IMA Journal of Numerical Analysis (2026) 00, 1-29
https://doi.org/10.1093/imanum/drag049

A concurrent global-local numerical method for multiscale parabolic equations

YuLel Liao
Department of Mathematics, Faculty of Science, National University of Singapore, 10 Lower Kent
Ridge Road, Singapore 119076, Singapore

YANG Liu
State Key Laboratory of Mathematical Sciences, Institute of Computational Mathematics and
Scientific/Engineering Computing, AMSS, Chinese Academy of Sciences, No. 55 Zhongguancun East
Road, Beijing 100190, China
School of Mathematical Sciences, University of Chinese Academy of Sciences, 19A Yuquan Road,
Beijing 100049, China

AND

PINGBING MING™
State Key Laboratory of Mathematical Sciences, Institute of Computational Mathematics and
Scientific/Engineering Computing, AMSS, Chinese Academy of Sciences, No. 55 Zhongguancun East
Road, Beijing 100190, China
School of Mathematical Sciences, University of Chinese Academy of Sciences, 19A Yuquan Road,
Beijing 100049, China
*Corresponding author: mpb@Isec.cc.ac.cn

[Received on 19 June 2025; revised on 14 December 2025]

This paper presents a concurrent global-local numerical method for solving multiscale parabolic equations
in divergence form. The proposed method employs hybrid coefficient to provide accurate macroscopic
information while preserving essential microscopic details within specified local defects. Both the
macroscopic and microscopic errors have been improved compared with existing results, eliminating the
factor of Ar~1/2 when the diffusion coefficient is time-independent. Numerical experiments demonstrate
that the proposed method effectively captures both global and local solution behaviours.
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1. Introduction

Multiscale problems are pervasive in various scientific and engineering disciplines, characterized by
phenomena occurring at multiple spatial and temporal scales (Fish, 2009). Within this broad field,
multiscale parabolic equations are fundamental in modelling diffusion processes in heterogeneous media.
These equations often involve diffusion coefficients that vary significantly across different regions,
posing additional difficulties for numerical simulations. In the present work, we focus on a multiscale
parabolic equation in divergence form with Dirichlet boundary condition:

ou’(x,t) = V- (@ ®Vu®(x,1) =f(x1, &1 eDx(0,T)=:Dy,
u® (x,0) =uy(x), (1) €D x{0}, (1.1)
u® (x,1) =0, (x,1) € 0D x (0,T),
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2 Y. LIAO ET AL.

where D C R”" is a convex bounded domain and ¢ > 0 is a small parameter that signifies the multiscale
nature of the problem. The source term f € L2(0,T; H~'(D)) and initial value uy € H(]) (D). The time-
independent rough diffusion coefficient a® (x) lies in .# (1, A; D) for some A, A > 0, where

nxn

1
MG 2:D) = [a € LYD& - a)g = 1EP.€ - a(E = —laEl?

forany £ € R" and a.e. x € D}.

On the analytic level, the homogenization theory, particularly H-convergence, provides a powerful
framework for approximating the behaviour of such multiscale systems by averaging the effects of small-
scale variations. For a sequence {a®(x)},. € # (A, A; D), there exists a subsequence (still denoted by
{a® (%)}, ¢ for convenience) and A(x) € .# (A, A; D) such that a® (x) H-converges to A(x) (Tartar, 2010).
Set u(x, t) the solution to the corresponding homogenization problem

du(x,t) = V- (Ax)Vulx, 1) =fx1), &1) €Dy,
u(x,0) =ugx), (1 €D x{0}, (1.2)
u(x,1) =0, (x,t) € 0D x (0, 7).

According to Brahim-Otsmane ef al. (1992); Bensoussan et al. (2011), the solutions #® and u exist in
L*(0,T; H} (D)), and satisfy

£

u' = u weakly in L*(0, T; H) (D)),
a®Vu® — AVu weakly in [L?(0, T; L*(D))]%,
dut — du  weakly in L*(0,T; H~(D)).

Numerous numerical methods founded on the idea of homogenization have been suggested and
extensively examined in existing studies such as multiscale finite-element method (Hou & Wu, 1997)
and heterogeneous multiscale method (HMM) (Abdulle & E, 2003; E & Engquist, 2003; Chen et al.,
2005). HMM aims to capture the macroscopic behaviour of the equation without microscopic details.
It consists of the macroscopic solver to approximate the homogenization solution u, which rely on the
effective matrix A and the microscopic solver to approximate this effective matrix. Review on HMM
may be found in E er al. (2007) and Abdulle ef al. (2012).

In this work, we shall employ an HMM-type method to capture the microscopic information in a small
defect K, C D and macroscopic information outside the region. For such scenario, there are two types of
numerical methods. The first one is based on domain decomposition (Hu & Gunzburger, 2000; Gervasio
et al., 2001; Glowinski et al., 2004; Apoung Kamga & Pironneau, 2007; Lozinski & Pironneau, 2011),
particularly, the Arlequin method (Dhia & Rateau, 2005; Albella ef al., 2019; Gorynina et al., 2021).
These methods apply different operators to different subdomains of the computational domain. The
second one is the global-local method (Oden & Vemaganti, 2000, 2001) that compute the homogenized
solution u firstly, and then exploit it as the boundary condition to approximate the multiscale solution u®
on a local region. Following Huang et al. (2018); Ming & Song (2022) several concurrent global-local
methods have been proposed for multiscale elliptic equations with matching and nonmatching grids,
respectively. The key idea is to hybridize the microscopic and macroscopic coefficients by a function as
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A CONCURRENT GLOBAL-LOCAL NUMERICAL METHOD 3

b*(x) = p(x)a®(x) + (1 — p(x))A(x), where the transition function p = 1 in K, and vanishes away from
K, without any smoothness requirement.

In this work, we extend the concurrent global-local method proposed in Huang et al. (2018) to the
multiscale parabolic problems. Specifically, we plan to study the microscopic information in a subdomain
K, C D, with diamK,, = d. We slightly extend K, i.e., set K, C K, with dist(K|,, 9K\dD) = cd, where
¢ is a positive universal constant. The hybrid coefficient 5°(x) = p(x)a®(x) + (1 — p(x))A(x), where
p(x) is a transition function which satisfies

p(x) = 1’ X € K()’
0<px =1, xek,
p(x) =0, xe D\K.

An interesting finding in Theorem 10 suggests that the pollution of the local energy error may be reduced
if we take p as the indicator function of K.

We use the backward Euler scheme as the temporal discretization with a uniform time step Af and
the Lagrange linear finite element to approximate the solution space with local mesh size /# over K and
global mesh size H over D. Specifically, let .7, ;; be a shape-regular triangulation of D in the sense of
Ciarlet (2002), which satisfies

h= max hy and H = max hp,
T€ T u,TNK#Y TeIhn

and the Lagrange linear finite-element space is defined as
Xy = 1{veH)D) | vly e P(T) forall T e Ty

Generally, we do not have the information of the effective matrix A. In practice, the hybrid coefficient
b%(x) = p®a’(x) + (1 — p(x))Ay(x), where Ay is the approximation of A obtained by HMM or
other types of numerical homogenization methods. In the framework of HMM, we solve several cell
problems over cubes with length §, to approximate Ay, and use e(HMM) measuring error caused by
such approximation; e.g., for local periodic a®(x) = a(x,x/e) with a(x, y) periodic in y, it is consistent
with the elliptic cases (E et al., 2005; Du & Ming, 2010) that e(HMM) is &' (8, +¢/5). Denote t, = kAt,
fix) = fG 1), u(x) = ulx, 1) and ui(x) = u®(x, ;). To numerically solve the equation, we find
U, € Xh’H,k =1,...,msuchthat?, =T and

SUuV)p + B5VULVV)p = (i, V)p  forall Ve X,y (1.3)

where 8U; = (U, — U, _,)/At, and the initial value U, € X}, ; is the solution of the following variational
problem such that

(b5 VUq, VV)p = (05 Vug, VV)p  forall V€ X, . (1.4)

To judge whether U,, can successfully capture the global information u over D and the local
information #® over the local region K|,, we shall analyse this concurrent scheme. Unlike the multiscale
elliptic equations (Huang et al., 2018), time evolution presents further analytical difficulties. As shown in
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4 Y. LIAO ET AL.

Ming & Zhang (2007); Eckhardt & Verfiirth (2023), the HMM approximates the homogenization solution
u for multiscale parabolic equations with the H !_norm error estimate &' (At + H +e(HMM) Ar~1/%). The
factor Ar~1/2 is frustrating since it indicates that the time step cannot be arbitrarily small. In Theorem 6,
we eliminate this factor for time-independent coefficient a®, and the global H'-error reads as

Ity = Up 1oy = C, AT, u) (At + H + n(K) + e(HMM)),

where 7 (K) measures the pollution caused by the local region K, which also appears in multiscale elliptic
equations (Huang et al., 2018). We achieve this improvement with the aid of a Galerkin projection
operator (3.4) onto the finite-element space for an auxiliary elliptic problem, not the projection for
original parabolic equations (1.2) in Ming & Zhang (2007); Eckhardt & Verfiirth (2023).

Since, we only concentrate on the microscopic information on a local region K, we expect the
convergence of this concurrent scheme to the multiscale solution #* in an interior energy norm. Studies
for interior energy error estimates can be traced back to Nitsche & Schatz (1974); Bramble ez al. (1975)
for approximating second-order elliptic equations on quasi-uniform meshes. Later, similar results have
been proven on shape-regular meshes in Demlow et al. (2011) using a novel superapproximation result.
They found that the interior H'-error may be bounded by a local approximation term plus a global
pollution term, like & (h+H? /d). These results are useful to analyse several local and parallel algorithms
such as two-grid methods for elliptic-type equations (Xu & Zhou, 2001; Wang & Du, 2023).

For parabolic equations, we discuss interior energy errors in space L>(0, T; H' (Ky)), or the discrete
corresponding errors in space ¢2(0, T; H' (Ky)), with

T m
VI 0 7 = /0 Ve oI5 de and  IF1G 7 = A2 D Iill%s
k=1

for a Banach space X. Thomée and co-workers (Bramble et al., 1977; Thomée, 1979; Schatz et al., 1998)
have extended Nitsche’s work (Nitsche & Schatz, 1974; Bramble et al., 1975) for parabolic equations
with semidiscrete schemes. Unfortunately, these works are not suitable for the multiscale problems,
because they require the smoothness of the coefficient a® and the solution u°. We also note that the local
H'-error for the two-grid algorithm in Xu & Zhou (2001) for transient Stokes equations (Shang & Wang,
2010) reads as (At~ '/2(At+h+H?)). All these works hangs on the interior energy stability as a bridge.
We follow another way to derive the interior energy estimate by considering 0,u° as an extra source term
of the elliptic equation; see Theorem 10 and Remark 4 that

VGl — U 4 < COL AT, ( inf |V —V
'V (u ) o202 k0 = € u,u) Ve[l)f(th]m IV (u ) 2k
+d VKPP 4 A+ HE 4 oK) + e(HMM))),

with Meyer’s regularity exponent p > 2 (Bensoussan et al., 2011). Hence, only Meyer’s regularity for
u® required and we eliminate the frustrating factor Ar~!/2 for the interior energy error over K.

The rest of the paper is organized as follows. In Section 2, we study the H-limit of the mixing of the
general time-dependent hybrid coefficient for parabolic equations, which may be of independent interest.
In Section 3, we present the accuracy for retrieving the macroscopic and microscopic information, which
are the main technique part of this work. In Section 4, we provide several numerical experiments which
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A CONCURRENT GLOBAL-LOCAL NUMERICAL METHOD 5

are adopted from Huang er al. (2018); Ming & Song (2022), fitted theoretical predictions. Finally,
Section 5 concludes the paper with a summary and potential future research directions.

Throughout this paper, we shall use standard Sobolev spaces W™ (£2) for any bounded domain
£2 C R"™. Without further explanation is provided, the constant C only depends on A, A, the end time T
and the domain D, and is independent of ¢, the diam of the local region d, time step A and the mesh
sizes h, H.

2. H-convergence for parabolic equations

Before analysing the convergence of the method, we firstly examine the homogenization of the mixing
of coefficients, following the elliptic case in Huang et al. (2018, § 2). Under H-convergence, a time-
independent coefficient yields the same effective limit as in the elliptic problem, which suffices for our
purposes. Here, we slightly extend the setting and study the case of time-dependent coefficients. We keep
the notation unchanged, as this does not constitute an abuse of notation and should not cause confusion.
Specifically, if a®(x,t) € 4 (X, A; D), where Dy = D x [0, T] and

nxn

MG A:Dp) = [a e [L2Dp]"™" a1 € A, A:D) forall 1 € 0,71,

then by H-convergence theory, there exists a subsequence of the sequence af(x,r) that H-converge
(Zhikov et al., 1981; Dall’Aglio & Murat, 1997) to certain A(x,t) € .# (A, A;Dy). In continuous
sense, let the hybrid coefficient b° (x, 1) = p(x, )a®(x,t) + (1 — p(x,1))A(x, 1) for some cut-off function
p(x, 1)+ 2 x [0,T] — [0, 1]. Similarly, b*(x,t) € .# (A, A; D) and there exists a subsequence of b°
that H-converge to certain B(x,t) € .# (A, A;Dp).

In this part, we measure the difference between A(x, f) and B(x, t). For the sake of convenience, we
still denote the subsequences by a° (x, f) and b® (x, f). Denote the LZ(DT) inner product by (-, -)p,., and

the duality pairing between L[2(0,T; H~ (D)) and L*(0, T; Hé (D)) by (-, ") p,-

ProposiTION 1. There holds
[A(x, 1) — B(x,t)| < 2AA/A+VA/Mpx, (1 — p(x, 1) ae. (x,1) € Dy. 2.1
Here | - | is the £2-norm of a matrix.
The proof is essentially a combination of Antoni¢ & Vrdoljak (2009, Theorem 1) and Huang et al.
(2018, Proposition 2.1).
Proof. Define
W = {vel*0,T;H)(D)|d,v € L*0, T; H (D))},

and subspaces

Wy = 1{v e #|v(x,0) =0}, Wy :={ve W lvxT) =0}
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6 Y. LIAO ET AL.

For given ¢, € %, and v, € #7, we define ¢° € #,, as the unique solution of the initial-boundary value
problem

[8,4;8 — V- (a*V¢®) = d,py— V- (AV¢y), inDy, 22)
° €W, '
and ¥° € #; as the unique solution of the backward-in-time problem
=9yt =V - ((b)TVY®) =—-3,yy— V- (B'Vyy), inDy.
v e W (2.3)

Here (b°) " is the transpose of the matrix b°. By H-convergence theory, we have

P° — ¢y, Y — Y weakly in L*(0, T; H) (D)),
AVt — AV, () VYt — BTV, weakly in [L?(0, T; L*(D))]%,
3,0° — 3,09, U — 3, weakly in L>(0, T; H~'(D)).

After multiplying the above equations by ¢v® and @¢?, respectively, for some ¢ € C2°(D;), we
obtain

(0,0, 09°),, + (@ VO,V (9¥°)) 5, = (8,00, V), + AV, V(@U))p,

and

— (0% 09 ), + (GO TV (067)) == (0,90 06%), + (BT VU,V (09))

Dr Dr .

By subtracting these equalities, after using the identity (8,(1)5, Pt )Dr = —(¥°0,0 + ¢3,¥*,¢°)p, and
(3,90, ‘/"/’8>DT =— (v 90+ ¢3t1/’8’¢0>DT we have

—(@° VB0, + (@ VYV + oVYO), — () VY, ¢V + oV,
= (0,90 00%),, — (9% 080)y, — @0 Ve D,0)p,

+ AV, ¥ Ve + VY — BTV, ¢6°Vo + oV ) .

Now we can pass to the limit as ¢ — 0; the only terms left after the cancellation are
sli_I)I})(fp(as — bV, VY©)p, = (9(A = B)Vey, Vi)p, .
Let ¢ > 0, and we define

X := lim (¢ (b° — a°) Vg°, Viﬁe)DT = (p(B—A)Vgy, Viy)p,-

e—0
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A CONCURRENT GLOBAL-LOCAL NUMERICAL METHOD 7
It is clear that

X <limsup (¢(1 — p) |(A — a°) V§*

e—0

Vye])p, =24 lims(l)lp (1= p) [V [, [VYe]) -

For any o > 0, we bound X as

Ve Z)DT)

<2—A o limsu 1-— eV ¢ € i1' 1— EV it & 2.4
< p(p(l = p)a®Ve*, Vo), + —limsup (p(1 — p)b*VY*,Vy*), ). (24)
A T da T

e—0

24 . 1 A
X < == (artimsup(e(l — p), |[Vo*|?)p, + — limsup ((p(l — ),
A e—0 4o e—0

After multiplying (2.2) by (1 — p)p¢@®, we obtain

(0,0°, (1 = P)o¢* ), + (@ V¢, VI(1 = p)o¢ D, = (0,00, (1 — P)0°)p,,
+ (AVgy, VI(1 — p)od D,

We pass to the limit as ¢ — 0, and obtain
811_%(90(1 = p)a*Vo©, Ve ), = (9(1 — p)AVy, Vy)p,-
Similarly, we obtain

lim (p(1 = b VY*, VY©)p, = (91 = p)BVYg, Vii)p, -

Substituting above two limits into (2.4), we obtain

2A 1
X=— (a (0(1 = PAVYY, Vey), + ™ (o1 — p)Bvl/fo,Vllfo)DT)
< 22 (o1 = . [900| D, + (o1 = . [Tu|®
=7 @ Pr), 0 Dr 4o @ P> 0 Dt |~
which implies that,
242 , 1 2
|(B—A)Vey - V| < ——(1=p) (a\v¢0| + - |V | ) ae. (x1) €Dy,

due to ¢ is arbitrary. Optimizing «, we obtain that

242
|(B—A)Vey - V| < ——(=p) |Voo| [V¥y|,  ae. (x,1) € Dy
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8 Y. LIAO ET AL.

Finally, by the definition of the £?-norm of a matrix, it gives

242
[A(x,t) — B(x, )| < T(l —px, 1)) ae. (x,1) €Dy,

since ¢ and v, are arbitrary.
Next, we prove

IA(x,1) — B(x,0)| <2A/AJdp(x,1) ae. (x,0) € Dy.

2.5)

2.6)

The proof of (2.6) is similar with the one that leads to (2.5). Motivated by b°* —A = p(a® —A), we define

Y= lirr(l) (¢ (b° — A) Ve, VW“)DT = (p(B—A)Vey, Viy)p, for ¢ =0.

e—>

It is clear that

Y < limsup (pp |(A —a®) Ve |, [V¥°|), < 2ATlimsup (¢p [Vey| .
e—0 e—0

For any @ > 0, we bound Y as

V| 2) DT)

1
2 .
V¢0| ) ' + Yy lim sup ((ppbsvwg, V1//8)DT)

e—0

1
v 2) — 1 ( ,
%l°), T g imsup (¢p

v, |V¢0|2)D + (#rBV Yy, Vlﬁo)pr)

v0l2),, )

1
4ol
5 A
Vo ) + T (90/0,

which implies that

|(B—A)Ve, - V| <240 (a |Vgo|* + 40% Vo 2) ., ae. (x1) €Dy
Optimizing o, we obtain
|(B— AV - V| < 24/ A/hp | V| |[Viro|  ae. (x,1) € Dy
Thus, we obtain (2.6). Finally, we use the convex combination of (2.5) and (2.6) as
|Ax, 1) = Bx, )| = p(0)|A(x, 1) = B(x,)| + (1 = p())|A(x, 1) — B(x, 1),

this leads to (2.1).

V¥ )p,-
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A CONCURRENT GLOBAL-LOCAL NUMERICAL METHOD 9

If we replace A by Ay in the definition of »°, we may slightly generalize the above theorem as

COROLLARY 2. Let Ay € .# (X, A';Dy), and we define b5, = pa® + (1 — p)Ay. Denote by By the
H-limit of b;_l, then for a.e. (x, ) € Dy, there holds

[By(x,t) — p(x, DA, ) — (1 — p(x, )AL (x, )| < (A + /I)\/ /I/X(\/ A/A+ Do, (1 — p(x,1)),
where A= AV A and A = A A V.

Remark 1. If the transition function p = xg; i.e., the indicator function of K then the H-limit of the
concurrent coefficient b¢ is exactly the effective matrix A.

3. Error estimates

In this part, we derive the error bounds for the proposed method, including the global error between U
and u over domain D, and the interior energy error between U and u® over the defect domain K.

3.1 Accuracy for retrieving the macroscopic information

We firstly present the well-known stability results (Thomée, 2007) of the scheme (1.3). The proof is
included here for the sake of completeness.

Lemma 3. If U = {U}}, is the solution of (1.3) then

||Um||L2(D) = ||U0||L2(D) + C|lf||52((),T;H71(D)), 3.1

and
||5U||z2((),T;L2(D)) + ||VUm||L2(D) <C (||VU0||L2(D) + Hf”ez(o,T;LZ(D))) . (3~2)

Proof. Let V = U, in (1.3), we have
Uy — U1, U p + At(by VUL, VU p = At(fy, Upp-
By the identity a(a — b) = 1(a — b)% + 1(a® — b?), we obtain
1 2 1 2 1 2 €
§||Uk - U, ||L2(D) + 5” Uk”LZ(D) — §”Uk—1”L2(D) + At(by VU, VU p = At(f,, U p.
There exists C depends on D such that

1 1
SN Z20) + AUV Uil ) = 51Uk 12y + CAG =10y IV Uil 2

IA

1 A
SNty + 5 AUV Uil ) + CAIf N1 )

920z 1snbny 6o uo 1s8nb Aq £0/2S.8/6700Ip/wunuewi/S60 L 01 /10p/8lo1e-soueApe/eulewl/wod dno olwspeose)/:sdyy Wwolj papeojumod



10 Y. LIAO ET AL.
ie.,
IU2,  + AANV Uy < 10U 22 + CALIEI
klz2(p) 2y = T-k=1112(D) klH=1 (D)

Summing up the above inequality from 1 to m, we obtain (3.1).
Let V = U, in (1.3), we have

||5Uk||§2(D) + b,V U, VU, = (s 8Up-
By the identity a(a — b) = %(a —b)?+ %(a2 — b?%), we obtain

1 1
ANSUL N7 ) + 5 G5V Ui VU < 565 VU 1. VU )p + Atlfell 20 18Ul 2

IA

IA

1 2 2
5 (VUL VU + Atlfl2 ) + AISU 2 ) -
Henceforth,

AU, ) + 65 VUL VU < (b5 VU, VU_Dp + Atlf,

112
(D) L2(D)"

Since bj, is time-independent, summing up the above inequality from 1 to m, we obtain (3.2). O

We make the following two assumptions, which are reasonable because the homogenization solution
(1.2) is essentially smooth.

Assumption I. The elliptic boundary value problem

—V-(AVe,) =g, inD,
¢>g =0, onaD,

and the solution of the dual problem

[ ~V-(A'V¢,) =g, inD,
(3.3)

¢g =0, onaD,
satisfies the regularity estimate
”¢g”H2(D) < C||8||L2(D)-

Assumption II. uy € H*(D) N H}(D) and u € H' (0, T; H*(D) N H}(D)) N H*(0, T; L*(D)).

REMARK 2. Assumption I holds when A € C%!(D). For Assumption II, a sufficient condition to ensure
u € H'(0,T;H*(D)) N H*(0,T;L*(D)) is A € C"'(D),uy € H*(D) and f € L*(0,T; H*(D)) N
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Hl(O, T; > (D)). See, e.g., Evans (2010, § 6.3, Theorem 4 and § 7.1, Theorem 6). These conditions are
sufficient to ensure assumptions, but they are not necessary for the certain solution «# under consideration.

One useful tool is the Galerkin projection operator Ry, : H(l) (D) — X, y defined by

(b5 VRyv, VV)p = (AVV,VV),  forall V€ X, (3.4)

To derive the error bound to the Galerkin projection R, we recall the following auxiliary result.

LemMA 4 ([Huang et al., 2018, Lemma 3.1]). For any v € H' (D) with D C R” a Lipschitz domain, and
for any subset K C D, then

v ||L2(K) < Cn|v ”HI(D)’ (3.5)
where

n(iy = | K2 og KNI, n =2,
K|, nz3,

with | K| the measure of K, and C is independent of |K]|.

This estimate is the special case of Huang et al. (2018, Lemma 3.1) with s = 1 provided that u
satisfies Assumption II. If u enjoys higher regularity, e.g., u € H 10, T; WH*°(D)) then n(K) = |K |1/ 2
in any spatial dimension n. This rate is sharp, as demonstrated by the example in Huang et al. (2018,
Appendix A). Further discussion on the factor (K) may be found in Huang et al. (2018) and we do not
elaborate on this for brevity.

The error estimate for the above Galerkin projection may be found in

Lemma 5. Under Assumption I, and if v € Hé (D)NH 2 (D) then

[V (v = Repv) | 2y < € (H + n(K) + e(HMM)) V]l 21, (3.6)
and
Iv = Rl < € (B2 + n(K)? + e(HMMD) 2 0, (3.7)
where
e(HMM) = xrenDa\xK| (A — AH) @) .

Particularly, if the initial value Uy, is the solution of (1.4) then

I V(Uy = Ryug) ll2(py = € ((K) + e(HMM) |l ug || g2 () » (3.8)

920z 1snbny 6o uo 1s8nb Aq £0/2S.8/6700Ip/wunuewi/S60 L 01 /10p/8lo1e-soueApe/eulewl/wod dno olwspeose)/:sdyy Wwolj papeojumod



12 Y. LIAO ET AL.

and

| Uy = Rigto 2y = € (H2 4+ n(K)> + eCHMM) ) 11 2t l 20 (3.9)

Proof. Proceeding along the same line that leads to Huang et al. (2018, Theorem 3.1), we obtain

—R <C|l| inf |VOWv-=V \%
lv HV||L2(D) = (VeXh,H IV )“LZ(D) + |l V||L2(K))

1
x sup ——— | inf [[V(¢, — V)2py + IV, 2 )

g€L2(D) ”g||L2(D) (Vexh,H 8 L*(D) ol L2(K)
+ Ce(HMM) VYl 12y (3.10)

and

V(v — RHV)”LZ(D) = C( Vg}lft;:H V(v — V)||L2(D) + ||VV||L2(K) + E(HMM)“V"”LRD)), (3.11)

where ¢, is the solution of (3.3).
As to the first term,

inf [[V(v— V)”LZ(D) <[IV(v— HV)”LZ(D) < CH”V”HZ(D),
VeXnn

where [T : H(l) (D) — X, yy is the linear Lagrange interpolation, and also
S0 1Y@, =Vl = CHIS o) = CHIl )

because of Assumption I.
As to the second term, using Lemma 4, we obtain

||Vv||L2(K) < Cn(K)“v”HZ(D)’
and
IVoll2y < CnBNbgll2py < CnK) gl 12p)-

Substituting all the above inequalities into (3.10) and (3.11), we obtain (3.7) and (3.6).
Next, if U, is the solution of (1.4) then

b5V (Uy — Rygitg), VV)p, = (b — Vg, VV),  forall Ve X, p.
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A CONCURRENT GLOBAL-LOCAL NUMERICAL METHOD 13
Hence,

(b, — A) Vg, VV)p < c(|| Vity ll 25 + e(HMM)| Vit ||L2(D))|| YV 20

< C((K) + e(HMM))|| 2%} ||H2(D)|| vV ||L2(D)'

Choosing V = Uy — Ryu,, we obtain (3.8).
To obtain the L2-estimate, we use the Aubin—Nitsche’s dual argument (Nitsche, 1968). For any g €
L2(D), let ¢, be the solution of (3.3), we have

(8. Uy — Ryug)p = (AV(Uy — Ryug), Vo),
= (AV(Uy — Rytg). V¢, — ITp))p + ((A — b5V (Uy — Ryitg), v17¢g)D
+ (b5,V Uy — Ryg). VII,)p,. (3.12)

The first term in (3.12) is bounded by

(AV(Uy — Ryug), V(p, — I1py))p < CH (n(K) + e(HMM)) [ ug || 72 py | & 22D

< c(H2 +n(K)? + e(HMM)Z) g 2yl & 22y
As to the second term in (3.12), we have

(A = bp)V(Uy—Ryuy), VII,)p, < C(” V(g =119 20y +1 Vg ll 2 k) + eHMM) || Vo, ||L2<D))
x | V(Uy = Ryig) l12(py

< C(H2 +n(K)? + e(HMM)Z) g 2oyl 8 22y

Finally, the last term in (3.12) may be bounded as
(b3 (Ug — Ryitg). VIT§,)py = (b — A) Vg, VIT,)
< C(” V”o ||L2(K)|| anﬁg ||L2(K) + e(HMM)|| VM() ||L2(D) [ V]'[gbg ||L2(D))
< C(H2 + 1(K)* + e(MMD) | g 2 0 1 ¢ 200

Substituting the above three inequalities into (3.12), we obtain (3.9). U

Based on the above lemma, we derive the error bound for the approximation of the homogenized
solution.
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14 Y. LIAO ET AL.

THEOREM 6. Under the Assumptions I and II, there holds

lity, = Upllp2py < € (H2 +n(K)? + e(HMM)) (lgll 20y + 1,10l 20 712200

+ CAH Ul 20 12120y (3.13)
and
IV (@ = Ul 2oy < C(H + 1(K) + e(HMM) (llugll 2 (py + 18,ull 20,7302 0y))
+ CAH|7ull 20,112 (3.14)
and

IA

19, = Ul o riz2con) = € (H2 +n(K) + eHMM) ) (gl + 10,1 20 72 o)

+ CAH 7 ull 20 1220y - (3.15)

Proof. We write
u, —U, =u, —Rgu, +Ryu,, — U,
By Lemma 5, we have

and
IV (,, = Ryta,,) lz2py < C(H +n(K) + e(HMM)) |14, | 12,y » (3.17)

where

T
”“m”HZ(D) =< ||M()||H2(D) +/0 ||3tu(~,t)||Hz(D) dr < ”l"O”HZ(D) + ﬁ”atM”LZ(o,T;HZ(D))-

On the one hand, we write

(6 (U — Ryy) . V), + (b5 V(U — Ryu), VV) = (- V) p — SRy, V), — (AVu, VV)
= (8, — SRy, V) = (3,1 — Ryyuy, V),

where Ry; and § are changeable because A and bj are time-independent. Using the stability estimates
(3.1) and (3.2), we obtain

”Um - RHMm”LZ(D) =< ”UO - RH”O||L2(D) + C||3tu - RH(SM”lz(O,T;H_l(D))’ (318)
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A CONCURRENT GLOBAL-LOCAL NUMERICAL METHOD 15

and
18U = Ryl o720 + |V (U = Regtt) | oy = 1V (Up = Regtag) [ 12 )
+ C”atu _RH8”||£2(0,T;L2(D))- (319)
Estimates for the initial value term have been shown in Lemma 5. As to the source term, we write

For the first term in (3.20), we have

1[n 1
2 (3,u (x, 1) — Bu(x, 1) dr = 2 (t—t_y) ulx,0)dr
k—1 k—

1

(8,1 — Suy) (x) =

IA

VA1) 32 ux, -) 22y )

Therefore,

m
2 2 2.2 21192,,12
19,0 = 8l 20y < AP 20720, g2y = APNF U 20120
k=1

As to the second term in (3.20), we obtain

I—Ry [ 1 [k
(Suk — RHSuk) x) = / ou(x,t) dt = —/ (Btu — RHBIM) (x,1) dt
Aty Aty

[ (@t = Rygd) ) | 2, -

_
VAt

Therefore, we have

m
2 2 2
||8l/t - RHSM”ZZ(O,T;LZ(D)) = Z ”81” - RHatu”Lz(tk_l,tk,Lz(D)) = ”a[u - RHatu”Lz((),T;LZ(D))'
k=1

Combining above two inequalities with the triangle inequality, we get
19,u — Rydull 20, 7.5-1(py) = 10,4 — RygSull 20 7:12(D))
< ||3tu — 814”(2(0’]*;142([))) + ”81/{ — RHSMHEZ(O,T;Lz(D))
< Atlldfull 207220y + 1954 = Rygdull 20 72220

< At||3t2u||Lz(0,T;Lz(D)) + C (H2 + n(K)Z —+ e(HMM)) ||at”||L2(0,T;H2(D))~
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16 Y. LIAO ET AL.

Substituting the above inequalities into (3.18) and (3.19), we obtain

U, — Ryt ll 20y < c(H2 + (k)2 + e(HMM)) (gl 20y + 10,0l 20 712000
+ Atl07ull 20 12120y (3.21)

and
18U = Ryl 0,722 + 1V Wy = Regity )20y < Atll07ull 207120
+ C(H2 + ﬂ(K) + €(HMM)) (||u0||Hz(D) + ”8tu”L2(0,T;H2(D))) . (322)

Combining (3.16) and (3.17) with the triangle inequality, we obtain estimates of u,, — U,, in (3.13)
and (3.14). Moreover,

19, — 8Ullp0,1:12m)) = 18,4 = Rydullgo 1:120y) + 18U = Rygi) o0, 7.2 (D))
which gives (3.15). O

REMARK 3. In Ming & Zhang (2007, Theorem 1.1), for the general numerical homogenization solution
U calculated by HMM, the term ||V (u,,, — U,,)|| 2(p) is bounded by &'(At + H + e(HMM) Ar~'/2). The
above estimate eliminates the factor Az~ 1/2

indicates that Af can be arbitrarily small.

when the diffusion coefficient is time-independent, which

3.2 Accuracy for retrieving the local microscopic information

In order to prove the localized energy error estimate, we introduce some notation and results in Demlow
et al. (2011). For a subdomain B C D, define H]<(B) = {u € H! D)ulp\pg = 0}. Let G, and G be

subsets of K with G; C G and dist (G;,3G\dD) = d > 0. The following assumptions are assumed to
hold:

Al: Local interpolant. There exists a local interpolant such that for any u € HL (G,) N C (G,) ,Iu €
X,.n NHL(G).

A2: Inverse properties. For each x € X, yandt € 7,y NK,1 <p<g<oo,and0 <v <s<r,

1 lysacey < CRE P74 0l o -

A3. Superapproximation. Let w € C*®°(K)NHL (G,) with || yioo k) < Cd~/ forintegers 0 < j < r,
foreach x € X; y N H'(G) and for each 7 € Ty N K satisfying h, < d,

h h
lw*x — 1@ X)) < C (jHV(wx)an(,) + X ||Lz(f)) , (3.23)

where the interpolant [ is defined in A1. Assumptions A1-A3 are satisfied by standard Lagrange finite
element defined on shape-regular grids (Demlow et al., 2011).
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A CONCURRENT GLOBAL-LOCAL NUMERICAL METHOD 17

Set K, C K| C K, with dist(K;, 0K\dD) = dist(K,, dK;\0D) = cd for a universal constant c. The
following lemma is a generalization of Demlow et al. (2011, Lemma 3.3) by including the effect of the
source term. Similar results have been proven in Nitsche & Schatz (1974); Xu & Zhou (2001) without
clarifying the dependence on the distance d.

Lemma 7. For W € X, j satisfies
O VW,VV)p = (f.V),  forall VeX,,NHL(K)),
then

1YWz = € (47 IW 2,y + W1k - (3.24)

Proof. We setw € C*®°(K,) NHL (K,) a cut-off function with w = 1 on K, and |V/w| < Cd ™/, j =0, 1.
A direct manipulation gives

b5,V (W), V(W) = (b5, VW, V(* W), + (b WVw, W),
+ (W5 WV, V(W) — (b5, V(oW), WVw),,

e 2 A 2 2
< GVW. V@ W)+ ZIV@W)IF: Wi,

C
an T 7 W2,y
The first term may be reshape into
(b5, VW, V(0* W), = (b5 YW, V(0*W — I(@*W))p + (f, [(@*W))).
Using the superapproximation (3.23) and the inverse estimate, we get
B VW, V(@* W) < CIVW 2y IV (@ W) = VI@* W)l 2k, + 11y @ W)l
< C (@ Wiz, + 1) (IF@Wlizgey, + 47 IWliag)

where we have assumed 4 < d.
Combining the above inequalities, there holds

MIV@W) 224, < (05, (@W), V(@W))),

IA

MUV @W 2 4+ C(d2IWIPs e+ IFIP
2” w ”LZ(Kl) ” ||L2(K1) |V‘||H71(K1) .

This gives (3.24). ([l

We are ready to give the localized energy error estimate. First, we define a local Galerkin projection
operator R), : Hl< (K) — Xpu N Hl< (K) such that

by VR, VV)p = @ Vv, VV)p  forall V e X, , N HL(K).
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18 Y. LIAO ET AL.

The interior estimate relies on the Meyers regularity for linear parabolic equations, which is given in
Bensoussan et al. (2011, Chapter 2, Theorem 2.5).

Lemma 8. Let D be a bounded domain, f € L*(0, T; H~ (D)), uy € H}(D) and u € L*(0, T; H} (D)) be
the solution of

[ du—V-(AVu) =f, inDy,

ul,—g =g, 1inD,

where A € [L*™® (DT)]dXd is uniformly elliptic with corresponding parameters A and A. There exists
p > 2, depending on A, A and D, such that if u; € Wé’p (D) and f € LP(0,T; W~ 'P(D)) then u €
7(0,T; Wé’p (D)). Furthermore,
1
el o, w10 )y = C<|lf”l/’(0,T;W*1’P(D)) +T /pHMOHWl,p(D))’
where the constant C > 0 depends on A, A and D.

TueoreM 9. If uf € €2(0, T; WP (K)) for certain p > 2 then

V@ — Ol 20112 < C( inf IV (0’ — ) p200.7-12
2(0,T;L2(Ko)) VelXpaDHL O 2(0,T;L2(Ko))

+ IK\Kol 277 (= 1 20 vy + IV N orann)

+d Ml — Ulle20.122()) + 106" — ‘SUHZZ(O,T;HI(K)))’ (3.25)

where @ € C*°(K) N H. (K) withw = 1 on K and |V/w| < Cd~/, j =0, 1.

Proof. For arbitrary V € X, ; N HL(K),

(byV Ry = V).V (Ryy = V), = (a*Vv = by VV.V (Ry — V),

= ((@® = by) Vv.V Ry = V), + b5V = V).V (Ry = V)) .

This gives

IV (R = V)2 = € (I9¥ 2k + 190 = Vil ) -

By the triangle inequality and the arbitrariness of V, it holds that

|V (v—Ryv) ||L2(K) = C(Vexh,iﬁwal ) IVOZ =Wl + ”VV||L2(K\K0))'
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A CONCURRENT GLOBAL-LOCAL NUMERICAL METHOD 19

Setv = a)u,‘i we obtain

VI — R)(wif, <C inf V(ou; — V) + |V (wul)
[ @) 124, vex M & IV (wig, Iz + | 2 x\ko)

VeXyuNHL (K)

Note that forall V € X, ;, N HL(K,), we have

bV (U = Ry (wuf)) . VV) = (fy = 8U V), — (a°Vup, VV) ) = (duj — 83U, V) .
By Lemma 7, we obtain

”V (Uk — R, (‘”“Ii)) ||L2(K0) =C (di] ” Uy — R, (“)”i) ||L2(K1) + “atulgc — U ”H*I(Kl))
=C (d_l ”“’”li — R, (a)ui) ||L2(K) +d! ”“i - Uk”LZ(Kl) + ” du — 8U, ”H—](Kl))

=C (”V (I _Rh) (w“i)”H(K) +d! ”“i - Uk”LZ(K) + Hat“i - SUkHH—l(K)) ’
where we have used the Poincaré inequality in the last line. By the triangle inequality,

”V (up — U) ”L2(K0) = ”V (I = Ry) (wuy) ”LZ(K) + ”V (U = Ry (o)) ”LZ(KO)

VEX},’HQHL(K)

+ R\Ko 272 (= ) + 1V Ny )
+d 7w — Upllpag) + 19,5 — 8Uk||H1(K)).

Sum up k from 1 to m, we obtain (3.25). U

Under the same condition of Theorem 9, we may bound the last two terms in the right-hand side of
(3.25).
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20 Y. LIAO ET AL.

REmARK 4. Using Holder inequality and the estimate (3.13), we obtain

lu® = Ulle2go.rsa2x) = 1 = ullz 0,722 + 1 = Ull 20,722
< CIKI">7VP (1 Nl ey + 1 207300 k)

+ Cw) (At + H 4+ n(K)? + e(HMM) )

Note that for any 0 < ¢ < T and for p > 2, denoting by p’ the conjugate index of p, we get

. _ 10, —w)(,0),9)| [(@*Vu® —AVu)(-,1), Vo)l
10, =0 CD g1y = sup == N IVl
peH) (K) P2 peH) (K) P2
I Vus (0l +1IVul, 0 llppx)) | Vo ll
<A sup ( LP(K) U(K)) 140:9)

peH) (K) Vel
< AIKIMP Y21V o) gy + 1 VUG )

= AK"ZVP (VU o) ey + 1 VU0 ) -
Using (3.15) and note that u® € 02(0,T; Wé’p(K)), we get

10,u" = 8Ull 2071y = 194" = Oyutll 20,711 iy + 193 — 8U 20,711 )

< W, w)KIV2VP 4 Cu) (At +H? 4+ 5(K) + e(HMM)) .

Theorem 9 relies on Meyers’ regularity estimate, which introduce an additional factor |K\ K| 1/2=1/p,
This factor cannot be ignored, as u® may exhibit severe oscillation. The next theorem shows that
choosing p = xx removes this factor, thereby eliminating the pollution originating from outside K.
This observation clarifies the poor performance of p = x  observed in the elliptic-case experiments
of Huang et al. (2018). In practice, for continuous transition functions, the pollution outside K|, remains
acceptable.

THeorREM 10. If p = xj then

Vu® -U ! <C inf |V’ -V .
V( )||E2(0,T,L2(Ko)) = (Ve[Xh,H]’” IV( )||Z2(O,T,L2(K))

+ d_l ||M"3 — U”(ZZ(O,T;LZ(K)) + ||8tu£ — SU”[z(O,T;H_] (K))) (326)
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Proof. Set x; = argmin||V(u; — V)l 2k With Ji xpdx = [ uf dx. Define a cut-off function w €
VeXnn

C*®(K) NHL(K) withw = 1 on K, and |[V/w| < Cd~/, j=0,1.

IV — Uiy < IV (@i — 0x) — YRy (@i, — ox0) 2

+ ||V(Uk — Xk) — VRh(a)u,i — a)xk)IILz(KO).
By |, x g — x;) dx = 0 and Poincaré inequality on K, we have

||V(a)u,i —wxy) — VRh(a)ui - CUXk)||L2(K) < C||V(oyy, — ka)”LZ(K)
= C(IVG§ = a0l + 471 = el 2ex)

< ClIV(u; — xillz2x)
<C inf |V@]-V , 3.27
<C it IV =Vl (327)

where we use the relation
A 1
|| VRhV ”LZ(K) < _)\’ ” Vv ||L2(K) forall ve 1i<(K)

in the first step. Noting that @ = 1 and b; = a® on Ky, forall V € X, ; N HL(K,), we obtain

b4V (U = %3 — Ry(oug, — 0x)) . VV)
= (fy — 8U;. V)p — 0V X1 VV)p — (a°V (0uf — wx;) . VV) )
= (i —8UL V) — (a°Vug, VV) , = (0uf — 8U V),

By Lemma 7 and invoking the Poincar€ inequality again, we obtain

IV (U = xi) = VR, (0uf; — wx;) ||L2(KO)

< C (@ U= st = Ry (@1 = x| agry + 10085 = 80kl o1 )

IA

c (‘rl ||‘””18< —ox — Ry (a)ui - “)Xk) ||L2(K) +d! ””i - Uk||L2(K1) + “ duy — 8Uk“H*1(K1))
=C (”v(‘"”i — o)) — VR, (“”"i - “’Xk) ”LZ(K) +d! “”li - Uk”L2(K1) + ” duy — ‘SUk”H—‘(Kl))'

Substituting (3.27) into above inequality again and summing up from k = 1 to m, we obtain (3.26). [J

So far, we have not discussed the estimate of e(HMM), the so-called resonance error, which has been
studied extensively in E ez al. (2005) and Ming & Zhang (2007). We also refer to Gloria & Habibi (2016)
for certain more advanced techniques to reduce the resonance error.
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Fic. 1. Three defects. Left: well defect. Mid: L-shaped defect. Right: Porous defect.

4. Numerical examples

In this part, we present several numerical examples to validate the accuracy of the proposed method.
In all cases, the domain is set as D = [0, 1]2 with the source term f = 1 and the initial value u, =
x(1—x)y(1—y). We consider three representative defects: a well defect, an L-shaped defect, and a porous
defect. These geometries are selected to model distinct physical scenarios: for instance, L-shaped defects
often arise in problems involving channelized flow, while porous defects are typical of materials with
distributed inclusions (Oden & Vemaganti, 2000). We note that, as suggested by the theoretical analysis,
the method’s performance may deteriorate when the defect region is excessively large.

The region K is constructed by generating a single-layer mesh surrounding K. If K, consists of
several disjoint subdomains, each subdomain is treated separately. Consequently, our method is equally
applicable to cases with multiple defects. Figure 1 illustrates K and K for three types of defects.

The transition function p on K\K|, is constructed via linear Lagrange interpolation on the single-
layer mesh described above, ensuring continuity and straightforward implementation. This approach,
adopted in Ming & Song (2022), has proven effective in practice. Although Theorem 10 suggests that the
indicator function xj leads to better performance for local H I_estimates, our experiments show that the
interpolated transition function performs comparably in local H!-estimates and yields improved results
for local L2-estimates.

Relative errors are reported at 7 = 1. We consider the global quantities

”Um — um”Lz(D\K) ”V(Um - um)”Lz(D\K)

eg(D\K) = . e (D\K) = ;
° et 201k : 1Vt 2005
and the local quantities
U, — 2 IV(U,, — up)ll 2
eo(K()) _ m m\IL=(Kp) ) e](KO) _ m m/ L= (Ky)

“”%”LZ(KO) ||Vufn||L2(K0)

on defect K;, where m = T/ At. We fix the time step At = 0.02, and vary 4 and H. The reference solution
u® and u® are computed with 4 = 1/3000 and Ar = 0.01. All the numerical experiments are conducted
on FreeFEM++ Hecht (2012).
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TaBLE 1  Macroscopic and microscopic errors for two scales coefficient with well defect

1/H eo(D\K) order e;(D\K) order 1/h ey (Kp) order e (Kj) order

Macro errors with 4 = 1073 Micro errors with H = 1072

20 5.54E-03 6.70E-02 200 3.72E-03 2.88E-01

40 1.39E-03 1.99 3.30E-02 1.02 400 1.07E-03  1.80 1.44E-01 1.00
80 438E-04 1.67 1.64E-02 1.01 800 342E-04 1.63 6.26E-02 1.20
160 2.48E-04 0.82 8.20E-03 1.00 1600 2.36E-04 0.53 2.65E-02 1.24

4.1 Example 1: coefficient with two scales

The first two-scale diffusion coefficient is taken from Huang et al. (2018) with

& (x) = (R) + R, sin(2rx1))(Ry + R, cos(2mx;))

(R, + R, sinQmx /e)) (R, + R, sinQmx, /e)) @.1)

A direct calculation gives the effective coefficient

(R + Ry sinmx)))(R) + R, cos(2nx2))1
R\\/R} — R}

Here, we select ¢ = 0.01, R; = 2.5 and R, = 1.5. We consider the well defect K, a 0.1 x 0.1 square,
and K a 0.12 x 0.12 square in the centre of D; i.e., K, = [0.45, 0.55]% and K = [0.44, 0.56]%. Therefore,
in this case, |K,| = 0.01 and |K| = 0.0144.

To investigate the macroscopic error, we fix Ar = 0.02 and # = 1/1000 while varying H. The
results, shown in the left columns of Table 1, correspond to the case Ay = A, so that e(HMM) = 0.
We observe that e; (D\K) converges at first order in H. However, the convergence rate of e,(D\K) drops
sharply from approximately 2 to about 1, likely due to the combined influence of the defect region K and
the time discretization step Az in both the reference and numerical solutions. Overall, the experimental
findings align well with the theoretical predictions.

As to the microscopic error, we vary h from 1/200 to 1/1600 fixing At = 0.02 and H = 1/100.
As in the macroscopic case, the homogenization approximation error e(HMM) = 0. Moreover, since
H=10"%« h, the local mesh size & is the dominant error source for e; (K()); see Remark 4. The results
are presented in the right columns of Table 1, showing that e, (K{;) exhibits first-order convergence with
respect to /1, while e (K|;) tends to a fixed value as & decreases.

AX)

4.2 Example 2: different transition functions.

In this example, we investigate the influence of different choices of the transition functions. Since
numerical results for C'- and CC-transition functions have been reported in Ming & Song (2022),
we focus here on the discontinuous selections, particularly on the indicator functions. We retain the
two-scale diffusion coefficient defined in (4.1), with the well defect given by K, = [0.45, 0.55]% and
K =[0.44,0.56]%.
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TABLE 2 Macroscopic and microscopic errors for different transition functions

1/H eo(D\K) order ¢;(D\K) order 1/h ey (Kp) order e (Ky) order
Macro errors with p = XKy h=10"3 Micro errors with p = XKO,H =102
20 5.51E-03 6.70E-02 200 2.92E-03 2.87E-01

40 1.36E-03  2.02 329E-02 1.03 400 9.32E-04 1.65 1.54E-01 0.90
80 3.96E-04 1.78 1.64E-02 1.00 800 9.55E-04 —0.04 8.45E-02 0.87
160 2.01E-04 0.98 8.17E-03 1.01 1600 1.06E-03 —0.15 6.21E-02 0.44
Macro errors with p = xg, h = 1073 Micro errors with p = xg, H = 1072

20 5.52E-03 6.72E-02 200 3.54E-03 2.91E-01

40 1.38E-03  2.00 3.33E-02 1.01 400 8.58E-04 2.04 1.48E-01 0.98
80 4.39E-04 1.65 1.70E-02  0.97 800 8.52E-04 0.01 6.61E-02 1.16
160 2.55E-04 0.78 841E-03 1.01 1600 1.02E-03 —0.26 2.50E-02 1.40

We fix At = 0.02 and 2 = 1/1000 and summarize the macroscopic errors in the left columns of
Table 2. While the results for different transition functions are comparable, p = x, performs slightly
better. This observation aligns with Theorem 6. Specifically, the factor 1 (K) should more precisely be
expressed as 7(supp p). Consequently, when p = xg, , the area of its support equals to |Ky| = 0.01,
which is slightly smaller than |K| = 0.0144, resulting in a smaller contribution from this term.

The behaviour of the microscopic errors is more nuanced, as shown in the right columns of Table 2.
We fix Ar = 0.02 and H = 1/100. The indicator function x, yields the poorest performance, consistent
with the findings reported in Huang ez al. (2018). This can be explained by Theorem 9, which introduces
a factor of | K\ K| 1/2=1/P in this case. In contrast, x x performs best for e (K{y), in line with Theorem 10.
The linear Lagrange interpolation yields comparable results in practice, as shown in Table 1. This is
reasonable because the principle underlying Theorem 10 is that the coefficient near, but outside K,
should remain close to a®, a condition that still holds for continuous p, albeit with mild pollution.

The performance of ¢, (K) is poor for the discontinuous transition functions, including both xx  and
Xx- Although a specific theoretical analysis for this case is beyond the scope of the present work, this
aligns with the general expectation that duality-based L2-estimates typically require the continuity of the
coefficient. In the view of these observations, we henceforth adopt the linear Lagrange interpolation as
the transition function in the subsequent experiments.

4.3 Example 3: different sizes of defects

In this example, we continue to use the two-scale coefficient given in (4.1) and examine the effect
of varying the size of the well defect. For macroscopic errors, we fix At = 0.02 and &~ = 1/1000.
For microscopic errors, we set At = 0.02 and H = 1/100. First, we consider a smaller defect
K, = [0.48, 0.52]? and K = [0.47,0.53]* with corresponding areas |Kol = 0.0016 and |K| = 0.0036,
substantially smaller than those in Table 1. We report the macroscopic and microscopic errors in
the top rows of Table 3. The results show a noticeable improvement in the L?-estimates, confirming
that the previously observed reduction in convergence rate was indeed caused by the larger defect K.
Nevertheless, the errors eventually saturate around 10, which is mainly attributable to the fixed time
step At shared by both the reference and the numerical solutions.

Next, we consider a larger defect with K; = [0.4, 0.6]2 and K = [0.39, 0.61]2, the corresponding
areas are |Ky| = 0.04 and |K| = 0.0484, much larger than those in Table 1. Macroscopic and microscopic
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TABLE 3 Macroscopic and microscopic errors for different sizes of defects

1/H eq(D\K) order e;(D\K) order 1/h ey(Kp) order e (Kp) order
Macro error with K = [0.47,0.53]%,h = 1073 Micro errors with K, = [0.48,0.52]%, H = 1072
20 5.61E-03 6.81E-02 200  1.01E-03 2.54E-01

40 1.39E-03 2.01  332E-02 1.04 400 3.79E-04 141 1.62E-01  0.65
80 3.78E-04 188  1.61E-02 1.04 800 1.42E-04 142 8.60E-02 091
160  1.42E-04 141  7.57E-03 109 1600 146E-04 —0.04 4.18E-02 1.04
Macro error with K = [0.39,0.611%,h = 1073 Micro errors with K, = [0.4,0.6]*, H = 1072

20 5.53E-03 6.38E-02 200  9.59E-03 2.85E-01

40 1.53E-03 1.85  3.12E-02 1.03 400  3.06E-03 1.65 1.36E-01  1.07
80 6.29E-04 128  1.52E-02 1.04 800 9.65E-04  1.67 4.94E-02 1.46
160  4.67E-04 043  7.4E-03 1.09 1600 5.87E-04 072 2.51E-02  0.98

errors are shown in the bottom rows of Table 3. First-order convergence is maintained for both e, (D\K)
and e; (K,)). Although e,(K)) initially appears to converge more rapidly, this impression stems mainly
from its lower accuracy on coarse grids. Compared with the smaller well defects, the L?-error estimates
deteriorate, highlighting the stronger influence of a larger defect region.

4.4  Example 4: different shapes of defects

In this example, we continue to employ the two-scale coefficient given in (4.1) and consider different
defect geometries, as shown in Fig. 1. For the L-shaped defect K|, the vertices (listed counterclockwise)
are

(0.4,0.4), (0.76,0.4), (0.76,0.41), (0.41,0.41), (0.41,0.76) and (0.4,0.76).

The longest edge of K, measures 0.36 and the shortest 0.01, resulting in an aspect ratio of 36. This
configuration can be used to model a thin channel.
The annular layer between K and K|, has thickness 0.005, so the vertices of K are

(0.395,0.395), (0.765,0.395), (0.765,0.415), (0.415,0.415), (0.415,0.765) and (0.395,0.765).

For K, the longest edge is 0.37 and the shortest 0.02.

The macroscopic and microscopic errors are reported in the top rows of Table 4. Following the setup
of Example 1, we fix Ar = 0.02 and 2 = 1/1000 for the macroscopic errors, and Ar = 0.02 and
H = 1/100 for the microscopic errors. The areas | K| = 0.0071 and |K| = 0.0144 are closed to those of
the well defect in Example 1, thereby reducing size effects. The defect shape appears to primarily affect
the L2-estimates, specifically e, (D\K) and e, (K})), while first-order convergence is still maintained for
both e; (D\K) and e, (K)).

The following example illustrates the capability of the proposed method to handle multiple defects.
The porous defect K, comprises six ellipses centred at

(0.2,0.8), (0.2,0.2), (0.4,0.8), (0.5,0.2), (0.7,0.6), (0.9,0.1).
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TABLE4  Macroscopic and microscopic errors for different shapes of defects

1/H  eq(D\K) order e;(D\K) order 1/h ey (Kp) order e (Kp) order
Macro errors with L-shaped defect, h = 1073 Micro errors with L-shaped defect, H = 1072
20 5.27E-03 6.22E-02 200 1.96E-03 1.99E-01

40 1.52E-03  1.79 3.04E-02 1.03 400 1.33E-03  0.56 1.65E-01 0.27
80 5.34E-04 141 1.54E-02 098 800 9.27E-04  0.52 7.75E-02 1.09
160  3.76E-04 0.51 8.12E-03 092 1600 8.65E-04 0.10 3.94E-02 098
Macro errors with porous defect, h = H/2 Micro errors with porous defect, H = 2h

20 5.97E-03 6.17E-02 200 4.05E-03 3.23E-01

40 3.53E-03 0.76 3.07E-02 1.01 400 2.46E-03  0.72 1.86E-01 0.80
80 2.46E-03 0.52 1.60E-02 094 800 2.39E-03  0.04 9.58E-02  0.96
160 1.02E-03 1.27 7.770E-03 1.06 1600 2.00E-03 0.26 5.35E-02  0.84

The semiaxes in the x- and y-directions are, respectively,
(R/2,R), (R/2,2R), (R,R), (2R,R/2), (R,3R/2), (R,R)

with R = 0.023. This configuration can be used to model materials with different type of inclusions. The
outer set K consists of ellipses with the same centres, but with R = 0.028. Consequently, |K,| ~ 0.00997
and |K| =~ 0.01478.

Because the porous defect induces very thin elements near the pores and much coarser elements
elsewhere, resulting in mesh with poor element, we maintain a fixed ratio between coarse and fine mesh
sizes by setting H = 2h in this example. To mitigate the computational cost associated with such meshes,
one could employ nonmatching grids and enforce interface conditions via Nitsche’s method, as in Ming
& Song (2022), but this lies beyond the scope of the present work. We report the macroscopic and
microscopic errors in the bottom rows of Table 4 and observe the performance is consistent with that of
the L-shaped defect.

4.5 Example 5: coefficient without scale separation

In previous examples, there is scale separation in the diffusion coefficient. This example is taken from
Abdulle & Jecker (2015). The coefficient a® = xx, @ + (1 — xx,) a°, where

4
- 1 1 . X .
alx) =3+ 7;2}_4_ 1 cos ({8 <1x2 - i—l—ll)J + LlSlelJ + L15Ox2J) ,

i=1
and
@ (x) = 2.1 4 cos (27x, /&) cos (27x, /) + sin(4xix3).
We still consider the well defect with K, = [0.45, 0.55]2 and K = [0.44, 0.56]2, as in Example 1, and

set & = 0.0063 for the experiment. The effective matrix A is obtained using the online—offline method
proposed in Huang et al. (2020).
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TABLES  Macroscopic and microscopic errors for no scale separation coefficient with well defect

1/H  ey(D\K) order e;(D\K) order 1/h ey(Kp) order e (Ky) order
Macro errors with 4 = 1073 Micro errors with H = 1072
20 5.15E-03 7.19E-02 200 5.02E-04 4.23E-02

40 1.18E-03  2.13 342E-02 1.07 400 5.22E-04 —0.06 3.20E-02 0.40
80 3.14E-04 191 1.69E-02  1.02 800 543E-04 —0.06 1.87E-02 0.78
160  1.16E-04 143 8.05E-03 1.07 1600 5.51E-04 —0.02 1.08E-02 0.79

We set Ar = 0.02 and & = 1/1000 and report the macroscopic errors in the left columns of Table 5.
The results are similar to those in Example 1. Let At = 0.02 and H = 1/100, the microscopic errors are
shown in the right columns of Table 5. The quantity e,(K,) remains nearly constant at approximately
5 x 10~%, a behaviour attributable to the discontinuity of & as in Example 2. Meanwhile, the convergent
rate for e (K|y) stays below 1, reflecting the reduced regularity of a caused by the roughness of u°.

5. Conclusion

In this paper, we presented a concurrent global-local numerical method for solving multiscale parabolic
equations in divergence form. The proposed method effectively integrates global and local information
to accurately capture both macroscopic and microscopic behaviours of the solution, which has been con-
firmed both theoretically and experimentally. For multiscale parabolic equations with time-independent
coefficient, we successfully eliminate the factor Ar~!/2 for both macroscopic and microscopic accuracy.
It is also interesting to study such problems with time-dependent coefficients, time-varying defects and
time-varying boundary conditions.
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