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Abstract

The Peierls—Nabarro (PN) model for dislocations is a hybrid model that incorpo-
rates the atomistic information of the dislocation core structure into the continuum
theory. In this paper, we study the convergence from a full atomistic model to the
PN model with y-surface for the dislocation in a bilayer system. We prove that
the displacement field and the total energy of the dislocation solution of the PN
model are asymptotically close to those of the full atomistic model. Our work can
be considered as a generalization of the analysis of the convergence from atomistic
model to Cauchy—Born rule for crystals without defects.

1. Introduction

Dislocations are line defects and the primary carriers of plastic deformation in
crystals. They are essential in the understanding of mechanical and plastic properties
of crystalline materials [32]. Models at different length, and time scales have been
developed to characterize the behaviors of dislocations and properties of the mate-
rials. Atomistic models and first principles calculations are able to capture detailed
information of dislocations, however, they are computationally time-consuming and
are limited to domains of small size over short time scales. On the other hand, the
continuum theory of dislocations based on linear elasticity theory applies to much
larger domains; although this theory is accurate outside the dislocation core region
(of a few lattice constants size), it breaks down inside the dislocation core where the
atomic structure is heavily distorted. The Peierls—Nabarro (PN) model [45,52] is a
hybrid model that incorporates in the continuum model the dislocation core structure
informed by atomistic or first principles calculations. Ever since its development,
this model and its generalizations have been widely employed in the investigation
of dislocation-core related properties [6,11-15,22,31,34-37,40,41,43,44,46,54—
66,68-70].
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In the classical PN model [45,52], the slip plane of a straight edge or screw
dislocation divides the crystal into two half-space elastic continua reconnected by a
nonlinear potential force incorporating the atomistic effect. The nonlinear potential
force is described based on the relative displacement (disregistry) across the slip
plane in the direction of Burgers vector of the dislocation. The total energy consists
of two half-space elastic energies and a misfit energy that leads to the nonlinear
potential force across the slip plane. The misfit energy in the classical PN model
is approximated by a sinusoidal function of the disregistry. The dislocation con-
figuration is regarded as the minimizer of the total energy subject to the constraint
of the Burgers vector of the dislocation. Such a hybrid model is able to give fairly
good results of the dislocation core structure, the non-singular stress field and the
total energy, as well as the Peierls stress and the Peierls energy for the motion of
the dislocation.

VITEK [59] introduced the concept of the generalized stacking fault energy
(or the y-surface), which is expressed in terms of the disregistry vector (relative
displacement vector) across the slip plane. For a given disregistry vector, the value
of the y-surface is defined as the energy increment per unit area (after relaxation)
when the two half-spaces of the crystal have a uniform relative shift across the
slip plane by this disregistry vector, which can be calculated by atomistic models.
The y-surface does not only provide a more realistic nonlinear potential than the
sinusoidal form used in the original works of Peierls and Nabarro [45,52], but
also enables vector-valued disregistry function across the slip plane than the scalar
disregistry function in the original PN model. Thus it is able to describe the partial
dissociation of perfect dislocations [59,60]. The y -surfaces can be calculated using
the empirical potentials as in the original work of VITEK [59]. Recently, the y-
surfaces are also obtained more accurately by using the first principles calculations
(e.g. [6,31,34,37,70]). The method of y-surface has become an important tool for
the study of dislocations and plastic properties in crystals.

Besides the incorporation of y-surfaces, a considerable number of general-
izations of the classical PN model in other aspects have also been developed in
the past seventy years. These generalizations further considered elastic anisotropy
[22,54,68], the lattice discreteness and Peierls stress [6,37,43,56,57,63,64], non-
local misfit energy [41,55] and gradient energy [40,61], and dislocation cross-
slip [36,65]. Generalized PN models have also been developed for curved dislo-
cations [35,44,68,69] and within the phase field framework for curved disloca-
tions [58]. Models within the PN framework have also been proposed for grain
boundaries [11,12,57,62], twin boundary junctions [15], and bilayer graphene and
other bilayer materials [13,14,70]. Asymptotic analysis [67] and rigorous analy-
sis [8,9,17,18,21,27,30,42,48-51] have also been performed for the convergence
and properties from the PN models to models of discrete dislocations, dislocation
distributions and plasticity at larger length and time scales.

Despite the wide range of generalizations and applications of the PN mod-
els, there is not much mathematical understanding and rigorous analysis on the
atomistic foundation of these models. An attempt was made by El Hajj et al. [21]
(theorem) and Fino et al. [23] (full proof) to prove the convergence from the near-
est neighbor Frenkel-Kontorova model [24] on squared lattice to the PN model
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using viscosity solutions. Such a Frenkel-Kontorova model is a simplified, special
atomistic model compared with the atomistic models used in molecular dynamics /
molecular static (MD/MS) simulations, and some important aspects of the deriva-
tion of the PN models from those atomistic models used in MD/MS simulations still
need rigorous justification. For example, in their convergence theorem established
based on the nearest neighbor Frenkel-Kontorova model [21,23], the y-surface
is identical to nearest neighbor interaction potential across the slip plane in the
atomistic model, whereas in a real crystalline material, the range of the interaction
between atoms is larger than the nearest neighbors and rigorous analysis is still
needed for the derivation of the y-surface in the PN model from atomistic models
in real MD/MS simulations. Moreover, their convergence proof is based on the
framework of viscosity solution as the ratio of the length of the Burgers vector vs
the dislocation core width (denoted by €) goes to 0. However, in a real crystal, the
dislocation core width is a finite multiple of the length of the Burgers vector.

In this paper, we perform a rigorous analysis for the convergence from atomistic
model to the PN model with y-surface, in the regime where the lattice constant (or
equivalently, the length of the Burgers vector of the dislocation) is much smaller
than the dislocation core width (i.e., their ratio ¢ < 1). In the atomistic model used
in our convergence proof, each atom interacts with all other atoms via an interatomic
potential whose effective interaction range is much larger than the nearest neighbor
interaction. Such atomistic models are commonly used in MD/MS simulations. As
a result, the decomposition of the total energy into the elastic energy and misfit
energy (expressed in terms of the y-surface) in the framework of the PN models is
rigorously justified based on this general atomistic model. Our proof is a variant of
the proof for the convergence of nonlinear numerical schemes, which enables us to
obtain the convergence rate of O (¢2). In our proof, we focus on the one-dimensional
form of the generalized PN model recently developed for the inter-layer dislocations
in a bilayer system [13,14]. Note that in the generalized PN model in Refs. [13,14],
dislocations are lines lying between the two layers in a bilayer system, which are
different from the dislocations as point defects in a monolayer graphene studied by
Ariza et al. [1,2] using a discrete dislocation dynamics model.

Our work can also be considered as an extension of the analysis of the con-
vergence issue of Cauchy—Born rule [3,4] for elastic media without dislocations
and other defects, see, e.g. [3,5,7,19,20,25,38,39,47] for the recent progress. The
major difficulty in the analysis of the PN model lies in the fact that due to the
presence of the dislocation, the displacement vector across the slip plane of the dis-
location is no longer continuous, which is unlike in the Cauchy-Born rule where
the displacement and its gradient are always continuous. Such a discontinuity in
the PN model is handled by the y-surface, and our work successfully establishes
the convergence from atomistic model to the PN model under the one-dimensional
setting. Our proof is inspired by the work of E and Ming [20], in which the stability
and convergence of the Cauchy—Born rule were rigorously analyzed for states close
to perfect lattices. More precisely, we show that the dislocation solution and the
associated energy of the PN model is an approximation of the dislocation solution
using the full atomistic model. An important assumption in our analysis is that
the ratio of the lattice constant to the dislocation core size is small, which is valid
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in the bilayer graphene due to the strong intra-layer atomic interaction and weak
inter-layer atomic interaction [13,14].

Our convergence result is based on the consistency, the linear stability, and a
fixed point argument. Infinite interaction range causes difficulties in estimating the
truncation error and proving the compactness for the fixed point iteration. This is
solved by detailed estimates on the decaying of the derivatives of the pair potentials
and the PN solution. Another difficulty is that the stability of the atomistic disloca-
tion solution cannot be directly obtained from that of a perfect lattice because the
disregistry might be as large as a (half) Burger vector. This is different from the
situation in the Cauchy—Born rule [20], where both atomistic and continuous con-
figurations are perturbed from a common equilibrium state. To overcome this, we
first prove the stability for the PN solution using the standard techniques in elliptic
partial differential equations. Consequently, we obtain the first positive eigenvalue
of the linearized PN operator at the PN solution. The stability of the atomistic model
is then achieved by controlling the stability gap between two models. Such stabil-
ity of a dislocation core still lacks systematic study in the literature. An attempt
was made by Hudson and Ortner [33] for an atomistic model with nearest neigh-
bor interaction. They obtained the stability of a screw dislocation under anti-plane
deformation in the sense that the dislocation solution is a global minimizer of the
total energy with given total Burgers vector. To avoid the lattice periodic transla-
tion invariant, they fixed the dislocation center. Although we also fix the center of
dislocation, our proofs of stabilities are quite different from theirs. In particular,
we consider both atomistic and continuum models for edge dislocation, and the
stabilities are proved in a continuum-to-atomistic way, as shown above. Again, in
the stability analysis of our atomistic model, the infinite-ranged pair potentials lead
to an issue in estimating double infinite summations, which is overcome by various
summability lemmas obtained in this paper.

There is an extensive literature on the convergence issue of dislocation mod-
els using the language of I'-convergence [10,16,26,28,53]. To the best of our
knowledge, they all study the upscaling from the discrete dislocation theory to the
dislocation density theory in much larger scales than our situation here. In contrast
to these works focusing on many dislocations to dislocation density and neglect the
details of the core structure, our work looks into a single dislocation core structure
and provide a quantitative error estimate for displacement in the PN dislocation
solution with respect to the atomistic dislocation solution. In particular, we obtain
the misfit potential in the continuum model from atomistic model according to the
exact definition of y surface instead of a phenomenological quadratic or sinusoidal
approximation.

The present paper is organized as follows. We present the atomistic model
and the PN model, and state the main results of this paper in Sect. 2. Section 3
provides some preliminary results for the rest of the analysis. In Sect. 4, we deal
with the consistency issue of the PN model based on asymptotic analysis of the
atomistic model. In Sect. 5, we focus on the existence and stability of the PN model.
Section 6 is concerned with the stability of atomistic model. In Sect. 7, we collect
the previous results to prove the existence of the atomistic solution which is close
to the continuum solution in the asymptotic sense. Finally, our key assumption on
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the smallness of ¢ is validated in the appendix using data based on first principle
calculations.

2. Models and Main Results

In this paper, we study the one-dimensional form of the generalized PN model
recently developed for the inter-layer dislocations in a bilayer system (see the related
bilayer graphene model in [13]). That is, the dislocation is straight and the structure
of the bilayer system is uniform in the direction of the dislocation. We focus on an
edge dislocation between a planar bilayer system and neglect the buckling effect
[13]. This is a reasonably simplified scenario, for instance, when the bilayer is
bonded by a substrate such that the buckling is limited. In fact, comparing to in-
plane displacement, the out-of-plane displacement affects only slightly the structure
of an edge dislocation. As a result, we only study the displacement within the slip
plane. The dislocation solutions are local minimizers of the total energy in the
atomistic model and the PN model, respectively, subject to the constraint of the
total Burgers vector. We will show that the dislocation solution of the PN model is
an approximation of the dislocation solution using the atomistic model.

2.1. Atomistic Model

In the one-dimensional setting, the bilayer system atoms along the x axis. The
two atomic layers are located at y = j:%d , respectively, where d is the distance
between two layers. For a perfect bilayer system without dislocation, the atoms are
located at Fai = {xii = (xl.i, i%d) 1 i € 7}, where xi+ =ia— %a, x; =lia, and
a is the lattice constant, see Fig. 1a. This perfect lattice is the reference state of the
dislocation to be described below.

Suppose that there is a dislocation centered at the origin (0, 0) with Burgers
vector b = (a, 0). This dislocation is an edge dislocation. The dislocation structure
is described by using the perfect lattice above as the reference state, and the atomic
sites are Fai = {X;j: = (xl{i, :I:%d) (i€ Z},where)cl{+ = xi++ul-+ = ia—%a—i—u;”
and x;” =x; +u; =ia+u; . The displacement field u = {u?‘, u; }iez of this
edge dislocation satisfies the boundary conditions at £o0o:

dim @ —u7) =0, lim (uf —u;)=a. (1)
i—>—00 [—>—+00

To fix the center of the dislocation at (0, 0), we also assume
ug —ug =a/2. 2)

See the atomic configuration of this dislocation shown in Fig. 1b. Here we only
consider the horizontal displacement, and the vertical displacement that is normal
to the bilayer is neglected due to the non-buckling case.

Suppose that the system is described by pairwise potentials. The interaction is

|X,.ifx/.i| x/.i—x./i + +
Vv (#) -V < J — i ) for atoms x’j and x; in the same layer; while it is

a
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Fig. 1. a Perfect lattice. b Configuration of an edge dislocation (compared with the reference
state)

X" —x"| _ . :
Vinter <’T) for atoms x/jJr and X, from different layers. When the distance

d between two layers is fixed, we have |x’;r -X, | = \/(xfr —x; )2 + d? and the

interlayer potential only depends on the horizontal distance |)c;.+ —x;|. We define

_ _ 1+ /—
Xt —x |X/.+ —x | \/(x/' —X; )2 +d?
J i . Jj i .
Vil —— ) = Vinter | ———— | = Vinter
a a a

3)

The total energy of the atomistic model is given by

1 xi/is_ i
Ea[u]zzzz Vi

)l
d —V(s)

i€l sel*

)]

+ZZ|:Vd

i€Z sel
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ot To—u
:%ZZ[V(Hu)w(ﬁu)_zm)}
a a

i€ sel*

+ZZ|:Vd<s—%+ui+ﬂT_ui_>—Vd<s—%>i|. 4)

i€Z sel

Recall that the state of perfect lattice is used as the reference state.
The atomic sites of the edge dislocation is determined by minimizing the total
energy in Eq. (4) subject to the displacement conditions in Egs. (1) and (2).

2.2. Peierls—Nabarro (PN) Model

In the PN model, we consider an edge dislocation with Burgers vectorb = (a, 0)
centered at the origin of the xy plane in the bilayer system FP—;I U Ipy» Where
FPT\I = {XjE = (x'%, i%d) X T =x4utx),x e R}. As in the atomistic model,
we only consider the displacement within its own layer (i.e., the x direction), and
call it the horizontal displacement. The vertical displacement that is normal to the
bilayer is neglected. Here u™ (x) and u ™~ (x) are the horizontal displacements along
the two layers FPT\I and Iy, respectively.

As in the classical PN model [45,52], the disregistry (relative displacement)
¢ (x) between the two layers is

¢(x) = ut(x) —u”(x). ®)
The disregistry ¢ (x) of this edge dislocation satisfies the boundary conditions
Jim ¢@) =0, lim ¢() =a. (©)
We also assume that
¢(0) =a/2 (7)

In order to fix the center of the dislocation at x = 0. Note that the horizontal
displacement is not continuous in the y direction, and the discontinuity is described
by the disregistry function ¢ (x). The disregistry function ¢ (x) also describes the
structure of the dislocation; more precisely, ¢ (x) is the distribution of the Burgers
vector.

In the framework of the PN model [45,52] with y-surface [59], the total energy
of the bilayer system is divided into two parts: an elastic energy due to the intra-
layer elastic interaction and a misfit energy due to the nonlinear interaction between
the two layers, which is

Epn[u] = Eejas[u] + Enmis[®]. (8)

Here Ejys[u] is the elastic energy due to the intra-layer elastic interaction in the
two layers

1 1
Eelas[u] = / (§a|vu+|2 + §a|vu|2> dx, 9
R

v 2 205(1257|B tiinie 67 Nortiei )
o

Disk Received [] | Corrupted []
Jour. No| Ms. No. Disk Used [] Mismatch []




S
o
o
il
[a W
-
o
=
+—
=
<

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

285

Tao Luo, PINGBING MING & YANG XIANG

where « is the elastic modulus. Note that in each layer, the elastic energy density is
%oe |Vu®|2. The energy Enmis[¢#] is the misfit energy due to the nonlinear interaction
between the two layers

Eumis[$] = /R y (@) dx. (10)

where the density of this misfit energy y (¢) is the y-surface (or the generalized
stacking fault energy) [59] that is defined as the energy increment per unit length
when there is a uniform shift of ¢ between the two layers. Especially, when ¢ = ia,
i € Z, the shifted system still has the perfect lattice structure, and y(¢) = 0. In
summary, the energy density of the PN model is

1 1
Wen (¢, Vu™, Vu™) = 5a|w+|2 + §a|w—|2 +y(9). (11)

The y-surface y(¢) accounts for the nonlinear interaction between the two
layers with displacement discontinuity ¢ between them. Using its definition, the
y-surface can be calculated from the atomistic model in Sect. 2.1 by

1 1 ¢ 1
y<¢)—EZ[VdG—T;)—Vd(s—E)] (12)

seZ

The constant « in the elastic energy in Eq. (9) can also be calculated from the
atomistic model in Sect. 2.1 by

o= % PO (13)

sez*

The purpose of this paper is to establish the convergence from the atomistic model
in Sect. 2.1 to the PN model in Egs. (8)—(10). As a result, the decomposition of
the total energy into the elastic energy and misfit energy (expressed in terms of
the y-surface) in the framework of the PN models is rigorously justified based
on the atomistic model. Especially, here the y-surface in Eq. (12) is calculated
from the atomistic model following the definition introduced by Vitek [59], and we
rigorously prove its convergence to the continuum form. Recall that the sinusoidal
potential in the classical PN model [45,52] and some other simplified forms of
multi-well potentials in later generalization and analysis (such as the piecewise
quadratic potential) only reflect the lattice periodicity across the slip plane in a
phenomenological way.

This PN model for the bilayer material contains the essential features of the PN
models with y-surface. That is, the system is considered as two elastic continua
connected by a misfit energy expressed in terms of the y-surface that accounts
for the nonlinear interaction between the two elastic continua. Note that for a
dislocation in R3, as in the classical PN model [45,52] with the y-surface [59] and
later generalizations as reviewed in the introduction section, the three-dimensional
space is divided by the slip plane of the dislocation into two half-space elastic
continua, and they are connected by a misfit energy expressed in terms of the
y-surface across the slip plane. The total energy is EpNn = Eelas + Emis, Where
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Eelas = fR3\{z=O} Z?,j:l %oijeijdxdydz and Enis = [go ¥ (¢ (x, y))dxdy. Here
the xy plane is the slip plane of the dislocation, and %ai j€ij is the (linear) elastic
energy density, o;; and ¢;; are the stress and strain tensors, respectively, and y (¢)
is the y-surface. Generalization can also be made to replace the energy of linear
elasticity in the PN model by the energy of Cauchy—Born nonlinear elasticity.

2.3. Weak Interlayer Interaction and Rescaling

For a bilayer system, the van der Waals-like interaction between the two layers
is weak compared to the strong interlayer covalent-bond interaction in each layer
[13]. That is, V; <« V in the atomistic model. We write the relationship as

V= 0@V, (14)

where ¢ is some dimensionless small parameter to be defined below. Recall that in
the PN model for the bilayer system, the elastic energy E.jas is due to the interlayer
interaction and the misfit energy Epjs comes from the interaction between the two
layers. The dimensionless small parameter ¢ is defined based on the PN model as
follows.

For most parts of the system, the atoms are away from the dislocation, and their
atomistic structure is close to that of the stable perfect lattice. For example, when
¢/a < 1 in the PN model in Sect. 2.3, which happens on the negative part of the
x axis away from the origin, the energy density in the PN model in Eq. (11) is
approximated well by a quadratic form:

%

1 1 1
Wen (¢, Vu™, Vu™) zodwﬂ2 + ~a|Vu P + —V”(O)¢2 (15)

2

2
-a|w+| +;a|w*| +2a2 ”(0)<¢) . (16)

In fact, when ¢/a <« 1, y(¢) should reduce to the elastic energy density per
unit length in the linear elasticity theory ([32] Sect. 1-2), which gives y”(0) =
(a/d)pn > 0, where p is the shear modulus of the crystal. We remark that a similar
quadratic form works for the positive part, with the last term in Eq. (16) replaced

o ()

The ratio of the coefficients is a dimensionless constant that character-
izes the relative strength of the inter-layer interaction versus the intra-layer interac-
tion. Recall that the parameter « is expressed in terms of quantities in the atomistic
model as in Eq. (13). Using the atomistic expression of y (¢) in Eq. (12), we have

y"(0) = Zv (s——) (17)

seZ

a2y//(0)
o

As suggested by Eqs. (13), (17) and (14), we define the dimensionless parameter

g =,/ O, (18)
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and assume that
ek 1. (19)

A validation of this assumption based on values of atomistic and first principles
calculations [13,70] is given in the Appendix.
Using a/e¢ as the unit length for the spatial variable x and a as the unit length
for the displacements in the PN model, we have the following rescaled quantities:
+
PRI S (20)
a a a
Accordingly, the variables and functionals related to energy densities are rescaled
to

& =aa, 7(9) =ay($), @1
Wen (@, Vi, Via ™) = e~ Wen(g, Vu't, Vu™), (22)
Epn[ul = e Epnlul, Ealu] = &~ Eqlul. (23)
Using these rescaled variables, the total energy in the PN model can be written
as
Epxlu] =/ Wen(g, Vit Vi ™) di
R
Y S DR D
= a|lViua | 4+ —a|Viu |©+ y(¢) ¢ dx, 24)
r (2 2
where
1
- —y” 2
a=y SV @lsP, (25
SEL*
~(qB)—ZU s—l+u+—u_ -U s—l (26)
vier= 2 2]
SEZ
Here, following Eq. (14), we define in the atomistic model that
U=¢e2V, 27

sothat U = O(1)V.
Finally, using Eq. (27), the total energy in the atomistic model can be written

as
B —1
Edu) = = Y D0 [V (s + @y = D) + V (s 4+ iy — ) =2V (9)]
i€Z sel*
1 _ 1
+8§§|:U<s—§+(u;:s—ui))—U(s—z)]. (28)

For simplicity of notation, frow now on, we will use variables without ~ in the
PN model after the above rescaling.

We remark that Epn[u] is independent of e, and hence Epn[u] = O(1). The
first and the second variations of atomistic and continuum models are denoted
as 8 Ea[ul, 82 Eq4[ul, 8 Epn[u], and 8% Epn[u], respectively. Their explicit form are
given in Proposition 11.
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From Atomistic Model to Peierls—Nabarro Model

2.4. Assumptions and Notations

For readers’ convenience, we first collect assumptions and fix notations.

Assumption. Here is the collection of our assumptions which are physically rea-
sonable and will be discussed in details later.

Al (weak inter-layer interaction) & < 1.

A2 (symmetry) V(x) = V(—x) and U (x) = U(—x).
A3 (regularity) V € C*(R\{0}) and U € C*(R).

A4 (fast decay) there exist § > 0 and € > 0, such that

VO < Blx| =+ x| = 5, k=0,1,...,4, (29)
[UR (x)] < Blx| %727, |x| >0, k=0,1,...,4. (30)

A5 (elasticity constant) @ > 0.
A6 (y-surface) arg minger ¥ (¢) = Z and y”(0) > 0.
A7 (small stability gap) A < %K, where

A = hmg_)() SuprHngl (82EPN[O]f_, ‘f_>0 - (52Ea[0]f, f)g ’ (31)
i = infy p =1 (8> Epnlvl £, fo- (32

with v being the dislocation solution of the PN model (cf. Theorem 1). The
operators and functional spaces here will be defined in Egs. (34)—(47).

We remark that in our bilayer system setting, A1-A7 are all satisfied. In partic-
ular, a verification of Assumption Al is provided in the Appendix, where we show
that ¢ ~ 0.0475 <« 1 based on the data from Refs. [13,70].

In general, Assumptions A2—-A4 are satisfied by most pair potentials, such
as the Lennard—Jones potential, the Morse potential, etc.. The physical meaning
of Assumptions A5—A6 is that the perfect lattice structure without defects is the
unique global minimizer of the total energy and is strictly stable (cf. the discussion
after Eq. (16)).

For Assumption A7, we remark that A > 0 (cf. Proposition 7) characterizes
the stability gap between atomistic model (52Ee1 [0]) and PN model (82EpN [0]) at
perfect lattice, while « > 0 (only depends on «, 8, 8, and ¥ (0), cf. Proposition 3)
depicts the stability of the dislocation solution of the PN model. We also provide an
explicit formula for A (cf. Proposition 6). The following are two examples where
A7 holds:

Example 1. (nearest neighbor interaction) Let V be nearest neighbor interaction,
ie., V(s) = 0 for |s| > 2. Then A = 0 and Assumption A7 holds. (cf. Proposi-
tion 8).
Example 2. (Lennard—Jones potential) Let V be Lennard—Jones (m, n) potential,
ie.,
m n
ro ro
Vix) = Vgykx) =— <—> + (—) , l<m<n, x #0, 33)

x| |x|

where rq is some characteristic distance. Then A = 0 and Assumption A7 holds.
(cf. Proposition 10).
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Notations. In the proofs, we do not intend to optimize the constants, and hence
we frequently use C to be an e-independent constant, which may be different from
line to line.

For convenience, we introduce the difference operators D;t for f defined on
eZor R:

D i = LEH IOy SO =S g

(34)

Moreover, we denote Df = Df’f and D¥ f = (Df’)kf for k € N. For function f
defined on £Z, we denote

fi = f(ei), i €Z. (35)

Next, we introduce discrete Sobolev spaces Hf = Hf E€Z) =1{f : I fllex <
00}, k € N, where the Hsk norm is defined as follows:

IfIZe =2 Y D ID/fil. (36)
0<j<k ieZ

Due to the convention, we denote Lg = HSO with norm || - || = || - |l¢.0. We refer
the readers to Lemma 4 for relations and properties of these spaces. For f, g € Lg,
their inner products is given by

(f,®e=¢)_ figi (37)
i€l
If f*, g% € L2, then we write f = (fF, f7) € L2, DX f = (D*f*, D* f~) and
define
LA e = IFTI2 e+ I 12, (38)
(fi®e= T80+ (.8 ). (39)

Similarly, if f*, g € L%, wewrite f = (fT, f7) € L>, VK f = (VK f+,VEf)
and define

L0 = 1T W+ 1L e (40)
(frg)o= (" g0+ (f, 8 o @D
We use the notation || - || and (-, -)g to denote the L2 norm and L? inner product,

respectively. The uniform norms on ¢Z is given by || f || oo = sup;cz | fil.
If f = (f*, f7) € L2, we define its linear interpolation f = (f*, f~) e L%

+ X —1i& + . .
fi+ . fip forie <x < (i + De. (42)

. (+De—x
fr) = .

We define the jump of f = (f, f7) in y direction
fr@=ft@ - T and f;i-= - fi. (43)
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From Atomistic Model to Peierls—Nabarro Model

> Note that the jump ul = ¢ is the disregistry for the displacement of the PN model.
423 Throughout this paper, the evaluations f*(0) are always in the trace sense. We
4+ define the following functional spaces for the analysis of both models:

4;

N

4;

N

G
S - Xo={f =" )1 fllx < o0, f£(0) =0}, (44)
25* Xe={f =" )i flx, <oo fi =0}, (45)
=
B o whereliflx, = (f, HYZand | fllx, = (f. )y with the following inner prod-
428 UCLS
(fs @x0 = (V. Vgo+ (V7. Ve o+ (f . g o (46)
(f,9)x. = (Df Y, DgD)e + (Df 7. Dg7)e + (fF, g (47)

4 It is easy to check that Xy and X, are both Hilbert spaces with respect to inner
2 products (-, )x, and (-, -)x,. We remark that ||f||§(0 = IVFI> + If+)? and
If1%, = IDfIZ + [If*IZ. We use notations (-, -)o and (-, ), for pairings on
s XG5 x Xoand X7 x X, respectively. The following linear subspace of X, will be
s useful in the proofs:

4

@

4

@
@

4;

@

Me={f=(tfeXe: ff=—f=-f" i€} (48)
a57 Let u® = (%, u%) and u® = (uft, u®™), where
0, X < —}‘,
- Wy ={x+1 -f<x<l (49)
by 2>
43 "= (x) = =u®T(x), x e R, (50)
0 ust = u'*(ci),i € Z. (51)

1

41 Then we define the lifts of X and X,, i.e., the affine space over Xo and X,, as
w2 follows:

443 X

{ = u) u—u eXO} (52)
{ :( M—MSEXS}. (53)

444

45 Finally, we define solution spaces for our problems as follows:

i

a6 So={u=@w",u")eXo: lim ut(x)=0, lim ui(x)=1}, (54)
xX—>—00 xX—+00

447 Se={u=@"u")eXe: lim ut =0, lim wui 1} (55)
i——00 i—+400
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2.5. Main Results

For the PN model, we solve the minimization problem for v = (wt,v7) e So:

inf Epn[u]. (56)

uesSy

The Euler—Lagrange equation of this minimization problem reads as

{ S Epn[u] =0,

limy—s —oo ™ (x) =0, limy_ oo ut(x) =1, u®(0) = j;él“ (57)

For the atomistic model, we solve the minimization problem for v¥ = (v&™, v& ™) €
Se:
inf E,[u]. (58)

UES,

The Euler—Lagrange equation of this minimization problem reads as

{ §Eq[u] =0,

lim;_, oo ui =0, limj oo ui =1, uy = £1. >9)

We extend the domain of E,[-] (respectively, Epn|[-]) to X ¢ (respectively, X 0). Thus
E,[u] = +oois allowed. Actually, this corresponds to the case that two atoms have
the same location.

The main results of this paper are

Theorem 1. (Existence for PN model) If Assumptions AI-A6 in Sect. 2.4 hold, then
the PN problem (57) has a unique solution v = (v, v™) and v € Sy is the Xo-
global minimizer of the energy functional (24). Moreover, v (x) = —v™(x) for all
x € R, and vt () is strictly increasing and smooth (at least C) with lvllyse < C
and ||Vv| w1 < C.

Theorem 2. (Existence for atomistic model; Convergence) If Assumptions AI-A7
in Sect. 2.4 hold, then there exists an gy > 0 such that for any 0 < ¢ < &, the
atomistic problem (59) has a solution v¢ = (vV®T, v57) and v¢ € S; is a X,-local
minimizer of the energy functional (28). Furthermore, ||v® — v|x, < C 2, where
v is the dislocation solution of the PN model in Theorem 1.

A constant C in these theorems may depend on «, 8,6, A, and y”(0), but
it is independent of ¢. Thanks to the convergence of displacement, we have the
following important corollary for convergence of energy:

Corollary 1. (Convergence of energy) If Assumptions A1-A7 hold, then there exists
an g9 > 0 such that for any 0 < ¢ < g9 we have

|Epnlv] — Eq[v°]| < Ce?, (60)

where v and v¢ are the solutions of the PN model and the atomistic model, respec-
tively, in Theorems 1 and 2.

Note that Epy is of order O(1) in this corollary, and hence the relative error is of
order O(g2). Before the rescaling, Epy is of order O(e) and the relative error is
still of order O (&2).
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483 3. Preliminaries

484 We provide some preliminary results in this section, including some lemmas
45 characterizing the properties of pair potentials and y-surface. For simplicity of

G
8 46 notation, we set, fork =0, 1,2, ...
$—
o Vis = esssup |VEV(&)], s € Z* ©61)
2 J—s|=<3ls]
+—
2 488 Urs = esssup |[VEU(E)|, s € Z, (62)
lE—s+31<1
489 Vkosi = ess sup ‘Vkv+(x) , i,s €. (63)

e(i—|s)<x=<e(i+Is)

a0 Roughly speaking, Vi s (or Uy s, respectively) is a bound for vk V(&) (or vkU &),
a1 respectively) nearby & = s, and vi ¢ ; is a bound for Vv in &|s|-neighbor nearby
42 x = ¢i. These quantities may appear in proofs from time to time.

493 First, we study the regularity of y-surface and summability of pair potentials
494 in our models.

45 Lemma 1. (fast decay and summability) Suppose that Assumptions A3—A4 hold.
a6 Then there exists a constant C = C(B, 0) satisfying the summability conditions

497 Yiep sV, <C k=0,1,...,4, (64)
498 Sz IsFH U s <C, k=0,1,...,4. (65)

a9 Proof. By defintion Eq. (61) and Assumption A4, we have Vi < C(% |s |)’k’4’9.
soo Therefore, fork =0,1,...,4

501 Z |s|k+3vk,s < Z 2k+4+0c|s|7179 < C.

sez* seL*
so2 It is similar to show these properties for U. 0O

ss  Lemma 2. (regularity of y-surface) Suppose that Assumptions A3—A4 hold. Then
so4  there exist C = C(B, 0) and gy = €o(B, 0) such that for any 0 < ¢ < go, we have

s05 y € C*R) and |V¥y|lpe < C fork=0,1,--- , 4. (66)
sos  Proof. Assumption A3 with Lemma 1 implies that y € C*(R) and
1
vk = U (s— = , k=1,2,---,4. 67
v (&) XZJ s—5+éE 67)

ss  Let n be the nearest integer of £. By Lemma 1 again, we have IVEy (&) <
500 Y 7 Uksin < C.Ifk =0, then |y (&) <> 7o s4n+Uops) <C. O

sio  Remark 1. This regularity of y-surface is indispensable and it essentially relies on
511 the regularity and summability of the pair potential V; (or U). Consequently, a
sz smooth dislocation solution depends on the regularity of V; (or U).
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Lemma 3. (symmetry and local stability of y-surface) Suppose that Assumptions
A2-A4 and A6 hold. Then we have the following properties of the y-surface

(periodicity) y(§ +1)=vy(§), § €R,
(symmetry) v() =y(=§), § eR, (68)
(local stability) y (€) > 1y"(0)€%, |€] < C,

for some constant C = C(8, 0, y" (0)).

Proof. By the proof of Lemma 2, the series in the definition y(§) = >, _,[U(s —
% +&)-U(s— %)] is absolutely summable and its sum is irrelevant to the summation
order. In particular, we have )" _,[U(s + % +&6 -UG)] =) UG — % +

§) —U(s)]. Thatis y (§ + 1) = y(§).
Next, the symmetry y (§) = y (—£&) follows immediately from Assumption A2.
The Taylor expansion of y near 0 leads to y (§) = ¥ (0) + ¥ (0)& + %y”(sl)sz,
where £ is between 0 and &. Note that (0) = 0. The symmetry and the fact
that y € C* imply that '(0) = 0. By the assumption y”(0) > 0 in A6 and the
continuity of ", we have y (§) = 1y”(£1)&% > 1y”(0)&? for sufficiently small &.
O

Remark 2. Recall that the y-surface y (¢) is defined in Eq. (12) from the atomistic
model following the definition of Vitek [59]. The sinusoidal interplanar potential

2
function in the classical PN model: y.pn(¢p) = fn—’;d (1 — cos 2”T¢ , where d is
the interplanar distance, b is the length of the Burgers vector and p is the shear
modulus, is a phenomenological potential that satisfies the main features of a y-

surface summarized in Eq. (68).

4. Existence and Stability of the PN Model

In this section, we study the dislocation solution of the PN model, in particular,
its existence and stability.

For the existence, we rewrite our one-step minimization problem (56) into a
two-step minimization problem: first minimizing u = (u™, u ™) with fixed u™ = ¢,
then minimizing the energy with respect to ¢. This two-step procedure becomes
a routine since the original works of Peierls and Nabarro [45,52], however, the
equivalence lacks a rigorous proof. Here we provide a detailed discussion on the
relation of these two minimization problems. We use our bilayer system setting in
order to be consistent with this work. The equivalence result and its proof can both
be straightforwardly extended to the general PN model (e.g., in three dimension
and for curved dislocations).

We define the function space for disregistry ¢:

Do ={¢:¢—9° € Hl limys oo §(x) = 0,limy s o0 () = 1.(0) = 3| . (69)

0, x < —%,
PPy =2 +4 —f=<x<l (70)
1, x > JT
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From Atomistic Model to Peierls—Nabarro Model

It is easy to check that for any u € So, we have ¢ := u® € @. In particular,
o0 = ulL e @,.
In our bilayer system, the two-step minimization reads as:

(i) given ¢ € @, find uy = (uj,uy) € So with uj; = ¢ such that

Eelas[“(/)] = inf Eclas[ul, (71)

uesy, ul:¢

and denote E[/ [¢] = inf,cg, , 1y Eclaslul:

(ii) find ¢* € @( such that
E[#*1 = inf E}L(], (72)
pedg

where the total energy functional in this two-step minimization problem is defined
as

E(o] = ELL (6] + Emis[p]. (73)

To make it clear, we list the relationship between the various functionals in
these minimization problems. The one-step minimization problem (56) reads as:

inf Epn[u] = inf {Eelas[u] + Emis[@]}

u€Soy ueSo,ut=¢

the two-step minimization problem (71)—(72) reads as:
. 11 . 11
Jnt Eio1 = inf {ELL 101+ Enilo]]

= inf {( inf Eelas[”]) + Emis[¢]} .

pedg ueSy,ut=¢

We remark that, in general (PN models), E ellfls [¢] always exists, even if the optimal

displacement # may not exist (in So) for some given disregistry ¢ with the consis-
tency condition # = ¢. In many applications such as the original PN model, there
is an explicit solution for the step (i) problem (71). It follows that one simply needs
to solve the step (ii) problem (72). This is a great advantage to use this two-step
minimization model.

The following proposition establishes the equivalence between these minimiza-
tion problems:

Proposition 1. (equivalence between two minimization problems) We suppose that
Epn[u®] < +00. Then the two-step minimization problem (71)—(72) is equivalent
to the one-step minimization problem (56) in the following senses:

1. m! = m'! where m' = infyes, ERN[u] and m'! = infyeq, E,’,]]\,'[qﬁ].

2. Given any minimizing sequence {u'}:°, of problem (56), then {¢' := ui’J‘}?il
is a minimizing sequence of problem (72). Conversely, given any minimizing
sequence {qbi ?il of problem (772), there exists a sequence {ui}l?i] with utt =
@', i € N such that {ui}fil is a minimizing sequence of problem (56).
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3. Ifu* is a minimizer of problem (56), ¢* := u*" is a minimizer of problem (72).

Conversely, if ¢* is a minimizer of problem (72) and u* solves

Eelgs[u™] = inf Eejgs(ul, (74)

ueSy, ut=¢*

then u™ is a minimizer of problem (56). In particular, if the minimizer u™ in (74)
is unique, then u™ and ¢* has a one-to-one correspondence.

Remark 3. Condition (74) means Eelas[u*] = E!l [¢*]. For most applications,
including our case Eejas[u] = fR %a(|Vu+|2 + |Vu_|2)dx, the minimizer u™* € Sy

satisfying Eq. (74) exists, and it is unique.

Proof. By Assumption A6, y(x) > y(0) = 0 for all x € R. Thus Eps[¢] > 0.
Obviously, Eelas[u] > 0and EX [¢] > Oforany u € Spand ¢ € Py, respectively.
Hence m! and m!! are bounded below by 0. In addition, they are prevented from

being 400 due to the assumption EPN[MO] < 4o00.

1. If {ui}?il is a minimizing sequence of problem (56), then lim;_, | Epn[u'] =
m!. For all i,

m'! < Eff[u*] < Epnlu']. (75)
Taking the limit i — 400, we obtain m! <m!.
Conversely, if {¢’ 172, a minimizing sequence of problem (72), then we have
lim;, oo EpL[¢'] = m!!. For any i, there exist u’ € Sy with u™+ = ¢’ such
that Egjas[u’] < i~' 4+ EL! [#']. Then

elas

m! < Epn[u') <i™' + ELL 9] (76)

I I 11

Taking the limit i — o0, we obtain m’ < m!!. Hence m' = m

2. If {u}%° | is a minimizing sequence of problem (56), then we set ¢’ = u’ for
alli € N. Thus lim;_, EL[¢'] = m!! follows from Eq. (75) and m! = m!!.
Conversely, if {¢'}72 | a minimizing sequence of problem (72), then we choose
u' € Sy with ut = ¢’ such that Eeolu’] < i~' + ELl[¢']. Thus
1im; _, 400 Epn[u’] = m! follows from Eq. (76) and m! = m?!!.

3. If Epn[u*] = m!, then E[L[u*1] < Epn[u*] = m! = m!!. Conversely, if

E{G[¢*] = m'! and Ecjos[u*] = inf g, ,1_g+ Eelas[u], then

Epn[u*] = Eetaslu™] + Emislu™ ] = E§i[6*] + Emisl¢*] = Epklo*] = m'.
O

Now we prove Theorem 1 by solving the two-step minimization. The first step

is explicitly solvable. Next, we prove the existence and other properties of the
minimizer ¢.
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Proof of Theorem 1.
1. Two-step minimization problem. Recall that Egas[u] = fR %o{ (|V1,¢"‘|2
+|Vu~ |2) dx. For any ¢ € &, we have

1
arg min  E¢slu] = arg miSn/ Ea (|Vu"'|2 + |Vut — V¢|2) dx

ueSo,ut=¢ ueso JR

. 1 1
(Lo to)

Moreover, EX! [¢] = Eelas[(%qb, —%¢>)] = zltfRa|V¢|2dx. By Proposition 1, we

elas
only need to minimize the following energy E 151{1 [¢] in terms of disregistry ¢ € @o:

1
EbL¢] = fR (Zaww + y<¢>) dx. a7

2. Existence, uniqueness, and symmetry. Define I'(§) = foé Jaym)dn foré € R.
Recall that y(-) is nonnegative, bounded, and continuous. Hence I"(§) is well-

defined and VI'(§) = /ay(&). Note that ' (0) = 0 and I'(1) = fol Jay(n)dn.
Applying the AM-GM inequality to Eq. (77), we have

ELIg] = fR Ve () ly/ay @ 0)dx

=/ IVI'(¢(x))|dx
R

> lim F@()— lim ')

1
2/0 Vay mdn.

For the first step, the equality holds if and only if %\/5 IVo| = /¥ o ¢. Therefore
infgea, Elﬂﬂl[q&] = fol Jay (n)dn. Moreover, ¢* € @ is a minimizer if and only
if %\/5|V¢ x)] = VY (@ (x)) for a.e. x € R and V¢ (x) does not change sign for

a.e. x € R. Obviously, V¢ (x) > 0 for a.e. x € R. Thus the minimizer ¢* € @y is
the solution of the differential equation

Vo) = =7 G0, #0) =+, (78)
Ja 2

with boundary conditions limy_, s ¢*(x) = 0, and lim,_ o, ¢*(x) = 1. Note
that 4/ (x) is uniformly Lipschitz due to the fact that y behaves quadratically
near Z (because y attains its minimum value O at integer values). The initial value
problem (78) has a unique classical (differentiable) solution on R. We denote this
solution as ¢*(x), x € R. It will be checked that ¢* € @ in the next step. Therefore
the minimization problem (24) has a unique global minimizer. Recall that y € C*
(cf. Lemma 2). Thus ¢* is C? by Eq. (78). Moreover, it is the unique solution of
the Euler-Lagrange equation

1
—Eavzw‘ —y'(¢*) =0. (79)
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3. Strictly increasing, boundary conditions, and exponential decay. We claim
that ¢*(x) ¢ Z for all x € R. Indeed, if ¢*(xg) = n for some x9p € R and
n € Z, then V(¢p™ — n) = «/ia«/y(q)* — n) due to Lemma 3 and Eq. (78). Using
the Lipschitz property of /¥, |V(¢* — n)| < Cl|¢* — n|. Gronwall’s inequality
with ¢*(x¢g) — n = 0 implies that ¢*(x) = n for all x € R. This contradicts with
$*(0) = 1. Thus ¢*(x) ¢ Zforallx € R. Asaresult, we obtainthat) < ¢*(x) < 1
and V¢*(x) > O forall x € R.

Next, we prove that the boundary conditions are satisfied. Since ¢* strictly
increasing and bounded, the limit M := lim,_, 1 o, ¢*(x) exists. Obviously, M < 1.
If M < 1, wehavem’ := minée[%’M] %W > 0 due to Assumption A6. Thus
V¢*(x) > m’ > 0 for all x > 0. This leads to lim,_ o0 ¢*(x) = +00 which
contradicts with the boundedness of ¢*. Therefore we musthave limy_, 4o ¢™(x) =
1. Similarly, we have lim,_, _ o, ¢*(x) = 0.

By Lemma 3, we have y (1 —¢™*(x)) > %y”(O)(l —¢*(x))% for p*(x) > 1 —co,
where ¢y = co(B, 0, ¥"(0)). Since limy_, yo0 ¢*(x) = 1, there exists a constant
K > 0 such that ¢*(x) > 1 — ¢o for x > K. These with Eq. (78) leads to

2 2 /1
V(1 —9¢*(x) = —o vy —¢t)) = —E\/ZV”(O)(I — ¢*(x))?
< —C(l—¢*(x))

for all x > K and some C > 0. By Gronwall’s inequality, we have for x > K
1—¢*(x) < (1 = ¢"(K)) exp(=C(x — K)) < C"exp(=Cx).

By choosing a larger constant C’, the exponential decay estimate holds for all
x >0:1—¢*(x) < C'exp(—Clx|). Similarly, we have ¢*(x) < C"exp(—C|x|)
forx < 0.

4. Regularity. Note that | ¢*||.= < 1 and [|V§* |l = F=]l /7l < oo. Since
V¢* > 0, we have [|[Vo*|[ 1 = [*2) Ve*(x) = 1. Next V2¢* = —2/(¢*). Thus
V2¢* € L by Lemma 2. Note that |y’ (¢*)| < |y’ (0) + y"(§)¢*| < C|¢*| and
Iy (@)1 < 1y' () +y"(€)(@* — DI < C|1 — ¢*|. Then

V2% I .1

IA

2 [, .
—/ ly (9™ (x))ldx
@ J_co

IA

0 00
c/ |p* (x)]dx + C/ 11— ¢*(x)|dx < C,
—00 0

where the last inequality is due to the exponential decay property of ¢*(x). By
direct calculations, we have

3 2 1 ¢ bk *
Vit = ==y (@) V4",
2
VigT = == [ @) (Ve +7 6"V |

2
VIpT = —= [y D@ (V") + 37" ¢V VI + ()" .
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From Atomistic Model to Peierls—Nabarro Model

Here we are implicitly using (79) and the chain rule, which is permissible since
y € C*.Recallthaty® e L>® fork = 2, 3, 4 (cf. Lemma 2). This with V¢* € L™
and V2¢* € L™ leads to Vk¢* € L™ for k = 3,4, 5, successively. Then the
boundedness y(k) € L*®, k = 2,3,4 with V¢* € L' and Vo¢* € L* leads to
Vk¢* e L! for k = 3,4, 5, successively.

5. Dislocation solution v. Now we summarize the above properties of ¢*. The
dislocation solution v = (%q&*, —%qﬁ*) is the unique solution of the PN problem
(57) and v € Sy is the unique X-global minimizer of the energy functional (24).
Moreover, v is symmetric vt (x) = —v~(x) forallx € Randv™ () € C3is strictly
increasing with ||v|lys~ < C and [|[Vv|ly41 < C. O

A corollary of Theorem 1 shows the symmetry property of v,

Corollary 2. Let v = (v*, v™) be the dislocation solution of the PN model in
Theorem 1. Then v has the symmetry with respect to x: v (x) + v (—x) = % and

V@) + v (—x) =—5,xeR

Proof. By the symmetry and periodicity of y-surface (cf. Lemma 3), we have

J/(% +& =y¢& - %) = y(% — &) for all £ € R. Recall that v/ (x) is uniformly
Lipschitz due to the fact that y behaves quadratically near Z. Then it is easy to
see the solution of the differential equation V¢* = ./ gy((p*) with initial value
¢*(0) = % satisties ¢™*(x) — % = % — ¢*™(—x) for x > 0. This with the fact that
V= (%q&*, —%(p*) completes the proof. O

Due to the translation invariance, the second variation of energy at the disloca-
tion solution 82 Epn[v] has a zero eigenvalue. The following proposition guarantees

that this zero eigenvalue is simple (in other words, the eigenfunctions corresponding
to zero eigenvalue form a one-dimension linear space):

Proposition 2. (zero eigenvalue is simple) Suppose that Assumptions AI1-A6 hold.
Let v be the dislocation solution of the PN model in Theorem 1. If f € C? N X
and f solves 82EPN[v]f =0, then f = AVv for some constant A.

Proof. Let g = Vv. Thus we have

—aV2fE £y (T - ) =0,

—aVigt+y (gt —g) =V [—otVzvjE + y’(vJ‘)] =0.
The first equation implies V2 f*(x) = —V?f~(x) for all x € R. Thus, for all
x eR, VIT(x)+ VF (x) =limy_ 10o[VFT(x) + VF(x)] = 0 because f €
C2NXy. Thenforallx € R,wehave f¥(x)+ f~(x) = fT(0)+ f~(0) = 0 where

the last equality is also due to f € Xo. Now we have T — f~ =2f1t =-2f~
and

—aVZfE 2y (b =0, (80)
—aV2gt +2y"(whHgT = 0. (81)
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Eliminating the y” (v") term leads to
—agtVA fE +affVigE =0 oraV (¢FVrE - fEveE) =0.

Thus g*V f* — f*Vg¥ is a constant. From the proof of Theorem 1, we know
that ||g|z~ < C and ||Vg|lz~ < C. Recall that f € C> N Xgand ft = —f~.
We obtain that g¥(x)V f¥(x) — fF(x)VgT(x) = lim,_ 1oo[gt(x)V fE(x) —
FfE(x)VgT(x)] = 0 for all x € R. By strictly monotonicity of v* (cf. Theorem
1), we have g* = Vot £ 0. Thus (g%)2V (g) — ¢EVfE _ pEyeE — 0,
Therefore f = Ag = AVv for some constant A. O

Remark 4. The physical meaning of Proposition 2 is that the dislocation solution v,
satisfying the boundary conditions but not the center condition, is invariant under
translation. Indeed, let us consider an infinitesimal translation dx of the dislocation
solution. The translated displacement field is v(x 4 dx) and hence the perturbation
isv(x+dx)—v(x) = (Vv)dx. This perturbation mode is exactly the eigenfunction,
in the previous proposition, corresponding to the zero eigenvalue.

Now we are ready to obtain the stability result of the PN model. Later (cf.
Proposition 9 in Sect. 6), we will see that the stability of the atomistic model can
be achieved by this PN stability with the small stability gap Assumption A7.

Proposition 3. (stability of PN model) Suppose that Assumptions A1-A6 hold. Let
v be the dislocation solution of the PN model in Theorem 1. There exists a constant
kK =«k(a, B,0,y"(0)) > 0 such that for f € Xg, we have

(S Emlvlf, £), = €l f 1 (82)

Proof. We prove the statement by contradiction. Suppose there exists a sequence
{f"}52 satisfying the following conditions:

If"lxo =1 and L] f"1%, > (82 Eenlvlf™, f")y = ILf"1, (83)

where the functional I[f] = [ {«|VfT1> +a|V 1>+ y" (5 (fH)?} dx.

From the proof of the Theorem 1, we know that vt = ¢* is strictly increasing
on R with limy_, _ oo ¢*(x) = 0 and limy_, { oo ¢*(x) = 1. This with Assumption
A6 and Lemma 3 implies that " (v-(x)) > %)/”(O) > 0 on R\(—K, K) for some
K < o0. Define

K
Ielfli= [ @V FTR 4 alv Ry (e
-K
Belflim [ (R eV Ry
R\(—K.K)
The uniformly boundedness || f"||x, = 1 implies that there exists a subsequence
(still denoted as {f"}5° ) with f* € X satisfying (1) Vet 5 vt weakly

in L%, 2) f"t — f** weakly in L>(R), and (3) f+ — f*' strongly in
L%((—K, K)). The statements (1) and (3) imply that the functional Ik [ f] is weak
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From Atomistic Model to Peierls—Nabarro Model

lower semi-continuous: liminf, o Ix[f"] > Ix[f] for any f" — f weakly in
H'((—K, K)).Forx € R\(—K, K), the integrand y” (v")(f1)? in I'x<[ f] is con-
vex since y” (vt (x)) > 0. By convexity, the functional Ix<[ f]is weak lower semi-
continuous. Therefore I[f] = Ix[f] + Ix<[f] is weak lower semi-continuous.
By weak lower semi-continuity, 0 = %IIf”H%gO > liminf, 400 I[f"] > I[f*].
Since v minimizes the energy Epn, we have I[f*] > 0. Thus f* minimizes the
functional /[ f] and hence solves Euler—Lagrange equation in the weak sense

_avzf*,:l: :l: y//(UJ_)f*,J_ — O

Note that y” (v") is continuous by Lemma 2 and Theorem 1. We apply the Schauder
estimate and obtain f** € Clzof (R) [29]. Proposition 2 implies f* = AVv. Note
that AVu(0) = f*1(0) = 0 and Vv (0) # 0. Then A = 0 and f** = 0.
Notice that H!(R) can be embedded in C* 5 (R). Utilizing Arzela—Ascoli theorem,
we obtain f™+ — f*1 = 0 uniformly on (—K, K). Therefore

K
lim I[f"] > —sup|y” (v (x))| lim / (f™H)2dx
n—o00 n—>oo J_g

xeR
+a lim / {|Vf"*+|2+|Vf"’_|2}dx
n—0o0 R

+ lim Y 5 (fH)2dx
n—o0 R\(—K,K)

1
> min {(x, 5)/”(0)}

- lim { / (19772419 1) de + / (f“)zdx}
n—00 R R\(—K,K)

o 1 "

= min {a, Ey (O)} > 0.

This is in contradiction with lim,,_, oo I[ f"] < lim,_ oo ,%an ||§(0 = 0. Hence the
original statement holds. O

5. Consistency of the PN Model

In this section, the force consistency is obtained at the dislocation solution of
the PN model. More precisely, the force in the atomistic model is O (£2)-close to
its counterpart in the PN model, provided that the displacement of the atomistic
model is exactly the dislocation solution in Theorem 1. This asymptotic analysis is
not only formal but also rigorous in the sense that we estimate the truncation error
in X, norm.

Here we first provide several lemmas connecting the discrete Sobolev spaces.

Lemma 4. (property of discrete Sobolev norms) For k € N, we have

£ lle < I fllex < 2K max{1, e Y| £ (84)
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Proof. By definition, we have || |7 < || f1IZ , and
IDY fII7 < 4e 2| DI fI12 < 2% 72| 12

for j = 1,--- k. Then ||f]?, < Z’;:022j8—2j||f||§ < 2242 max(1, e=2)

I£1IZ. o

Lemma 5. (property of M,) The linear space M, is a Hilbert space with inner
product (-, -)x,. Moreover, we have My C HSl and for f € M,

A2, < IfIR, < 207102 (85)

Proof. The Hilbert space is easy to check. And Eq. (85) follows from || f L||§ =
21 f12 for f € M.. O

Lemma 6. (property of finite difference operator Dsi) IfseZ*and f € Lg, then
1D flle < IsHIDS e (86)

Proof. Without loss of generality, we suppose s > 0 and prove the result for D" f.
By the Cauchy—Schwarz inequality, we have

i+s—1 y i+s—1
(DF = Y. prf) =5 Y 0fH
Jj=i j=i

Then || D f||? < s2||Df||? follows from this. O

The following summability lemma is quite helpful in estimating the truncation
errors (cf. Proposition 4):

Lemma 7. (summability of v) Let v be the dislocation solution of the PN model in

Theorem 1. Givenk = 1,2,--- ,4and s € Z*, ¢ < 1, we have
£ ks < Cls| and v sll} < Cls|, 87)
i€

where C = C(||V |y, [[v]lwkoo) is independent of s. (cf: Eq. (63) for the defini-
tion of Vg s,i.)

Proof. Without loss of generality, we suppose that s > 0. For each i € Z, there
exists some &; withe(i —s) < & < e(i+s) satisfying vy 5 ; = [VEuT (&)]. Note that

Y ez Vkisi = Y70 Yonez Vk.s2ns+j- Then for each j € {0,1,2, -+, 25 — 1},
we have

e(2ns+j) . .
SR IRETED 3 | 40+ Ens4 ) — VE0T ()]
nez nez e2(n=Ds+J)

+H VAT ()ldx
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From Atomistic Model to Peierls—Nabarro Model

e(2ns+j) EZm
= ([ Tk +(s>|ds>
nel e2n—1)s+j) X

k
+IVF T
< 2se|VE LT 0+ VR0 0.

Recall that |vT||yse < C and |VvT|[ys1 < C from Theorem 1. Hence we
have ¢ >y vksi < 2se| VATt 0 4+ VR T 0 < 28| VoT|lyea < Cls).
Obviously, we have esssup;cz vks.i < [[vF|yre < Cls|. Equation (87) follows
from this. 0O

Proposition 4. (consistency of PN model) Suppose that Assumptions A1-A6 hold.
Let v be the dislocation solution of the PN model in Theorem 1, then there exist C
and &g such that for 0 < ¢ < gy and f € M, we have

[(8Ealv]. fel < CE2II f ] x.- (88)
Here C and s depend on a, B, 0, and y" (0).

Proof. 1. Since v is the solution of the PN model and fiJr = —f;, we have

= 2:{—0:V2vl.jt +y' (v = vi_)}fijt

+
1
==Y > Ev”(s)szvzvii f=
seZ* *
1 ~ _
+ZU’<S—§+UI-+—vi )(fﬁ—fl. ).
SEL

From the proof of Lemma 7, we have —aViyt e L2 and hence y "Wt —v ) e
L2. Note that f* e L2. The series in >oaf- aV2 i +y (v —v; )}f
absolutely summable. Thus we can rewrite that (§E, [v] fle = Relas + les,

where
L _
Relas = - Z Z Z 5 {Ds [V/(S + SD;_U?)] - SVN(S)Szvzvii} fii7
icZ sel* =+
s = DX [0 (s =5 =) =)
i€Z sel

—U’<s—%+u,.+—u,.)(fi+—ﬁ.)}

_822;[U/<s__+vt+v_vi_> s — i)

i€ sEL

O o LA =

-2U’ <s—%+vi+—vi_) (fﬁ—f;)]
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. Estimate | Rejas|. Rewrite Rejas as

1
Reas =—¢"'Y " 5 leDrIv G + eDf v —eDT[V/(s — eDf )]

i€ sel*

—282v”(Lc)52v2vi+} +

i

where we have used the fact that V?v + f+ Vzv Jf; . This is because vt =
—v~ and fl+ —f;. Using the Taylor expansion for V’(-) at V'(s), we have
eD;[V'(s +eDfv)] —eD[V'(s — eDv;")]
_V(s+vl+s—viJ’)—V/(s—i-v;r +)—V(s—v,+s+v)
+V'(s — v + v
=2(eDJ v + DT vV (s) + (D v + (DT )TV D ()

for some &. Note that e D} v +eDF v = vl+v+vl . —2v". Thus [eD;f v +

—S l
Dfs ,+ 2S2V2Ui+| < 1284S v4,,; and

3 3 3 3 2 2
e |(Df v + (DX 1)’ < &|DFv; + D] 357 Vol 7w
< 3e*s%02 4 i VUl o,

where we have used the identity a4+ b= (a + b)(a —ab+ b2) and the fact
that |[DL v;"| < |s|[|Vv]| L. Hence

_ — 2y 22
eD;[V'(s + eDf v —eD; [V'(s — eDfv;)] — 26 V" (5)s*V0;

<314 [ Volld o) (Was.i + vas.)e* (s Vas + 54V ).

Therefore
3
|Retasl = 221+ IV0lIE0) 3 (5* Vo +5%Va e D (o + vaci)l f;7]
SEL* i€Z
< Ce? ) (P Vas + IsP Vas)ll fllx,
SEL*
< C&|IflIx,»

where the second and the third inequalities are due to Lemmas 7 and 1, respec-
tively.

. Estimate | Rp;s|. Rewrite Rpyis = Rmis,1 + Rmis.2, Where

1 _ 1 _
m]sl—é‘zz [ ( ———i—vH_s—vi)+U’(s—§+vi+—vi_s)

i€Z veZ

—2U’ (s - % + v — u,.) (fF =,
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863 Rumisp = ¢ Z Z [ < 5t Uz+5 - > ( i+s fz+)

i€Z YEZ
U’ ! + - - _
(_,5 864 =+ s — 5 + v, — Vg (fz — fifs) .
o
& 865 Since f € M, we have f+ = —f_ and
—
o
J:‘; 866 m152 - SZZ |: < +vt+s _vi> i+s f++fl+s fl):|
< i€Z seZ
867 == O
868 Thanks to the symmetry of v, we have U’ (s — % + vf —v_)=U'(s - % +
869 vl.t ¢ — V; ). Applying Taylor expansion, we have
U’ Lo )+ U Lo -
870 s—z—l—vH_s—vi + s—z—i—vi_s—vi
1
871 —ZU/(S—E—"-U;F—Ui)’
1
872 §|vlis+vi+_x—2vj'| U”(s—z—i—v?'—vi_)‘
873 +- (|vl+s - | + |v > vi+|2)U3,S
< ezszuzsvzsi +e ||Vv||Loos2U3 SVLs,is
875 Where in the last inequality we have used |vliA — v"'|2 = ¢ |Dis +|2 <
876 2||Vv||Loov],S,,. Thus by Lemmas 1 and 7, we obtain
| Ruis| = [ Rais 1] < 821+ [V0ll20) D (52025 + 5203, ) @
SEL
X Y (asi + v )IfT
i€Z
< e Y (IsPUns + sPUs ) £,
SEL
< C&|Ifx,-
881 O
882 6. Stability of the Atomistic Model
883 In this section, the linear stability analysis is applied to the atomistic model.

s« We will first study this stability at the dislocation solution of the PN model v, then
sss extend it to displacement field # which is sufficient close to v.

886 We start with the following key observation: with or without a dislocation, the
ss7  stability gap between the atomistic and PN models remains the same, up to an O (¢)
sss  truncation error.
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a9 Proposition 5. (stability gap with/without dislocation) Suppose that Assumptions
soo  AI-AG6 hold. Let v be the dislocation solution of the PN model in Theorem 1. Then
so1  there exists an gy > 0 such that for 0 < ¢ < gg and f € X we have

s (PEMS f) — (2Bl F) = (SE0V. f) —($EexlO). F)
+O0@IfI%,- (89)

sosa  Proof. 1. Recall second variations (116) at continuum dislocation solution v

o (PR T) =X 2 AV e (07 )

S
o
o
il
[a W
-
o
=
+—
=
<

i€l sel* *
896 +SZZU”< ——+U1+3_U ) its - fi )2
i€Z seZ
(B0 7) =e D2 Z V() (D )’
i€Z sel*
898 +€ZZUN (S_z) its f )
i€Z sel
o e(i+1) B B
899 (52EPN[U]f, f>0 = Z/ [(X|Vf+|2 + ‘)5|V]07|2
iez V!
+y" (" = v dr,
e(i+1) _ _ _
o (PEnIO ) =) / [V 7P a2 4y O(F? | dx
i€Z
o0z where o = ) %V”(s)s2 and y"(§) = > ., U"(s — % + &). Then
w  (PEIL )~ (SEI0VF f) — (8 EenlvIf. F) + (82 EmI0IF. F),
5
904 = Z Ry,
k=1

905 where
- Ri=e) Y 3 % [V"(s + eDvF) — V()] (D £75)2,

i€Z seZ* *
007 Rz=8ZZ-U”<s—%+vlis—vi_>—U/’<s—%+vf—vi_>i|

i€Z seZ ~
908 X( its fii)z»
909 R3=SZZ U”(s—%+vi+—vi)—U”<s—%>:|

i€Z sel =

910

(= 02 = G = 177

X
2 2051257 /B[R i
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From Atomistic Model to Peierls—Nabarro Model

a(z+1) 1
911 / [ <s—§+vi+—vi_)

SEZ
1
s o2 -u” <s -5+ vt — v_>i| (fF = f7)dx,
o
= S(H-l) 1 1
Q:‘ 913 R5=Z/ [ (s—§+v+—v_)—U”(s—§>]
2 i€z SEL
= - -
Z AR A e R
915 Here v¥ = v¥(x). It remains to show R; = 0(8)||f||%(F fori =1,2,---,5.
916
o7 2. Weestimate R;,i =1,2,---,5.
018 (1) For sufficiently small &, we have |V (s —i—eD;“vl.i) V()| < Vas |U,+s -
919 vii| < ¢||Vv]|Lee V3 5|s|. Using Lemmas 6 and 1, we have
1
IRil < el Vol 3 VaslslI DY £IIZ
sez*
1
< SelVulleI DS IE 3 Vasls® < 0@IfII, -
SEL*
2 (2) Next, (fif —f7)* <2(f7— £ 205 = 262D fH*+2(fH)%
023 Thus by Lemma 6,
St = £ <262 IDFFIR + 27 A2 < e s+ 2SR
i€eZ
925 Note that
" 1 + — " 1 + -
926 U'ls—z+vi,—v |-U |s—s+v —v
2 2
927 <U33|U,+S_U,'+|
928 =< 8||VU+||L°°U3,S|S|-
929 Therefore
IRyl < 2|Vl Y Usilsl Y (fh = f;
SeZ i€Z
< e Votllell £1I%, D Usslsl@s® +2) < 0@l fII3.
seZ
932 (3) Next, we have for e < 1
DU = = U =
i€Z
= R AP R B T AR AR VAR
i€eZ i€eZ
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<Y IDF TP+ IDFTP e Y I

i€ €L i€l
< (e+Ds2IDFHE+ I F11?
< s+ DIfIX,. (90)

where we have used Lemma 6. Note that |U"” (s — % + Ui+ —v;)— U (s —
%)| < |lvt|| L= Us.s. Therefore

IRs| < ellvtlle Y Uss Y I(fh = 72 = (= £

SEL i€Z
<ellvt el fII%, Y Uss@s*+ 1) < 0@l fII%,
sel

(4) Wehave |U"(s — 5 +v;" —v;) —U"(s — 5 +vT —v7)| < 2| Vo1~ Us

forie < x < (i + 1)e. Note that 3,5 [S“TV(fF — f7)2dx = | )12
Thus

|Ra| < 26| Vol £ 21 Y Uz < O@IfIIx, -
SEL
(5) Finally, we have |U" (s — %‘+ v =) = U — Pl < vtl=Us,.
Note that | fi- — f*| = =€ f+1 — fH = (x —io)Dfi" = Df7| <
(x—ie)-(IDfT|+IDf Dand | fL] < | fH+1f4 | forie <x < (i+1De.
Hence

12 = FY2H < 1S = AT+ 1D
<2(x —ie)(IDFT+ DD - (1 + 1 D-

Then
e(i+1) B
> / D = (P dx
iez Ve
<Y UDFH + DD - (FH +1£54D
i€z
<e(IDF e + IDFINF e
< 2| f%.- ©1)
Therefore,

IRs| < 2elvt (|l £k, Y Uss < O@IfI,-
SEZ

O

The next lemma reveals the relation between a function in X, and its extension.
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From Atomistic Model to Peierls—Nabarro Model

Lemma 8. (linear interpolation) If f € X, then its extension f € X (cf. Eq. (42)).
Moreover, we have

IDFIZ + L1412 < 1A, < A1 (92)

Proof. By definition, we have Vfi(x) = Dfl.i forie < x < (i + 1)e, and
hence ||V f||> = || Df ||2. Direct calculation leads to [| f||> = & ¥, [(fH)? +
SR+ (FED?) Thus LI F12 < 17412 < £+ 112 Equation (92) follows
these immediately. 0O

Proposition 6. (explicit formula for A) Suppose that Assumptions AI1-A6 hold. Let
v be the dislocation solution of the PN model in Theorem 1. Then there exists an
g0 > 0 such that for 0 < ¢ < gy and f € X, we have

(2Ed0VS, £) —(LE0IF, F) = AN, + O@If IR, ©3)

Moreover, A can be calculated by

A= sup sZZZV”(s)[(Dmi)z—sz(z)ﬁi)z] L (94)

Iflxe=1 | iz s=2 %

Proof. By direct calculations, we have

<82Ea[0]f, f> - <52EPN[O]fv f>

—eZ[ZZ Lyns (0F £5) +ZU”<S-%) + f)}

ieZ L £ sezZ* =
e(i+1) _
2, [Z > V@A - U (5= 3) (f%z} dx
icZ + YEZ* SEZL

Let

S (|

i€l sel
5 e(i+1) _
Ry = Z Z U ( ) [(fl;)z _ (fi)z] dx
i€Z el SEZL

Recalling Egs. (90) and (91), we have

IRl < ellfIk, Y Uas2s* +1) < 0@ fI5,
SEZL

IRol < 2elf13, Y Uss < O f1%,-

SEZ
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Note that Vf_i(x) = Dfl.jE forie < x < (i + 1)e. Recall the definition (31).
Therefore,

A= 1lim sup <82EPN[0]f, >0 — <52Ea[0]f, f>8

e=0 £y, =1
— lim  sup { DI I [D+f )? sz(Dﬁi)z]—ﬁl—ﬁz}
200 flixe=1 | joz sezr =

1
2
= sup ¢ Z Z Z V() [ ( [ s2(Dfl-i)2] ;

HfHngl i€Z s>2 +
where we have used the symmetry of V (Assumption A2) in the last step. O
Proposition 7. (A > 0) The stability gap (94) is non-negative: A > 0.

Proof. By Lemma 1, we have ) ., V" (s)|s% < D sez V. 4s? < C. Then for

any M € N¥, there exists at € N* such that ) .., V" (s)]s% < % For s > 2,
by the Cauchy—Schwarz inequality, we obtain

i+s—1
YD <Y s YO (DFHP =57 (D (95)
i€Z i€Z Jj=i i€

We define g as follows: g; = (229Mz‘)_1/2 for 1 <i < Mt and g; = 0 otherwise.
Obviously, ||g||§ = %.Note that if we define Df* = g, then I flix, =IIDflle = 1.
Therefore

Aze D2V [+ o+ i) - 5%

i€Z s=>2

If2 <s <t then (g + -+ + gits—1)> — s2g> = Ofori ¢ T, where T =
{—s+2,—s+2,--- , 00 U{Mt —5s +2,Mt —s +3,--- ,Mt}. Fori € T,
we have [(g; + -+ + g,~+s_1)2 — s2gi2| < s2(2eM1)~!. Note that |T| = 2(s —
1). Thus for any 2 < s < ¢, we have SZieZ [(g,- + -+ gi+s_1)2 — szg?] >

—e2(s — 1)s2Q2eM)~! > —;4'—1 > —2 Ifs > ¢ + 1, Eq. (95) implies that
2

e ienl(gi 4+ gips—1)? — 52871 = —e Y ;5 5787 = — 5.
Therefore,
t o0
A > 82 {Z-i— Z }ZV"(S) [(gi A+ Gits—1)? — 87 2]
i€eZ — s=t+1
2
s
> S 2y 21V (s)|=—
> Z| (>| Z V()15
s=t+1
1+2C
> — .
- M

Letting M go to infinity, we obtain A > 0. O
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From Atomistic Model to Peierls—Nabarro Model

Proposition 8. Suppose that Assumptions A1-A6 hold. If V' (s) < Oforall|s| > 2,
then A = 0, andthence k > 3A. Inparticular, if V (-) is a nearest neighbor potential
thenk > 3A =0.

Proof. Equation (95) and V”(s) < O imply that V"(s)) ;.5 [(D;"fij[)2

—sz(Dfii)z] < 0 for |s| > 2. Hence A < 0. According to Proposition 7, we
have A =0. O

Proposition 9. (stability of atomistic model) Suppose that Assumptions AI-A7
hold. Let v be the dislocation solution of the PN model in Theorem 1. There exist
C and o such that for 0 < ¢ < gg and f € X we have

(82Ealvlf, f), = CISI%, - (96)
Here C and &y depend on a, B, 0, y"(0), and A.

Proof. By Proposition 3 and Lemma 8, we have (8 Epx[v]f, f), > /c||f||§(O >

%K I f ||§(S. Therefore, by Propositions 5 and 6, we have

<82Ea[v]f, f>6 - <52EPN[v]f, f)o + (82Ea[0]f, f)
- <32EPN[0]f, f)o +o@IfI%,

el fI%, = AlFI, + 0@ fI%,
> Clfl%,

&

v

for sufficiently small ¢. Here we have utilized the Assumption A7: A < %/c. O

We finish this section with a detailed verification on the stability condition of
Lennard—Jones (m, n) potential. The commonly used case is (m, n) = (6, 12).

Proposition 10. Let V () be Lennard—Jones (m, n) potential, i.e.,

ro m VO n
V(x):VLJ(x):—< ) +(—),1<m<n,x;ﬁ0, o7

x| x|

where rq is some characteristic distance. Then A = 0, provided ¢ is sufficiently
small.

Proof. We first remark that rg is not arbitrary but related to the minimal distance
so = 1 (the rescaled lattice constant). Note that so = 1 solves

0 1

P (Z Vkso)+ Y _ Va (kso — Es())) =0. (98)
keZ* keZ

Recall that V; = ¢2U. Thus

kv et <k - %) U’ <k - %) =0. (99)

keZ* keZ
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10 By Lemma 1, we have | Y .z (k — DU (k—D)| < 3 5 (Is|+ DUy, < C. Then

m
041 0= kV'(k)+0@EH =Y I:m]};% - ;] + 0(@?)
‘-‘5 keZ* keZ*
o toiz = 2me (m)r — 2nL (n)rf 4+ 0(e?),
ay
5 1043 Where the zeta function ¢ (t) = Z,fil k™!, t > 1. Therefore, for sufficient small ¢,
| &
= 1042 we have
< mg (m)
1045 ph—m — + 0( 2)
0 ne(n)
1046 For s > 2, we have
Y g n(n+ Drg™™"
= n—%_ |14+ =70
o Vis) = m(m + )s’"+2 |: + m(m + 1)sn—m
BN ) IR
1048 mm—+1)—— m+2 — oy —— . T .

a0 It can be shown that %)){((’Z; 2" Hence V" (s) < 0, s > 2 for sufficiently

10  small . By Proposition 8, we obtain A = 0. O

1051 7. Existence of the Atomistic Model and Convergence

1052 In this section, we show that the atomistic model has a solution v® which is
s O(&2) away from the PN solution v in terms of the metric induced by X, norm.
10ss  Let us first provide the following lemma which makes use of the continuity of
1055 (82Ea[-1f, g)e at v:

105 Lemma 9. Suppose that Assumptions AI-A6 hold. Let v be the dislocation solution
157 of the PN model in Theorem 1. There exist constants &y and C such that for 0 <
s & <egandu,u’ € X, satisfying |lu — v|lx, < ¢and ||u' —v|x, <& we have

o [{(6*Ealur = 82Eu[u1) f.6) 1 = Co™ 2w = u/Ix, . lgllx,  (100)

1weo forall f, g € X.. Here g9 and C depend on a, B, 6, y"(0), and A.

ws1 Proof. Note that | D (u — v)[lz < Is||Du — v)llzee < Isle™"?|lu — vl|x, <
o2 |s|e!/2. This with | D vl < |s[[[Vvllze < Cls|implies that [| D ul| o < C|s].
weo  Similarly, we have | D (u' — v)l| 0 < [sle™ /2 |lu" — v]lx, < Isle"/?, D' —
et w)||zoo < Isle™ V2w’ — ulx, < Isle'/?, and | Dfu'|| = < Cls|. For sufficiently
1065 small &, we have

1068 IV"'(s +eDfu) — V(s + eDFu)| = [VO©)|leDf (u/* — uF)|

067 < Valsle!?|lu’ — ullx,,
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s where [& — 5| < max{|eD;fui|, |eDjfu/|} < Cels| < Ls|.
1069 Note that [ut — vt < e71/2|lu — v|x, < &!'/?. This with vt e < 1
w70 implies that ||uJ-||Lgo < 1+4+&V/2 <2 Similarly, we have lu'+ — vJ-||Lgo <

o o ¢l — iy, < e Wt = utlie < 2672 — ullx, < 262, and
e w2 |lut| Lo < 2. For sufficiently small ¢, we have
(a W]
:5 " 1 + — 7 1 I+ /—
R 1073 U s_§+”i+s_”i -U" s — 2+ul+s—ui
=
3 i 1
< [ < U @EleDf @t —u) + @ —uih)|
5|42 _in
e : <Zj:—|s|—2 U3’s+f> (Isl + 2™l < ullx..

1076 wherewehaveusedthat|§—(s—%)| < max{|eDfut|+[ut], leDfut|+uit]} <

+2
177 |s| + 2 and that SUP|e _ (s 1)|<s|42 U (&) < le§|:7|5|72 Ussj-

1078 Recall Eq. (116) and hence we have
oo |{(2Eulul - Eulu) f.g) |
&€

050 V2w — u'|ly, - %ZZ 3" vlsl| D5 |- D ]
* ie€Z seZ*
Is|+2 _
1061 e P lu—ulx, ey Y (Z f_tm_z U3,X+,~> (sl +2) | f5 = £
i€Z seZ I\
N

183 Utilizing Lemmas 1 and 6, we obtain

1084 —ZV3 Y|S|Z|D+fi| |D+ ZV3 s|s| ||Dfi|| ”Dg:t”s
seZ* i€Z SEZ*
1085 = C“f”Xg”g”Xg’
[s|4+2 — + -
1086 & Z (Z‘/=—|S| 5 Us s+]> (sl + 2) Z | 1+v i | ’ |gi+s + 8i |
SEZ ieZ
1087 <Clflx.lglx,-

w88 Finally, Eq. (100) is obtained by collecting these inequalities. O

1080 Lemma 10. Suppose that Assumptions AI-A7 hold. Let v be the dislocation solu-
1000 tion of the PN model in Theorem 1. There exist constants €y and C such that for
wer 0 <& <egandu € X, satisfying |lu — v||x, < & we have

(*Ealulf, f), = CIfI%, (101)
w03 forall f € X,. Here gy and C depend on a, B, 0, y"(0), and A.

1004 Proof. Thanks to Proposition 9, we know (82 Ea[v]f, f), = CI|f|%, forall f €
s X Itis sufficient to show that | (82 Ea[v1f, f), — (8 Ealulf. f), | < 5CIIf1%.-
106 The latter can be obtained by setting v = v’ in Lemma 9. O
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As all preparations are complete, we provide a proof of our main theorem.

Proof of Theorem 2. By Theorem 1, we have v € C> and [IVV|l41 < C indepen-
dent of ¢. Define a closed ball B of M, as follows:

B={weM. :ulx, = Cre?}. (102)

where the constant Cp can be chosen properly later. Given w € B, we define
operator Ay, : My — M, as follows:

1
(Awf. &)x, 2/0 (82 Ealu'lf, g)edt, f.g € M, (103)

where u’ = v+rw fort € [0, 1]. Itis easy to check that this operator is well-defined
and self-adjoint, i.e., (Ay f, g)x, = (f, Awg)x,. Next, we have |lu’ — v|x, =
tlwlx, < Coe?. Then by Lemma 10, we have (8?Ealu’lf, f)e = C|fI%, for

t€[0,1]and f € My C X.. Thus (Ay f, fx, > C||f||§(p and A, is invertible.
By Taylor’s theorem with a remainder, we have, for alllw e Mg,
1
(SEulv+wl, ¥)e = (SEalvl, ¥)e + /0 (82 Ealu' w, ) dt
= (0Ea[v], ¥)e + (Aww, ¥)x,, (104)

where w € B and u’ = v 4 tw fort € [0, 1].
To solve the atomistic model, it is sufficient to find w € B solving

(Apw, ¥)x, = —(8Ea[v], ¥). forall ¥ € M,.
Defineamap G : B — M, for w € B as
(ApG(w), ¥)x, = —(8Ea[v], ¥) forall 4 € M. (105)

Next, we check that G(B) C B for properly chosen Cp. Indeed, by Lemma 10
and the consistency (Proposition 4), we have

CIGW)I%, < (AwG(w), G(w))x,
< (8 E4[v], G(w)),|
< 0 |Gw)|x,.

A

Thus we can choose a constant Cp such that ||G(w)| x, < Cpe? and G(B) C B.

We are going to apply the contraction mapping theorem to G. Obviously, B is a
non-empty complete metric space with metric d(u, v) = |lu — v x,. To guarantee
the existence (and uniqueness) of a fixed point in B, it remains to show that G :
B — B is a contraction mapping, i.e., |G(w) — G(w')|lx, < L|lw — w’||x, for
any w, w’ € B and for some Lipschitz constant L < 1.

Note that (G (w), ¥)x, = —(8Ealv], A" ¥). and (G(w'), ¥)x, = —(8 Eq[v],
A;,l Y¥)e for all y € M,. Thus by Proposition 4, we have
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e [Gw) — G}, = \(é‘Ea[v], (A" = ALH(Gw) — GW)))e
0 =06 |4y = ATHGw) - G|
= 2 —1 -1 l /
S — 0 )HAw (A — Aw)AZH(Gw) = G(w ))‘ .
$— &
Ay _ _
= I < 0EDNAL Nop - 14w — Awllop - 145 llop
FS 1138 NG (w) — G(w)llx,,
< 1as  where the operator norms are defined as follows:
A—l
t1as 1A flop :=  sup 14y flix.
rem., 20 IS Ilx,
Ay — Ay
1w — Awllep = sup N = Au)flx,
feMq, f#0 I/ 1l x,
_ 1A Fllx,
1137 ||Aw,1||0p = AR iy

P
fem., 20 IS Ilx,

1138 For f € M., f # 0 and w € B, we have

(AwAy' f, AL e

—1
1139 ClA, flx. < < fllx.-
- 1 = e
lAw flx.
1140 Hence
-1 —1
1141 ”Aw ||op =< C, ”Aw’ ||0p < C.
1142 By Lemma 9, we have

1
we [[(Aw — A flI%, = fo (B2 Eq[v + tw] — 82 Exlv + tw']) £, (Ay — Ayr) f)edr

1
< /0 Ce V2 |ltw — tw'||x, | fllx, [ (Aw — Aw) £l x,dt
< Ce 'Pllw—w'llx, I fllx. I(Aw — Aw) flIx.-
146 Hence
1Ay — Awllop < Ce™lw — w'|lx,.
1148 Collecting these estimates, we obtain
IGw) — Gwx, < Ce™?lw —w'||x,Ce* < Lljw —wl|x,, (106)

nso  where L < 1 for sufficiently small ¢. Therefore, G is a contraction mapping.
nst Consequently, there exists a unique fixed point w® solving (Ayew®, ¥)x, =
sz —(8E,[v], ¥)e for all y € M. Let v¥ = v 4+ w?. Thus v? is a local minimizer of
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nss  Ey in X, norm. Indeed, for any w € X, with ||lwx, < Cpe?, we apply Lemma 10
11s4 and obtain

1
1ss  Ea[vf +w] — Eu[v¥] = / (1 = )(82E4[v° + tw]w, w)edr > C||lu||§(‘g > 0.
0

S
o
o
=
e: 1ss  Therefore taking v® the Euler-Lagrange equation of the atomistic model satisfies
= wsr |vf —v|lx, <Ce?. O
=
< nss  Proof of Corollary 1. 1. We suppose, without loss of generality, that e < 1. Since
1159 vT = —v7, the total energy of the PN model at v reads as
- Epx[v] = f [awuﬂz + y(2u+)] dx. (107)
R
1161 Using trapezoidal rule, we have the numerical approximation of this energy
62 ER] =Y [a|Vv+| n y(2v+)] (108)
i€Z
1163 Itis sufficient to show that |Ea[v8] — E;I;?[UH < Ce?and |E;§}J[v] — EpN[v]| <
1164 C82.
nes 2. Bstimate | Ey[v®]— Epn [v]]. Recall Egs. (25) and (26). Let Eq[v¢]— Epy [v] =
1166 Relas + Rmis, where
-1
e
1167 Relas = T Z Z [V(S + 8D:Uf’+) + V(s — 8D:Uf’+) —2V(s)
i€l sel*
e —82V//(s)sz(Vv.+)2] ,
1
1169 les—SZZ[ (s——+vl+€+v >—U(s—§+2vi+>i|.
i€Z se’
1170 Let w = v® — v on ¢Z. Thanks to Theorem 2, we have w € M, and
3
171 lwlx, < Ce?. This implies that v&T = —v&~, |[DwllLee < Ce2, and
1172 |Dwl|l < Ce*. Using Lemmas 6 and 7, we have IDfwlle < Isl|Dwlle <
1173 C|s|e* and IDfvlle < IslIDvlle < Islllviille < Cls|. Also notice that
3
1174 IDfvliLee < Is[IVollze < Cls| and |Dfwllzee < |s|[|[Dwllze < Clsle?.
1175 Thus
1176 ID;v°lle < IDfvlle + 1I1Df wlle < Clsl, (109)
177 ID; v® |l < IDf vl + 1D wllze < Cls|. (110)
1178 Since IDfwle < C|s|£ we have |D;yDfwl, < |s|||DD+w||5 <
1179 _1|s|||D+w||‘8 < Cs%e. Note that || D7 D v||e < s%|va.1]le < Cs?. Thus
1180 Dy D vl < |IDy Dfwle + | Dy D o]l < Cs?.
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To estimate the elastic part, we apply Taylor theorem:

% Y viey [(D;ruf’*)2 — (vaj)Z]

sez* i€’
€ + et 4
+5; > Vi Z|Ds vt (111)

For the second term on the right hand side of (111), we have

3
€ +, e+ 4 2 21 o2
1 E Vis E D v, " < Ce E Vass”|| DS V8|2

N/ i€Z SEL*

|Relas| =<

<Ce? ) Vst < e, (112)

sezL*

where we have used Eqgs. (109) and (110). We notice that D;rvf’+ - val.+ =
D} w; + D v — sV} and |Df v — svo — %aszvzv,ﬂ < é82|s|3v3,”
(Recall Eq. (63)). Using Lemma 7, we have ||vs |l < C|s|'/? and ||VFv]|, <
lvk.1lle < C, k = 1, 2. For the first term on the right hand side of Eq. (111),

we have

g Y vy [(D;"vf"")z A (vaj)z]

SEL* i€Z
&
< 3 Z V" (s) Z(Dj'w,- + D v — va;r)(D;"vf’Jr + sVuh)
seL* i€Z
1 1
<52 Vs (nD:wng + gez|s|3||v3,s||g) (DT e + IV vlle)
seZ*
£ L 20 +
i EX:Z* V//(s)gzz <§gs \Y ”z+> Djv?
N l
€ I 202 4 +
+ 5 %VU(S)-EZZ (ESS V")V,
N I
<Ce? ) ValsP+Ce? Y Vaust 40 < Cer (113)
N/ seL*

We have used the facts that
1
Z viutvet = 5 Z(Vzvav;L + V2T voT) =0,
i€Z i€Z
1
> V(o) Di T = 3 > V@)Dt + D)
SEL* SEL*

€ 2. = .6t
=3 Z V" (s)s*(D; Dfvi ™),

SEL*
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1202 and
€ L o202 +) oot
- 1203 ‘5 Z V" (s) Z <§8S Ve ) D!
sez* ieZ
o
2 &’
17 2 2. +n—n+..5+
A 1204 < > V(9)s? Y Vi Dy Dy
] seL* i€Z
k= 2 4
=} 1205 <Ce¢ Z V2’SS .
<G sez*
1206 Next, we estimate the misfit part. Thanks to Lemma 5, we have ||lwT|| i <
1207 ||w||x£ < C&2. Also recall that lvT]le < C. Note that vl+Y + vs o+ 2v =
1208 l+b+w F4+eDfvf andv5++v€+—2vlﬂ _wl+é+w £D+ ;. Since
1209 > <z U'(s — —) = 0 and the series that follows are absolutely surnmable we
1210 have
1 1
ZZU/(S—E)(wﬁv—l—w;’):szfZU/(s—z)=0.
i€l seZ ieZ SEZ
1212 Now repeatedly applying the Taylor theorem to U leads to
1 1 I
1213 |2 Rmis| = EZZ 2U s—E—l—vl_H—i—v -U s—§+2vi
i€Z sel

1
1214 U <S — E + 21)[_,'_?):H

1 1
+
1215 < 8ZZ[U/(S_§+2Ui>+U/<S_§+2Ul+5)i|
i€l seZ
1216 X(w;:_s + wl+)|
1
1217 EZZI:U/<S_§+2UI'+)
i€Z seZ
1
1218 U’ (S — 5 + 2Ul+g>i| 8Djl)i+
1
1219 + (& Z Z EUZ,S I:(wit,-s + wi+ + 8D:_Ui+)2
ieZ seZ
1220 +(wi-:s + wi+ - SD;FU?_)z]‘
1
1221 < SZZZU/ (S—§> (w;g_s+wi+)
i€Z seZ

£ > Uns@uf + 201 H(wf +wih)

i€Z seZ
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1223 +& Z Z 2U2,s|8D:_U,'+|2 + C€2
i€Z se’
1224 < O+C82+C82+C82 < C82. (114)

1225 Combining Egs. (111), (112), (113) and (114), we obtain
1228 |Ea[v®] — Ep¥[v]] < Ce?.

w227 3. Estimate | Epy [v] — Epn[v]].Let g(x) = (Vo (x))>+y(2uT (x)) forx € R.
1228 Then g € C* and

S
o
o
il
[a W
-
o
=
+—
=
<

1229 g'(x) = 2aVotviut +2y/ Qv Vo,
1230 g (x) = 2a(V2u )2 + 2aVot Vvt 449" Qv ) (Vo) + 2y Qv VT

1231 By Lemma 2, we have ||y ® ||~ < C, k = 1, 2. Thus

1232

A max Ig"&)|=<C {(02,1,5)2 031 + (011.0) + vz,l,i} .
(i—1/2)e<&<(i+1/2)e

1233 Finally, we apply Lemma 7 to get
. (i+De
1234 |EPII:?[U] — EPN[U]| < Z / g(x)dx —eg(ie)
iez |V —De

1235

3
£ "
=3 § max
- 3= (i—1/2)85§§(i+1/2)8|g )]
1

IA

3 2 2
1236 Ce Z {(vz,l,i) + vz + (110" + U2,1,i}
ieZ

1237 < C82.

1238 O
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1246 Appendix A: Variations of Energies
1247 In this appendix, we list the explicit expressions of the variations for both models.

1245 Notethat§E,[u] € X7 and 82 E,[ulf € X} foru € Seand f € X..In (8E,[ul, f)e
1240 for f € Xg, (-, -)¢ is a pairing on X} x X,.
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1250 Proposition 11. (variations of energies) Suppose that Assumptions AI-A6 hold.

1251 1. Foru € Sg and f, g € X, we have

S
o +. (Dt £t
S 1252 (SEau), f)e =Y Z [V'(s +eDfuln(DF £1)
(a W] i€’ CEZ*
5 1253 +V/(s + sDjuf)(fo)]
=
= 1254 +6‘ZZ [ (S -z -i-lft,Jr5 - ) % o — fl_):| . (115)
< i€l s€l

1255 (°Ealulf.g), = & Z Z %[V”(s +eDjul (DY (D} gh

i€’ sel*
1256 +V"(s + eD+u*>(D+f*)(ng;>]
1257 +& Z Z |:UN ( =+ uz—H u:)
i€Z sel

1258 X(ﬁis — f;)(git_s — g;)] . (116)

1259 The series in (116) is absolutely summable in the following sense for sufficiently

1260 small e:

1
1261 Y > > SV + eDfuF) (D f5)(Df )|
i€Z sel* =+
1262 +e ZZ H ( re - uz+s - uz_> i+s f )(gl+s 8i )‘
i€Z seZ

1263 < Q. (117)

1264 If f € Mg and u = v is the PN solution of Theorem 1, then the series in (115)

1265 is absolutely summable in the following sense for sufficiently small &:

1
1268 S SV (s +eDFuH)(DF ) + V(s + eDju;)(Djfl.—)]‘
ieZ \seZ*
1
1267 +€ Z Z I:U/ (S —5 + M;:S - M,_> (f,-is - fi_):| <oo. (118)
i€Z |seZ
1wes 2. Foru € So and f, g € Xo, we have
1269 (6EpNn[ul, flo = f {aVu+Vf+ +aVu VI + J//(MJ')fJ'} dx, (119)
R
1270 <82EPN[u]f, g>0 = / {otVf+Vg+ +aVf Vg + y”(uL)fJ‘gJ‘] dx.
R
1271 (120)

1222 Proof. Using difference operators, the atomistic energy reads as
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Eiul = e Y [V (s +eDfuf) +V (s +eDfup) —2v()]

i€Z sel*

1 _ 1
+SZZ[U (s— 5+~ )) -U <s— E)}
i€eZ seZ
Then Egs. (115), (116), (119) and (120) are obtained via direct calculations.
For sufficiently small &, we have

. 1 + +
left hand side of (117) < & Z Z Z EVz,s|Ds+fl~ ||D;—g,- |
ieZ seZ* =+
+e& ZZ Uz sl ,'j_s - f,‘i”g,‘t.s - g;|
i€l sel
S C’

where the first term is bounded by %2562* Vg,ss2||Df||£||Dg||8
< Clflx.llgllx. < C and the second term is bounded similarly because of Lem-
mas 1 and 6.

If f € Mg and u = v is the PN solution of Theorem 1, then the absolutely
summability of the series in (118) is essentially shown in the proof of Proposition 4
(See the estimates of |Relas| and |Rpis|). O

We remark that the order of the double summation ) _; and ) can not be changed
in Eq. (118); while the order of the double summation ) ; and ) is changeable
in Eq. (117). We also remark that, at the perfect lattice (corresponding to u = 0
which is not in Sy or S;), the second variation 82Ea[0] and 82E1>N[0] can also be
defined and satisfy the same formulas in Proposition 11.

Appendix B: Small Parameter ¢ Calculated by Atomistic and First Principles
Calculations

An example of the bilayer systems is bilayer graphene. In this appendix, we cal-
culate the small parameter ¢ defined in Eq. (18) in Sect. 2.3 that characterizes the
strength of the weak van der Waals interlayer interaction v.s. the strong covalent-
bond intralayer interaction in the bilayer graphene, using the data of atomistic and
first principles calculations [13,70].

In the PN model for bilayer graphene in Ref. [13], the two dimensional y-surface
was fitted by a truncated trigonometric series as

+c2 |:COS 2% (¢ + «/§w> + cos 277[ <¢ — «/§w> + cos 4717(]5]

+c |:cos 2—71 (2(]5 + %) + cos 2—71 <2¢ - %> + cos 8]-“#]
N V3 a V3 V3a
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o -3 o) 2]

i (o) o )]

where {c,-}?:1 are constants obtained by fitting the data of first principles calcula-
tions [70] as

co=21.336x 1073, ¢; = —6.127 x 1073, ¢ = —1.128 x 1073,
c3 =0.143 x 1073, cq4 = \/gcl, c5 = —«/503,

where the units are J/ m2. On the other hand, the elasticity constants of each mono-
layer graphene, in the unit of J/m?, are [13]

C11 = 312,67, C12 =91.66, Cs4 = 110.40.

In our one-dimensional case, y(¢) = y24(¢,0) and « = Cq1. Using the above
values and Eq. (18) in Sect. 2.3, we have

a2 32 Vzd(O 0)
99"~ 0.0475.
Ci

Thus it is reasonable to set € as a small parameter.
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