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A MULTISCALE FINITE ELEMENT METHOD FOR OSCILLATING
NEUMANN PROBLEM ON ROUGH DOMAIN*
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Abstract. We develop a new multiscale finite element method for the Laplace equation with
oscillating Neumann boundary conditions on rough boundaries. The key point is the introduction
of a new boundary condition that incorporates both the microscopically geometrical and physical
information of the rough boundary. Our approach applies to problems posed on a domain with
a rough boundary as well as oscillating boundary conditions. We prove the method has a linear
convergence rate in the energy norm with a weak resonance term for periodic roughness. Numerical
results are reported for both periodic and nonperiodic roughness.
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1. Introduction. Many problems in nature and industry applications are de-
scribed by partial differential equations in a domain with a multiscale boundary [10,
27]. Some of them even have oscillatory Neumann or Robin boundary conditions
on the multiscale boundary [20, 44]. The theoretical study of problems with rough
boundary and oscillating boundary data mainly concerns the effective boundary con-
ditions, which may be traced back to [28]. Extensive work thereafter was devoted to
various topics in this field, including the Poisson problem, eigenvalue problems, and
Navier—Stokes equations with different types of boundary conditions; see [4, 9, 19, 29,
35, 36, 37, 39] and the references therein.

Compared to the extensive theoretical study, numerical methods for the rough
boundary problem have been less developed, while many numerical methods have
been devoted to solving elliptic problems with rough coeflicients [6, 7, 8, 5, 26, 24,
25, 13, 14, 40]. We refer to [12, Chapter 8] and [16] for a review on this active
field. Only recently, a multiscale finite element method (MsFEM) was introduced to
solve the Laplace equation with homogeneous Dirichlet boundary value on a rough
domain [30]. The multiscale basis functions are constructed for the elements near the
rough boundary by solving a cell problem with the homogeneous Dirichlet condition
on the rough edge and with linear nodal basis function as boundary condition on other
edges, just as in the standard MsFEM [24]. However, this approach cannot be applied
either to problems with non-Dirichlet boundary conditions over rough boundary or
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to problems with inhomogeneous Dirichlet boundary value over the rough boundary.
Therefore, one of our motivations is to develop a multiscale method for the problem
with an oscillating boundary condition given on the rough boundary.

We introduce a new multiscale finite element method for the Laplace equation
with oscillating boundary flux on the rough boundary. A Neumann boundary condi-
tion that depends on the magnitude of the flux oscillation has to be imposed on the
local cell problem posed on elements with a rough edge. When the flux oscillation is
of the same order of the roughness parameter, the boundary condition contains only
the microscopical geometry of the rough boundary. Otherwise, one has to incorpo-
rate both the microscopical geometry of the rough boundary and the flux oscillation
into the boundary condition. Such a multiscale basis function coincides with the
linear nodal basis functions for elements without a rough edge. This method is H!-
conforming, with degrees of freedom at the mesh nodes, and the basis functions are
solved over the elements near the rough boundary and can be computed off line. For
periodic roughness, we prove that our method has an optimal convergence rate in the
energy norm besides a weak resonance term. The method also applies to problems
with nonperiodic roughness as demonstrated by the numerical experiments. The proof
is based on certain homogenization results for Neumann rough boundary value prob-
lems, which refine the corresponding results in [19] by clarifying the dependence of
the error bounds on the domain size. Our convergence results require that the right-
hand-side function f € H'. However, numerical experiments show that the optimal
convergence order is retained for an even rougher L? right-hand-side function.

The novelty of the proposed method is that both the rough boundary and the
oscillating flux are considered and no structure is assumed for the oscillations. The
method can be naturally generalized to the inhomogeneous Dirichlet boundary value
problem over rough domain. It is also possible to combine the proposed method
with the standard MsFEM to deal with the problems with oscillatory coefficients and
oscillatory boundary data.

The so-called composite finite elements have been successfully applied to solve
boundary value problems over a complicated domain [21, 22, 41]. The basic idea of
this method is to incorporate the geometrical complexity of the domain into the basis
function, while there are no local cell problems. An optimal convergence rate has been
achieved, which is independent of the geometrical structure of the domain [21, 38, 42].
In particular, homogeneous Neumann boundary value problems have been studied
in [21] and [38]. In contrast to composite finite elements, the multiscale basis function
is constructed by solving a local problem that contains both the geometry complexity
and the oscillation of the boundary flux.

A multiscale method has been developed for the elliptic equation with homo-
geneous boundary condition on complicated domains very recently in [18]. The
method is based on the localized orthogonal decomposition (LOD) technique devel-
oped in [31, 17, 32, 23, 33]. The method is quite general and has optimal convergence
order. The difference between the LOD method and the proposed method is the
way in dealing with the multiscale basis function near the rough boundary. In the
LOD method, cell problems are solved in several layers of elements near the bound-
ary. In our method, the multiscale basis functions are solved only in cells with rough
boundary. When the underlying scales of the problem are well-separated, MsFEM
would be less expensive. Furthermore, we study the inhomogeneous oscillating flux
on the boundary while only homogeneous boundary conditions have been treated
in [18]. In addition, we note that the heterogeneous multiscale method and MsFEM
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have been employed to solve partial differential equations on a rough surface in [1]
and [15], respectively; however, the authors have not dealt with the problems studied
in this paper.

Finally, the problem with the complicated domain can be discretized by an adap-
tive finite element method [43]. However, the mesh size of the adaptive method must
be much smaller than the characteristic length scale of the roughness for the sake
of resolution, which would result in a linear algebraic system with a large condition
number. In contrast to the adaptive method, the condition number of the resulting
linear system of the proposed method is proportional to O(h~2) as demonstrated in
the numerical experiment, while the coarse grid size h is not necessarily smaller than
the roughness length scale.

The structure of the paper is as follows. In section 2, we describe the model prob-
lem and introduce the multiscale finite element method. In section 3, we revisit the
homogenization results for a Possion equation with an oscillatory Neumann boundary
condition over rough domain. In section 4, we estimate the convergence rate in energy
norm of the proposed method. Numerical examples are illustrated in the last section.

2. The model problem and multiscale finite element method. Let 2. C
R? be a bounded domain with boundary 0f)., a part of which is rough and denoted as
T'., where ¢ is a small parameter that characterizes the roughness of I'.. We consider
a model problem with Neumann boundary conditions on I'.: Given the source term
f and the flux g. that is oscillatory, we find u® satisfying

—Auf = f(x) in Q,

(2 1) UE = O on FD,
ous

o = g< () on I',,

where T'p = 09, \ T..
For any measurable subset D of 2., we define

V(D)= {ve H (D) | vlop\r. =0}.

Here H'(D) is the standard Sobolev space, and the notation and definitions for
Sobolev spaces can be found in [2]. To clarify the dependence of the roughness pa-
rameter £, we denote u® the solution of problem (2.1), whose weak form is as follows:
Find u® € V() such that

(2.2) a(u®,v) = (f,v) + (ge, v)r. for all v e V(),

where

a(u®,v) = Vu® - Vodz, (f,v) ::/s fvdx, (ge,v)r. ::/F gev ds.

Q.

We triangulate 2. by a shape regular mesh 7y, in the sense of [11], with element
T € Ty, either a triangle or a quadrilateral, where h = max,¢7;, h, with h; the diameter
of 7, and .#(7) is a suitable index set for nodes in 7. We assume that an element near
T'. has at most one rough edge on the rough boundary and denote such elements by
T¢; see Figure 1. For triangular mesh, there are elements that may have only one node
on the rough boundary. In section 5, we shall give more details on the triangulation.
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Fic. 1. Ezamples for the triangulation of the domain ..

For any measurable subset D of €., we define a localized version of a as
ap(v,w) ::/ Vo - Vwdz, v,we H' (D).
D

For each p € (1) we construct nodal basis functions @2/[3 , whose restriction to

each element 7 is denoted by @;\,/ff , which satisfies
(2.3) aT(<I>f,/,[f,v) = (0p,r,v)ornr. forall ve V(r),

and @}\,AS is supplemented with the boundary condition

(2.4) @%TS =¢pr on O1\T, @i\fs(acq) =0p,, forall p,qe . L(1),

s T

where ¢y, - is the restriction of the standard linear nodal basis function ¢, on 7.

The flux 0, ;. is defined as follows. If 7 has no edge on I'., then we let 6, , = 0.
Problem (2.3) changes to a Dirichlet boundary value problem with a unique solution
‘IJi\)/ff = ¢p -, i.e., the multiscale basis function coincides with the linear basis function.
If 7. has one edge on I'., then

On®p,r .
% if |ge — (ge )l L= a7y < Ce,
2.5 0, - =
(29 ) Onp.ro 9(2) otherwise.
o (ge)

In this case, the local problem has mixed boundary conditions. Here the parameter
r = |sc| /|so| with s being the rough edge of 7., while sy is the homogenized rough
edge, and n is the unit outer normal of sy, 79 is the homogenized element of 7., and
(ge) = Fs. ge is the mean of g. over s..

The flux 6, ;. defined in (2.5)2 contains both geometrical and physical information
of the boundary. If the flux has no oscillations, i.e., g. = (gc ), then (2.5)2 changes
to (2.5)1, and the flux does not contain the physical information any more. Further-
more, if the boundary is also flat, i.e., » = 1, then the unique solution of the cell
problem is the linear nodal basis functions, and the method automatically changes to
the standard finite element method.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/12/16 to 124.16.148.30. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1280 PINGBING MING AND XIANMIN XU

The bound Ce in (2.5) is a threshold for determining whether the physical in-
formation should be incorporated into the cell problem. Roughly speaking, if ||g. —
(9e ) Lo=(or.) is as small as O(e), then we need not any physical information but the
geometrical information of the rough boundary. Otherwise, the physical information
should be incorporated into the cell problem. This is consistent with our intuition
as seen from the example below. If there is no information on e, we can use (2.5)2
whenever (g. ) # 0.

Ezample 2.1. If g.(x) = esin(x/e), it is clear that ||ge — (ge )||L~ = &, and then
we may use (2.5)1. On the other hand, if g.(x) = 1+sin(z/e), then ||g: —( gc ) ||z = 1,
and we have to use (2.5)2. There are some special cases beyond (2.5), e.g., g-(x) =
sin(z/e) so that ||gellec = 1 but (ge) = 0. In this case, the method works as well
if we decompose g. as g = g1 + g2 with g;: = 1 and go: = sin(z/e) — 1 and split
problem (2.1) into two problems with boundary conditions g; and g, respectively. We
would like to emphasize that this splitting technique does not apply to the nonlinear
problems because the flux is not well-defined when (g.) = 0 and ||gc||L~ = O(1).
Nevertheless, it may be directly applied to the corresponding linearized problems.

Under the conditions (2.3), (2.4), and (2.5), we have, for all 7 € Ty,

> o) =1.

peS (1)
The basis function qbf)/ls is continuous across the element boundary so that
Vit = span { qbf)/ls | pe S ()} CV(Q).
The MSFEM approximation of problem (2.1) is to find u;, € V}, such that
(2.6) a(up,v) = (f,v) + (ge, v)r. for all v € V},.

This is a conforming method, and the existence and uniqueness of the solution follow
from the Lax—Milgram theorem. Moreover, we have

(27) 190" ~ w20y = 0 (906" =020,

The error estimate now boils down to the interpolate error estimate, which will be
the focus of the later sections.

The MsFEM problem (2.6) has O(h~2) freedoms in two dimension. To calculate
each multiscale basis, we need O(E’Q) freedoms with % the mesh size of the local cell
problem. The number of the cell problem is O(h~!). The overall complexity of the
proposed method is of O(h~2+h~'h~2). Note that h ~ M~'h, and the complexity is
of O(M?h™3). The cell problems are independent of each other and could be solved
in parallel.

Remark 2.2. The proposed method can be generalized to the problem with oscil-
latory inhomogeneous Dirichlet boundary conditions on the rough surface. We assume
u® = g. on I'c.. The MsFEM basis functions CID?)/{S satisfy

T

(2.8) ar-(OMS ) =0 for all v € H(7)

p,T

and are supplemented with the boundary condition @g/ff = 0, . (x) on the rough edge
or NI, and @2/{75 = ¢, on OT\I's, where
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B it g = (0. )llimory < Ce,

(2.9) Opr.(2) = b e(a)

r(x) (ge)(x)

The detailed analysis of the MSFEM for the inhomogeneous Dirichlet boundary value
problem will be addressed in a future paper.

otherwise.

3. Error estimate for the homogenization problem. In this section, we
revisit some homogenization results for problem (2.1), which have been established
in [19], while we clarify the dependence of the estimates on the domain size, which is
crucial for studying the accuracy of the proposed method. Our approach is different
from that in [19] for an estimate of the first order approximation.

We assume that . is given by

(3.1) Qe={2eR’ | 0<z <ley(zi/e) <za <1},
and the oscillating bottom boundary I'. is given by
F.={zeQ |0<z <1z =cy(z1/e)}

with v a positive smooth 1-periodic function (as shown in Figure 2). We assume that
g:(x1) = g(x1/¢) with g a smooth 1-periodic function and satisfying

(3-2) lg = (g ooy < CUCGN +2),

where 3 = {5 ER? | 0<& <1,6 = 7(51)} with (¢) the mean of g over X:
1 1
()= a0+ GOPar aa r= [ @2

Remark 3.1. The assumption v > 0 ensures . C p. This may make the pre-
sentation slightly simpler. All the results in this section remain valid for general ~;
we refer to [19, section 8] and [36] for related discussions.

3.1. The zeroth order approximation. Let
Qoz{x€R2 | O<x1<1,0<x2<1} and FozaQoﬂ{x€R2 | x2:0}.
Define I'p: = 99 \ Iy and
V(Q) ={veH" (Q) | vlr, =0}.
The zeroth order approximations u° of u® are such that u® € V() and
(3.3) aq, (1, v) = (f,v)a, + (r(g),v)r, for all v € V(Qy).

We start with an extension result that will be frequently used later on, which
slightly refines that in [34, Appendix A].

LEMMA 3.2. There exists an extension operator E : HY(Q.) — H*(Qy) such that,
for any ¢ € H'(Qe),

(3.4) 1Bl 11 < /24242 1+ 24914 22 8l 11 -
where A = ||’Y/||Loo(071).
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Proof. For any ¢ € H'(€2.), we define E¢ by reflection with respect to I'.:

o(x), x € Q,

Eg(x) = {gf)(xl, 2ey(z1/e) — x2), x € Qo\Qe.

A direct calculation gives

0z, (%), x € (.,

Oy BO(x) = { 02,6 + 202,07 (11/€), o € L\,

and
O, O(x), x € €,

— O, d(x1,2ey(x1 /) — X2), x € Qo\Qe.

Note that the module of the Jacobian of the substitution

0z, E¢(z) = {

(z1,22) — (21, 2e7y(x1/€) — 2)
is equal to one. Observe that the inequality
2 2
1E9N7200) < 2110172(q.)

holds, where we have used

) 1 pevy(zi/e) 9
1E8l sy = / / |6(e1, 267 (21 /€) — 22) [ e

1 p2ey(z1/e) )
:/ / |p(xy, 22)|" da
0 Jey(z1/e)

< 6l720.) -
Next, we estimate 0,, E¢ and 0, E¢:
2
HaxlE¢||2L2(QD) < ||8$1¢||2L?(QE) + 10,0 + 2702, 12(q.)
< (24 1) 100, Bll72 () + 441+ 1/8) 02,6172

with any ¢t > 0, and
2 2
102, EDl 1200y < 21102,012(ca.) -

The above three estimates imply

||E¢H§{1(Qo) <2+t ||8m1¢‘|i2(96) + (2+44%(1+1/1)) ||a$2¢||i2(§25) +2 ||¢||2L2(QE) :

Hence,
2 2
1B)2 ) < max{2+£,2 + 4421 + 1/} 18]35 -

Optimizing the maximum with respect to parameter ¢, we obtain the maximum is
minimal if ¢t = 242 4+ 2/ A2 + A%, This completes the proof. 0

To estimate the error between u" and uf, we need an auxiliary result [39, p. 7,
Lemma 1.5]. The present form can be found in [38, Lemma 10, inequality (17)].
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LEMMA 3.3. Let Q be a Lipschitz domain, and Se: = {x € Q | dist(x,00) < e};
then for any 1/2 < k < pu <1 and v € H*(Q), there holds

(3.5) 0l 2(sy < € (VE Il mecay + & ol arugen)

where C' > 0 is a constant independent of €.

LEMMA 3.4. Let u® and u® be the solutions to problems (2.1) and (3.3), respec-
tively. Then

36) [V )] oy < OVEU ) + 192 s + el z2cr):

Proof. Denoting e = u® — u® € V(€.). For any ¢ € V(£2.), we have

/QE Vengdx/QO\QE(J%Vuongb)d:rJr/FEgs(ﬁdU(I)/ r(g)¢dx,

T'o

_ _/ (6 — Va0 - V) da
0\ Qe

1
+ [ (ster/oner@m /)L + 0 @/ P12 = r(g)om,0)) day
0
=1 + I».
Using (3.5), we bound I; as

L] < £ llz2 @000 10l z2@ov0) T V40| 2 a0 V8l 20000
< C\@Hfum(ﬂo) H¢>||H1(QO) + CﬁHvuOHHl(QO) ”vd)”L?(Qo)

(3.7) < OV (IF 20 + 199 s ) ) 196 220

where in the last step we have used Poincaré’s inequality for ¢.
Denoting by p®(x1) = p(z1/¢) with p(t) = g(t)[1 +~'(t)?]*/2, we have

1
L= / (5 (@) (@1, ev(z1/2)) — (p)d(z1,0)) day,
0

where (p) denotes the average of p and (p) =r(g), 1 fo H[1+4/(¢)2]2 dt.
It is clear to see

1 1
I =/ p*(z1) (921, 87(21/€)) — P(21,0)) day +/ (" = (p)) ¢(21,0) dzy.
0 0
A direct calculation gives that

1 ev(zi/e) g
/ p°(x1) / 87(25 dzs dzy
0 0 To

< VelVollrziana.) L2(To)
< C\@Hvd)HL?(QO) 192l p2r. »

/0 P (1) ($(a1, 7(21/€)) — (a1, 0)) day

‘p571/2‘

where we have used

ps,yl/2‘ 2
L2(To)

< Al 0.1y NgellZacr,
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Denote by so =0 < s =e¢ < --- < sy = Ne = 1; using the fact that

(p)=(p")i= ][Si+1p€($1> dzq,

Si

we decompose the second term into

N-1 e,
/ (0" (21) — (p)) B2, 0) dry = Z/ P (1) ($(x1,0) — { ;) day,
Lo i=0 Vi

where (¢); =" ¢(x1,0) dzy. Using Poincaré’s inequality, we obtain

/F (0 (1)~ (p)) S(z1,0) day

N-1
< Z ||pEHL2(5“si+1) o — <¢>z‘||L2(s,i,si+1)
i=0

N—-1
< OVE S I a1l 12

=0

N-1 1/2 /N1 1/2
£12 2
<OV E W) (Wl
=0 =0

< CVellgellpa oy 19 /2y
<Cye ||g€||L2(FE) H¢||H1(Qo) J

where we have used the fact that SN * ||p5\|ig(si’5i+l) < (1+4) Hgg||iz(pi). This

implies
(3.8) 12| < CVE (0]l g1 ) 19 L2, -
Using the extension result (3.4), we have

[ uoHHl(QO) < Cllw - UOHHl(QE) ,

where C only depends on ||7/|[ e (0,1). This inequality together with (3.7) and (3.8)
implies (3.6). |

The above lemma shows that u° approximates to u® in H' seminorm with rate
O(y/€). The convergence rate is inadequate in many applications. We step to the first
order approximation in the next part.

3.2. Some auxiliary problems. To find the next order approximation of prob-
lem (2.1), we define a semi-infinite tube as

Zpi={6€R? [ 0<& < 1,&>7(&)}

with a curved boundary »: = {f ER? | 0< & <1,& =v(&) } )
Three auxiliary problems are defined as follows. Let [y, 31, and B2 be three
unknown functions posed on Zy;, which are periodic in &; with period 1 and satisfy

—AefBo =0 in Zy,
9
(39 o _ge)-lg)  on
lim 50 = 0,
52*)00
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and
—Nefr1=0 in Zy,,
b1 v (€1)
9o D
(3.10) N GG
5211_13100 p1 =0,
and
—ANefBr =0 in Zy,
P2 _ ! 1 on X
(3:11) on [T+ (Y@ ’
52—)00

Here A¢: = 8521 + 8522. It is well-known that each problem has a unique solution, and
the solutions have the following decay properties [19, Theorem 2.2]. Similar results
for Dirichlet boundary value problems can also be found in [3, 35].

LEMMA 3.5. Let By, 51, and B2 be the solutions of (3.9), (3.10), and (3.11), re-
spectively. Then, for i = 0,1, and 2, there exist constants C and 0 such that

(3'12) ”52'HL°°(ZH) + Hvﬁﬁi”Loo(zb,) < 06_552'

3.3. The first order approximation. Denote 55(z) = §;(z/¢) for i = 0,1, 2,
and define

(3.13) ul (x) = B5(x) + ﬂf@ziuo(x).

The first order approximation u§: = u®+eu!, which does not satisfy the homogeneous
Dirichlet boundary condition as u® on I'p. It is useful to introduce a corrector u* to
the first order approximation, which satisfies u®* — u! € V() and

(3.14) ag, (u™,v) =0 for all v € V(Qy).

The corrector u“" can be estimated as follows.

LEMMA 3.6. Let u°" be the solution of (3.14); then there exists C' that is inde-
pendent of the size of Qo such that

cr 0 2,0
(3.15) 196l 2y < € (14190 gy + 19260 | 2 ) -
Proof. Define a smooth cut-off function p. € C§°(€) by
2e,
87

>
<

1, z € Q,dist(z,I'p)
pe(r) = .
0, =€ Qo,dist(z,I'p)

and || pe| oo (o) < 1 and [[Voe| poo () < C/e.
Let n°(x) = (1 — po(x))ul(z). It is clear to see

VU 1200y < IVT7 Ml 20 -
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A direct calculation gives

8 £
= =0 peu’ + (L= po) 8502, 0 + (1= po) (90,55 + 00, B 001

Using the decay estimate for 87 in Lemma 3.5, we may bound [Vl 2 (g, as
follows. We estimate only the first term; other terms can be bounded similarly.

2e 1—¢ 0o 1 pl—e
||8Eip€5(6)||i2(90) < Ce? </ +/ )/ e~/ 4 4 Cs’z/ / e~ 20w2/e g
€ 1—-2¢ 0 0 J1-2¢

< Ce? (52 + 66_26/8) <C,

where we have used (3.12) and the fact that p. supports in a narrow layer of width
O(e). Similarly, we have

192902485 || L2y < ClIVE°[| Lo 0
| = e, o < O e

(1 - pE)axiﬁ(E)||L2(QO) <C,
(1 - ps)azjuoa&ﬁag'nm(go) <C ||Vu0||L°°(Qg) :

(Q0)”’

Summing up all the terms, we obtain (3.15) and complete the proof. 0
The next theorem gives the error estimate for the first order approximation.
THEOREM 3.7. Let u® and ug be the solutions of problems (2.1) and (3.3), re-

spectively. Let u' be defined in (3.13). There exists C independent of the size of Qg

such that
0 2,0
(3.16) IV(u® —ui)| 2. < Ce(1+ [V HleOC(Qg) +[|Vu HHl(QO))'

Proof. For any v € V().), an integration by parts yields

0 ou®
Vu'Vudr = fvdz + —uvdo(x),
Q. Q. r. on

which together with (2.2) gives

(3.17) /QE V(u® —u)Vode = /FE <g€ - 2;::) vdo(x).

Next we calculate fQ VulVodz. Under the change of variables ¢ = z /e, Q. is
mapped onto a domain

Deei={EeR? | 0<& <1/e,v(6) <& <1/}

with the curved boundary I'.¢: = {£ € R? | 0 < & < 1/e,& =7(&) }. We denote
Dy ¢ as the mapped domain of €y under this map. Notice that for any function v,

1
Dyv =V, v+ -Veu.
€
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Clearly,
/ Vu1Vvdx:/ VIUIVvdx+/ Veu'Vev dé.
Q. Qe De ¢

A direct calculation gives

0
/ Veu'Vevde = / (vfﬂovgv + VeBiVe (a“v» d¢
stg Dg,g 8.’131'

0 oo
+ ), (Ve (Ve eV de.

Using the definition of {$3;}7_,, an integration by parts yields

[ VenVeds= [ (5= (g)vaote),
D ¢ Tee

and
ou? L ou° o Ou’ 1 ou’
/Da,g VefBiVe (8951”) d§ = — /FM <n58x1 + ”5(%2> vdo(§) - " n G do(€)
1 ou’ 1 ou’
_—g Fgéaingvdo'( )—E - a—&vda(f)

Using the fact that Ou®/dn = r(g) on Iy, we rewrite the last term in the right-hand
side of the above identity as

1 auo 1 a’u,O
,E T @’Ud(f(g) = *E /FEY& 87&(51,0)1) da’(f)
L ou’ ou?
T re T <%(£177(§1)) - 852(517())) vdo(€)

-/ RORECE o A 3

s 92
7€ J Do e\De ¢ 083

Combining the above three equations, we obtain

1 ou°
Veu'Vevd =/ < —>vda
/DM eu Vevdg - = One (€)

+/ a(Vuo)(B-vavVﬂ-)df—i/ vﬁdf
Ds,£ 8-’1)7, 5 ! E 5 ! re D075\DE75 8§§ ’

0

Denoting e = u® — u® — eu! — eu®, we have the following error expansion:

1 9%ud 1 or
VeVudr = — vdr — e Veu Vodr — e Vu“Voudz
Q. Q. Q.

2
T QO\QE 6$2

—/ 686(V5u0) (BiVev — vV ;) dE.
D. ¢ 7

By Lemma 3.3, we obtain

1 / 920
- svdx
T QO\QE 6]}2

< Ce HVQUOHH1(QO) ||UHH1(QO) :
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The second term can be bounded as

€ / VvV ulVode
Qe

<e vau ) Vvl p2iq.) < Ce HVQUOHLQ(QE) IVl p2ia.y

2o,

where C' depends on ||5;||; -, which are uniformly bounded.
We transform the last integrand back to Q. as

/ 0 (Veu®) (BiVev — vVeB;) d€ = g/ i(VIUP) (BiVyv — vV, 53;) dx.
D. ¢ 851 X X Q. al’l
The first term can be bounded as

3

0 0
/Q g (VBT

< € max 183l 1,0 ||V2UOHL2(QE) HVU”LZ(QE) :

By Lemma 3.5, we bound the second term as

3

/Q E aii (Voul) oV, B3; dx

<OV gy [ € ol do

5 !
<Oy [ e [ ol o,

By trace inequality, for any xo € (0, 1), we have
1
| w0l don < Cloll g
0
Combining the above two inequalities, we obtain

e

/Q E ai (Voul)oV,B3; do

< Ce Hv2u0||L°°(QE) (L PRERE
Summing up all the estimates, we obtain that for any v € V5(£;),

/Q Vevude| < Ce (IIV20]| gy + IV 1wy +1) Tl can)

(3.18) +elIVu™ |l 2oy VIl p2(q.) -

Since I'; is uniformly Lipschitz, we can extend u® from . to €y so that

lell g ) < Cllell ara.y -

where C' only depends on [|A/[| .« () by Lemma 3.2. Taking v = e in (3.18), we obtain
2 cr
IVellzz(q.) < Ce([ V26| g o) + V20| ey + 1+ VU 120y llel g, -
Using Poincare’s inequality to e because e € V(€2.), we obtain

Vel L2q.) < C€(||V2“0||H1 + ||v2u0||L°°(QE) +1+ ||vucr||L2(QE))v

(©0)

which together with (3.15) yields the desired estimate (3.16). d
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4. Error estimate. We are ready to prove the convergence rate of the proposed
MsFEM by the homogenization results in the last section. For any element 7. with
a rough side on I'., we assume that 7. is contained in its homogenized domain 7.
Given this assumption, we could apply Theorem 3.7 to each element. In fact, this
seemingly restrictive assumption is not essential because Theorem 3.7 remains valid
without such assumption. Therefore, the error estimate also holds true without this
assumption, which is also confirmed by the numerical examples in the next section.
In addition, to avoid too much technical complexity, the estimate is restricted to the
triangular element, while the proof can be generalized to the quadrilateral element
with minor modifications.

4.1. Homogenization of multiscale basis functions. We start with some
homogenization results of the multiscale basis functions @%78.5. By the homogenization
results in last section, we may clarify the zeroth order approximation and the first
order approximation of ®MS | which are denoted by CIJEWE and ®! _ | respectively.

p,Te? D,Te?

Note that ®9  — ¢, 7, € Vo(7o) and

aTO(ég’TE,v) = (r(0)p.r.sV)arenry for all v € Vy(79).

It is clear r(0), .. = On¢pr- We conclude that the unique solution of the above
problem is ®) | = ¢ 7.
The first order corrector ®} _ of ®)' is given by

D,Te
6¢P,To

D}, = BiOudpars + 7,

where Eg(x) = Bo(x/e) with By being the solution of

—AeBo =0 in Zy,
0,50 = (9(6)/(g)~1)  onx,
T
gli_r)n Bo = 0.

It is clear that Bo =0if g = (g). When Eo = 0, the proof is simpler than the case
Bo # 0 but the estimate is the same. We only consider the later case in the following.
For any 7 € Ty, we define the MsFEM interpolant of u® as

Myu: = Z uo(xp)(l)%i.
pe(7)

It is clear to see ITj, u reduces to the standard linear Lagrange interpolant of «°, which
is denoted by m,u® when 7 has no side on I'.. For element 7. with a rough side, we
define the first order approximation of the MsFEM interpolant by

(pu) = Z u’(2p) (Spiro + €@z, -

peES(1e)
The interpolate estimate is based on the following decomposition:
(4.1) u® — Ipu® = (u® —uf) + (uf — (pu®)1) + (([Tput); — Mput).

The following lemma is a direct consequence of Theorem 3.7.
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LEMMA 4.1. For any rough-sided element 7., we have

(4.2) IVIThu® =V (hu)1 | o,y < Ce(l + HVuOHLOO(TD)).

By definition, we rewrite (II,u®); as

Ompu® L Ompu?
(4.3) (Ipuf)y = mpu’ + 65 8h +efB; a;i
and
10
(4.4) uj = u’ + Eﬁo

A direct consequence of the representations (4.3) and (4.4) is the following.

LEMMA 4.2. For any rough-sided element 7., we have

IV~ VIl 2y < C hr + ) | D% o, -

Proof. A direct calculation gives that for i = 1,2,

955 0
Ox; On
32 0 66 0 a?uo

ol e
ondm; | 8x18x](u ™)+ B

9 d
o, (1~ Vi) = -

(u® — mpul) + e 22— (u® — mpu’)

+5o

Note that 50 satisfies the same decay estimate (3.12) as 3y, and proceeding along the
same line that leads to Lemma 3.6, we obtain

~ 2 h
/ VB50, (u® — mpul)| da < 05_2/ |V (u® — whuo)’2 dzq / e~ 202/ 4,
Te TN 0

< Ca_l/ |V (u® — whuo)(xl,x2)|2 dzy.
TN

By the trace inequality, we get

1/2

1/2
L2(r) 2z

vagan(uo - Whuo)‘

< CeV2 | ( — myud)|

V2
L2 (7e) ‘ ( Trhu

< Clln /)2 7
Proceeding along the same line that leads to the above inequality, we obtain

V80, (u® — mul) < O(hy, /)2 ||V 1

HL2(7—5) (te) °

The remaining terms may be bounded as follows:

HV(“O -7 < Ch, ||v2“OHL2(TE)

huo)Hm(TE)

and

Combining the above estimates, we obtain the desired estimate. 0

Bion (V) < ON Pl 1800 (VU gy < UV -
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For any element 7 without a rough edge, IT,u® = m,u". The decomposition (4.1)
is replaced by u® — I u® = u® — u§ + u® — mpu® + eul. Therefore, we need the a
priori estimate for u' over elements without a rough edge. We divide the elements
into three groups; the elements with one rough edge belong to 7;}, the elements with
one vertex on the rough boundary belong to 7,2, and the remaining elements belong
to T2.

LEMMA 4.3. When 7 € T2, then

(4.5) Z HVUIHQB(T) <Ch™ (1 + HV”oHim(QE)) +C Z HVQUOHZ(T)'

TET? TET?

When T € 7;?, then

2 h 2 2
ey 2 IVl <02 (14 96 [ o) +C D V20 -
TET TET?

Proof. For an element 7 € 7,2, we assume that the two sides intersecting with I'c
are given explicitly by 1 = ayze and x1 = agwe, with |a;| < ¢1, and the bound ¢y
depends only on the minimal angle of 7, as shown in Figure 3. Using (3.12), a direct
calculation gives

1/2 o 1/2
VBl L2(ry < Ce! (/ 6_2‘5“/5dx) <Ce! (/ (ag — ay )woe™20m2/¢ dl’z) <C.
T 0

A direct calculation gives that for ¢ = 1,2, there holds
IV 28| 2y < € (IV0 |y + V260 )

Combining the above estimates and using the fact that the cardinality of 7,2 is O(h™'),
we obtain (4.5).

Using the fact that the triangulation is regular, for the element in the kth layer,
there exists a constant ¢y such that cokh < dist(7,T:) < co(k 4+ 1)h. By (3.12), a
direct calculation gives

1/2 co(k+1)h 1/2
VBl p2¢ry < Ce! (/ 6_2‘5“2/5dx> < ChY?e! </ e~ 20w2/e dx2>
T &

okh

< C(h/e)? exp(—codkh/e).
Proceeding along the same line that leads to the above estimate, we have for i = 1, 2,
|V (0,,u°85 < O(hrfe)'? exp(—codkh/e) V]| () + C V2| o

)HL'Z(T) (r)°

A combination of the above estimates leads to
V| 2y < Cexp (—codkh/) (e /)2 (14 [0 o)) + C 9200 o, -

Summing up all the elements in 7,2 leads to (4.6). d
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4.2. Interpolation error estimate. The next theorem gives the interpolate
error estimate.

THEOREM 4.4. Let u® be the solution of the problem (2.1); we have

[V (u® — HUE)HLz(QE) < Ce (HVQuOHHl(QO) + HV“ +Ch HVQUOHLQ(%)

(4.7) + Ceh™Y2(||Vu

0
[[P—
0
Proof. We start from the following decomposition (4.1). Using Lemma 4.2,
2 2
Y IVui = VIyu)ilzaey < Cle+h)° D V2] -
TET,) TeT;}
For 7 € 7,2, we have u§ — (IIu®); = u® — mpu® + eu'. Therefore,
€ 2 0 0y]|2 2 12
Y IV = VI ) [Fagy <2 D [V = mna®)[[a,, 227 D [V oy -
et ey ey
Using Lemma 4.3, we obtain
2
2 2 2,0 € 0[2
S IVu§ — V) [Fary SCle + 1Y V20| oy Cﬁ(l +||Vu HL%)) .
TeT? TeT?
Proceeding along the same line that leads to the above estimate, we obtain
2 2 2
3 1905 — Vi [y <Ol + W2 Y [ 922 it Coh (1t [0 ).
TeT? TeTS
Summing up all the above estimates, we obtain
[Vui = VIIpu )1l 2.y < Cle+h) HVQUOHLQ(QE) + Ceh™1/? (1 + HVUOHLM(QE)> '
By Lemma 4.1,
2 2
VI = V(Tufeq,) = Y VI = V(IThu)1[7s (.,

TET,)

52
<02 Y 9 ) < O V0

7'67_,7’1

Finally, the term ||V(u® — u{)||2(q_) can be bounded by Theorem 3.7. Summing
up all the estimates we obtain the desired estimate (4.7). |

Using the above interpolation estimate, we obtain the main result of this paper.

THEOREM 4.5. Let u® and up be the solutions of problems (2.1) and (2.6), re-
spectively. Then

2,0 0 2,0
[V(u® —un)llp2gq.) < Ce (HV u HHl(QO) +[|Vu HWLoo(QO)) +Ch||Vu HLz(QO)
—-1/2 0

(4.8) +Ceh V2|V e ) + -

Remark 4.6. We have not estimated the L? error of the method, because the H'!
error estimate is not optimal with respect to the regularity of the data. The standard

dual argument only yields a suboptimal convergence rate as the original MSFEM [25].
This would be a topic for further study.
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Ve Ve U T Ve W W VY Y W e e !

[x=¢ Y(x 1/8) T %,=0

FI1G. 2. The domains Q: and Q.

F1c. 3. An element with a vertex on the rough boundary.

5. Numerical examples. In this section, we perform three numerical exper-
iments to verify the convergence rate and efficiency of the proposed method. We
solve problem (2.1) for different rough domains, different source terms, and different
boundary fluxes.

5.1. Implementation. The implementation of the method is similar to the
standard MSFEM [24, 25]. The cell problem (2.3) is numerically solved only for
elements with a rough side, and we use P; element to solve (2.3) with the subgrid
mesh size around £/20 in the simulations below.

As an example, we consider a square domain with a rough boundary. The more
general case can be done similarly. The domain Q¢ is given in (3.1) as in Figure 2.
The function 7. ~ O(e) that represents the curved boundary will be specified in the
examples. We partition 2. with a uniform triangular mesh as in Figure 1(b). For a
given number N, we set h = 1/N. The vertexes far away from the rough boundary
are given by x; ; = {(¢h, jh)}, where ¢ =0,...,N,j =1,..., N, and the vertexes on
the rough boundary are given by x; o = (ih,7-(ih)), i =0,...,N.

The basis function is constructed as follows. For elements without rough bound-
ary, the basis function coincides with the standard linear basis function. For elements
with a rough boundary, we compute the multiscale basis function for an element

e={2€R? | 0<z1 <h (1) <22 <7(0) + (1 —7(0) /)21 },
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for example. Here we actually assume that vy.(z1) < 7-(0) + (1 — ’YET(O))ml holds for
all 1 € (0,h). In reality, we can always make it true by choosing proper vertexes in
the triangulation near the rough boundary. We first rescale e and solve cell problem
(2.3) by linear finite element over the rescaled element

e={ZeR’ | 0<d <1,h 'y(hd1) < d2 <7:(0)/h+ (1 —~:(0)/h)3 }

with a rough boundary ' = {Z € R? | 0 < &1 < 1,@5 = h~ 1y (hi1) }. We triangu-
1ate:e\ by a subgrid with maximum mesh size h; see, e.g., h < £/20. I, is approximated
by I', ;. For g. whose average on I, ; is given by

I

<ge>=/f Cge(an/h)ds/r with 7= h‘

e,h
The flux is given by
A b/ it lge = (96 ey <o
0i(21) = 4 b g.
r <ga>
where by =0, by = 1 and b3 = —1.

otherwise,

5.2. Numerical experiments. First example. In this example, the rough
domain is given by

Qe={zeR® | 0<2 <ley(zi/e)<ap <1},
where y(y1) = (cos(2my;) — 1)/10. The rough boundary is given by
I.={2eR’ | 0<z <1las=cy(z1/e) },

and I'p = 90, \ I'.. We choose f =1 and g = 0 in (2.1) and set a homogeneous
Dirichlet boundary condition on I'p and e = 1/128.

The grid in this example is the uniform triangular grid as the right subfigure in
Figure 1 with the mesh size h varying from 1/5 to 1/160. The errors are measured by

Errps = [lup — il 2. Errpy = [[Vup = Vi 12y -

Here @ is a solution computed on an adaptive refined mesh with mesh size h ~ 107
by linear finite element.

Figure 4 shows two different scenarios of the convergence behavior of the method.
When the mesh size h is larger than the roughness parameter ¢, the method is first
order in the H'! seminorm and second order in the L? norm. When h is commensurate
with €, the method degenerates due to the resonance error. This is consistent with
our theoretical prediction, at least for the H' error.

Second example. In this example, the domain €. is the same as that in the first
example. Unlike the first example, we choose f = 0 and an inhomogeneous boundary
flux g. = (1 — cos(2mz1/¢€)) /2. In addition, we impose an inhomogeneous Dirichlet
boundary value u(xz) = (1 — x2)/2 on I'p.

A uniform triangular grid with the mesh size h varying from 1/5 to 1/80 is
employed in this example. Figure 5 shows the convergence behavior of the method.
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fixed e=1/128 fixed €=1/128
_2 r _1 ~
-1.2¢
-25¢
-1.4f
_3 L
-161
~ 351 - -1.8f
- T
a;g ms ot
g g
=221
451
2 -241
1
5l -2.61
5 1
-2.81 1
-55¢
L L L J _3 L L L J
-2.5 -2 -1.5 -1 -0.5 -2.5 -2 -1.5 -1 -0.5
Iogloh Iogloh
Fic. 4. Convergence behavior of the method for the first example.
fixed €=1/128 fixed €=1/128
= -0.6
—*— Ms—fem —*— Ms—fem
| —&— pl-fem —0.8Hl —+&— pl-fem
-1.5¢ ’
1t
_2 |-
-1.2r
N 257 14l
GL)O E’O
S -3}t S -1.6
-1.8r
-3.5r
1
2 ol
—al
1 —2.2r 1
45 s s s ‘ s s s ‘
-2 -1.5 -1 -0.5 -2 -1.5 -1 -0.5
log,,h log, h

Fic. 5. Convergence behavior of the method and standard P; element approxzimation for the
second example.

It is clear that the method has nearly optimal convergence rate for both the H!
seminorm and the L? norm when h = 1/40 > 2¢, while the resonance error gets to
dominate and the convergence rate degenerates when h is approximately 1/80.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/12/16 to 124.16.148.30. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1296 PINGBING MING AND XIANMIN XU

In this example, we use linear finite element to solve the homogenized problem

—AUOZO in Qo,
1—
uoszZ onI'p,
) 0

where Qo = {r € R? : 0 < 21 < 1,0 < w3 < 1}, I'g = {(21,0) : 0 < 21 < 1}, and
r= fol[l + (7/(y1))?]*/? dy; =~ 1.01. This problem is solved by linear finite element
with a uniform triangulation of the homogenized domain 4. The numerical solution
is denoted by u?. We compute the following quantities:
erryy = Hu% — ﬂHLz(QU) and errgy = HVUJ?L - VﬂHL2(QO) ,

which are reported in Figure 5. It seems that the linear finite element method is less
accurate as MsFEM. This is due to the fact that the homogenization errors dominate
as the mesh is refined. This degeneracy of the convergence rate is more significant for
the L? error.

Third example. In this example, we test the problem with a nonperiodic rough
boundary, which is not covered by our theoretical results, while the method works as
well. The domain is

QE:{J;ERZ | O<x1<1,%(7(a:1)—1)<332<1}

with v an oscillating function defined as follows. We first divide the interval (0, 1)
uniformly as 0 = 59 < $1 < -+ < sy = 1 with M = 1/ = 128. The function
v is set to be a piecewise continuous linear function over such partition, with ~(s;),
i =0,...,M, a series of pseudorandom numbers between 0 and 1 generated by a
standard C++ library function. The rough boundary is

I.={2eR’ | 0<z <las=c(y(x1)—1)/10}.

We choose f = 1,g = 0, and impose a homogeneous Dirichlet boundary condition
on I'p. We use a uniform triangular grid with the mesh size h varying from 1/5 to
1/160. The results for MSFEM are reported in Figure 6. Similar to the previous
examples, we get an optimal convergence rate when A > 2¢. The resonance errors
become dominate for the L? error when h = 1/80 but are still small for the H' error
even when h = 1/160. This might indicate the resonance error for the L? error is
more pronounced.

Fourth example. In this example, we test the problem with a discontinuous
right-hand-side function f as well as a nonperiodic rough boundary, which is slightly
more general than that in the previous example. The domain is

Qaz{xeRz|0<x1<175('y(x1)—1)<m2<1}

with v an oscillating function defined as follows. We first divide the interval (0,1)
by 0 = 50 < 81 < --- < spy = 1 with M = 1/e = 128. In comparison with the
third example, here s1,...,sp-1 € (0,1) are chosen randomly. For that purpose, we
generate a series of pseudorandom numbers between 0 and 1 generated by a standard
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fixed €=1/128 fixed €=1/128
-2 -1.2r
-1.4f
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Fic. 6. Convergence behavior of the method for the third example.
fixed e=1/128 fixed €=1/128
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Fia. 7. Convergence behavior of the method for the fourth example.

C++ library function. Then we sort them in a sequence denoted as {s;}. The function
~ is set to be a piecewise continuous linear function over such partition, with ~(s;),
i=0,...,M, and also a series of pseudorandom numbers between 0 and 1. The rough
boundary is

I.={2eR’ | 0<a <Lzs=c(y(z1)—1)}.

We choose g = 0, and impose a homogeneous Dirichlet boundary condition on I'p.
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fixed e=1/128
T

351 4

log 10cond2
)
@
T
.

15r 1

’ log 10h ’

Fic. 8. Condition numbers of the MsFEM system.

In addition, we choose a discontinuous right-hand-side function as

1 ifay < 3
-1 ifay > 3.

fx) =

In this case, the homogenized solution uy € H?(£)y) but not in H3(Qp), i.e., it does
not satisfy the regularity assumption in our theoretical analysis.

We use a triangular grid with the mesh size h varies from 1/5 to 1/80. The

results for MSFEM are reported in Figure 7. Similar to the previous examples, we get
an optimal convergence rate when h > 2¢. We also calculate the 2-norm condition
number of the resulting linear system. As shown in Figure 8, the condition number
scales as O(h~2), which is optimal and is independent of the microstructure.
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