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ABSTRACT. We present a new hybrid numerical method for multiscale partial
differential equations, which simultaneously captures the global macroscopic
information and resolves the local microscopic events over regions of relatively
small size. The method couples concurrently the microscopic coefficients in the
region of interest with the homogenized coefficients elsewhere. The cost of the
method is comparable to the heterogeneous multiscale method, while being
able to recover microscopic information of the solution. The convergence of
the method is proved for problems with bounded and measurable coefficients,
while the rate of convergence is established for problems with rapidly oscillating
periodic or almost-periodic coefficients. Numerical results are reported to show

the efficiency and accuracy of the proposed method.

1. INTRODUCTION

Consider the elliptic problem with Dirichlet boundary condition
—div (¢®(z)Vus(z)) = f(x), xreDCR",

(1.1)
u®(xz) =0, x € 0D,

where D is a bounded domain in R™ and ¢ is a small parameter that signifies
explicitly the multiscale nature of the coeflicient a®. We assume a® belongs to a
set M(A, A; D) that is defined as

M A; D): = {a € [LXDN™" | €-a(@)é > A€ a(2)é > (1/4) [a(x)é]?
for any £ € R™ and a.e. z in D },

where || denotes the Euclidean norm in R™. Note that the coefficients a¢ in
M(A, A; D) are not necessarily symmetric.

The large scale behavior of the solution of (1.1) is well understood by the theory
of homogenization. In the sense of H-convergence due to MURAT AND TARTAR [42,
Theorem 6.5] and [34], for every a® € M(\, A; D) and f € H (D) the sequence
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of solutions {u®} of (1.1) satisfies

u® — ug weakly in  H (D), and
a®Vu® — AVuyg weakly in  [L?(D)]",
where wug is the solution of a homogenized problem
—div (A(z)Vug(z)) = f(x), rx €D,
(1.2) { ug(x) =0, x € 0D,

with the homogenized coefficient A € M(\, 4; D).

For multiscale PDEs as (1.1), the quantities of interest include the macroscopic
behavior of the solution and also the microscopic information (local fluctuation) of
the solution [18]. Many numerical approaches based on the idea of homogenization
have been proposed and thoroughly studied in the literature, such as the multiscale
finite element method [25] and the heterogeneous multiscale method (HMM) [19].

In this work, our focus is the scenario where the microscopic coefficient a ¢ is only
available in part of the domain, while outside the region, only a coarse information is
available about the coefficient field. More specifically, we only assume the knowledge
of the homogenized coefficients outside a small region of the domain. The question
is that given this information, whether it is still possible to recover the macroscopic
behavior of the solution, together with resolving the local fluctuation of the solution,
where the detailed information of the coefficient is known.

Several numerical approaches have been developed in recent years for such sce-
nario. Those methods can be roughly put into two categories.

The first class is the global-local approach firstly proposed in [37,38], and fur-
ther developed in [6,9,19,21]. This is a two stage method: One first computes the
homogenized global solution ug over the whole domain and then one finds the local
fluctuation by solving an extra problem on a local part of the domain. The homog-
enized solution may be used as boundary condition in solving the local problem
or be used to provide information on the fine scale based on a L?-projection. The
convergence of this approach has been investigated numerically in [33] for problems
with many scales, within the HMM framework [1,20]. This approach has also been
critically reviewed in [7], where in particular the choice of the local approximation
space was investigated.

Another class of method is based on the idea of domain decomposition, which
concerns handshaking multiple operators acting on different parts of the physical do-
main. Those operators may be either the restrictions of the same governing differen-
tial operators to the overlapping or non-overlapping sub-domains [5,17,22,23,29], or
different differential operators that describe perhaps different physical laws [16,27].
The popular Arlequin method [10,11] also belongs to this category, for which the
agreement of solutions on different scales is enforced using a Lagrange multipli-

er approach. A more recent work is [3], which considers a method following the
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optimization-based coupling strategy [17,22]: A discontinuous Galerkin HMM is
used in a region with scale separation (periodic media), while a standard con-
tinuous finite element method is used in a region without scale separation, the
unknown boundary conditions at the interface are supplied by minimizing the dif-
ference between the solutions in the overlapped domain. The well-posedness and
the convergence of the method have been proved, while the convergence rate is yet
unknown.

In this contribution, we propose a new concurrent global-local method to capture
both the average information and the local microscale information simultaneously,
as we shall explain in more details below. The current approach is mainly inspired
by the recent work [30,31] by two of the authors, in which a hybrid method that
couples force balance equations from the atomistic model and the Cauchy-Born
elasticity is proposed and analyzed. Such method is proven to have sharp stability
and optimal convergence rate.

Compared with the sequential global-local approach, the proposed method is
a concurrent approach. Compared with the domain decomposition approach, our
method smoothly blends together the fine scale and coarse scale problem, instead of
the usual coupling in domain-decomposition approach via boundary conditions or
volumetric matching. To some extent, our coupling strategy can be understood as
directly enforcing the agreement of the solutions at different scales in the coupling
region, rather through the use of a penalty.

More concretely, our method starts with a hybridization of microscopic and
macroscopic coefficients as follows. For a transition function p satisfying 0 < p <1,
we define the hybrid coefficient as

(1.3) b (@): = p(x)a®(x) + (1 — pla)) Alx).

Note in particular that a® is only needed where p # 0, and only the homogenized
coefficient A is used outside the support of p. This viewpoint is particularly useful
when the microscopic information of the elliptic coefficient is not accessible every-
where. We remark that p can be taken as a characteristic function so that b¢(x)
only involves either the coefficients for the original problem or the homogenized
coefficients.

On the continuum level, we solve the following problem with the hybrid coeffi-
cient b: find v° € H}(D) such that

(1.4) (bEVE, V) = (f,w) for all w € H(D),

where we denote the L?(D) inner product by (,-), and the L?(D) inner product
by (-, ~>L2(5) for any measurable subset D C D. Tt is clear that b € M(X\ A; D),
and the existence and uniqueness of the solution of Problem (1.4) follows from the

Lax-Milgram theorem.
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To numerically solve (1.4), let X}, C H}(D) be a standard Lagrange finite ele-
ment space consisting of piecewise polynomials of degree r — 1, we find v, € X,
such that

(1.5) by, Vup, Vw) = (f,w) for all w e Xy,

where
by = p(x)a®(z) + (1 — p(x))An(z),

and Ay is an approximation of 4. In practice, if the homogenized coefficient is
not directly given, A;, may be obtained by HMM type method or any other nu-
merical homogenization / upscaling approaches. For practical concerns, we assume
that the support of p is small, which means that we essentially solve the homog-
enized problem in the most part of the underlying domain, where p ~ 0, while
the original problem is solved wherever the microscale information is of particular
interest, where p ~ 1. The goal is to get the microscopic information together
with the macroscopic behavior with computational cost comparable to solving the
homogenized equation.

Note that b°Vv® = pa®Vv® + (1 — p) AV is a hybrid flux (i.e., a hybrid stress

tensor for elasticity problem), which reads
a®Vve, if p(z) =1,
beVv® = ¢ AVrS, it p(z)=0,
pa Vo + (1 — p)AVY®, otherwise.

This implies that the proposed hybrid method actually mixes the flux/stress in a
weak sense, which is different to the approach in [30,31] that mixes the forces in
a strong sense. This is more appropriate because Problem (1.1) is in divergence
form. Note that when taking p to be a characteristic function, the flux b*Vv® may
have jumps across the support of p, which might cause pollution problem of the
numerical results. In our numerical examples, it is indeed observed that choosing
a smooth p leads to better performance likely due to the smoother flux. It is
perhaps worth pointing out that the proposed method differs from the well-known
partition of unit method [8], which incorporate the partition of unit function into
the approximating space while we directly blend the differential operators on the
continuum level by the transition functions.

We emphasize that the working assumption is that the microscopic information
is only desired on a region with relatively small size, which might lie in the interior
or possibly near the boundary of the whole domain, or even abut the boundary of
the domain. Outside the part where the oscillation is resolved, we could at best
hope for capturing the macroscopic information of the solution. This motivates that
we should only expect the convergence of the proposed method to the microscopic

solution u® in a local energy norm instead of a global norm. Moreover, such local
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energy estimate should allow for highly refined grid that is quite often in practice,
otherwise, the local events cannot be resolved properly.

The structure of the paper is as follows. In § 2, we study the H-limit of the hybrid
method without taking into account the discretization. In § 3, the error estimate of
the proposed method with discretization is proved, in particular, the local energy
error estimate is established over a highly refined grid, which is the main theoretical
result of this paper. In the last section, we report some numerical examples that
validate the method. In the Appendix, we construct a one-dimensional example to
show the size-dependence of the estimate over the measure of the support of the
transition function p.

Throughout this paper, we shall use standard notations for Sobolev spaces, norms

and seminorms, cf., [4], e.g.,
1/2 1/p
2 a
lullcoys = [ @2+ 196 de) . ledyrnyi = | 1Dl
|a|=k

We denote the average of a function g over a set E by

1
gdar::z—/gda&7
fo0== g1,

provided that the measure | E'| is finite and the integral on the right is well-defined. We
use C as a generic constant independent of € and the mesh size h, which may change

from line to line.

2. H-CONVERGENCE OF THE CONCURRENT METHOD

Before considering the convergence of the method, we first study the implication
of the strategy of mixing microscopic and homogenized coeflicients together as
(1.3). To separate the influence of the discretization, we consider in this section the
continuous Problem (1.4). The discretized problem is studied in the next section.
By H-convergence theory, there exists a matrix B € M(A, 4; D) that is the H-limit
of b¢. The following proposition quantifies the difference between A and B.

Proposition 2.1. There holds
(2.1) | A(z) — B(z)|| < 24 (A/A + MA/A) p(z)(1— p(z)) ae xeD.

Here || - || is the Frobenius norm of a matriz.

It follows from the above result that B = A whenever p(z) = 0 or p(z) = 1,
a.e., x € D, which fits the intuition. When 0 < p < 1, the above estimate gives a
quantitative estimate about the distance between the effective matrices B and A.
Notice that when p is not close to 0 or 1, the proposition does not imply closeness
between the matrices A and B; thus in practice, it is not a good idea to have an

extensive region that p takes value in between 0 and 1.



6 Y.F. HUANG, J. LU, AND P.-B. MING

The proof is based on a perturbation result of H-limit, which can be stated as
the following lemma in terms of our notation.
Lemma 2.2. [42, Lemma 10.9] If ¢ € M(«,8;D) and b € M(d/,8'; D) H-
converges to A and B, and ||a®(z) — be(x)|| < € for a.e. x € D, then

(22) max | A(x) ~ B < e/ 22

We shall not directly use Lemma 2.2, while our proof largely follows the idea of

the proof of this lemma.

Proof of Proposition 2.1 Firstly, we prove

2
(2.3) IA(z) — Bz )||<%(17 o(z)) aexeD.

For any f,g € H~ (D), we solve
—div(a®Ve®) = f, in D,
¢° =0, on 0D,

and

—div ((b°)'Vy7) =g, in D,

e =0, on 0D,

where (b€)! is the transpose of the matrix b°. By H-limit theorem [42, Theorem
6.5], there exist A, B € M(A, A; D) such that

¢ — o weakly in  Hj (D), and
a®V¢* — AV weakly in  [L?(D)]",
and
e — 1y weakly in  Hj (D), and
(b5)'V* = (B)'Vip  weakly in [L*(D)]",
with
—div(AVep) = f, in D,
oo = 0, on 0D,
and
—div (BtVz/JO) =g, in D,
Yo =0, on OD.
By the Div-Curl Lemma [41], we conclude

(a®V¢°,V©)y — (AVao, Vibg) in the sense of measure,
2.4
24) <( te, V¢E> < )iV o, V¢0> in the sense of measure.

Therefore, for any ¢ € C§°(D), we have
lim (p(b® — a®)Ve®, Vo) — (o(B — A)V o, Vi) .

e—0



A CONCURRENT GLOBAL-LOCAL NUMERICAL METHOD FOR MULTISCALE PDES 7

Let ¢ > 0, and we define
X:=lim (p(b® —a®)Ve¢®, V).
e—0
It is clear that
X <limsup (p(1 = p) [(A = a®)Ve®|, [VY©|)

e—=0

< 2Alims51p (p(1 = p) VO, |VYT]).

E—

For any o > 0, we bound X as

2/ . P A 2
< - _ £ 0 _ g
X < 3 (a)\hr;ls(l)lp <g0(1 p), Ve >—|— o ll?sgp <<p(1 p), VYT >)

2A 1
< ~ (a limsup {(p(1 — p)aVe®, Vo) + o limsup (p(1 — p)b° Vo=, Vz/ﬁ)).

e—0 e—0
Invoking the Div-Curl Lemma (2.4) once again, we obtain

X < % (a (o(1 — p)AV o, Vo) + i (p(1 = p)BVo, V%))

242 2 1 2
< _ _
< 25 (oot = o196l + 4o (1= o Ivwl%) )
which implies that for a.e. x € D,

/12
(5= Vo0 Vil < 501 p(o) (Tl + - V0ol

Optimizing «, we obtain that for a.e. x € D,

212
T(l —p(x)) Vol [Viol,

from which we obtain (2.3) because ¢g and 1 are arbitrary.

|(B—A)Vo - V| <

Next, we prove
(2.5) A(x) — B(z)|| < 24/ A/Ap(x) a.e.x € D.

The proof of (2.5) is essentially the same with the one that leads to (2.3) except
that we define

X:= lii;% (p(b® — A)V o, V) for ©>0.
It is clear that
X< lims(l)lp (pp|(A—a®)Vaol, |[Vy©|) < 2Alims(1)1p (ep Vol IVYe|).
e— e—

For any a > 0, we bound X as
X <24 2y Ly °?
< 24{ a{¢p,|Vool" ) + o limsup {pp, |[VY*|
a0

1 : € £ £
<24 (a <<pp, |V¢0\2> i hmsgp (ppb=Vy©, V) >> :

da e—
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Applying the Div-Curl Lemma (2.4) to the second term in the right-hand side of
the above equation, we obtain

X <24 (a (ppV o, Vo) + ﬁ {(pBVo, V¢0>>

<24 (a <s0p, |V¢o|2> + ﬁ <<pp’ |vwo|2>) :

which implies that for a.e. x € D,

A
(5 Vo0 Vol < 240 (a[Voul* + 5 Vo).
Optimizing «, we obtain
|(B—A)Vao - Viho| < 24y/A/X p(x) Vol [Vibol

from which we obtain (2.5).

Finally we use the convex combination of (2.3) and (2.5) as
[A(z) = B(2)|| = p(z)[|A(z) = B(x)[| + (1 = p(x)) [A(z) = B(z)]|

for a.e. x € D, this leads to (2.1). O
If we replace A by any matrix C € M (X, A’; D), then we may slightly generalize
the above theorem as

Corollary 2.3. Let C € M(N,A'; D), and we define b° = p(z)a®(z)+ (1 — p(z))C.
Denote by B the H-limit of b%, then for a.e. x € D, there holds

1B(z) = p(x)A(w) = (1 = p(@))C(@)]| < (4+ ) VAN (VATX+1) pla) (1 = p(@)),
where A=AV A and X=AAN.

The proof is omitted because it follows essentially the same line that leads to
Proposition 2.1.
As a direct consequence of the above corollary, if we take p(z) as the character-

istic function of a subdomain Dy of D, i.e., p = xp,, then

(2.6) B(z) = xp, A(z) + (1 — xp, )C(x) a.e.x € D.
In particular, if we take C(z) = A(x), then

(2.7) B(z) = A(z) a.e.x € D.

When a® is locally periodic, i.e., a® = a(z,z/e) with a(x,-) is Y-periodic with
Y = (-1/2,1/2)", we can characterize the effective matrix B more explicitly s-
ince b¢ is also locally periodic with the same period. By classical homogenization

theory [12], the effective matrix B is given by

8)(%
(2.8) Bij(z) = ][ bij + b““T (z,y) dy,
Y Yk
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where {x7(z, y)};-lzl is periodic in y with period Y and it satisfies

0 ox? Ob;; ,
2.9 —— | b =2 ) = —2L(z, in Y, /f,dzo.
(2.9) o9, ( kayk> (z,y) ;i (z,y) in Yxp(w y)dy

Here b;j(z,y) = p(z)aij(z,y) + (1 — p(z))Aij (z).
For x € D with p(z) =0 or p(z) = 1, we have B = A.
In particular, for n = 1, we have the following explicit formula for B.
-1

B(z) = (/01 p(x)a(z,y) + (11 = p(x))A(z) dy) ’

w0~ ([ )

As expected, when p(x) = 0 or p(x) = 1, it is clear from the above that B(z) = A(z).

where

3. CONVERGENCE RATE FOR THE DISCRETE PROBLEM

We now study the convergence rate of the discrete Problem (1.5). We assume
that A, € M(X, A’; D). This is true for any reasonable approximation of A. For
example, if we use HMM method [1,20,21] to compute the effective matrix, then
Ay € M(A, A; D). By this assumption, we have b € M(A, 4; D). Throughout this
paper, we only assume that p is bounded and measurable and satisfies 0 < p <1
a.e. in D.

Let 75 be a triangulation of D with maximum mesh size h. Denote by h, the
diameter of each element 7 € T,. we assume that all elements in 7; are shape-
regular in the sense of Ciarlet and Raviart [13], that is each 7 € T}, contains a ball
of radius ¢1h, and is contained in a ball of radius C;h, with fixed constants ¢; and
C1.

Denote K = supp p and |K|: = mesK, and define

IIn|K|["?, ifn=2ands=1,
1, ifn=3o0rse(0,1).
We begin with the following inequality that will be frequently used later on.

Lemma 3.1. For any v € H*(D) with s € (0,1], and for any subset Q@ C D, we
have

(3.1) lollza@) < €101 n(@)llol e ).

where the constant C' independent of the measure of D.

Proof. For n =3 with 0 < s <1 and n = 2 with 0 < s < 1, let 2* = 2n/(n — 2s)

be the fractional critical exponent. By the Holder’s inequality and the Sobolev
embedding inequality [15], we obtain

1/2—1/2* s/n s/n
0]l 20y < Q172 [oll o= ) < 1™ [0ll L2+ (py < C 1™ 0] a1+ ()5
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which yields (3.1).
Aston =2 and s =1, for any p > 2, we have the Sobolev embedding inequality

vl ey < Cv/pllv| a1 (D) for all v e HY(D),
which together with the Holder’s inequality gives
1/2—1 1/2—1 1/2-1
oz < 1977 Jollzagey < 191277 ol ooy < ORI TP [[0]a1 ).
Taking p = [In ||| in the above inequality, we obtain (3.1) forn =2and s =1. O

Remark. When n = s = 1, (3.1) is still true with prefactor replaced by |Q|1/2 by
observing

lollzzy < 190 ollz~ ) < 198 ol < C1UY2 0]z ).
where we have used the imbedding H*(D) < L° (D) in the last step.

3.1. Accuracy for retrieving the macroscopic information. In this part, we
estimate the approximation error between the hybrid solution and the homogenized
solution. The following result is in the same spirit of the FIRST STRANG LEMMA [13].
Our proof relies on the Meyers’ regularity result [32] for Problem (1.2) in an essential
way. We state Meyers’ results as follows. There exists pg > 2 that depends on D, A
and A, such that for all p < py,

(3.2) Vuollzr(py < Cll fllw-12(D)

with C' depends on D, A and .
For any 2 C D, by Hoélder inequality and the above Meyers’ estimate, we obtain

(33)  [Vuollzzy < 19" 7 | Vuol o) < 191" 7P| Vuo] 1o ()
< C1M"* 7P| fllw-10(D)s

where C' depends on D but independent of 2.

Theorem 3.1. Let ug and vy, be the solutions of Problem (1.2) and Problem (1.5),
respectively. Define e(HMM): = max,cp\x ||(A—An)(x)|. There exists C' depends
on X\, A and D such that for any 2 < p < pg,

IV (uo — vi)llL2(py < C(inf [[V(uo — x)||22(py + e(HMM) || f|l 1)
(3 4) XEXp

’ 1/2—1/p

+ | K] 1fllw-1.0(D))

and for any 2 < p < py with

~ Po, an:27
p =
" poA6, if n=3
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we have

[lug — Uh”LZ(D) <C (Xien)ﬁ’ IV (ug — X)HL2(D) + |K|1/271/Z7 ||fW—1=P(D)>

! i 1/2—1/p
X sup inf |V Vg — X , LK
<9€L2(D) l9llz2(D) xEXn IV (g )Nz + K]

(3.5) + Ce(HMM)||f]| z-1(p)
where p, € HY (D) is the unique solution of the variational problem:

(3.6) (AVv,Vog) = (g,v) for all v e Hy(D).

The above estimates show that the solution of the hybrid problem is a good
approximation of the solution of the homogenized problem provided that |K]| is
small, besides certain approximation error. This is expected since in this case we
essentially solve the homogenized problem over the main part of the domain D. The
dependence on |K| in the estimate (3.4) is also essential and sharp, as will be shown
by an explicit one-dimensional example in the Appendix A. Similar constructions
can be also done for higher dimensions, though it becomes much more tedious.

Let us also remark that the error estimates (3.4) and (3.5) are valid without any
smoothness assumption on ug. Convergence rate may be obtained if we assume

extra smoothness on ug, which may be found in Corollary 3.2.

Proof of Theorem 8.1 Let u € X} be the solution of the variational problem
(AVu, Vo) = (f, v) for all v € Xj.
By Cea’s lemma [13], we obtain
(3.7 IV~ Dlleeoy < 5 nf 1900 = X))
Denote w = u — vy, and using the definition of v, and u, we obtain
by, Vw, Vw) = (by Vu, Vw) — (f,w) = ((by — A)Vu, Vw) .
By by — A=p(a®—A) + (1 - p)(Ar — A), we obtain
(brVw, Vw) < (24] V| L2 (x) + e(HMM) [V £2(p)) [|Vw] 22 (p)-
Using the triangle inequality and (3.3) with = K, we obtain, for any 2 < p < po,
(38)  IVallzawo < IV (0 = Dz + C 1K1 [ flw-10(0),

and the a-priori estimate ||Vul[z2(py < C||f||z-1(p). Combining the above three

equations, we obtain
(b Vw, Vo) < (241 (o — )| 12(py + €EMM)|| | 511 (y) IV 2
+ C K7V | fllw-ro(0) [V 2

This together with (3.7) concludes the estimate (3.4).
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We exploit Aubin-Nitsche’s dual argument [35] to prove the L? estimate. For
any x € Xp, using (3.6), we obtain

(39)  (g,uo —vn) = (AV(uo = va), V(eg — X)) + (AV (1o — va), V) .
The first term may be bounded by
[(AV (uo = vn), V(eg = X)) < AlIV(uo = vn)llL2(0) [V (0g = Xl 2(D)-
The second term in the right-hand side of (3.9) may be rewritten into
(AV(uo = vn), Vx) = (f, x) = (AVr, Vx) = ((by; — A)Vur, VX)),
which may be bounded by
[(AV (uo = vn), VX)| < 24[Von |l L2 IV X 2 (16) Fe(HMM)|[Von || L2 (p) VXl £2( D) -
Proceeding along the same line that leads to (3.8), we obtain
IVonll 22y < IV (w0 = vn) 2oy + C 1K 72 flw 1),
and for any 2 < p < Py,
IV X220y < 1920 =) 220y + C K77 [lg] 22()-

where we have used the imbedding L?(D) < W~1P(D) for any 2 < p < po.
Summing up all the above estimates, using the triangle inequality and (3.4), we

obtain (3.5). O
In Theorem 3.1, the factor |K |1/ 2=1/p may seem quite pessimistic. If there are

some extra conditions on the solution ug or the source term f, then this factor may

be significantly improved.

Corollary 3.2. (1) If [[Vuo|l o= (k) is bounded, then the index p = occ.
(2) If there holds the reqularity estimate

(310) HUO”HH'S(D) < C||f||L2(D) for 0<s<1,
then there exists C' that depends on A\, A and f such that
IV (1o = vn)llz2(py < € (B* + K|/ n(K) + e(HMM) ),

(3.11) N
o = wnllzapy < C (B2 + K™ 1K) + e(HMM))

(3) If f is supported in K and f € L*(D), then we may replace |K|S/" n(K)
in (3.11) by |K|'/".

Proof. The first assertion is straightforward.
To prove the second assertion, we just need to replace Meyers’ estimate by the
estimate (3.1) and apply the standard interpolate estimate.
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As to the third assertion, denote by ¢ the conjugate index of p, we have

||f||L2(K)HgHL2(K)

[ fllw-1p(py < sup
gewl1(D) ”gHWUI(D)

I fllz2 ) 19l
gEW, (D) lgllw.a(p)

< CIEI"* V7 fl 2oy,

S |K|1/2—1/T‘

where we have used the Sobolev imbedding W4(D) — L™(D) with 1/r = 1/q —
1/n. Substituting the above estimate into (3.4), we obtain the improved factor
|K|Y™ in (3.11). O

3.2. Accuracy for retrieving the local microscopic information. Parallel to
the above results, we have the following energy error estimate for u® — vp,. Our
proof also relies on the Meyers’ regularity result [32] for Problem (1.1). Similar
to (3.2), there exists p; > 2 that depends on D, A and A, such that for all p < py,

(3.12) IV 20y < ClLflw-10(0)

with C depends on D, A and A. Proceeding along the same line that leads to (3.4),
and using (3.12), we obtain

IV (uf — Uh)||L2(D) <C <Xi€n)£h |V (u® — X)HLZ(D) +|D\ K|1/2—1/P ”f”lep(D)) 7

where C depends on A\, N, A, A’ and D.

The above estimate indicates that the global microscopic information can be
retrieved provided that | K] is big, namely we solve (1.1) almost everywhere, which
seems to contradict with our motivation. In fact, our projective is less ambitious,
since what we need is the local microscopic information. Therefore, the most rel-
evant error notion is often related to the local norm instead of the global energy
error. The following local energy estimate is the main result of this part.

We assume that p = 1 on Ky CC K, and dist(Ko, 0K \ 0D) = d > kh for a
sufficiently large x > 0. For a subset B € D, we define

HL(B):={ueH'(D) | ulp\g=0}.
In order to prove the localized energy error estimate, we state some properties
of X} confined to K following those of [14]. More detailed discussion on these
properties may be found in [36]. Let G and G be subsets of K with G; C G and
dist(G1,0G \ 8D) = d > 0. The following assumptions are assumed to hold:
Al: Local interpolant. There exists a local interpolant such that for any u €
HL(G1)NC(G1), Tu € X, N HL(G).
A2: Inverse properties. For each x € X, and 7 € T, N K,1 < p < g < 00, and
0<v<s<r,

(3.13) Illwenntr) < CRE02=208 )l .
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A3. Superapprozimation. Let w € C*(K) N HL(Gy) with |wlysee (1) < Cd—i
for integers 0 < j < r for each x € X;, N HL(G) and for each 7 € T, N K
satisfying h, < d,

h, h,
(814) Wy~ I )lmm < C (Jnvwx)nm + 32||XL2(T)) ,

where the interpolant I is defined in Al.
The assumptions A1,A2 and A3 are satisfied by standard Lagrange finite ele-

ment defined on shape-regular grids. In particular, the Superapprozimation proper-
ty (3.14) was recently proved in [14, Theorem 2.1], which is the key for the validity

of the local energy estimate over shape-regular grids.

Theorem 3.2. Let Ko C K C D be given, and let dist(Ko,0K \ D) = d. Let
assumptions Al, A2 and A3 hold with d = d/16, in addition, let max qxph,/d <
1/16. Then

319) 190" = on)lzzaey < € inf 1906 = 0lago + 4o = wnllaer )
where C depends only on A, X\, A', N and D.

Remark. The estimate (3.15) is also valid even if the subdomain Ky abuts on the

domain D, which makes practical implementation convenient.

As suggested by the first term in the right-hand side of (3.15), locally refined
mesh may be desired to resolve the local events, which is allowed by the above
theorem because we only assume the shape-regularity of the mesh. All the other
contributions are encapsulated in the second term ||u® — v || z2(k), which is a direct
consequence of the L? estimate (3.5) and the triangle inequality as follows. To
make the presentation simpler, we assume the regularity estimate (3.10) is valid
with s = 1, then

lu® = wnllL2(x) < v = onllz2py < lluo — vallrz2(p) + [[u® = uoll2(p)
2/n
<0 (W4 KPP + s 4= Ao )

+ ||u® = uol|L2(D)-

The convergence rate of the approximated solution in L? consists of two parts,
the first one is how the solution approximates the homogenized solution, which
relies on the smoothness of the homogenized solution, the size of the support of the
transition function p, and the error committed by the approximation of the effective
matrix. The second source of the error comes from the convergence rate in L? for
the homoginization problem. For any bounded and measurable a®, |[u® — uq||z2(p)
converges to zero as € tends to zero by H-convergence theory. More structures have
to be assumed on a® if one were to seek for a convergence rate. There are a lot

of results for estimating ||u® — uo||z2(p) under various conditions on a®. Roughly
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speaking, ||u® —uol[z2(py ~ O(¢”), where v depends on the properties of the coeffi-
cient a® and the domain D. We refer to [26] for a careful study of this problem for
elliptic system with periodic coefficients. For elliptic systems with almost-periodic
coefficients, we refer to [40] and references therein for related discussions.

The proof of this theorem is in the same spirit of [36] by combining the ideas
of [14] and [39]. In particular, the following Caccioppoli-type estimate for discrete
harmonic function is a natural adaption of [14, Lemma 3.3], which is crucial for the

local energy error estimate.

Lemma 3.3. Let Ko C K C D be given, and let dist(Ky,0K \ 0D) = d. Let
assumptions Al, A2 and A3 hold with d= d/4, and assume that u, € X, satisfies

by Vup, Vo) =0 Yo € X, N HL(K).

In addition, let max g2 hr/d < 1/4. Then, there exists C' such that

C
(3.16) vl (ko) < E||Uh||L2(K)7

where C' depends only on the constants in (3.13), (3.14), A" and X.

Proof of Theorem 3.2. Without loss of generality, we may assume that K is the
intersection of a ball By, with D, the general case may be proved by a covering
argument as in [36, Theorem 5.1 and Theorem 5.2]. Let K be the intersection of
a ball Bzg/4 with D and K be the intersection of a ball By with D. Therefore, we
have Ko cC K cC K, and dist(Ky, K \ D) = d/4. Let i = wu® with w the
cutoff function that is 1 on K and that satisfies [wl[wroe iy < Cd™ for 0 < j <.
Let @y, be the local Galerkin projection of @, i.e., Uy € X5 N HL(K), and satisfies

(bpV (u — 1uy), Vo) = F(v) Yo € X, N HL(K),

where F(v): = ((bf —a®)Vu®, Vv). By coercivity of by, we immediately have the
stability estimate

(3.17) IVan| 2y < C (IVall L2 (0 + V05| L2 (50\i66))

for certain C' that depends only on A, \, A" and .

By definition and recalling that w = 1 on K, we may verify that up — vy is

discrete harmonic in the sense that for any v € X, N HL(K), there holds
(b V (un — vn), Vo) = (b Vun, Vo) = (f,v)
= (byVu,Vu) — F(v) — (f,v)
= (byVu®, Vv) — (a*Vu®, Vv) — F(v)
=0.
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Using (3.16) and invoking that w = 1 on K again, we obtain
IV(u® = vn)llL2x0) < V(@ = @)l L2(x0) + IV (@n = vn)llL2(x0)
. C, .
< IV~ @)l + Sl vnll oy

PO C /i~
< IV @ = @llzaae) + o (I =l + e = ol o))

(3.18) <C(IV@ =) l2ae + 4w = wnllpa ) )
where we have used the Poincaré-Friedrichs inequality
an = ull gy < I[in — ll L2y < Cdl|V (U — @)l L2(x),

because Uy, — U vanishes on K modulo 0.
Next we use the triangle inequality and (3.17) while recalling the decay property
of w to find that

IV (@ = @n) L2y < C (IVallL2(rey + IV 250\ i60))
< C(IVullea iy +d ™ ufllze ) + VUl L2 e\ ko) )
< C(IVull2xy + d7 s || p2xey) -
Substituting the above inequality into (3.18), we obtain
IV (u® = vn)ll2(x0) < C (IV5 |2 (k) + d7H|u |20y +d7Hu® = vnllLzx)) -
For any x € Xj,, we write u® — v, = (u® — x) — (vp, — x), and we employ the above
inequality with u® taken to be u® — x and vy taken to be vy — x. This implies

[V(u® = vn)ll2(xy) < Cxien)gh (IV(u® = x) | p2cry + d M u® = Xl z2(r0)
(3.19) o
€
+ EHU — vl L2 (x)-

Let x* = arginfyex, |V(u® — x) | 12(x), we take x = x* ++ ;- (u® — x*) dz in (3.19)
and apply the Poincaré inequality

[u® = Xll2(x) < CdIV(u® = x)|L2(x) = Cd||V(u® — X")| L2 (k)

Therefore, we obtain (3.15) and complete the proof. O

4. NUMERICAL EXAMPLES

In this section, we present two numerical examples to demonstrate the accuracy
and efficiency of the proposed method.

The governing equation is (1.1) with the domain D = (0,1)? and the forcing
term f = 1 and the homogeneous Dirichlet boundary condition is imposed. The
subdomain Ky C D whose microstructure is of interest is assumed to be a square
for simplicity, i.e., Ko = xo(—L,L)? for certain 2o € D. We also denote K: =
20+ (=L —0§,L+06)? for § > 0. The first step in implementation is to construct the
transition function p. We let 5 : [-L—0, L+0] — [0, 1] be a first order differentiable
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function such that vs(¢) = 1 for 0 < ¢ < L, and v5(L) = 0,vs(L+9) = v5(L+6) = 0.
Moreover, 75 is an even function with respect to the origin. We may extend ~s to
a function defined on R by taking vs(¢) = 0 for |[t| > L + §. Finally we define the
transition function p(z): = vs(z1)vs(x2).

For both examples, we compute

||u5 _UhHHl(KO) and ||U0 _UhHHl(D\K)a
which are the two quantities of major interest. The reference solutions u® and wug

are computed over very refined mesh, and the details will be given below.

4.1. An example with two scales. In this example, we take

(R1 + Rysin(2mx1))(Ry 4+ Ra cos(2mxs))

)= R+ T /) (R + Rasin(2na/2))

where [ is a two by two identity matrix. The effective matrix is given by
(R1 + Rosin(27x1))(Ry + Rz cos(2mxs)) I
Ri\/RZ — R2 '
In the simulation, we let Ry = 2.5, R = 1.5 and € = 0.01. The subdomain around
the defect is Ko = (0.5,0.5) + (—L, L)? with L = 0.05.
We compute u® with P; Lagrange element over a uniform mesh with mesh size

A(x) =

3.33e—4, which amounts to putting 30 points inside each wave length, i.e., h ~ £/30.
The homogenized solution ug is computed by directly solving the homogenized
problem (1.2) with P; Lagrange element over a uniform mesh with mesh size 3.33e—
4, and the above analytical expression for A is employed in the simulation. We take
these numerical solutions as the reference solutions, which are still denoted by u®
and ug, respectively.

We solve Problem (1.5) over a non-uniform body-fitted mesh as in Figure 1. We
admit that the body-fitted mesh leads to undesirable anistropic meshes in the tran-
sition regions. Such mesh constraints might be removed by resorting to imposing

penalty in the variational formulation, which will be left for future works. The
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FIGURE 1. Mesh for the concurrent method
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solutions u®, ug and vy, are plotted in Figure 2, which look almost identical to each
other on the macroscopic scale.

FIGURE 2. Solutions in D and § = 0.05. Left: the homogenized
solution ug; Middle: the solution of the concurrent method; Right:
the solution of Problem (1.1).

We plot the zoomed-in solutions inside the defect domain Ky in Figure 3, it
seems the hybrid solution approximates the original solution very well because it

captures the oscillation of the microstructures inside Kj.

c.o8 ... ; c.o8 ..

o.07s - -
o ore . .
o.o7a . - -

o.o7= .

o.07 i -
c.oes - .

o.oss -

o osa 4 -
o’5s : .

FIGURE 3. Solutions inside the defect domain Ky and § = 0.05.
Left: the homogenized solution wg; Middle: the solution of the

concurrent method; Right: the solution of Problem (1.1).

Next we plot the zoomed-in solutions in D\ K in Figure 4, i.e., outsie the defect
domain Ky, it seems that the hybrid solution approximates the homogenized solu-
tion very well because it is as smooth as the homogenized solution, while there is
oscillation in u®.

The localized error ||u® — vy g1 (k,) is shown in Figure 5(a) for both the smooth
and nonsmooth transition functions. Here the nonsmooth transition function is
the characteristic function of K. The results show first that the parameter § has
little influence on the local energy error, and secondly the result obtained by the
nonsmooth transition function is less accurate.

Finally, we plot the error ||ug — va|| g1 (p\x) in Figure 5(b) for both the smooth
and nonsmooth transition functions. For fixed L, this quantity decreases as the
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FIGURE 4. Solution in a subdomain of D/K and ¢ = 0.05. Left:
the homogenized solution ug; Middle: the solution of the concur-
rent method; Right: the solution of Problem (1.1).
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FIGURE 5. (a) Localized H! error with respective to the mesh size
inside the defect domain Ky. (b) Error between the hybrid solution

and the homogenized solution outside K.

mesh outside K is refined. It seems that the smoothness of the transition function
has little effect on the accuracy of the homogenized solution, which is consistent
with the theoretical results.

The results in Table 2 show the convergence rate of the hybrid solution to the
homogenized solution. It is optimal in the sense that the solution of the hybrid
problem converges to the homogenized solution with first order in the energy norm,
and it converges with second order in the L2 norm. This seems consistent with the

theoretical estimates (3.4) and (3.5), because
IV (uo — va)||z2(p) < C (h +L |1nL|1/2) o lwo = vnllzepy < € (h* + L InLJ) .

When L ~ h, the convergence rate is of first order with respect to the energy norm,
while the mesh size is smaller than L, the dominant term in the error bound is
Liln L|1/ ?, the convergence rate deteriorates a little bit, which is clear from the last
line of Table 2. The same scenario applies to the L? error estimate.
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TABLE 1. Error between the hybrid solution and the homogenized so-

lution outside K.

h lluo — vnllz2(p\k) | order | |lug — vallg1(p\k) | order
1/10 9.04E-04 2.56E-02
1/20 2.47E-04 1.87 1.26E-02 1.02
1/40 7.96E-05 1.64 6.28E-03 1.01
1/80 3.41E-05 1.22 3.04E-03 1.04
1/160 2.47E-05 0.47 1.61E-03 0.92

We also report the error between the hybrid solution and the homogenized solu-
tion inside K. It seems the magnitude of the error inside K is almost of the same
order with that outside K, and there is no convergence rate as the mesh is refined,

which is more pronounced for the energy error.

TABLE 2. Error between the hybrid solution and the homogenized so-
lution inside K.

h |lwo — vnllL2(xy | order | [lug — vallm1(ky | order
1/10 2.46E-04 3.14E-03
1/20 1.08E-04 1.18 5.81E-03
1/40 5.38E-05 1.01 6.96E-03
1/80 3.20E-05 0.75 7.48E-03
1/160 2.67E-05 0.26 7.64E-03

4.2. An example without scale separation in the defect domain. The setup
for the second example is the same with the first one except that the coefficient is

replaced by a® = xk,a + (1 — xk,)a°, where

oy

_]OZO

s Q (izs — ill)J + 150z | + L150x2J) :

and
a®(x) = (2.1 4 cos(2mzy /) cos(2mza /) + sin(dzia3)) I.

The above coefficient is taken from [2], which has no clear scale inside Kjy; while it
is locally periodic outside K. We plot the coefficient a® in Figure 6 with ¢ = 0.1.
We let ¢ = 0.0063 for the sake of comparison with those in [2] and compute
uf over a uniform mesh with mesh size 3.33e — 4. By Corollary 2.3 and the iden-
tity (2.6), the effective matrix A = xg,a + (1 — XKO)A and the approximating
effective matrix Ap, = xx,a + (1 — XKD)Ah, where A, is an approximation of the
effective matrix associated with a® through a fast solver based on the discrete least-

squares reconstruction in the framework of HMM (see [28] for details of such fast
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FIGURE 6. Coefficient a® with ¢ = 0.1. The right one is the

zoomed-in plot near the defect.

algorithm). We reconstruct ﬁh to high accuracy so that the reconstruction error
is negligible. The homogenized solution ug is computed by solving Problem (1.2)
with 4, which has also been used in solving the hybrid problem (1.5), i.e.,

h = PXKoa + p(1 = XK,)a® + (1 — p)xr,a + (1 — p)(1 — XK,)An
= XKoaJr (1 - XKO) (paa + (1 - p)/Nlh> .

We solve Problem (1.5) over a non-uniform mesh as in Figure 1, and plot u®, vy,
and wug and the zoomed-in solution in Figure 7. The difference among them are
small because there is no explicit scale inside the defect domain Kj.

We plot the localized H' error in Figure 8(a). It seems the hybrid method con-
verges slightly faster than the direct method, and the parameter § has no significant
effect on the results.

Next we plot the error outside K in Figure 8(b). The results in Table 3 shows
that the convergence rate of the hybrid solution to the homogenized solution is

optimal with respect to both the energy norm and the L? norm.

TABLE 3. Error between the hybrid solution and the homogenized so-

lution outside K.

h luo — vnllz2(p\k) | order | |lug — vallg1(p\k) | order
1/10 3.93E-04 1.24E-02
1/20 8.92E-05 2.14 5.86E-03 1.08
1/40 2.06E-05 2.11 2.81E-03 1.06
1/80 4.92E-06 2.07 1.35E-03 1.06
1/160 1.45E-06 1.76 7.05E-04 0.94

We also report the error between the hybrid solution and the homogenized solu-
tion inside K. It seems the magnitude of the error inside K is slightly smaller than
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(¢) Solutions in a subdomain of D/K.
FI1GURE 7. The solution of hybrid method with é = 0.05 in the simulation.
those error outside K, while the energy error is almost of the same order with that
outside K, and there is also no convergence rate as the mesh is refined.

TABLE 4. Error between the hybrid solution and the homogenized so-
lution inside K.

h lluo — vnllz2(k) | order | |lug — vallm1 (k) | order
1/10 4.77E-05 2.53E-04
1/20 1.17E-05 2.03 1.35E-04 0.45
1/40 3.48E-06 1.75 1.31E-04 0.03
1/80 1.29E-06 1.43 2.05E-04
1/160 6.84E-07 0.91 2.45E-04

4.3. Comparison with the global-local approach. In this part, we compare
the present method with the global-local method [37]. The local region is Q, =
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FIGURE 8. (a) Localized H! error with respective to the mesh size
inside K with different 6. (b) Error between the hybrid solution
and the homogenized solution outside K.

(0.5,0.5) + (=L — 1, L + n)? for a positive parameter 7. The recovered solution
is denoted by u¢. The results for Example 4.1 and Example 4.2 are plotted in
Figure 9 and Figure 10, respectively. The results in both figures show that the con-
current approach yields comparable results with those obtained by the global-local
approach, and the concurrent approach being slightly more accurate. Moreover, it
seems the parameter 7 has little effect on the accuracy of the global-local method.
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FIGURE 9. (a)Localized H! error inside K for Example 4.1 by
the global-local method with different 7. (b) Comparison of the
localized H' error inside K, for Example 4.1 with the global-local

approach and the concurrent method.
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FIGURE 10. (a) Localized H! error inside Ky for Example 4.2 by
the global-local method with different 5. (b) Comparison of the
localized H! error inside K¢ for Example 4.2 with the global-local

approach and the concurrent method.

5. CONCLUSION

We propose a concurrent hybrid method that retrieves the global macroscopic in-
formation and resolves the local events simultaneously, motivated by the atomistic-
to-continuum coupling. The efficiency and accuracy of the proposed method have
been demonstrated for problems with or without scale separation. Compared with
existing approaches, the method does not rely on obtaining homogenized coefficien-
t everywhere in the computational domain, and the methodology can be possibly
extended to situations where the microscopic region contains defects. The rate of
convergence has been established when the coefficient is either periodic or almost-
periodic.

For possible future directions, the formulation of the method can be naturally
extended to treat problems with finite number of localized defects, the random
coefficients and also time-dependent problems. The study of optimal choice of the
transition function p, in particular, how to balance the pollution caused by non-
smooth flux and the size of the support of p, is worth further investigation. It is
also interesting to study the case when the local mesh inside the defect domain is
not body-fitted, which can be done with the aid of the existing methods for elliptic

interface problem; See e.g., [24]. We shall leave these for further exploration.
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APPENDIX A. EXAMPLE
To better appreciate the estimates (3.4) and (3.5), which are crucial in our

analysis, let us consider a one-dimensional problem
— (a%(z)u/(z)) =0, xe(0,1),
w(0) =0, a*(1)d'(1)=1,
where a°(z) = 2 +sin(x/e). A direct calculation gives that the effective coeflicient
A = /3 and the solution of the homogenized problem is ug(z) = z/A.
We consider a uniform mesh given by
$0:0<l‘1:h<~'~<$i:ih<"'<$2N:1,
where h = 1/(2N). The finite element space X} is simply the piecewise linear
element associated with the above mesh with zero boundary condition at x = 0.

Case h > . We firstly consider the case that h > ¢, while the precise relation
between h and ¢ will be made clear below. Denote vj(x;) = v; and the interval

I; = (xj—1,2;), the mean of the coefficients b° over each I; is denoted by b; =

+ 1,0 () d.
We define the transition function p as a piecewise linear function that is sup-
ported in (—2L,2L), where L is a fixed number with 0 < L < 1/4. Without loss of

generality, we assume that L = Mh with M an integer. In particular,

0 0<z<azN_2m,
IN_ok S < TN_M,
plx) = 1 ov-m <z < TNyM,

TN+m <2 < TNfoMm,

0 zyjom <z <zony =1

By construction, we get the size of the support of p is |K| = 4L.

We easily obtain the linear system for {v;}3%, as
—bjvj_1+ (bj +bjp1)v; —bjt1vj41 =0, j=1,---,2N -1,
{ —banvan—1 + banvon = h.
Define ¢;: = (v; — vj_1)b;/h, we rewrite the above equation as
¢j—c¢cj-1=0, j=1,--- 2N -1, con = 1.
Hence ¢c; =1 for j =1,---,2N, and the above linear system reduces to
(v; —vj—1)bj = h.

Using vg = 0, we obtain

(A1) v; :hZ%
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Observing that vy, (x) = ug(x) for z € [0, 2 _2p] because they are linear functions
that coincide at all the nodal points z; for ¢ =0,--- | N —2M.
For x € IN_2pm+j+1, we obtain

1 1
@) ~ vn(z hZ( i) Fem o) (3 )
7 - J

; 1 1
Define S;: =hY]_, ( -

1 b)’ we rewrite the above equation as
N—2M+i

(A2)  uo(e) —vp(e) = IS, T INAMELG,

which immediately yields

1 1

/WM () — vh (@) dz=h3 |4 —

N—2M j=1 A bN—2M+j

(A.3) T
> — Z |A = by _anrsj]”

This is the starting point of later derivation. A direct calculation gives

bn_om4; — A= ][ p(x)(a®(z) — A)dx
IN_2on+j

2—A . x
" (p(zn—omtj1) + plxn—2m+ji)) + ][ sin — dz

2 IN_2M+j

:w@j—l)+][ Sinfdzv,
2L IN_2Mm+j €

and an integration by parts yields

27 h TN_ .

][ sin L dp — 28 gy [ g IN-2Mi1/2
In—onisy € L 2e €
) 2 ) )

— %cos 7IN_21€M+]_1 + % (c S IN-2M+j-t cos LV_QMH) .

Combining the above two equations, we obtain
2-Ah . 2je h . xN_oymyj-1/2
(Ad) by anrpy — A= 77—(2j — 1) + =~ sin —sin ——— /= 4 REM,
where the remainder term
. 2 . .
REM: = — = cog “N=2M+i—1 + — ( INZ2MAG=1 g 7$N72M+J) )
Lh €
which can be bounded as
2 TN_ i
IREM| < %Jr Lgh sm— ‘cos %—M‘

e 2% h 2e

< .
_L+Lh25 L
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Note that 217 (2j — 1)2 = M(4M? — 1)/3, and
Z] sin? TV =2M+i-1/2 < Z] M(M+1)(2M +1).

Summing up all the above estimates and using the elementary inequality

2

(a4+b4+c)? +b2+c2 > % for any a,b,c € R,
we have, for M > 3,
M M
s _ 1(2—A)%h? ) 42 TN—2MA+j—1/2
Z‘A_bN72M+j| ZgTZ@J—lf—ﬁsm Z] sin 2%
j=1 j=1 ] 1
4M he?
-
2 — A)2h? g2 4Me?
> %M@M? —1) - @M(M +1)(2M +1) — Lf
(2 —A)%h? 9 2e? 9
> —F—MHAM* -1) — —M4M"~ -1
= 36L2 ( ) =3z M( )
92 _ 2h2
> 2- AW 72’2)2 M(4M? - 1)

provided that e/h < (2 — A)/(4v/3). Substituting the above estimate into (A.3),
we obtain

[ ) — bt e = C oA a1

. 19442
(2— AR 5 (2— A)?
= T M= T
~  648L2 648
This implies
- A
uh — ol _ _ > LV? = 1/2
luo = vpllz2(1/2—20,1/2-1) 18\f 36[| |

This shows that the factor [K|"/? in (3.4) is sharp. The same argument shows the
size-dependence of | K| in the estimate (3.5).

Case h < . We next consider the case when h < . In fact, we may employ
coarser mesh with mesh size H outside the defect region with H > h, while a
finer mesh with mesh size h inside the defect region. The above derivation remains
true and we still have v,(x) = ug(x) for z € [0,1/2 — 2L]. We start from the
inequality (A.3). Notice that the dominant term in the expression of by_anr4; —A
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is the oscillatory one in (A.4). Denote ¢ = 2h/e. A direct calculation gives

IN—-2M+j—1/2 TIN—AM+25—1
53511127]/: E _,E CcOS 22N-aMiag-l

Jj=1
= %M(M +1)(2M +1)
MM +1) . M+1 b
_ {451n(¢/2) sinl(N = Mol + 12 cosl(V = M)gleon’y
cos[(N — 3M /2 — 1)¢] cos g sin M;_ 1¢
- 4sin®(¢/2) }
We assume that
(A.5) sn? > 2

Denote the terms in the curled bracket by I. Given (A.5), using the elementary
inequalities 22:/m < sinz < z for « € [0,7/2], we bound I as

(M+1)M — M+1  (M+1)¢/2

1= 4sin(¢/2) = 4sin®(¢/2)  4sin®(¢/2)
(M +1)M M+ 1 N (M +1)m
= 4sin(¢/2)  4sin?(¢/2)  8sin®(¢/2)
< M?*(M +1)
— T?

which immediately yields

M 3
9 . 9 TN_2M+j-1/2 . M
E ]2 sm2 INZ2MAy=1/2 > —

= € 12
This implies
4e? o TN—2M+j— 2 4e2 (2 h\? M3 M
= *lef T 2w he) 1 T
Note also
2 A)2n2 L 2 — A)2
oA e oA

j=1
Combining the above two estimates, we obtain

M 2
2 2¢ . h . TNoomij-172 | (2—A)h
E |[A—by_onmti|” > 3 E (L 51n2—j sin + 5T (27 —1)

i=1 i=1 c
4Me?
L2

4¢?

> (é(l/w+A—2)2—L2)M>O
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provided that

Ve
A+ A=2)M"
This condition suffices for the validity of (A.5), which is satisfied under a weaker
condition h > 5me/(2M).
Substituting the above estimate into (A.3), we may find that there exists C

h >

depending only on 4 such that

C
[ug = vpllz21/2—20,1/2-1) = CLY? = 5 \K|M?.

This proves that the factor |K \1/ ? is sharp for (3.4). The same argument shows the
size-dependence of | K| in the estimate (3.5).

REFERENCES

[1] A. Abdulle, W. E, B. Engquist, and E. Vanden-Eijnden, The heterogeneous multiscale method,
Acta Numer. 21 (2012), 1-87.

[2] A. Abdulle and O. Jecker, An optimization based heterogeneous to homogeneous coupling
method, Commun. Math. Sci. 13 (2015), 1639-1648.

[3] A. Abdulle, O. Jecker, and A. Shapeev, An optimization based coupling method for multiscale
problems, Multiscale Model. Simul. 14 (2016), 1377-1416.

[4] R.A. Adams and J.J.F. Fournier, Sobolev Spaces, Academic Press, 2nd ed., 2003.

[5] J.-B. Apoung Kamga and O. Pironneau, Numerical zoom for multiscale problems with an
application to nuclear waste disposal, J. Comput. Phys. 224 (2007), 403-413.

[6] 1. Babuska and R. Lipton, L?-global to local projection: an approach to multiscale analysis,
Math. Models and Meth. Appl. Sci. 21 (2011), 2211-2226.

[7] 1. Babuska, R. Lipton, and M. Stuebner, The penetraion function and its application to
microscale problems, BIT Numer. Math. 48 (2008), 167-187.

[8] I. Babuska and J. M. Melenk, The partition of unity finite element method, Int. J. Numer.
Meth. Engng. 40 (1997), 727-758.

[9] I. Babuska, M. Motamed, and R. Tempone, A stochastic multiscale mehod for elastodynamic
wave equation arising from fivre composites, Comput. Methods Appl. Mech. Engrg. 276
(2014), 190-211.

[10] H. Ben Dhia, Problémes mécaniques multi-échelles: la méthode Arlequin, C. R. Acad. Sci.
Paris Série IT b 326 (1998), 899-904.

[11] H. Ben Dhia and H. Rateau, The Arlequin method as a flexible engineering design tools,
Internat. J. Numer. Methods Engrg. 62 (2005), 1442-1462.

[12] A. Benssousan, J.L. Lions, and G. Papanicolaou, Asymptotic Analysis of Periodic Structures,
North-Holland, Amsterdam, 1978.

[13] P. G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam,
1978.

[14] A.Demlow, J. Guzmdn, and A.H. Schatz, Local energy estimates for the finite element method
on sharply varying grids, Math. Comput., 80 (2011), 1-9.

[15] E. Di Nezza, G. Palatucci, and E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev
spaces, Bull. Math. Sci. 136 (2012), 521-573.

[16] M. Discacciati, P. Gervasio, and A. Quarteroni, Interface control domain decomposition meth-
ods for heterogeneous problems, Internat. J. Numer. Methods Fluids 76 (2014), 471-496.



30
[17]
18]
[19]
[20]
[21]
[22
23]
[24]
[25]
[26]
[27]
28]
[29]
[30]
[31]
(32
[33]

(34]

(35]
(36]

37]

(38]

Y.F. HUANG, J. LU, AND P.-B. MING

Q. Du and M.D. Gunzburger, A gradient method approach to optimization-based multidisci-
plinary simulations and nonoverlapping domain decomposition algorithms, SIAM J. Numer.
Anal. 37 (2000), 1513-1541.

W. E, Principles of Multiscale Modeling, Cambridge University Press, Cambridge, 2011.

W. E and B. Engquist, The heterogeneous multiscale methods, Commun. Math. Sci. 1 (2003),
87-132.

W. E, B. Engquist, X. Li, W. Ren, and E. Vanden-Eijnden, Heterogeneous multiscale methods:
a review, Commun. Comput. Phys. 2 (2007), 367-450.

W. E, P.B. Ming, and P.W. Zhang, Analysis of the heterogeneous multiscale method for
elliptic homogenization problems, J. Amer. Math. Soc. 18 (2005), 121-156.

P. Gervasio, J.-L. Lions, and A. Quarteroni, Heterogeneous coupling by virtual control meth-
ods, Numer. Math. 90 (2001), 241-264.

R. Glowinski, J. He, J. Rappaz, and J. Wagner, A multi-domain method for solving numeri-
cally multi-scale elliptic problems, C. R. Math. Acad. Sci. Paris 338 (2004), 741-746.

J. Guzman, M.A. Sanchez, and M. Sarkis, On the accuracy of finite element approximations
to a class of interface problems, Math. Comput. 85 (2016), 2071-2098.

T.Y. Hou and X.H. Wu, A multiscale finite element method for elliptic problems in composite
materials and porous media, J. Comput. Phys. 184 (1997), 169-189.

C. Kenig, F.H. Lin, and Z.W. Shen, Convergence rates in L? for elliptic homogenization
problems, Arch. Rational Mech. Anal. 203 (2012), 1009-1036.

P. Kuberry and H. Lee, A decoupling algorithm for fluid-structure interaction problems based
on optimization, Comput. Methods in Appl. Mech. Engreg. 267 (2013), 594-605.

R. Li, P.B. Ming, and F.Y. Tang, An efficient high order heterogeneous multiscale method
for elliptic problems, Multiscale Model. Simul. 10 (2012), 259-286.

A. Lozinski and O. Pironneau, Numerical zoom for advection diffusion problems with localized
multiscales, Numer. Methods Partial Differential Eq. 27 (2011), 197-207.

J. Lu and P.B. Ming, Convergence of a force-based hybrid method in three dimensions, Comm.
Pure Appl. Math. 66 (2013), 83-108.

J. Lu and P.B. Ming, Convergence of a force-based hybrid method with planar sharp interface,
SIAM J. Numer. Anal. 52 (2014), 2005-2026.

N.G. Meyers, An LP-estimate for the gradient of solutions of second order elliptic divergence
equations, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (3) 17 (1963), 189-206.

P.B. Ming and X.Y. Yue, Numerical methods for multiscale elliptic problems, J. Comput.
Phys. 214 (2006), 421-445.

F. Murat and L. Tartar, H-convergence, Topics in the Mathematical Modeling of Composite
Materials, Cherkaev, A. and Kohn, R. (Editor), Birkhduser Boston, Boston, MA, 1997, pp. 21—
43.

J.A. Nitsche, Ein kriterium fir die quasioptimalitdt ds Ritzschen verfahrens, Nume. Math.
11 (1968), 346-348.

J.A. Nitsche and A.H. Schatz, Interior estimates for Ritz-Galerkin methods, Math. Comput.
28 (1974), 937-958.

J.T. Oden and K.S. Vemaganti, Estimation of local modeling error and goal-oriented adaptive
modeling of heterogeneous materials, I. error estimates and adaptive algorithms, J. Comput.
Phys. 164 (2000), 22-47.

J.T. Oden and K.S. Vemaganti, Estimation of local modeling error and goal-oriented adap-
tive modeling of heterogeneous materials, II. a computational environment for adaptively
modeling of heterogeneous elastic solids, Computer Meth. Appl. Mech. Engreg. 190 (2001),
6089-6124.



A CONCURRENT GLOBAL-LOCAL NUMERICAL METHOD FOR MULTISCALE PDES 31

[39] A.H. Schwatz, Perturbations of forms and error estimates for the finite element method at
a point, with an application to improved superconvergence error estimates for subspaces that
are symmetric with respect to a point, SIAM J. Numer. Anal. 42 (2005), 2342-2365.

[40] Z.W. Shen, Convergence rates and Hélder estimates in almost-periodic homogenization of
elliptic systems, Analysis and PDE 8 (2015), 1565-1601.

[41] L. Tartar, Compensated compactness and applications to partial differential equations, Non-
linear Analysis and Mechanics: Heriot-Watt Symposium, Vol. IV, (Editor), Res. Notes in
Math., vol. 39, Pitman, San Francisco, Calif., 1979, pp. 136-212.

[42] L. Tartar, The General Theory of Homogenization: A Personal Introduction, Springer-Verlag
Berlin Heidelberg, 2009.

ACADEMY OF MATHEMATICS AND SYSTEMS SCIENCE, CHINESE ACADEMY OF SCIENCES, NO.
55, EAST ROAD ZHONG-GUAN-CUN, BELJING 100190, CHINA, AND SCHOOL OF MATHEMATICAL
SCIENCES, UNIVERSITY OF CHINESE ACADEMY OF SCIENCES, BEIJING 100049, CHINA

E-mail address: huangyufang@lsec.cc.ac.cn

DEPARTMENT OF MATHEMATICS, DEPARTMENT OF PHYSICS, AND DEPARTMENT OF CHEMISTRY,
DukE UNIVERSITY, Box 90320, DurnAM, NC, 27708 USA

E-mail address: jianfeng@math.duke.edu

THE STATE KEY LABORATORY OF SCIENTIFIC AND ENGINEERING COMPUTING, ACADEMY OF
MATHEMATICS AND SYSTEMS SCIENCE, CHINESE ACADEMY OF SCIENCES, NO. 55, EAST ROAD
ZHONG-GUAN-CUN, BEJING 100190, CHINA, AND SCHOOL OF MATHEMATICAL SCIENCES, UNIVER~
SITY OF CHINESE ACADEMY OF SCIENCES, BEIJING 100049, CHINA

E-mail address: mpb@lsec.cc.ac.cn



