úk�5§·��§S$1½§é�«¯KÚ?nì!��5�þLyÑé
Ð��°�5§¿�3¿1�Ç!¿1�*Ð5�¡���
-<÷¿�(J"
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1�Ù PHG 0�

PHG£Parallel Hierarchical Grid¤´��n�¿1g·Ak��^�²�"Ù
Ø%´©Ùª��g��(�"PHG 8c?n���é�´n�o¡N�N�
�"PHG �¿1¢yÄu MPI [9]"

PHGæ^��ü��©ÛÜ[z�{§�¡�/>[z0�{"é��ü�
[z�§ò§��^>£¡�[z>¤�¥:Ú���é�ü�º:�ë§¦T
ü��©��§�)ü�#�o¡Nü�§Tü��¡�[z¤�)�ü�#ü
��I�ü�§[z¤�)�#ü�K¡�§�fü�"PHG¥æ^�[z�
{Äu [25, 28, 26, 27]"ü�[z>�I5/^
g·Ak��^�� ALBERTA

[16]¥�PÒ§PHG¥é§?1
*Ð±|±?¿�o¡NÐ©��§¢yü�
[z>9[za.�gÄ)¤"Ð©��¥§ü��a.Úº:?Ò�±d^r
�½§��±d PHG gÄ�)"

PHG Jø�@(¹�gdÝ+nÅ�§±9Ú��){ì��"PHG |±
ò��9gdÝ± VTK ��ªÑÑ��½©�±B^Ù§Äu VTK ��Àz
^�X ParaView [19]§MayaVi [20] �?n"

�Ù §2.1 !ò{ü0� PHG ¥Ä�êâ(�§§2.2 !ò0�gdÝ+n§
§2.3!òé){ì��?1{ü�0�§§2.4!0�ê�È©¼ê��9Ù¥�
cache Å�"

§2.1 Ä�Vg9êâ(�

§2.1.1 ü�S?Ò!�/?ÒÚ�Û?Ò

�^ p �?§?1¿1?n�§PHG ò��¿©¤ p ��U�f��"
Ïd PHG ¥�AÛé�§�)º:!>!¡!ü�!gdÝ�§kn«ØÓ�?
Ò�ª§©O¡�ü�S?Ò!�/?ÒÚ�Û?Ò"ü�S?Ò�3é�¤3
�ü�S�?Ò§�/?Òq¡�f��S?Ò§§�é�3�cf��¥�?
Ò§�Û?ÒK�é�3�Û��¥�?Ò"

§2.1.2 SIMPLEX

PHG £ãü��êâ(�´ SIMPLEX§Ù¥�¹XeA�Ì�¤
µ

typedef struct SIMPLEX_ {

struct SIMPLEX_ *children[2];

void *neighbours[NFace];

15
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void *parent;

INT verts[NVert];

INT edges[NEdge];

INT faces[NFace];

INT index;

SHORT mark;

BTYPE bound_type[NFace];

... ...

} SIMPLEX;

Ù¥§children[0]Ú children[1]©O��ü�fü�¶neighbours[i]��1
i�¡þ��Øü�§XJ¡ i�>.¡K neighbours[i]����§XJ¡ iþ
��ØØ3�/§K neighbours[i]���´£ãf��m�Ø'X���(�
(ÊÏ^rÏ~Ø7'%)¶�A/§bound_type[i] �Ñ¡ i �>.^�a.§�
��� INTERIOR (SÜ¡)!DIRICHLET (Dirichlet >.¡)!NEUMANN (Neumann >
.¡)!UNDEFINED (��½a.�>.¡)Ú REMOTE (�Ø3Ù§f��¥�SÜ
¡§½=f���S>.¡) U�?�  �|Ü¶parent ��I�ü�§é�
ü�ó parent ����"

verts[]!edges[]!faces[]Ú index¤
©O��º:!>!¡Úü���
/?Ò§§���Û?Ò�±©ON^÷ GlobalVertex!GlobalEdge!GlobalFace
Ú GlobalElement ¼�"~X§b� g ����c�����§e �����ü
����§K e->verts[0] �Ñü� e ¥1 0 �º:��/?Ò§

GlobalVertex(g, e->verts[0])

K�ÑTº:��Û?Ò (éu�©Ùª����/?Ò��Û?Ò´���)"
mark ¤
^u3g·AO�¥I5F"[z½oz�ü�§mark > 0 L«

�¦òTü�[z mark g§mark < 0 L«#NòTü��õoz −mark g"

§2.1.3 GRID

PHG £ã���êâ(�´ GRID§Ù¥�¹XeA�Ì�¤
µ

typedef struct GRID_ {

FLOAT lif;

COORD *verts;

... ...

INT nleaf;
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INT nvert;

INT nedge;

INT nface;

INT nelem;

INT nvert_global;

INT nedge_global;

INT nface_global;

INT nelem_global;

INT nroot;

INT ntree;

... ...

int rank;

int nprocs;

#if USE_MPI

MPI_Comm g->comm;

#endif

... ...

} GRID;

ùp:)º�e¢ycü��9�� verts Ú nxxxx!nxxxx_global ¤
"
vertsê|^u��f��¥¤kº:�&k��I§Uº:��/?Ò^

S��"~X§b� g �����§e �ü���§K e �1 i �º:� x!y!z

�I©O�µ
g->verts[e->verts[i]][0]

g->verts[e->verts[i]][1]

g->verts[e->verts[i]][2]

nleaf �Ñ�cf���¹�ü�ê§=�cfä�¹��fü�ê"
nvert_global!nedge_global!nface_globalÚ nelem_global©O�Ñ�c

�Û��¥�º:ê!>ê!¡êÚü�ê"w,§nelem_global �u¤kf�
�¥� nleaf ��Ú"ù
þ3¤k?§¥����"

§2.2 gdÝé�

gdÝé�´ PHG�Ä�êâ(���§̂ u£ã©Ù3��þ�Cþ�"
§Q^u½Âk��¼ê�m§�^u�;!?nÙ§����'�êâ§XA
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Û&E (ü��NÈ!¡�¡ÈÚ{�þ�)"gdÝé��)ü�Ä��êâ(
�µDOF_TYPE Ú DOF"

§2.2.1 gdÝa.

gdÝa.£ãgdÝé��Ä�A�§Ùêâ(�Ü©Ì�¤
Xeµ

typedef struct DOF_TYPE_ {

... ... /* caches */

const char *name;

FLOAT *points;

struct DOF_TYPE_ *grad_type;

... ...

/* ¼ê�� */

DOF_INTERP_FUNC InterpC2F;

DOF_INTERP_FUNC InterpF2C;

DOF_INIT_FUNC Func;

DOF_BASIS_FUNC BasFuncs;

DOF_BASIS_GRAD BasGrads;

... ...

BOOLEAN invariant;

SHORT nbas;

BYTE order;

BYTE dim;

... ...

BYTE np_vert;

BYTE np_edge;

BYTE np_face;

BYTE np_elem;

} DOF_TYPE;

• name �ÑgdÝa.�¶¡½£ã&E"

• grad_type �ÑTgdÝa.¤½Â�¼ê�FÝ�gdÝa.§̂ ugÄ
)¤¼ê�FÝ!ÑÝ!̂ Ý�gdÝé�"

• np_vert!np_edge!np_face Ú np_elem ©O�Ñ½Â3º:!>!¡ÚN¥



1�Ù PHG 0� 19

�gdÝ�ê"

• nbas �Ñ��ü�¥gdÝ½ÛÜÄ¼ê��ê"

• invariant `²gdÝa.�ÛÜÄ¼ê´Ä�ü�/GÃ'"

• order �ÑÄ¼ê�õ�ªgê§�ÀJê�È©°ÝJøgÄ�ä�â"

• dim �ÑÄ¼ê��ê"

• ê| points^S�Ñº:!>!¡Úü�gdÝ� �&E§©O^ 0�!1

�!2 �Ú 3 �%�IL«"

• InterpC2F!InterpF2C ´��¼ê§äN)º� §3.2.4"

• Func ´gdÝD�¼ê§Ù��a.� DOF_INIT_FUNC§äNXeµ

void Func(const DOF *dof, const SIMPLEX *e, GTYPE type, int index,

DOF_USER_FUNC userfunc,

DOF_USER_FUNC_LAMBDA userfunc_lambda,

FLOAT *funcvalues, FLOAT *values)

äN)º� §3.2.3"

• ¼ê BasFuncs �£�½%�I ��Ä¼ê�§¼ê��a.�
DOF_BASIS_FUNC§��ëêXeµ

FLOAT *BasFuncs(GRID *g, SIMPLEX *e, int no, FLOAT *lambda)

Ù¥ no �ÛÜÄ¼ê?Ò (�gUìü�¥º:!>!¡ÚNgdÝ�^
S?Ò§l 0 m©)§N^�XJ no < 0 KL«�¦O�¤kÄ¼ê�
�"lambda[Dim + 1] �Ñ%�I"¼ê�£���À«/�§Ù¥�¹
¤�½½�ÜÄ¼ê��§T�À«d BasFuncs Jø"äN)º� §3.2.1"

• BasGrads�£�½%�I ��Ä¼ê'u%�I�FÝ��§��a
.� DOF_BASIS_GRAD§��ëê�µ

FLOAT *BasGrads(GRID *g, SIMPLEX *e, int no, FLOAT *lambda)

�ëê�¹Â� BasFuncs aq"äN)º� §3.2.2"

¢y�5cü�'�Ò3u½Â�«�5cü��gdÝa.§égdÝa
.¥�¤
D�§¿¢y�A���¼ê§1nÙ ò¬��[�0�"
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§2.2.2 gdÝé�êâ(�

gdÝé�êâ(�¥�Ü©Ì�¤
Xeµ

typedef struct DOF_ {

char *name;

GRID *g;

DOF_TYPE *type;

FLOAT *data;

... ...

... ...

... ...

BYTE dim;

} DOF;

��gdÝé�7L������'é"����é�¥P¹X¤k�§�
'é�gdÝé�§���UC� (X[z!oz!©Ù)§ù
gdÝé�¬
�gÄ�#§���º��§¤kgdÝé�¬�gÄº�"

dim¤
�ÑgdÝé���ê"��gdÝé�¤éA�¼ê�ê�ug
dÝa.��ê�gdÝé���ê�È (dim× type->dim)"

data ���;gdÝé��êâ��À«§§��Ý�ugdÝé�3�
c��¥�¤kgdÝ�ê¶z�?§���áugC�f��þ�gdÝê
â"éuÓ�áuõ�f���º:!>½¡gdÝ§§�E�;3ØÓf?
§¥"gdÝé��êâ�ìº:gdÝ!>gdÝ!¡gdÝÚNgdÝ�^
S�â§��g��/?Ò^SëY��§���Cz� PHG¬gÄé§�?
1N�"

gdÝé��êâ(�¦�·��±é§�?1�«�ê!�©!È©$�§
XFÝ!ÑÝ!̂ Ý!L2 ��$�"

§2.2.3 AÛþgdÝé�

3?1k��O��§~~�^�ü��AÛþ§�)ü�¡�¡È!{�
þ!�»§ü��NÈ!�»Ú%�I� Jacobi Ý
�"�
¦^9+n�
B§PHG ¥½Â
��AÏgdÝé�^u�;ù
AÛþ§¿Jø
�X�
¼ê��^u¼�ù
AÛþ§§�©O´µ

• ¼��� g ¥�½ü� e �NÈ"
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FLOAT phgGeomGetElement(GRID *g, SIMPLEX *e)

• ¼��� g ¥�½ü� e ��»"

FLOAT phgGeomGetDiameter(GRID *g, SIMPLEX *e)

• ¼��� g ¥�½ü� e �%�I� Jacobi Ý
"

FLOAT *phgGeomGetJacobian(GRID *g, SIMPLEX *e)

• ¼��� g ¥ü� e þ�½¡�¡È§face �¡�ü�?Ò"

FLOAT phgGeomGetFaceArea(GRID *g, SIMPLEX *e, int face)

• ¼��� g ¥ü� e þ�½¡��»§face �¡�ü�?Ò"

FLOAT phgGeomGetFaceDiameter(GRID *g, SIMPLEX *e, int face)

• ¼��� g ¥ü� e þ�½¡�ü 	{�þ§face �¡�ü�?Ò"

FLOAT *phgGeomGetFaceOutNormal(GRID *g, SIMPLEX *e, int face)

§2.3 ){ì

PHG ¥��5){ì��8c�´ÐÚ�§�U÷v¦)�5 PDE ��
¦§[3ò5muL§¥�âA^I¦ÅÚ*Ð"PHG �¦)�5�§|½Â

�� SOLVERé�§¿Jø
eZ��¼ê"8c PHGJø
éo«){ì�
|±§§�©O´ PETSc!SuperLU dist!LASPackÚ SPC§Ù¥ LASPack´��
G1){ì§Ì�ø3vk MPI�Åìþ¦^§Ù{n�þ�¿1){ì"PHG

Jø�~^){ì��¼êkµ

• Mï){ìé�µ

SOLVER *phgSolverCreate(OEM_SOLVER *oem_solver, DOF *u, . . . )

• �¤){ìé�§º�Ó^�]µ

int phgSolverDestroy(SOLVER *solver)
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• \\�5�§|XêÝ
µ

int phgSolverAddMatrixEntry(SOLVER *solver, INT row, INT col,

FLOAT value)

int phgSolverAddMatrixEntries(SOLVER *solver,

INT nrows, INT *rows, INT ncols, INT *cols,

FLOAT *values)

• \\�5�§|mà�µ

int phgSolverAddRHSEntry(SOLVER *solver, INT index, FLOAT value)

int phgSolverAddRHSEntries(SOLVER *solver, INT n, INT *indices,

FLOAT *values)

• ¦)�5�§|µ

int phgSolverSolve(SOLVER *solver, BOOLEAN destroy, DOF *u, ...)

§2.4 ê�È©

k��O�¥§O�ü�fÝÝ
±9mà�I�O�ü�Ä¼ê½ÙF
Ý!̂ Ý��È©"~Xéue¡�{ü�.¯K (Poisson �§)µ




−∆u = f x ∈ Ω

u = g x ∈ ∂Ω
(2.1)

·�3O�ü�fÝÝ
�, I�O�È©µ
∫∫∫

e
∇Wi · ∇Wj dV, i, j = 1, 2, . . . , nbas (2.2)

PHG Jø
æ^äk�p�ê°Ý� Gauss .ê�È©�{ [34] [35] [37]

[38] [39] �ê�È©¼ê5�¤ù
È©"

§2.4.1 êâ(�

Gauss.ê�È©���Ü©´ GaussÈ©:�À�9Ù��(½"é
uØÓ°Ý�pdÈ©§GaussÈ©:�êþ´Ø���"aqu ALBERTA [16]

¥� QUAD (�§·��½Â
��(�N§¦�U�òØÓ�È©¤I��
&EµC3(�N¥§·�¡��È©f£��È©a.¤"äN½ÂXeµ
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typedef struct QUAD_ {

const char *name;

int dim;

int order;

int npoints;

FLOAT *points;

FLOAT *weights;

SHORT id;

} QUAD;

(�N¤
`²µ

• nameµ½ÂÈ©f�¶¡§�±d^rgC�½§Xn��o�°Ý�È©
�±·¶� "3D P4""

• dimµ½ÂÈ©f��ê§= 1 ��L�ãþ�È©§2 ��Ln�/þ�È
©§3 ��Lo¡Nþ�È©"

• orderµ½ÂÈ©f��ê"

• npointsµ½ÂTÈ©fI�� Gauss È©:��ê"

• pointsµ½ÂTÈ©fI�� Gauss È©:3ü�¥�%�I"

• weightsµ½Âz� Gauss È©:��"

• idµ½ÂÈ©f���I£§�^rÃ'§Ð�� −1§3 §2.4.3 !¥·�¬
���[�0�"

8c PHG ý½Â
 1–9 ���£�ãþ¤È©f§1–9 ���£n�/¥¤
È©fÚ 1–9�n�£o¡N¥¤È©f§§��Cþ¶� QUAD_[123]D_P[1-9]§
æ^�´ Legendre-GaussÈ©úª [35]§�Op�È©úª´|^�� Legendre-

JacobiÈ©úªÏLÜþÈ�E�"Ø
ý½Â�È©f§̂ r�±g½Â�p
�½öÙ§a.� Gauss¦Èúª"~X§3�� RadauÈ©úª [36]�±Xe
½Â

static FLOAT QUAD_1D_Radau_pts[ ]= {0§1./6.};

static FLOAT QUAD_1D_Radau_wts[ ]= {.5§1.5};

QUAD QUAD_1D_Radau3_ = {
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/1D Radau10§
1,

3,

2,

QUAD_1D_Radau_pts,

QUAD_1D_Radau_wts,

-1

};

#define QUAD_1D_Radau3 (&QUAD_1D_Radau3_)

�k��AÏ�È©f QUAD_DEFAULT§Ù½Â� (QUAD *)NULL§§w���
¼ê�âÄ¼ê�gêgÄÀ�·��È©f"

§2.4.2 ~^��¼ê

È©f�´½Â
È©a."̂ r�kÏL¦^Xe��
��¼êâU?
1È©O�"�
Bu0�§·��½:

• ¼ê U Ú V éA�gdÝé�©O´ u Ú v¶ΠhU Ú ΠhV ©O�L U Ú
V 3k���mþ�ÝK£��¤"

• Wn �LgdÝ u 3ü�þ�1 n �Ä¼ê"

• Mm �LgdÝ v 3ü�þ�1 m �Ä¼ê"

• [[[ · ]]]�L¡þ�aþ"~X [[[ΠhU]]]�LØëY¼ê ΠhU 3��ü����¡
þ�Czþ"

~^���¼êXeµ

FLOAT phgQuadDofDotDof(SIMPLEX *e, DOF *u, DOF *v, QUAD *quad)

¼ê`²µ
T¼êO� u Ú v 3ü� e þ�SÈ"�Àëê quad ^u�½È©f§X

Jò§�� QUAD_DEFAULT§K¼êò�âgdÝ u �a.gÄÀJ·�°Ý�
È©f"(�/§T¼êO�¿�£

∫∫∫
e ΠhU ·ΠhV"

FLOAT phgQuadBasDotBas(SIMPLEX *e, DOF *u, int n, DOF *v, int m,

QUAD *quad);

¼ê`²µ
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T¼êO�ü� e þ u �1 n�ÛÜÄ¼ê� v�1 m�ÛÜÄ¼ê�S
È"quad ëêÓ phgQuadDofDotDof"(�/§T¼êO�¿�£

∫∫∫
e Wn ·Mm"

FLOAT phgQuadGradBasDotGradBas(SIMPLEX *e, DOF *u, int n, DOF *v,

int m, QUAD *quad)

¼ê`²µ
T¼êO� u � v �ÛÜÄ¼ê�FÝ3ü� e þ�SÈ"��ëêÓ

phgQuadBasDotBas"(�/§T¼êO�¿�£
∫∫∫

e∇Wn · ∇Mm"

FLOAT phgQuadCurlBasDotCurlBas (SIMPLEX *e, DOF *u, int n,

DOF *v, int m, QUAD *quad);

¼ê`²µ
T¼êO� u � v �ÛÜÄ¼ê� curl 3ü� e þ�SÈ"��ëêÓ

phgQuadBasDotBas"(�/§T¼êO�¿�£
∫∫∫

e curlWn · curlMm"

FLOAT *phgQuadDofTimesBas(SIMPLEX *e, DOF *u, DOF *v, int n,

QUAD *quad, FLOAT *res)

¼ê`²µ
T¼êO�¼ê u�¼ê v�ÛÜÄ¼ê�¦È3ü� eþ�È©"n�Ñ

v �Ä¼ê?Ò§O�(J�3 res �½��À«¿�£�À«/� (� u éA
�´�þ¼ê�O�(J´�þ�)"�À«d^rgCKI©��º�"quad
ëêÓ phgQuadDofDotDof"(�/§T¼êO�¿�£

∫∫∫
e ΠhU ·Mn"

FLOAT phgQuadDofDotBas (SIMPLEX *e, DOF *u, DOF *v, int n,

QUAD * quad);

¼ê`²µ
T¼êO�¼ê u�¼ê v�ÛÜÄ¼ê3ü� eþ�SÈ§§�¦ DOF v

�Ä¼ê´¥þ¼ê§ù´� phgQuadDofTimesBasØÓ�?"(�/§T¼êO
�¿�£

∫∫∫
e ΠhU ·Mn"

FLOAT phgQuadFuncDotBas (SIMPLEX *e, DOF_USER_FUNC f,

DOF *u, int n, QUAD *quad);

¼ê`²µ
T¼êO�)Û¼ê f �k��¼ê u�ÛÜÄ¼ê3ü� eþ�SÈ"f

´d^rg½Â�¼ê§~X§f(x§y§z§res) L«ÏL res �£¼ê f 3
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: (x§y§z) ?��"res ��ê7L� u �Ä¼ê�ê���"quad ëêÓ
phgQuadDofDotDof"(�/§T¼êO�¿�£

∫∫∫
e f ·Mn"

DOF *phgQuadFaceJump(DOF *u, DOF_OP proj, const char *name,

QUAD *quad)

¼ê`²µ
T¼êO��½ DOFé� u3��¡þ�aþ�È©§Ï~^uO�k�

���Ø��O"§�£�´��#� DOF é�§z�¡þ��gdÝ§gd
Ý��´ u3T¡þÝK±��aþ�²��È©§=

∫∫
f [[[ΠhU3¡þ�ÝK]]] ·

[[[ΠhU3¡þ�ÝK]]]"quadëêÓ phgQuadDofDotDof"ëê proj�½XÛé u?
1ÝK§�±�e¡�
�µ

• DOF_OP_NONEµL«ØÝK¶

• DOF_OP_DOTµL«�¡ü {�þ?1SÈ¶

• DOF_OP_CROSSµL«�¡ü {�þ?1	È (�¦)"

ÏLù
��¼ê§·��±�~�B�O�ü�fÝÝ
±9mà�"

§2.4.3 ê�È©¼ê¥� cache Å�

Ï~§̂ rO�ü�fÝÝ
�´±ü��é�?1�§¿�I��E^�
Ä¼ê9Ù�ê3�
�ÓÈ©:þ��"éu�aÄ¼ê§X Lagrange .Ä
¼ê§§�3�½È©:þ��3¤kü�¥´���"éu,�aÄ¼êX
cü�§Ä¼ê3Ó�È©: ���3ØÓü�´ØÓ�"�
;�3ê�È
©O�¥EO�Ó��Ä¼ê3Ó� ���§�
k��^�üÕJø

O�¿��Ä¼ê3 GaussÈ©:?���êâ(����¼ê§X ALBERTA

¥� quad_fast(�§̂ r§S3O�ê�È©cýkN^§O�¿��Ä¼ê
3��ü�¥¤kÈ©: ���§,�2|^ù
Ä¼ê��O�ê�È©"
ù«�O¦�^r§S�(�'��¡"

·�3 PHG ¥�O
�« cache Å�5)ûù�¯K§§ò�cü�¥¤
kO�L�Ä¼ê9ÙFÝ���3�
SÜ�À«¥§ù
�À«´Ä�)¤
�¿�P¹3gdÝa.é��êâ(�¥§ø¤kÄuÓ�gdÝa.�gd
Ýé�¤�^§Xã 2.1 ¤«"ù« cache Å�é^r´ß²�§̂ r§S¥�
I���N^þ!¤0��ê�È©¼ê=�§Ø7'%XÛ��¿E|^
®²O�L�Ä¼ê9ÙFÝ��"
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ã 2.1 Cache Å�êâ6ã
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�
¢yù« cache Å�§·��O
ü�SÜêâ(� QUAD_CACHE Ú
QUAD_CACHE_LIST ^u�;�cü�þ�Ä¼ê½¼ê�¶Ó�3 DOF_TYPE Ú
QUAD êâ(�¥V\
�A�¤
�"

QUAD_CACHE êâ(�½Â�µ

typedef struct {

SIMPLEX *e;

FLOAT *data;

} QUAD_CACHE;

Têâ(�Ì�^u�;���äNêâ§Ù¥�� e �����êâéA�
��ü�"�� data ����êâ��À«"

QUAD_CACHE_LIST êâ(�½Â�µ

typedef struct {

QUAD_CACHE **caches;

SHORT n;

} QUAD_CACHE_LIST;

Têâ(�3Ü6þ�±n)�ã 2.1 ¥� cache ³"n �LT³¥U�;�
QUAD_CACHE ��êþ"

du����êâÑ´ÚgdÝÄ¼ê�'�§¤±·�4 cache³�gd
Ýa.�'é"3 DOF_TYPE (�¥V\
Xe�
¤
�µ

. . .

void *cache_basfunc¶
void *cache_basgrad¶
void *cache_gradient¶
void *cache_curl¶
BOOLEAN invariant¶
. . .

Ù¥§cache_basfunc!cache_basgrad!cache_gradient Ú cache_curl ´��
QUAD_CACHE_LISTé����"invariantCþ� TRUE�`²TgdÝa.�Ä
¼ê3¤k��ü�þ´���¶��K�ü�UC�I�#O�"

3 QUAD é�¥·�½Â
��Cþ id§TCþkü«G�µ

• id = -1 �, L² cache ³¥vk¦^TÈ©f?1È©O�I���'ê
â§I�� cache ³¥V\P¹"
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• id > -1 �§L²¦^TÈ©f?1È©O�I���'êâ�U�3u
cache ³¥£I�?�Ú�ä¤§Ù �� id"

��k�� QUAD_CACHE (��±ÏLN^Xe¼ê��µ

static inline QUAD_CACHE *

get_cache(void **clist_ptr, QUAD *quad)

¼ê`²µ
Ñ\ëê� QUAD_CACHE_LIST���� clist_ptrÚ QUAD��� quad"T

¼ê�£�� QUAD_CACHE ���"XJÈ©f quad ®�3u QUAD_CACHE_LIST

¥§K�£����� QUAD_CACHE_LIST ¥�,� QUAD_CACHE¶XJvk§K3
QUAD_CACHE_LIST¥©�#��m§̂ u�;T quada.È©éA� QUAD_CACHE§
#©�� QUAD_CACHE ¥� data � NULL§¿�£#©�� QUAD_CACHE /�"

±eo�¼êN^ get_cache ¼ê¼� QUAD_CACHE é�µ

static FLOAT *

get_basfunc(SIMPLEX *e, DOF *u, int n, QUAD *quad)

¼ê`²µ
Ñ\ëê�ü� e§gdÝ u§Ä¼ê�SÒ n§È©a. quad"T¼ê�£

gdÝ u 3ü� e þ1 n �Ä¼ê^uO� quad a.È©¤I���"

static FLOAT *

get_basgrad(SIMPLEX *e, DOF *u, int n, QUAD *quad)

¼ê`²µ
ëê¹ÂÓ get_basfunc"�£��Ä¼ê'u%�I�FÝ"

static FLOAT *

get_gradient(SIMPLEX *e, DOF *u, int n, QUAD *quad)

¼ê`²µ
ëê¹ÂÓ get_basfunc"�£��Ä¼ê'u(k��I�FÝ½ö �

ê"

static FLOAT *

get_curl(SIMPLEX *e, DOF *u, int n, QUAD *quad)

¼ê`²µ
ëê¹ÂÓ get_basfunc"�£��Ä¼ê�^Ý"
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� get_cache �N^�§§¬�£���� QUAD_CACHE é����"��
�Xeü«�¹� QUAD_CACHE é�¥���êâ´�^�§��KØ�^§7
L#O�"

(1) QUAD_CACHE é�� data ��Ø���TgdÝa.� invariant I��
TRUE, =TgdÝa.�Ä¼ê�ü�Ã'¶

(2) QUAD_CACHE � data ��Ø��� QUAD_CACHE ����fÐ´ü� e þ
�"

¤k�¦^
�È©a.Ñ���3�� QUAD ê| quad_list ¥"ØÓ�
��êâ£XÄ¼ê��!Ä¼êFÝ���¤� QUAD_CACHEé�Ñ�©O��
3ØÓ� QUAD_CACHE_LIST ¥£� DOF_TYEP �'é¤"8c DOF_TYPE ¥k 4 «
QUAD_CACHE_LIST§éuÓ��ü�§z� QUAD_CACHE_LIST�±��õ«È©a
.�êâ"�´ØU��Ó�È©a.3ØÓü�þ�êâ§Xã 2.2¤«"ã

cache_gradient

cache_basfunc

cache_basgrad

cache_curl

DOF_TYPE

n=8

NULL

NULL
3DP2 
on e1

1DP2 
on e1

1DP1
on e1

2DP2 
on e3

 3DP3 
on e1

2DP3 
on e4

NULL

quad_list 3DP1 3DP2 2DP1 1DP1 2DP2 1DP2 3DP3 2DP3

n=4

NULL
3DP1 
on e1

1DP1 
on e1

2DP1 
on e2

n=4

NULL
3DP1 
on e1

1DP1 
on e1

2DP1 
on e2

ã 2.2 DOF TYPE ¥ cache êâ«~

¥/3DP10�L 3 � 1 �È©§Ù§�daí"
XJ�� QUADÈ©a.���
§K QUAD->id�LTÈ©a.3 quad_list

±9�' QUAD_CACHE_LIST ¥� �"ù�3 QUAD_CACHE_LIST ¥�éI��
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QUAD_CACHE é��§�±;�|¢§��¦^Ù QUAD->id ½ "�´T�{�
U¬¦ QUAD_CACHE_LIST ¥�)/�É0§Xã 2.2 ¤«"ù« cache (���O
Äu��Ä�b�§=3k��O�¥§¤�9�ØÓÄ¼ê9È©a.´k�
�§Ïdù
 cache ¤Ó^�S��m�±�ÑØO§½ö´�±N=�"

��·��Ñ get_cache ¼ê�äN�{§

procedure get_cache(clist_ptr, quad)

if(quad ����); then

3 quad_list ¥P¹T quad¶
� quad->id D�¶

fi

if clist_ptr is NULL; then

Ð©z clist_ptr;

fi

if clist->n <= quad->id; then

ò clist->caches ���*Ð� quad->id + 1 �
¿�ò clist->caches[clist->n, ..., quad->id] W¿� NULL;

clist->n = quad->id;

fi

if clist->caches[quad->id] == NULL; then

Ð©z clist->caches[quad->id];

fi

return cache = clist->caches[quad->id];

§2.4.3.1 ê�¢�

�
�y cache Å��k�5§·�?1
�
ê�¢�"ù
¢�¥©O
¦^��Ún�.�KF�¦) Poission �§ (2.1)§±9¦^�5cü�¦)
��|¯K"3Ü¤fÝÝ
±9�5XÚmà��L§¥§§S©ON^
µ

• phgQuadGradBasDotGradBas

• phgQuadDofTimesBas
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• phgQuadCurlBasDotCurlBas

• phgQuadDofDotBas

• phgQuadBasDotBas

·�é§�O�fÝÝ
��m?1
ÚO£�L 2.1 L 2.2 L 2.3¤"lL¥·
�uy¦^ cache ¤I�m²w'Ø¦^ cache ¤I�m�"±n�.�KF�

£L 2.2¤��²w§lL 2.2 ¥·��UwÑ§=¦O�5����� 20449 �
gdÝ 6144 �ü�§Ø¦^ cache �)¤fÝÝ
��m�� 1109.6655 ¦§
¦^
 cache �==I� 2.5357 ¦"�lã 2.3 ¥�±wÑ§)¤fÝÝ
I
���m�ü�ê¤�'§ÏdXJØ¦^ cache Å�§�O�5�*��)¤
fÝÝ
I���mò´ØU=É�"
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ã 2.3 ê�È© cache �Çã

±þê�(J`²·�3 PHG ¥¢y� cache Å�´k��§§3�y§
SO��Ç�cKe{z
^r§S���"
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L 2.1 ¦^��.�KF�Ü¤fÝÝ
�m£ü(:¤

gdÝ/ü�ê Ø¦^ cache �m£¦¤ ¦^ cache �m£¦¤

8/6 0.0002 0.0001

27/48 0.0008 0.0002

25/384 0.0064 0.0015

729/3072 0.0523 0.0137

4913/24576 0.4366 0.1152

35937/196608 3.5228 0.9575

170081/786432 14.3831 3.9187

L 2.2 ¦^n�.�KF�Ü¤fÝÝ
�m£ü(:¤

gdÝ/ü�ê Ø¦^ cache �m£¦¤ ¦^ cache �m£¦¤

64/6 1.0800 0.0012

175/24 4.3267 0.0064

559/96 17.3195 0.0306

2197/384 69.2812 0.1293

8005/1536 277.3063 0.5857

20449/6144 1109.6655 2.5357

L 2.3 ¦^�5cü�Ü¤fÝÝ
��m£ü(:¤

gdÝ/ü�ê Ø¦^ cache �m£¦¤ ¦^ cache �m£¦¤

281/168 0.0214 0.0084

1924/1344 0.1839 0.0701

14168/10752 1.5462 0.5950

108592/86016 12.8804 4.9415

850016/688128 104.6353 40.3481
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1nÙ �5cü�

3>^|k��O�¥§¦^DÚ�!:k��5L«¥þ>|½^|¬�
�A�î�(J [42]µÄk§Ñy�Ôn)=�)§T)��)´du�r\
ÑÝ^�¤Úå�¶Ùg§ØBu3á�.¡½�NL¡r\>.^�¶��§
é«��]�Ú>�??né(J"cü��Ñy§�£ã|�CzÚëY5J
ø
k��Ônµe§́ éDÚ!:k����#"���«¥þ.k��§c
ü�ÏògdÝ½Â3c>þ�¶"¢Sþ§@3 1957 c Whitney [29] Ò£
ãLù«a.�ü�§�cü�3>^Æ¥�A^9Ù�5�� 20V 80c
��âÅì�@£�"80 c�ÐÏ§Nédélec ?Ø
o¡NÚÝ/¬cü���
E [30] [31]"cü��Ñy)û
(6>^O�+��Ãõ¯K§ò>^|k�
�©ÛÚ\��#���"

�Ùò0��5cü�3 PHG¥�äN¢y§å¦�^rJølõ���"

§3.1 cü�0�

cü�3>^|O�¥�ü
���Ú§§Ø
äkIO!:k���`
:	§�kXen:`³µ

• cü��O�m��!:�����"éuo¡Nü�§�,cü�lÑ'
!:�lÑ���õ���þ£� 6�¤§�´§ù�õ���þ��>m�
f�éX½�DÕ�k��Ý
¤²ï"�§'�G1§S5`§·�¢
y¿1O�±�§S�I¦®Ø2´Ì�¯K"

• éu�ÙmÞJ��DÚ!:�k��O�¥-��n�¯K§¦^cü�
O�BØ�3
"

• 3��|O�¥§ducü��lÑ³�m�O�§·��±|^ù�ûÐ
�5��Op��õ���{"

�!¥§·�Ì�0�¢yn��5cü�7���'�£"Ù§'u�5
cü��(Ø�±�� [30]"

Äk§·���n��5cü�k���n�� (K,P, N) �µ

• Kµo¡Nü�"

• P µP = {~x 7→ ~a +~b× ~x | ~a,~b ∈ R3}"

35
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• N µ�5cü�ü�gdÝ½Â�µ
∫

e
~u · ~τds (3.1)

Ù¥ e �Lo¡Nü���^>§τ L«÷> e �ü ��þ"dd��3
z�o¡Nü�þk 6 �gdÝ"

�5cü��gdÝ�´½Â3ü��>þ§z^>þ�k��gdÝ§�
5cü�3z�ü�þk 6 �Ä¼ê"

k��O�'���:´Ä¼ê�À�"éun��o¡Nü�§3ü��
8^>þ½Â�5cü��Ä¼êXeµ

½Â 3.1.1. �ü��1 i^>�å:�ÛÜ?Ò� m§ª:?Ò� n§½ÂT>
þ�Ä¼ê W i

mn �µ
W i

mn = λm∇λn − λn∇λm (3.2)

Ù¥ λ ´ü��%�I"

0

1

2

3
0

1

2

3

5
4

ã 3.1 o¡Nü�>�?Ò

3 PHG ¥§éuº:Ú>�m·�kXe��½µ

10^>µü�à:�!:0Ú!:1¶
11^>µü�à:�!:0Ú!:2¶
12^>µü�à:�!:0Ú!:3¶
13^>µü�à:�!:1Ú!:2¶
14^>µü�à:�!:1Ú!:3¶
15^>µü�à:�!:2Ú!:3¶
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Xã 3.1 ¤«§ùp¤`�!:�?Ò�º:3ü�þ�?Ò"
ducü�´¥þ.k��§ÙÄ¼ê W i

mn ´¥þ¼ê££3.2¤ª¥ ∇λn

´¥þ¤§XJò1 i^>�å:Úª:��§��� W i
mn Ú W i

nm �Ò"Ïd�

�ycü����ëY5§·�I����¥¤k�>�������"ù�
;�½Â3��ü�ú�>þ�Ä¼êÎÒØ��"·�5½>����µ±>
�üà:¥�Û?Ò��:��ª:§�Û?Ò��:��å:"duz�:�
�Û?Ò´���§¤±>����´���"k�:�5¿´ùp¦^�´º
:��Û?ÒØ´�/?Ò"¦^�/?ÒU�y3f��S�>½���§
�´f��m�S>.¡þ�>�½�ØU�y"

Äu±þ�Ä§3·�¢ycü��L§¥7LÏL�äz^>ü�º:�
�Û?Ò���5é>½�§±d(½Ä¼ê�ÎÒ"

§3.2 cü��¢y

�!òäN0�3 PHG¥¢y�cü�gdÝa."·�ò�5cü��
gdÝa.·¶� DOF_ND1§Uì §2.2 �!¥0��gdÝa. DOF_TYPE êâ
(�§ò�5cü�½ÂXeµ

DOF_TYPE DOF_ND1_ = {

DofCache,

/Nedelec-10,

DOF_ND1_points,

DOF_DG0,

ND1_interp, NULL, ND1_init, ND1_bas, ND1_grad,

FALSE, FALSE,

-1,

NEdge, 1, -1,

Dim,

0, 1, 0, 0

};

Ù¥µ

• DofCache ´ PHG ¥ý½Â���÷§§��¡½Â� -1 Ñ´øê�È©
� cache Å�¦^§ëw §2.4 ¥�0�"

• "Nedelec-1" �TgdÝ�¶¡"
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• DOF_ND1_points éu�5cü�5`vk���¿Â§·�½Â��ê|
DOF_ND1_points = { 0.5, 0.5 }§ò>�¥:J[�½ÂgdÝ�!:"

• DOF_DG0 ¿�XTgdÝFÝ�a.� Discontinuous Galerkin �"

• ND1_interp ´o���[�����¼ê§3 §3.2.4 ¥0�"

• ND1_init ´�5cü�gdÝD�¼ê§3 §3.2.3 ¥0�"

• ND1_bas´O��5cü�Ä¼ê3ü�þ,:��¼ê§3 §3.2.1¥0�"

• ND1_grad ´O��5cü�Ä¼ê'u%�I�FÝ3ü�þ,:��
¼ê§3 §3.2.2 ¥0�"

• ü� FALSEL²TgdÝ�Ä¼ê3z�ü�þ´Ø���§±9Ta.�
gdÝé�´·�½Â�§¦^�.�ØUº�"

• NEdge, 1, -1L²�5cü�3z�ü�þk NEdge�Ä¼ê§z�Ä¼ê
´���§Ó�´mä�"NEdge ´ PHG ý½Â�÷§n��§�u 6"

• Dim �ÑÄ¼ê��ê"n�� Dim = 3"

• 0, 1, 0, 0 L«�5cü��3z^>þk 1 �gdÝ"

½Â�5cü�gdÝa.���´¢yO�Ä¼ê!Ä¼ê�ê�¼ê§D
�¼êÚ��¼ê"·�3�e5�o!¥ò©O��[�0�"

§3.2.1 Ä¼ê

�5cü�Ä¼ê�O�'�{ü§Ù¼ê/ª�µ

static FLOAT *

ND1_bas (GRID *g, SIMPLEX *e, int no, FLOAT *lambda)

T¼ê�£3ü� e þ%�I� lambda �:þ1 no �Ä¼ê��§XJ
no < 0 K�£¤kÄ¼ê��"¼ê¢yL§¥Ì�´�é>Uìþ�!¥�
�½½�",�Uìúª 3.2O�"k�:I�5¿�´O�%�I�FÝ�§
·��±ÏL��¼ê phgGeomGetJacobian(GRID *g, SIMPLEX *e) ¼� Jacobi

Ý
 J§du J ÷vµ 


λ0

λ1

λ2

λ3




= J




x

y

z

1




(3.3)
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Ïd ∇λi Ò´ Jacobi Ý
 J ¥�1 i 1�cn�©þ|¤��þ"

§3.2.2 Ä¼ê'u%�I� �ê

ND1_grad ����

static FLOAT *

ND1_grad (GRID * g, SIMPLEX * e, int no, FLOAT * lambda)

¼êëê¹ÂÓ ND1_bas¼ê"�£�´Ä¼ê'u%�I� �ê§äN�
�µ 



∇λ1 −∇λ0 0 0

∇λ2 0 −∇λ0 0

∇λ3 0 0 −∇λ0

0 ∇λ2 −∇λ1 0

0 ∇λ3 0 −∇λ1

0 0 ∇λ3 −∇λ2




(3.4)

FÝ��^SU FLOAT[nbas][dim][Dim + 1] ��ªü�"

§3.2.3 D�¼ê

D�¼ê��Xeµ

void ND1_init(const DOF *dof, const SIMPLEX *e, GTYPE type, int index,

DOF_USER_FUNC userfunc,

DOF_USER_FUNC_LAMBDA userfunc_lambda,

FLOAT *funcvalues, FLOAT *dofvalues)

T¼ê��½ü�S��½gdÝD�"

• ëê type �½gdÝaO§VERTEX L«º:þ�gdÝ§EDGE L«>þ�
gdÝ§FACE L«¡þ�gdÝ§ELEMENT L«ü�NS�gdÝ"éu�
5cü�ó�I�?n type = EDGE ��¹"

• ëê index �Ñº:!>½¡3ü�¥�?Ò"éucü�¿�X>�?Ò
£>3ü�þ�?Ò¤"

• ëê userfunc!user_func_lambda Ú funcvalues ©O�ü�¼ê��Ú�
�ê|��§§��ÑO�¼ê��¼ê��½�¹¼ê���À«/�§
n���¥7Lk�=k�������"userfunc����'u x, y, z�
¼ê§Ù��a.� DOF_USER_FUNC§äNXeµ
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void userfunc(FLOAT x, FLOAT y, FLOAT z, FLOAT *values)

 userfunc_lambdaK����'u%�I�¼ê§Ù��a.� DOF_USER

_FUNC_LAMBDA§äNXeµ

void userfunc_lambda(DOF *dof, simplex *e, FLOAT lambda[],

FLOAT *values)

ü�¼êþIò�½�I?�¼ê�§�O dof->dim×3��§W�3 values

¤����À«¥"

� funcvalues ������§§���k>¥:?� dof->dim × 3 �
¼ê���À«§ND1_init �âù
¼ê�O�gdÝ��"

• ëê dofvalues���;gdÝ���À«§§��Ý� dof->dim"ND1_init
I�O��½>�gdÝ�§¿ò(J�3 dofvalues����À«¥�£
�N^§S§T�À«dN^�§SJø§�Ý� dof->dim"

�âcü�þ�gdÝO�úª£ª (3.1)¤§·��Ñ�5cü�D�¼ê
�äN¢yµ

procedure ND1_init(dof,e,type, index, userfunc, funcvalues, values)

do

�>½�§¼�>å:Úª:��I ~P0(x0, y0, z0) Ú ~P1(x1, y1, z1)

if (funcvalues == NULL); then

|^ userfunc ½ userfunc_lambda O�ª (3.1) ¥ ~u 3>¥:��
(J��3�þê| ~v [dof->dim];

fi

~l = ~P1 − ~P0

values[0 · · · dof->dim-1]= ~v [0 · · · dof->dim-1] ·~l
done

du�5cü��Ä¼ê´���§Ïd·�ùpO�ª (3.1) �¦^�´��
°Ý�ê�È©"

§3.2.4 ��¼ê

gdÝa.¥½Â���¼êkü�§��´[���o�����¼ê§
,	��´o���[�����¼ê"Ù¥[���o�����¼ê^u�
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L 3.1 o���[����¼ê¥I�ü� DOF êâ

parent data � (dim = dof->dim) êâ¬SN

(parent_data[i])[np_vert][dim] º: i þ�gdÝ�, i = 0, 1, 2, 3

(parent_data[4 + i])[np_edge][dim] > i þ�gdÝ�, i = 0, 1, 2, 3, 4, 5

(parent_data[10 + i])[np_face][dim] ¡ i þ�gdÝ�, i = 0, 1, 2, 3, 4

(parent_data[14])[np_elem][dim] ü�N¥�gdÝ�

�oz§o���[�����¼ê^u��[z"�©¥��~Ì��9��
[zö�§Ïd·�Ì�0�o���[�����¼ê"Ù���µ

void ND1_interp(DOF *dof, SIMPLEX *e, FLOAT **parent_data,

FLOAT **child_data)

Ù¥ dof�gdÝé�§e�I�ü�"ê| parent_data¥�¹ 15���§�
�I�ü�¥�gdÝêâ§ùpz�º:!>!¡ÚN¥�gdÝêâÑ´ë
Y���"äN/§ù
���¹Â3L 3.1¥�Ñ§L¥ dof->dim�gdÝé
���ê£ëw §2.2¤"

ã 3.2 ��¼ê¥I!fü�>gdÝêâ�?Ò

��ü�[z��)��#º:!o^#>!5 �#¡Úü�#ü�§�A
/§ê| child_data ¥�¹ 12 ���§©O��ù
êâ¬§ù
���¹Â
3L 3.2 ¥�Ñ"

ã 3.2 �Ñ
��¼ê¥I!fü�>�gdÝêâ?Ò«¿"
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L 3.2 o���[����¼ê¥fü� DOF êâ

child data � dim=dof->dim êâ¬SN

(child_data[0])[np_vert][dim] #º:þ�gdÝ�

(child_data[1])[np_edge][dim] #º:ÚPº: 0 �¤�>þ�gdÝ�

(child_data[2])[np_edge][dim] #º:ÚPº: 1 �¤�>þ�gdÝ�

(child_data[3])[np_edge][dim] #º:ÚPº: 2 �¤�>þ�gdÝ�

(child_data[4])[np_edge][dim] #º:ÚPº: 3 �¤�>þ�gdÝ�

(child_data[5])[np_face][dim] #º:ÚPº: 0, 3 �¤�¡þ�gdÝ�

(child_data[6])[np_face][dim] #º:ÚPº: 1, 3 �¤�¡þ�gdÝ�

(child_data[7])[np_face][dim] #º:ÚPº: 0, 2 �¤�¡þ�gdÝ�

(child_data[8])[np_face][dim] #º:ÚPº: 1, 2 �¤�¡þ�gdÝ�

(child_data[9])[np_face][dim] #º:ÚPº: 2, 3 �¤�¡þ�gdÝ�

(child_data[10])[np_elem][dim] �¹Pº: 0 �#ü�Nþ�gdÝ�

(child_data[11])[np_elem][dim] �¹Pº: 1 �#ü�Nþ�gdÝ�

ducü��gdÝ�3>þ§Ïd3¢y��¼ê�·��I�'5µ
parent_data[4,...,9] Ú child_data[1,...,4]"

3g·A��[z��ÿ§��ü��[z�)ü�fü�§¬�)��#
�º:Ú 4 ^#>§Xã 3.3 ¤«"PHG ¥�½§éü�?Ò� 0 Ú 1 �!:
�m�>?1[z§P�)�#º:� nv§o^#>�µ−→nei = (i, nv), i = 0, 1, 2, 3

£nei �ü�à:� i Ú nv¤"
éucü�ó§�g[z�)
 4�#�gdÝ"PI�ü�� 6^>�

−→e0 (0–1)!−→e1 (0–2)!−→e2 (0–3)!−→e3 (1–2)!−→e4 (1–3)!−→e5 (2–3)"òI�ü�gdÝ��
?1{ü��§�Ñ#gdÝ��£=� child data[1, · · · , 4]"äN�{�µ

procedure ND1_interp(dof, e, parent_data, child_data)

é[��þ�> nei ; i = 0, . . . , 3Úo��þ�> ej ; j = 0, . . . , 5½�
child_data[1]=

0.5× sign(−→ne0,
−→e0)× parent data[4]

child_data[2]=

0.5× sign(−→ne1,
−→e0)× parent data[4]

child_data[3]=

0.5× sign(−→ne2,
−→e1)× parent data[5] + 0.5× sign(−→ne2,

−→e3)× parent data[7]
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0

2

3

1

3

2

0

0

0

3

{1,2}

{2,1}

nv ne3

ne1

ne2ne0

ne0 ne2

ne3

ne1

ne2

ne3
nv

nv

parent child0

child1

e3

e1

e2

e4
e0

e5

ã 3.3 I�ü��fü�?Ò'X

child_data[4]=

0.5× sign(−→ne2,
−→e2)× parent data[6] + 0.5× sign(−→ne2,

−→e4)× parent data[8]

Ù¥§

sign(−→nei,
−→ej ) =





1, > −→nei �> −→ej ���Ó

−1, > −→nei �> −→ej ����
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31�ÙÚó¥§®²{ü0�L Maxwell�§|"�Ù�é� Maxwell�
§|¥�|þ´üª���¼ê����|êÆ�.§¦^3 1nÙ ¥0��
�5cü�?1¿1g·Aê�¢�"·�ò�Ñn��~§±d5�y PHG

¿1g·Aµe��(5Ú5U§±9¦^�©¢y��5cü�?1g·Ak
��O��k�5"�
Bu'�§�©À^
 [45] ¥�n��~§[45] ¥�Ñ

§�3 SGI Origin 3800 þ�G1ê�¢��(J"

§4.1 àg Dirichlet >.^����|¯K

3 §1.3 !¥§·��±¦^E� ÏfL«{ [41]§ò£1.1¤ªÚ£1.2¤ª
±9£1.5¤ª�¤{ü�/ªµ

curl ~E + iω ~B = 0 (4.1)

curl ~H − iω ~D = ~J (4.2)

∇· ~J = −iωρ (4.3)

|^��'Xª (1.6)–(1.8 ª)§lª (4.1) Úª (4.2) ¥�� ~H§�±�� ~E �
�©�§µ

curl (
1
µ

curl ~E) + (iσω − ω2ε) ~E = −iω ~Js (4.4)

Ù¥ ~Js ´	\>6½>"
½Â k2 = ω2ε− iσω§J = −iω ~Js§Kª (4.4) C�µ

curl (
1
µ

curl ~E)− k2 ~E = ~J, ∇· ~J = 0, in Ω (4.5)

·�b½¦)«� Ω ⊂ R3 �üéÏ�õ¡N«�§�´ Lipschitz >."·��
àg Dirichlet >.^�µ

~E × ~n = 0, on ∂Ω (4.6)

Ù¥ ~n �>.¡þ�	{�þ"Úª (4.5) �ª (4.6) �d�C©¯K�µ
¦ ~u ∈ H0(curl, Ω)§¦�µ

a(~u,~v) = ( ~J,~v), ∀~v ∈ H0(curl; Ω) (4.7)

Ù¥µ

a(~u,~v) = (
1
µ

curl ~u, curl~v)− (k2~u,~v) (4.8)

H0(curl; Ω) := {~u ∈ L2(Ω); curl ~u ∈ L2(Ω); ~u× ~n = 0 on ∂Ω} (4.9)

45



46 Æ Ø©

�©À^�5cü�5?1��|¯K (4.7) �k��lÑ"� Th �¦)
«� Ω �[��!�K�o¡N¿©§é?Ûü� t§½Âü�þ�Ä¼ê�m
� ND1(t) := {x 7→ a + b × x, a, b ∈ R3}§Ù�Ûk���m� ND1(Th) := {ηh ∈
H(curl; Ω); ηh|t ∈ ND1(t), ∀t ∈ Th}"P ND1,0(Th)�÷vàg Dirichlet>.^��
f�m"K¯K (4.7) �A�k��lÑ�µ

�½�Nk���m ND1,0(Th) ⊂ H0(curl; Ω)§¦ ~uh ∈ ND1,0(Th)§¦�
∀ ~vh ∈ ND1,0(Th) k

a( ~uh, ~vh) = (
1
µ

curl ~uh, curl~vh)0,Ω − (k2~uh, ~vh)0,Ω = ( ~J, ~vh) (4.10)

��|¯K� Dirichlet >.^�´ ~E �>.¡ü {�þ ~n �	È"XJ
~E × ~n = g§@oéu�5cü�§Ù>.þgdÝ���

∫

e
E ·~l ds =

∫

e
g · (~l × ~n) ds (4.11)

Ù¥ ~l L« u>.¡þ�> e ���"

§4.2 Ü¤�5XÚ

·�½Â��cü�gdÝa.�é� u_h ^5�;¯K£4.7¤�k��
)"H{z�ü�§3z�ü�þ)¤ü�fÝÝ
"ÏLN^ PHG ¥){ì
��'��¼ê§·��±�~�B/Ü¤ofÝÝ
±9mà�",�¦)T
�5XÚ¼�ª (4.7) �k��)"

b� W e
i �Lü� e þ�1 i �Ä¼ê"�âª (4.10)§?1k��lÑ�

���ü�fÝÝ
�¹±eü�È©µ

Ee
ij =

∫∫∫

e
(curlW e

i ) · (curlW e
j ) dV (4.12)

F e
ij =

∫∫∫

e
W e

i ·W e
j dV (4.13)

�5XÚ�mà�I�O�È©µ

B̂e
i =

∫∫∫

e
J ·W e

i dV (4.14)

é��¥ü��H{ÏL÷ ForAllElements 5�¤"
b��5�§|�XêÝ
� A(I, J)§mà�þ� B(I)§I, J = 0, . . . , N −

1§N ���þ�ê§K|C�5XÚ�L§Xeµ
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NBas = u_h->type->nbas; /* z�ü�¥�Ä¼ê�ê */

ForAllElements(g, e) { /* éü�?1H{ */

for (i = 0; i < NBas; i++) {

I = phgSolverMapE2L(solver, 0, e, i);

type = phgDofGetElementBoundaryType(u_h, e, i);

if (type & DIRICHLET) {

continue;

}

for (j = 0; j < NBas; j++) {

J = phgSolverMapE2L(solver, 0, e, j);

O� Eij − k2Fi,j¿\\� A(I,J);

}

O� B̂i ¿\\� B(I);

}

/* éü��z�¡Ì�§?n>.^� */

For (i = 0; i < NFace; i++) {

if (e->bound_type[i] & DIRICHLET) {

/*?n>.^�*/

}

}

}

3þãO�¥§¼ê phgSolverMapE2L(solver, 0, e, i)O�ü� e¥éA
solver�1 0� DOFé�£= u_h¤¥�1 i�gdÝ3�§|¥��/��þ
?Ò§phgDofGetElementBoundaryType�£TgdÝ�>.^�a."Eij �O�
N^¼ê phgQuadCurlBasDotCurlBas�¤"Fij�O�N^¼êphgQuadBasDotBas

�¤"B̂i �O�N^¼ê phgQuadDofDotBas ½ö phgQuadFuncDotBas �¤"ù
pk7�`²�´XJò¯K�mà¼ê J �3��þlÑ§À�gdÝ§�±
¦^ phgQuadDofDotBas O� B̂i§�ØLù�¬Ú\k��)�¯K)���Ø
�§^ phgQuadFuncDotBasòØ¬kù�¯K§��mà�¼ê'�E,�§c
ö�O�þ'�ö��"l¢SO�L§¥uy§éu�Ü©~f���é�±
�§ü«�{é(J�K�Ø�"�´éu,
�¹X�©¥��~�£§4.4.2¤§
1�«�{�O�(J¬Ñy¯K"



48 Æ Ø©

ducü�>.^��?nI�^�>.¡�	{�§Ïd·�ÏLéü�
�¡H{§|^£4.11¤ª?n>.^�"

§4.3 g·A��[z

g·Ak��O��'��Ü©´��Ø��O"�k�(O�
��Ø
�§,��â·����[züÑ§âUk�/?1g·AO�"3�©�~f
¥§·�À�±e���Ø��Ofµ

η2
T = h2

T (‖f + k2uh − curl
1
µ

curluh‖2
0,T + ‖∇· f + k2uh||20,T ) (4.15)

η2
F = hF (‖[ 1

µ
(curluh)× ~n]‖2

0,F + ‖[(f + k2uh) · ~n]‖2
0,F (4.16)

Ù¥ [·] L«¡þ�aþ§hT �ü� T ��»§hF �¡ F ��»"
'uT��Ø��Of3 [5] [45] ¥k�[�y²§ùp��Ñ(Ø"

½n 4.1. � u Ú uh ©O´¯K£4.7¤Ú£4.10¤�)§Th Ú Fh ©O�L��
þ¤kü�Ú¤k¡�8Ü§K

||u− uh||H(curl;Ω) ≤ C(
∑

T∈Th

η2
T +

∑

T∈Fh

η2
F )

1
2 (4.17)

C �6u µ−1§k2 Úü�����"

�©¥��~¦^��Ø�üÑ£� §1.1¤��[züÑ§À� γ = 0.5"

§4.4 ê��~

¤k�~Ñ´3/�Æ�ó§O�I[:¢�¿0�é��C 1800 (LSSC-

II) Ú SGI Origin3800 �?O�Åþ�¤�"
LSSC-IIk 256�O�(:!z�O�(:Pkü� Intel 2GHz Xeon?nì

Ú 1GB S�§2:$�o5U� 2Tflops"O�(:þÓ���
¯�±��Ú
Myrinet 2000§·�¦^ Myrinet 2000 �� MPI Ï&�ä"

SGI Origin3800�¹ 64�?nì§?nìÌª� 600MHz§æ^MIPS R14000

CPU§oS�� 64GB"
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§4.4.1 �~�

O�«�� Ω = (0, 3)3 \ (0.5, 1)3§á�Xê� µ = 1§k2 = −1§ý)�µ



xyz(x− 1)(y − 1)(z − 1)(x− 0.5)(y − 0.5)(z − 0.5)

sin(2πx) sin(2πy) sin(2πz)

(1− ex)(e− ex)(e− e2x)(1− ey)(e− ey)(e− e2y)(1− ez)(e− ez)(e− e2z)




·�7dù��~5u�§S��(5!°�5Ú¿1�Ç§Ó���ycü�
¼ê�%C5�!g·A��Ø��O�k�5"

�~�¥§�5XÚ¦)¦^ PETSc Jø� MINRES S�{§¦^ Jacobi

ý^�f§S�ª��íþz�� 1.0E-12"
lL 4.1¥§·�wÑ�O�5�Ñ� 688128�ü��§3 LSSC-IIÚ Ori-

gin3800 þ§)¤�5XÚ��mÚ¦)�5XÚ��mÑ´�X?nì�ê�
O��5eü�§Xã 4.1 ¤«"§SLyÑéÐ�¿1�ÇÚ�£�5"

L 4.1 o3800/LSSC-II þ¿1�Ç©Û (�~�§����[z§ü�ê 688128)

?nì�ê )¤�5XÚ�m£¦¤ ¦)�5XÚ�m

1 89.5516/88.5221 919.0556/153.9043

2 46.4479/45.1204 495.7075/81.0481

4 23.4138/22.7706 281.0478/41.6107

8 15.6520/11.3673 184.7517/21.0269

16 8.5290/5.6733 60.3238/10.8781

32 (LSSC-II) 2.8317 (LSSC-II) 5.3838

64 (LSSC-II) 1.4079 (LSSC-II) 3.2265

é����[z§·�u�
ØÓ�ý^�fé�5XÚ¦)�m�K�"
L 4.2 w«¦^ SOR ý^�f¤I�S�Úê�uÙ§ý^�f¶�´¦^
Jacobi ý^�f�¦)�m`uÙ§ý^�f"�Ï3u SOR ý^��?n¤
s��m²w' Jacobi ý^�¤s��m��"

L 4.3 ¥�Ñ
 SGI Origin 3800 þ¦^��?nì�O��m� [45] ¥
Äu ALBERTA 9cü�O���~�O��m�'�§�))¤�5XÚ�
m£¦¤!¦)�m£¦¤9��[z�m£¦¤"ü�O�¥¦)�5XÚÑ¦
^
 GMRES �{9 Jacobi ý^�f"du [45] ¥cü�?nÚ|C�5XÚ
��è´3 ALBERTA �Ä:þdT©�ög1?��§Ù5U¿Ø���L
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10
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10
0
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1

10
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10
0

10
1

10
2

10
3

Number of node

T
im

e(
s)

build matrix on o3800
solver time on o3800
a line with slope −1

ã 4.1 ¿1�Çã£�~�¤

L 4.2 ØÓý^�f�¦)�mÚS�gê£�~�§����[z§LSSC-II 8 (:¤

¦^ØÓý^�f�¦)�m£¦¤/S�gê£g¤

ü�ê None Jacobi BJacobi SOR Add. Schwarz

168 0.01/124 0.01/101 0.01/48 0.01/36 0.03/48

1344 0.10/359 0.07/236 0.11/247 0.12/206 0.13/161

10752 0.46/781 0.28/452 0.40/446 0.35/356 0.51/408

86016 6.16/1289 3.54/716 5.91/776 4.86/596 6.62/730

688128 91.90/2091 48.69/1080 82.41/1196 68.06/893 97.60/1251

5505024 1286.26/3536 531.35/1439 952.42/1646 729.62/1196 1215.61/1916
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ALBERTA �5U"lL 4.3 ¥·��±uy·��§S)¤�5XÚ¤I�m
´ [45]¥¤I�m� 60%�m"3¦)�m�'�¥§PHG¦^� PETSc¦
)ì½²w`u [45] ¥¦^� ALBERTA ¦)ì�5U"PHG ���[z�m
����u ALBERTA���[z�m§ù´Ï� PHG���[z�mÚO¥
�¹
k��)ÚAÛêâ (Jacobian!{�þ!ü��»�) ���O�±9m
à�¼êÝK�[��k���m�O�"du��~¥¦^�mà�¼ê�~
E,§Ïd¢Sþ PHG ¤ÚO���[z�mý�Ü©^umà��O�"

L 4.3 PHG � ALBERTA �Ç'�

gdÝê )¤�5XÚ�m£¦¤ ¦)�m£¦¤ ��[z�m£¦¤

/ü�ê ALBERTA PHG ALBERTA PHG ALBERTA PHG

281/168 0.0319 0.0209 0.1469 0.0141 0.0015 0.0159

1924/1344 0.2661 0.1639 8.1545 0.2047 0.0139 0.1131

14168/10752 2.2598 1.3344 282.3768 42.6511s 0.1206 1.8333

108592/86016 19.0378 10.9480 10814.2905 464.2752 1.1172 7.6673

L 4.4 �Ñ�X�����[z§k��)�ý)�m� H(curl; Ω) Ø�±
9k��)���Ø��Of�eü�¹"lL¥êâ�±wÑ§�X����
�[z§cü�k�����Ø� ‖u− uh‖H(curl,Ω) ´ O(h)��§Ù¥ hL«�
�Ú�"

L 4.5�Ñ
g·A[ze�ê�(J"ã 4.3´g·A��Ø� η �gd
Ýê N �m� log–log ã"dug·A�/�`0Ny3µηi/η0 ∼ (Ni/N0)(−1/3)§
¤±n��G¹AT´ã¥�¢�êâë¤�ò�/²10u�Ç� −1/3 �Ä
O�"du)3«�Sé1w§¤±Ø+�Û[z�´g·A[z�(JÑé
n�"�´XJ)äkér�Û5§Kg·A�`³ÒNyÑ5
§X�~�
Ú�~n�ã 4.8!ã 4.14 ¤«"lã 4.2 �±wÑ§cü�k�����Ø�
‖u − uh‖H(curl,Ω) ���ü�ê�m��3aq�'X"l ‖u − uh‖H(curl,Ω) �e
üª³�U`² PHG ¥¢y�cü���(5"

ã 4.4 Úã 4.5 ©O´ý)Úk��)3 z = 0.1 ²¡þ��§ã 4.6 Úã
4.7´üö�¥þãL«"lã¥�±wÑ§cü�)Ä�þ84
ý)�A5"

lL 4.4ÚL 4.5�±wÑ§¦)�mÚgdÝoê�Ä�þ¥�5'X"�
´g·A��[z�)¤��5XÚ^�ê'¦^��[z)¤��5XÚ�
^�ê��§XJ�´¦^{ü�ý^�f§g·A�{¦)�5XÚ��m�
�é��
"~X����[z�� 88080384�ü�ê�§¦)�m� 5074.2140§
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S�Úê� 8972 Ú¶g·A��[z�� 64767606 �ü�ê�§¦)�m�
5394.3798¦§S�Úê� 15382Ú"ù«y�3�~nÚ�~o¥�²w§Ïd
k7�ïÄ¦) Maxwell �§k��lÑ¤/¤��5XÚ��Ð��{Úý
^�f§Xõ��ý^�f"

����Ñ�´§3ê�¢�¥§�gdÝ��ê��Z��±� (���
�[z�gdÝê�� 103351040) §S����¬E,Ly�~§ù`²§S
äkéÐ�°�5"

nþ¤ã§¢�êâ�nØ©Û�(J´¬Ü�§̀ ²�©¢y�cü��
¬Úg·A�¬´���§äkéÐ�¿1�*Ð5"

L 4.4 ��[z��¹§S�ª�íþ� 1.0E-12£�~�§128 (:¤

�� gdÝê/ü�ê ‖u− uh‖H(curl,Ω) ��Ø� ¦)�m£¦¤

�Ò �O� /S�Úê£g¤

1 548/336*(3) 1.124e+00 2.120e+00 0.0521/129

2 3736/2688*(26) 7.831e-01 1.091e+00 0.2298/378

3 27440/21504*(128) 4.046e-01 5.661e-01 0.7798/804

4 210016/172032 2.045e-01 2.870e-01 2.2982/1601

5 1642688/1376256 1.028e-01 1.443e-01 23.0335/3009

6 12992896/11010048 5.153e-02 7.234e-02 373.5315/5174

7 103351040/88080384 2.580e-02 3.621e-02 5074.2140/8972

*£¤S5²¢S¦^�?nìê

§4.4.2 �~�

� Ω = (−1, 1)3§
∑

= {y = 0, (x, z) ∈ (−1
2 × 1

2)2}§µ = 1§k2 = 1§~J = (1, 1, 1)§
3

∑
²¡þ� Dirichlet >.^�§l¦�¯Käkér�Û5"
�~�Ú�~nÌ�^u�	3O��kÛ5�¯K�§cü��¬Úg·

A�¬�k�5"¦)ìÀ^ PETSc � LGMRES (“loose” GMRES) [3] S�{§
S�ª��íþz�� 1.0E-10"

L 4.6¥�Ñ
����[z3ØÓ����ü�ê§��Ø���±9¦
)�mÚü(:S�¦^þ"L 4.7�Ñ
g·A����'êâ"·�¦^ 128

�O�(:§��[z�O�5���
 100663296 �ü�§118080000 gdÝ§
ü(:�S�¦^þ� 425.3MB£Ó(:oS�� 43% �m¤`²·��§S
äkéÐ�°�5Ú�*Ð5"k�:I�`²�´§S�¦^þ�ÚOvk3
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L 4.5 g·A[z��¹§S�ª�íþ� 1.0E-12£�~�§128 (:¤

�� gdÝê/ü�ê ‖u− uh‖H(curl,Ω) ��Ø� ¦)�m£¦¤

�Ò �O� /S�Úê£g¤

1 548/336 *(3) 1.124e+00 2.120e+00 0.1061/129

2 667/438 *(4) 1.263e+00 2.004e+00 0.0267/183

3 1087/768 *(7) 1.022e+00 1.661e+00 0.1713/228

4 1974/1406 *(14) 9.166e-01 1.273e+00 0.2742/365

5 3655/2698 *(26) 8.076e-01 1.074e+00 0.2254/480

6 6403/4878 *(48) 6.869e-01 9.186e-01 0.7794/561

7 11881/9196 *(91) 5.204e-01 7.308e-01 0.6606/819

8 19957/15660 *(128) 4.236e-01 6.004e-01 1.6274/952

19 13890446/11705316 5.031e-02 6.808e-02 574.4811/10140

20 24153631/20357052 4.366e-02 5.816e-02 1329.0700/12805

21 47995029/40140398 3.160e-02 4.548e-02 3088.0109/14257

22 77126046/64767606 2.645e-02 3.788e-02 5394.3798/15382

*£¤S5²¢S¦^�?nìê
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ã 4.3 ��Ø��Of3����[zÚg·A��[z¥�~�£�~�§LSSC-II 128

(:¤
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ã 4.4 z=0.1 ²¡þý)�þ��£�~�¤
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ã 4.5 z=0.1 ²¡þk��)�þ��£�~�¤

ã 4.6 z=0.1 ²¡þý)�þ£�~�¤
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ã 4.7 z=0.1 ²¡þk��)�þ£�~�¤

PETSc SÜæ�§ÚO(J´Ø�N^ PETSc �){ì�	����"�â¢
�uy§PETSc �){ì��õ^� 50%-100% �S�þ"

lã 4.9 Úã 4.10 �±wÑ§3
∑
²¡�g·A���~Ð�84
¯K

�Û5§Ó�ã 4.8 w«§g·A��[z¥���Ø��OÄ���
�`�
Âñ�§�Û[z�Ø�ù�:"ù`²·��g·A�{´¤õ�"§S�
cü��¬Úg·A�¬´k��"

L 4.6 ��[z��¹§S�ª�íþ� 1.0E-10£�~�§128 (:¤

�� gdÝê/ü�ê ��Ø� ¦)�m£¦¤ ü(:S�

�Ò �O� /S�Úê£g¤ ¦^þ (MB)

1 612/384*(3) 9.329e-01 0.0394/236 32.79

2 4224/3072*(30) 4.379e-01 0.6187/1080 33.64

3 31200/24576*(128) 2.350e-01 5.4443/6146 33.15

4 239424/196608 1.356e-01 10.1277/7256 34.18

5 1875072/1572864 8.344e-02 184.2217/22402 42.54

6 14840064/12582912 5.415e-02 2721.5690/42796 113.1

7 118080000/100663296 3.647e-02 93260.7354/88679 425.3

*£¤S5²¢S¦^�?nìê
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ã 4.9 ��ßÀã£�~�¤
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ã 4.10
∑
²¡���ã£�~�¤
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L 4.7 g·A[z��¹§S�ª�íþ� 1.0E-10£�~�§128 (:¤

�� gdÝê/ü�ê ��Ø� ¦)�m£¦¤ ü(:S�

�Ò �O� /S�Úê£g¤ ¦^þ (MB)

1 612/384*(3) 9.329e-01 0.0427/236 32.78

2 2078/1568*(15) 5.878e-01 0.4664/1012 32.76

3 4082/3044*(30) 4.517e-01 0.7859/1166 32.75

4 11124/8732*(87) 3.320e-01 3.1713/2666 33.01

5 37098/29832*(128) 2.179e-01 11.6157/9715 33.22

7 123226/100084 1.635e-01 46.8608/46256 33.36

11 2475940/2073216 5.768e-02 15449.6995/1530669 46.76

12 3269728/2735852 5.339e-02 52158.7333/4000000 49.75

13 6179278/5155072 4.585e-02 96981.5397/4000000 64.96

14 16229360/13668260 3.245e-02 259210.0547/4000000 125.5

*£¤S5²¢S¦^�?nìê
1 11,12,13 �g·AÚ¦)�5XÚ�S�gêþ��
��S�Úê§S�òÑ�Ø�

íþ� 1.05e-09!8.603e-10 Ú 1.555e-09"

ã 4.11
∑
²¡þ)�þ��£�~�¤
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ã 4.12
∑
²¡þ)�þ£�~�¤



64 Æ Ø©

§4.4.3 �~n

� Ω1 = (−1, 1)3§Ω2 = (0, 1)× (0,−1)× [−1, 1]§Ω = Ω1\Ω2§µ = 1, k2 = 1"3
Ω þ�ý)�

~u = ∇(r
1
2 sin(

φ

2
))

Ù¥ (r, φ)�Î¡�I">.þ� Dirichlet>.^� ~u× ~n = g"~u3 L.«��
z ¶þäkér�Û5"

L 4.8 ��[z��¹§S�ª�íþ� 1.0E-10£�~n§64 (:¤

�� gdÝê/ü�ê ‖u− uh‖H(curl,Ω) ��Ø� ¦)�m£¦¤

�Ò �O� /S�Úê£g¤

1 81/36*£1¤ 8.847e-01 4.753e-01 0.0050/16

2 480/288*£2¤ 6.547e-01 3.499e-01 0.0317/292

3 3240/2304*£23¤ 4.689e-01 2.529e-01 0.4373/894

4 23664/18432*£64¤ 3.337e-01 1.807e-01 2.8175/3899

5 180576/147456 2.367e-01 1.284e-01 11.3041/6988

6 1410240/1179648 1.676e-01 9.102e-02 206.1461/17788

7 11145600/9437184 1.186e-01 6.444e-02 4132.2952/43772

*£¤S5²¢S¦^�?nìê

L 4.9 g·A[z��¹§S�ª�íþ� 1.0E-10£�~n§64 (:¤

�� gdÝê/ü�ê ‖u− uh‖H(curl,Ω) ��Ø� ¦)�m£¦¤

�Ò �O� /S�Úê£g¤

1 81/36*£1¤ 8.847e-01 4.753e-01 0.0274/16

2 408/250*£2¤ 6.529e-01 3.512e-01 0.0638/296

3 1447/1066*£10¤ 4.782e-01 2.651e-01 0.4316/1106

4 3760/2916*£29¤ 3.538e-01 2.023e-01 1.7845/2506

5 8625/6856*£64¤ 2.668e-01 1.572e-01 4.9994/5246

6 19644/15776 2.044e-01 1.248e-01 7.9875/9236

9 261868/215568 8.716e-02 5.652e-02 344.8600/154168

12 3310072/2759768 3.777e-02 2.533e-02 30140.0202/1170362

*£¤S5²¢S¦^�?nìê
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L 4.8 ÚL 4.9 ©O�Ñ
¦^����[zÚg·A��[z�§3ØÓ
����k����Ø� ‖u−uh‖H( curl,Ω)Ú��Ø��O�±9¦)�m"l¥
�±w�§����[z3ü�ê� 147456 �k����Ø� ‖u − uh‖H( curl,Ω)

� 2.367e-01§g·A���I� 15776 �ü�BU¦k����Ø� ‖u −
uh‖H( curl,Ω) �� 2.044e-01"�����[z¥ü�ê�� 9437184 ��§k�
���Ø�Úg·A��Ø��O��©O�µ1.186e-01Ú 6.444e-02§3g·
A��¥§ü�ê� 2759768 ��§k����Ø�Úg·A��Ø��O�©
O� 3.777e-02 Ú 2.533e-02"lã 4.15 Úã 4.16 �±�Ù/w�§g·A��é
Ð/84
¯K�Û5§Ó�ã 4.13Úã 4.14w«§g·A[z���¥��Ø
��OÚk����Ø�Ä���
�`�Âñ�§�Û[z�Ø�ù�:"

ã 4.17 Úã 4.18 �Ñ
3 x = 0 ²¡þ�ý)�þ��Úk��)�þ�
�"ã 4.19 Úã 4.20 ©O�Ñ
3 x = 0 ²¡þ�ý)�þÚk��)�þ"

ù
`²·�§S�cü��¬Úg·A�¬´�~k��"�^r§S
��è�k 200 1�m§cü��¬±9¿1�'�SNÑ�éÐ/µC3

PHG ¥¥§¦�^r§S�G1§S��{'"
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ã 4.13 ‖u− uh‖H(curl) 3����[zÚg·A��¥�~�£�~n§LSSC-II 64 (:¤



1oÙ ��|¯Kê��[ 67

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
−2

10
−1

10
0

10
1

Number of element

P
os

te
rio

ro
 E

rr
or

adaptively refine
uniformly refine 
a line with slope −1/3

ã 4.14 ��Ø��Of3����[zÚg·A��¥�~�£�~n§LSSC-II 64(:¤
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ã 4.15 ���ã£�~n¤
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ã 4.16 x = 0 ²¡���ã£�~n¤
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ã 4.17 x = 0 ²¡þý)�þ��£�~n¤

ã 4.18 x = 0 ²¡þk��)�þ��£�~n¤
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ã 4.19 x = 0 ²¡þý)�þ£�~n¤

ã 4.20 x = 0 ²¡þk��)�þ£�~n¤
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[2] Babuška I. and Rheinboldt W., Error Estimates for Adaptive Finite Element Computa-

tion, SIAM J. Number. Anal., 15(1978), 736–754

[3] A. H. Baker, E. R. Jessup, T. Manteuffel, A Technique for Accelerating the Convergence

of Restarted GMRES, SIAM J. Matrix Analysis and Applications, 26(2005), 962–984
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