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Abstract. We propose a Specht triangle discretization for a geometrically non-
linear Kirchhoff plate model with large bending isometries. A combination of
an adaptive time-stepping gradient flow and a Newton’s method is employed to
solve the ensuing nonlinear minimization problem. I'—convergence of the Specht
triangle discretization and the unconditional energy stability of the gradient flow
algorithm are proved. We present several numerical examples to demonstrate
that our approach significantly enhances both the computational efficiency and

accuracy.
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1 Introduction

The geometrically nonlinear Kirchhoff plate models have drawn great attention re-

cently because they capture the critical feature of large bending deformations of
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thin plates in modern nanotechnological applications [9,20,22,27,30]. The dimen-
sional reduced nonlinear plate model has been proposed by Kirchhoff in 1850 [21],
which is based on a curvature functional subject to a pointwise isometry constraint.
Friesecke and Miiller [18] have derived this model from three dimensional hyperelas-
ticity via I'— convergence. Since then, extensive studies have been carried out from
the perspective of modeling and numerics, such as the single layer problem [3,13],
the bilayer problem [7,12,14], the thermally actuated bilayer problem [6], just to
mention a few. The above models all involve minimizing an energy functional with
the isometry constraint. One of the numerical difficulties is the non-convexity of the
model caused by the isometry constraint [5].

In this work we focus on the single layer model, and find a deformation y:Q—R3

of a bounded Lipschitz domain 2 C R? by minimizing

Bly)=3 [ 1l do= [ f@)-y(@)da (1)
subject to the isometry constraint
(Vy) " (Vy)=Id,, a.e. in Q, (1.2)
and Dirichlet boundary condition
y(r)=g, Vy=®, & 'd=Idy onI'p,

where H € L*(£2;R?*?) is the second fundamental form of the parametrized surface
given by
Hij=n-0;0;y=(01yx doy)-0:0;y,  1,j=1,2,

and Id, is the identity matrix of order 2. I'p is part of the boundary of D. We
assume that
g€ H*(O;R?), ® € H*(;R*?), fe L*(Q,R?). (1.3)

The numerical approximation of this problem consists of two parts: discretiza-
tion and minimization. A proper finite element discretization needs to take into
account both high order differential operator of (1.1) and the pointwise isometry
constraint. In [3,7], the authors employed a discrete Kirchhoff triangle (DKT),

which was developed in [10] for the linear bending problem. DKT element possess
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the degrees of freedom of gradient at the nodes, which is convenient for imposing
the constraint (1.2). The implementation of DKT element is based on the con-
struction of a discrete gradient operator that maps the gradient to another space.
Although this operator makes the proof of I'—convergence of the discrete energy
more straightforward, its numerical realization is quite complicate. Moreover, DKT
is not included in the standard finite element library [13]. In addition, the quadrilat-
eral DKT element is not suitable for the adaptive grid refinement. A discontinuous
Galerkin (DG) method has been employed in [12,13] to simulate (1.1) and (1.2).
DG method has been included in many existing softwares and are more flexible in
imposing the boundary conditions, while it needs a careful reconstruction of the

discrete energy, and a fine-tuned penalty factor.

In the present work we turn to the nonconforming finite element method, in
particular we shall exploit the Specht triangle, which is an excellent nonconforming
plate bending element [31], and passes all the patch tests and performs excellently,
and is one of the best thin plate triangles with 9 degrees of freedom that currently
available [34, Quotation from p. 345]. The Specht triangle has been systematically
studied by SHI and his collaborators in [24,28, 29, 32]. Recently the second order
Specht triangle has been designed and test in [23]. The constraint (1.2) may also be
imposed on the nodes, and we prove I'-convergence of Ej, to E in H'(;R?), which
shows the correctness of the energy discretization.

To ensure the energy (1.1) decreases while maintaining the constraint (1.2), a
discrete H*—gradient flow method has been designed in [3,5,7,12,13] for geometri-
cally nonlinear Kirchhoff type models. For the single layer plate, the gradient flow
exhibits two attractive properties. One is the unconditional energy stability, and
the other is that the L' error of the constraint (1.2) is controlled by a pseudo-time
step, which is independent of the number of the iteration. However, due to the
first-order nature of the gradient flow method, it usually takes a large number of
iteration to lower the error committed by the constraint to a reasonable thresh-
old. To speed up the iteration, we shall exploit an adaptive time-stepping strategy
developed in [16,25,33] for the phase filed models. Compared to [3], our method
is around five times faster without loss of accuracy. We combine the H?—gradient
flow and a Newton’s method to construct a global-local algorithm that improves

the accuracy by around 1~ 2 order of magnitude and results into a second order
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method for examples with smooth minimizers. Similar idea has been used in [2] for
simulation of the harmonic maps into sphere.

The remaining part of the paper is organized as follows. In Section 2, we use
the Specht triangle to discretize the variational problem. The I'-convergence of the
discrete energy to the exact energy is proved in Section 3. In Section 4, we introduce
a new method that combines a discrete adaptive time-stepping H2-gradient flow and
the Newton’s method. We present numerical experiments and test the accuracy and

efficiency of the method in the last section.

2 The Specht Triangle Discretization

We fix some notations firstly. The standard notations for the Sobolev spaces, the
norms and semi-norms [1] will be used. The function space L*(2) consists of func-
tions that are square integrable over €2, which is equipped with the inner product
(-,-) and the norm |[|-||z2(q), respectively. Let H™(Q2) be the Sobolev space of square
integrable functions whose weak derivatives up to order m are also square integrable

with the norm defined by HUH%,W(Q)::ZZLO ’U‘quk(ﬂ)’ where the semi-norm

‘v’Hk(Q):: Z 100|220,

laf=k

where o= (aq,a5) is a multi-index whose components «; are nonnegative integers,
la| =14y and 0*=01°1/0x{ 0252, For k>0, HF(Q) is the closure in H*(Q) of the
space of C*°(2) functions with compact supports in €.

For mesI'p #0, the following Friedrich’s inequality holds: for any v€ H*(£2) that

vanishes over I'p, there exists Cr depending only on I'p and €2 such that
||U||L2(Q)SOFHVUHLQ(Q). (2.1)

The values of Friedrichs’ constant C'r may be found in [26] for simple domains such
as balls, rectangles, etc.

Under the constraint (1.2), the following identity holds pointwise:

|H|?=|D%|* = |Ay|?,
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which was proved in [12,13]. Hence, the energy functional E[z] may be rewritten
into

E[z]:%/Q|D2z(x)‘2—/9f(x)~z(a:)dx. (2.2)

We reshape the variational problem into
y=argmin, ., F[z], (2.3)
where the admissible set A is defined by
A:={z€V|[(Vz)"(Vz)=Id a.e. in Q}

with
Vi={ze H*(R’) | 2(z)=9,Vz=® on I'p}.

2.1 The Specht triangle

Let 75, be a triangulation of 2 with maximum diameter h, and we assume that all
the elements are shape regular in the sense of Ciarlet-Raviart [17]. We also assume
that 7}, satisfies the inverse assumption: there holds h/hx <v for K €T}, and some
v >0, where hg is the diameter of the element K. We denote the set of all vertices
of T, by V, the set of all edges of T, by &,, and the set of all internal edges of
Tn by E. Let V), be a piecewise differential operator defined for any K € Ty, as
(Vh2)|k =(V2) k.
The Specht triangle is defined by a finite element triple (K, Px,X) as:

P =Zy+bg Py (K),
Y ={p(a;),0:p(a;),0,p(a;),1 <i<3},

where K is a triangle, and Z is the Zienkiewicz space [11] defined by

and the element bubble function bgx:= A\;A2A3 with {)\i}?:l the barycentric coordi-
nates of K.
Define the finite element space X}, of the Specht triangle as

Xp:={ve H*(Q) |v|x € Px,K €Ty, v(a),Vv(a) are continuous for all a€ V), }.
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The interpolate operate II associated with X, is defined locally as I1|x=IIx for any
ve H3(K) and

Igv(a)=v(a), VIlgv(a)=Vuv(a) forall acV. (2.4)

For all ve H?(Q), there holds [17]:

2
Zthvj('U—H’U)HLQ(Q)§0h3|’v3UHL2(Q). (25)

J=0

For all k=1,2,3 and v €X,, it follows from the inverse assumption that there

exists Cy,, depending on v and k but independent of v such that

||v20||L2(Q) SC’invh_IHVﬁ_lvHLz(Q). (26)

2.2 Discrete energy

We approximate (2.2) by the Specht triangle. The function in X}, is continuous over
the whole domain and its gradient is continuous at all nodes, which allows us to
impose the isometry constraint (1.2) at each node. Define the discrete admissible

set by
Ap:={2€V,|[(V2) V2](a)=1d for all a€ V), }

with
Vii={z€[Xp)’| 2(a) =g(a),Vz(a)=P(a) for allacV,NIp}.

The discrete energy minimization problem reads as

yn=argmin_, (2], (2.7)
where )
Blel = [ [Viz@)*da— [ fl@)-2(o)da,
2Ja Q
and fQ|Viz(x)|2:: > fK|V2Z|2 is in a piecewise manner.

KeTy

Proposition 2.1. Minimization problem (2.7) has a solution.

The proof is standard, we omit it.
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3 ['-convergence of the Discrete Energy

The discrete minimization problem (2.7) is non-convex, the standard finite element
error analysis fails. Instead, we prove the I'-convergence of Ej, to E in H'(Q;R3),
which shows the correctness of our energy discretization. Following a standard I'-
convergence procedure in [15], we firstly show the compactness and equi-coercivity
for any z€ Ay, and secondly, we prove the lim-sup and lim-inf inequalities. We start

with the equi-coercivity of { E}, }n>o.

3.1 Equi-coercivity and compactness

Lemma 3.1 (Coercivity of E,). Let the data (f,g,P) satisfy (1.3). There exists a
positive constant C' depending on Q,I'p and the triangulation, but independent of h
such that for any z € Ay,

1/2
12l <C (B E+ g lme+ 1 @lmo + 1 lxe). (3.1)

and
1/2
IV32l2@ SC (B + gl IOl 1 l2@) . (3:2)

Compared to the known equi-coercivity results in the literature, we clarify the
upper bound on the data and the discrete energy functional, and the constants C'

in (3.1) and (3.2) may also be elucidated from the proof.

Proof. For any z€ Ay, let Z,, be the linear Lagrange interpolation operator, note the
fact that
Tn(z—9g) € Hy([R?), T, (Vz—®) € Hy (Q;R**?).
Applying the Friedrich’s inequality (2.1) to Z,(z—g¢) and Z,,(Vz—®), we obtain
1Z0(z=9) | z2(2) S Crl| VIn(z=9) | 120, (3.3)
HI}L(VZ—(I)> HLQ(Q) S CFH VI}L(VZ—(I)) HLQ(Q)

For j=0,1, we use the standard interpolation estimate for Z, and the inverse
inequality (2.6) to obtain
IV? (2= Zn2)l| 22() < Crh* || Vipzl 220,

. . . (3.4)
||V] (VZ—I}LVZ) ||L2(Q) S C]h2_] ||V?LZ||L2(Q) S C]Cinvhl_] ||V}2LZ||L2(Q) .
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Using the triangle inequality, the Friedrichs inequality (3.3) and the interpolation

estimate (3.4), we obtain

[Vz2=@[20) <[ Zn (V2= @) || 120+ (1A =T3) (V2= D) | 12(0)
<Cp||VIL(Vz2=®) || 12(0) +Crh|| Vi (V2 =) || 121
<Cr|Vi(Vz=®)| 12(0)+Cr||V(Id=T3) (V2= P) | 12(0)

+Crh ([ Vil 2+ VPl 2 (@)
< (Cr+Crh) (V32 2+ Ve 2(0)
+Cp|VAd=Z3)Vz || 12(0) + Crl| VA=) P | 2(0)-

Using (3.4), with j=1, we obtain
IV(Id=TZ1) V2| 12(0) < CrCin|| V32l 20,
and using (3.4); with j=1, we obtain
IV (Ad=Zh)®||2(@) < Crh | V2@ || 2(0)-
A combination of the above three inequalities gives

V2= 12(0) < (Cr+Crh) ([ V2l 20) + | VOl 2(@)
—|—CFC[CinVHV%ZHLz(Q)—FCFC[hH V2D ||L2(Q).

Hence,
||VZ||L2(Q) SAHV}QLZ|’L2(Q)+(1+CF)(1+CI}L)H®HHQ(Q), (35)

where A= CF+C[h+CFC[CinV.

Proceeding along the same line that leads to the above inequality, we obtain

||Z||L2(Q) SOFC[hHV%LZ||L2(Q)+(OF+C[]1)||VZ||L2(Q)
+(1+Cp)(A+Crh) || gl m2(0)-

A combination of the above two inequalities leads to

2]l 20 < AN Vil 20+ B (@l 20+ L9 L2 (3.6)
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with
A:=(Cp+Cih)A+CrCih  and  B:=(14Cp+Cih)(1+Cr)(14+C;h).
It is clear that
Bl 51V 30y~ I 2wyl
Using Young’s inequality, we get
132122 0y <2En[21+201 fl 2y 12 2y
<2B, [ +201f 2y (A V32l 220y + B (1@ 2o+ g llzen)
OB+ 51V e+ 270 £
+2B|| fll 20 (12 | 2y + 19 20)) -
This immediately implies
1932l z2(0) <20/ Brlel+20 £l + 2V BI gy (19011200)+ 1915y )

which leads to (3.2).
Substituting the above inequality into (3.5) and (3.6), we obtain

2] i1 () < 2(A+A)/ En[2]+2(A+ A) A| || 120y
+2(A+ A)VB| fll 5t <H¢>H“2m+ugu}§3m>
+2B ([ fllzz@) + 1 @l + 1 9l 2 (@)
<2(A+A)\V/Ey[7]
+2((A+ 22+ B) (I 120+ @ vz + 19 o) -
This gives (3.1). O
This immediately implies

Proposition 3.1 (Equi-coercivity). Let the data (f,g,P) satisfy (1.3). The sequence
{yn}n>0 C Ay has a uniform energy bound Eylys) <A, where A is independent of h.
Then the sequence {yn}n>o is uniformly bounded in H'(Q), i.e.,

[Ynll () <C
with C independent of h.
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The uniformly boundedness of {y,} in Proposition 3.1 ensures the existence of

a subsequence (not relabeled) of {yy,}, such that
yn—y in H'(LR?) as h—0,

for some y € H'(Q;R3). We want to show that there exists y € A C H%({;R?) such
that
Vyn—Vy in  L*(Q;R**?).

Proposition 3.2. (Compactness in H'(Q)) Let the data (f,g,P) satisfy (1.3). If
the sequence {yp}h>0C Ay has a uniform energy bound Ey|ys) <A for all h>0, where
A is independent of h, then there exit y € A C H*(;R3) and a subsequence (not
relabeled) of {yn}n such that

yn—y in H'(Q;R?) as h—0.

Proof. 1t follows from Lemma 3.1 and Proposition 3.1 that {ys}, and {Z,(Vyn)}n
are uniform H' bounded, hence there exists a weakly converging subsequence of
{yn}n such that

yn —y strongly in L*(;R?),
Vyn — Vy weekly in L*(Q;R**?),
T,(Vyn) — 2 strongly in L*(€;R**?),
VI, (Vyn) — Vz weekly in L?((;R32*%),
for some y€ H'(Q;R?) and z€ H'(;R3*?) as h—0. We apply the standard inter-
polation estimate for Z;, and the inverse inequality to get
IVyn—2| 2 < NI\Vyr—=Zn(Vyn) | L2y + |20 (Vyn) — 2] L2 (0)
<Ch||IViynll 2@+ 120 (Vyn) = 21l 120,
which implies
Vyn—z in L*(Q;R**?).
The uniqueness of L? weak limit implies Vy=z, and hence y € H?(;R3).
Moreover, it follows from Vy, —Vy and (3.2) that

Vy, Vy,—=Vy'Vy in L'(Q;R*?).
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It remains to prove that y is an isometry.
Note that 7y, (Vy;Vyh) =Id,. Invoking the interpolation estimate and the inverse

inequality again, we obtain
Vs Vyn—1ds]| 210y = V'Y Vi =Zn (Vg Vi) [l10)
<CR*|Vi(Vynr Vyu) i)
<OR (Vg2 | Vonlizo +IVimlE@)  (3.7)
<Ch(I1V3nll i@ IVl 20+ V3 By
<Ch,
where we have used Lemma 3.1 in the last step.

The uniqueness of the weak limit implies that y is an isometry and this completes
the proof. O

We are ready to prove I'-convergence of Ej, to E in H'(Q;R3). Firstly we extend

the domain of discrete energy functional to H'(;R?) as follows.

| Enlyn] Yn € Ay,
Enlyn] —{ - o€ H R\ Ay (3.8)

Theorem 3.1 (I-convergence). Let the data (f,g9,P) satisfy (1.3). The following
two properties hold

1. Lim-inf inequality: For every sequence {yn}n, C H'(Q;R3) converging to y in
HY'(;R3), we have
Ely] <liminf B [yp].
h—0

2. Lim-sup inequality: For any y€ H'(S;R3), there exits a sequence {yp}, with
yn € HY (S R3) such that y, —y and

limsup Ep[ys] < Ey].
h—0
Proof. We firstly prove the lim-inf inequality. Without loss of generality, we assume
that y, € Ay C H' (;R?) and Ej[yn] <A, where A is a positive constant independent
of h. Otherwise, liminf;,_,o Ep[yn] =400, and the lim-inf inequality holds.
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Proposition 3.2 implies that y€ A C H?(2;R3). We shall show
Viy, — V2y weakly in L?(Q;R**2*2),

and

NG Yyl 20 <hm1anVhthLz(Q),

and

Ell= 1 [V 2o /fy<hmmf{—uwh||p /fy}

= llirilglf Enlyn)].

For any ¢ € C°(Q;R3*2%%) integration by parts, we obtain

Vin:o=>_ | Vyn:o
J J;

KeTy
=— Vyp, :divo+ Vyn:(on)
> | Vv > | us(on
/Vyh dive+ Z /Hanyh]] p[nn])
ec&in
/V?Jh divo+ Z /[[anyh]] p[n@n]-C.),
ecgin

for any constant vector C,, where we have used

/ﬂ@nyh]] =0 for any edge e

in the last step [28].
Denote e=K1NKy, K =K;UK,. Using the rescaled trace inequalities, we get

< 8nyn]ll 2o |@ln@n] = Cel| L2 (e)

/ [Butn] - (9lnen] —C.)

<Chi| V3 Unll 2y (e || oIn@n] = Cell 2 (i)

1
+h Vol 2 k)
< Chi|Viynll L2 |Vl 2
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Therefore, we obtain

> [t -(6inen)

ecgin? €

Taking the limit A —0, we get

. 2 . o .
lim /Q Viyn: ¢=—lim / Vyn:dive+lim > [ 10wyl (8[n@n))

6651” €

/ Vy:dive= / V2o,

, Vi yhAVQy weakly in L2 Q; R3><2><2

Next we prove the lim-sup inequality. Without loss of generality, we assume

< CRIViynll 2@ IVl 20

that ye AC H?(;R?). The fact that smooth isometries is dense among isometries in
H?(Q2)3 [19] allows us to assume that y€ H?(Q;R?). Let y;, be the Specht interpolant
of y, for all a€V},, we get

[V Vynl(a)=[Vy ' Vyl(a) =1ds.

Hence y;, €A;,. Using the interpolation estimate (2.5), we obtain y, —y in H?(£2;R3),
and whence the convergence of the discrete energy, i.e.,

lim Ej, [yn] = Ey].
O

Combining Proposition 3.2 and Theorem 3.1, we obtain that the cluster points

of the global minimizers of Fj are global minimizers of £.

Corollary 3.1. Let data (f,g9,P) satisfies (1.3). Let {yn}n be a sequence of almost-
global minimizers of Ey, i.e.

Enlyn) < mf Eh[wh]+eh<0

wpE
where €,—0 as h—0 and C'is a constant independent of h. Then {yp}n is uniformly
bounded in the H' norm, and every cluster point y of {yn} is a global minimizer of
E, i.e.
E[y]= inf Ew].

weA
Moreover, there exits a subsequence of {yn}n(not relabeled) such that

yn—y in H'Y(Q) and }llirr(l)Eh[yh] =E[y].
—
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4 A Combination of the Gradient Flow and New-

ton’s method

The H?-gradient flow algorithm developed in [3] is an efficient method to solve the
problem with constraint, while the first oder convergence rate seems a hurdle for
efficient implementation. To speed up the iteration, we firstly adopt the H2-gradient
flow method with an adaptive time-stepping technique, which is based on the energy
variation; Such techniques appeared in the simulation of the phase field model in [25];

See also [16,33]. Secondly, we combine the gradient flow and a Newton’s method.

4.1 H?-gradient flow

At a point y, €X3, we define the tangent space F,[y;] of the admissible space A, by

Fh[yh] = {Uh EX%Z’U}L’FD :0, Vvh|pD :0,

(4.1)
[V, Vyil(a)+[Vy,) Vop](a)=0 for allacV,}.

Let 7>0 be a pseudo-time parameter, y € A, be the initial deformation, and € be

the stopping threshold. Define

1
dTy;’irZ;(y;’f“—y;'i)-

At (k+1)th step, we solve

' 1
gy min [V =y ) Ealy ),

yn T Eyf 4L [y)]
where we have included a regularized term

1
I3 =1

to ensure the energy decay. Until the stopping criterion ||V%ld7y,’§
we find d,y¥ €F,[y¥] such that

HLQ(Q) <€ is met,

(Videys, Viv)+ (Vi (vi+7d-yy) . Viv) = (f.v) for all v e, [yr]. (4.2)

We set

ythi=yp4rdyy.
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Theorem 4.1. Let y; " be the k+1th step solution of the gradient flow (4.2), there
holds

1. Energy decay:

k
En[yy 147> _IVid-yhllh < Enlyp]. (4.3)
n=0
2. Isometry violation:
I1Z0([Vy T [Vyn ) —1da|| 11 (o) < 6CE(1+Crh)? Ex[yy] T (4.4)

Proof. Choosing v=d,yF in (4.2), and using the elementary identity
Lo 9y 1 2
a(a—b):§(a —b )+§(a—b) ; a,beR,
we get

2427
2

Enlyy ]+ ”VidTy}liH%?(Q) = En[ys),

which implies
Enlyy ™+ 71V idrysll < Enlyy)-

Using the telescoping sum, we obtain (4.3).
Note that for all a €V}, there holds

[Vd,y; ()] [Vyr(@)]+[Vyr(@)] T [Vdy,(a)]=0.
By the definition of d,y¥ (4.2), we get

[Vt ()] [yt (a)] = V()] [Vyi(a) +7°[Vdyi(a)] T [Vdyg(a)]

=Idy+7) [Vdy;(a)] [Vdy; (a)).

n=0

On every node a €V}, we have

[Vyr (@] [V (@)] -1y <72 ) [V (@)] T [Vdryi ()]

n=0

k
=) " |Vdyp(a)|.
n=0
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Let a,b,c be the three vertices of the element K, a direct calculation gives

/K 1 Zy|*de = % (v*(a)+v*(b)+v*(c)+v(a)v(b)+v(b)v(c)+v(c)v(a))
LY

12

K]

> 1 (03 (0) +07(0) +4(0)).

(v () +0*(b) +v*(c) +(v(a) +v(b) +o(c))’)

Hence,

k
1Z0 ([Vy T IV ]) =1da | 11 ) <672 I Za(Vedeti) 720y -
n=0

Invoking the Friedrichs’ inequality (2.1) and the energy decay estimate (4.3), we
obtain

k
1Z0 ((Vyr ™ T [VyE ™) =1da |l 21 @) < 6C27> Y CIVIL(Vdryi) 1720

n=0
k
<6CH(1+Crh)* ) Hvidr?ﬁ”;(ﬂ)
n=0

<6CE(1+Crh)*r (Enlyl) — Ealyf ™)
<6CH(1+Crh)*Ey[yh)r.

4.2 Adaptive time-stepping method

The simulation of the large bending problem needs long time computations, and
the adaptive time-stepping method seems a natural choice. Theorem 4.1 implies
that the H?-gradient flow method is unconditionally stable, and the accumulation
of isometry violation is related to the energy drop at each step. Therefore, we
adopt a time step adaptive approach based on the energy variation to accelerate
the iterations while maintaining the accuracy. Such time step adaptive strategy has
been developed in [16,25,33] for the phase filed models. The choice of the step size

Tr+1 is based on the variations of the energy

Enlyk]— Enlyy ]
Tk

2




X. Liet al. / Ann. Appl. Math., x (202x), pp. 1-28 17

during the gradient flow iteration. In particular, if the energy changes smoothly,
then the step size will be increased to accelerate the convergence. On the other
hand, if the energy is changing rapidly, the step size will be decreased to maintain
the isometry constraint.

At step k+1, we adjust the time step 741 as

Tk+1 =IMax | Tmin, Tmax ; (45)
\/1 © | BrlAl- Bl

Tk
where the parameters Ty., and Ty, represent the maximum and minimum step

lengths, respectively, and « is a case dependent parameter.

4.3 Newton’s method

Unlike the gradient flow method, which has global convergence properties, the New-
ton’s method is a local method, which achieves a second-order rate of convergence
once a good initial point is chosen. Thus we apply Newton’s method with the start-
ing point obtained by the gradient flow method. Moreover, we find numerically that
Newton’s method efficiently reduces the violation error of the isometric constraints.

Three constraints of isometry [Vy, Vys](a) =Ids on every node a€V), are
C'(a): dyyn(a)-Oyyn(a)—1=0,
C"(a): Diyn(a)-Bayn(a) =0,
C*(a): Oyyn(a)-Oayn(a)—1=0.

We write the discrete Lagrangian as

Ly An) = Enlyn)+ Y M (@)C (@) +X3(a)C(a) + A} (@)CP(a).  (4.6)

a€Vy

For every step k, we add a regularized term 5-[| V3 (yf =y~ )l|72 () of step length
and apply the Newton’s method as

_ _ 1 _ _ T'd‘ryk _ _
v (L0 N IR 08— ( : A,f) = VLG
TYh
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o\ _ (v (T
)T AN d- )

5 Numerical Experiments

and we define

We list the basis functions of the Specht triangle [28] for the sake of implementation.
For 1=1,2,3,

( ViV
= A2(3—2),)+6 i
G=X¥( ) gj Vo &;
i#]
V)\ -V,
A2 (E M —EX) +2(&+ )b (Nj— M)+ |V/\| jﬁg%
ViV
CoWE ———— &Pk,
VAi- VA
wi =N (736 —1kA;) +2(1; i) bic (N — Ai ) + 3W7h¢]
V-V y
IV)\]QIQ = 2 kPk;
| 6 =br (20— 1)

where (;,0;,w; are basis functions associated with the degrees of freedom v(a;),
0yv(a;), Oyv(a;), respectively.
Define

Dinlyn]:= HIh(Vy,IVyh) —Idy HLl(Q)

to measure the violation of the nodal isometry constraint. It follows from Theo-
rem 4.1 that I1,[y] is of O(7). Similarly, we define

IQh[yh]: = Hvy;vyh_ldﬂlLl(Q)?

as another measurement for the violation of the isometry constraint. It follows from
the estimate (3.7) that Iop[ys] is bounded by O(h). Finally, we define Cp[yy]| as the

L' error of the discrete Gaussian curvature of yy,:

Knlyn):= ||det(=[V (Znna)]" [V (Znyn)]) HLl(Q),
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where n, =01y, X 02y, denotes the outer normal vector of the solution surface. Under
isometric condition, Gauss theorema egregium implies that Guass curvature of every
point of the exact solution should vanish.

The linear system of the k-th step gradient flow iteration is

B, 0||A] 0 ’ '
where S is the stiff matrix and By encodes the linearized isometry constraint.
The linear system of the k-th step of Newton’s method is
1 S+71S\ B/ | |dY; F—SxYy_
By, 0 A 0

where the two extra items F\ and S, come from the exact isometric constraints in
Lagrangian multiplier terms of L(yn,An). We note that the cost of each iteration of
the Newton’s method is similar to that of the gradient flow.

Our numerical examples are motivated by [3] and [13]. We choose Tyin = h,
Tmax = 10h, a=1eb and € =1e—3 unless otherwise stated. We firstly consider a
simple example to test the numerical performance of our method for a relatively

smooth deformation.

Example 5.1 (Rectangular plate under vertical load). Let ©=(0,4)x(0,1). We

consider the clamped boundary condition
yp(z)=(z,0)" and Vyp(z)=[l>,0]"

on part of the boundary I'n ={0} x[0,1]. We apply a constant vertical force f(z)=
(0,0,2.5x107%)T on the whole domain (2.

In view of Table 1, we apply the gradient flow iteration on a sequence of tri-
angulation 73, 73, 74 and 75, and take T, = h, Tmax = 10h. The energy of the
final configuration is —1.58e—2, while the convergence rate of both Iy, and Iy, are
around 1, which is consistent with Theorem 4.1. In view of Table 5, a significant
improvement in [y, and I, has been observed with two extra Newton’s iterations.
Compared to [4], the error of Iy, is 1~2 order of magnitude smaller, while only

one sixth number of the iteration steps have been used. In view of Table 3, Iy,
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(a) Initial deformation y) (b) Deformation under vertical load.

Figure 1. The plate is clamped on one side and the vertical load is applied on the opposite side.

Table 1: The Specht triangle and H?—gradient flow (Timin=Hh).

No. triangles DoFs h  step E;, I, Iy, Ks,
128 765 272 7 -1.58e-2 3.35e-2 3.35e-2 2.00e-5
512 2673 273 11 -1.58e-2 2.12e-2 2.12e-2 4.27e-6
2048 9945 2% 18 -1.58e-2 1.26e-2 1.26e-2 8.91e-7
8192 38313 275 32 -1.58e-2 7.09e-3 7.09e-3 1.83e-7

Table 2: Newton's method (7=h) with y¥ from Table 1 as an initial guess.

No. triangles DoFs h  step E;, I, Iy, Ks,
128 765 272 2 -1.58e-2 2.03e-7 3.32e-4 2.00e-5
512 2673 272 2 -1.58e-2 1.7le-7 8.28¢-5 4.27¢-6
2048 9945 27* 2 -1.58e-2 1.65e-7 2.07e-5 8.93e-7
8192 38313 275 2 -1.58e-2 6.43e-8 5.19¢-6 1.8le-7

Table 3: Convergence rate: a combination of the gradient flow and the Newton's method.
h 272 273 274 279
I, - 2.00 2.00 2.00
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converges with second order, which is better than the first order rate observed in [3]
and superlinear convergence observed in [13].

In what follows, we test the same example with the second order Specht triangle
developed in [23] with the parameter a; =18 s =a3=—45 as the spatial discretiza-
tiont. It follows from Table 4 and Table 1 that the method with the second-order
Specht triangle yields almost the same values for Iy, and I,. Nevertheless, it is
clear in Table 4 that the accuracy is improved to certain degree for Iyy,I5, and Kp,

if we combine the Newton’s method with the H? gradient flow method.

Table 4: The 2nd oder Specht triangle and H?—gradient flow (Tmin="h).

No. triangles DoFs h  step E;, I Iy, Khn
128 1401 272 7 -1.59e-2 3.35e-2 3.35e-2 9.44e-7
512 5097 273 11 -1.58e-2 2.12e-2 2.12e-2 7.18e-7
2048 19401 27% 18  -1.58e-2 1.26e-2 1.26e-2 2.12e-7
8192 75657 275 32 -1.58e-2 7.09¢-3 7.09e-3 6.20e-8

Table 5: The 2nd order Specht triangle discretization with Newton’s method: 7=h and ny from Table 4
has been used as the initial guess.

No. triangles DoFs h  step E, Iy, Iy, K
128 1401 272 2 -1.58e-2 1.25e-7 3.30e-4 5.0le-7
512 5907 273 2 -1.58e-2 5.29e-8 6.4le-5 2.92e-T
2048 19401 27% 2 -1.58e-2 1.56e-8 1.20e-5 8.93e-7
8192 75657 275 2 -1.58e-2 4.50e-9 2.60e-6 7.33e-8

Example 5.2 (Square plate under vertical load). Let 2=(0,4)x(0,4). We consider

the clamped boundary condition
yp(z)=(z,0)" and Vyp(z)=[l>,0]"
on part of the boundary I'p = {0} x[0,4]U[0,4] x {0}. We then apply a constant

vertical force f(z)=(0,0,2.5x1072)T on the whole domain .

TThere are many choices of the second order Specht triangle in [23]. We take the one with the best

numerical performance.



22 X. Li et al. / Ann. Appl. Math., x (202x), pp. 1-28

(a) Initial deformation yy. (b) Deformation under the vertical load over

the triangulation 7.

Figure 2: vertical load

Table 6: The Specht triangle and H?2—gradient flow.

No. triangles  DoF's h  step E, Ly Iy, K,
512 2304 272 5 -1.0le-2 9.61e-3 1.20e-2 3.37e-3
2048 9216 273 7 -9.69e-3 5.97e-3 8.76e-3 2.87e-3
8192 36,864 2% 10 -8.69e-3 3.0le-3 5.38¢-3 2.05e-3

32,768 147,456 27° 16 -7.13e-3 1.27e-3 2.79e-3 1.27e-3

Table 7: Comparison of DKT [3], DG method [13] and our method (without Newton's method) of the
same example on the triangulation 7.

Methods  DokFs h  step E, Iy, Kh,
DKT 147,456 275 130 -7.67e-3 3.03e-3 1.47e-3
DG 491,520 275 140 -3.30e-3 2.28¢-4 *
ours 147456 275 16 -7.13e-3 2.79e-3 1.27e-3

Table 8: Newton method with ny from Table 6 as the initial guess.

No. triangles  DoF's h  step E, I, Iy, K,
512 2304 272 2 -9.95e-3 5.9le-8 8.04e-3 3.30e-3
2048 9216 272 2 -9.46e-3 3.03e-8 6.58¢-3 2.76e-3
8192 36,864 274 2 -8.40e-3 1.29e-8 4.39¢-3 1.96e-3
32768 147,456 275 2 -6.89¢-3 3.66e-9 2.42e-3 1.22¢-3
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Table 9: Convergence rate: a combination of the gradient flows and Newton's method.
h 272 273 274 279
Iy, - 029 0.58 0.86

In view of Table 6, we apply the H%—gradient flow algorithm with adaptive
time-stepping to a sequence of triangulations 75, 73, 7T, and T5. The convergence
rates of both I, and Iy, are still around 1, and the iteration steps of our method
are robust to the variation of the mesh size.

In view of Table 7, compared to [3] and [13], our adaptive strategy significantly
reduces the number of the iteration. In particular on the triangulation 75, the DKT
element in [3] required 130 iteration steps, and the DG method in [13] required 140
iteration steps, while our method achieves the same accuracy as [3] with only 16
iteration steps.

In view of Table 8 and Table 9, Newton’s method is effective in reducing Iy,.
However, I, remains at a similar magnitude and the convergence rate is only around
1. This could be attributed to the way the isometry constraints (1.2) is imposed,
as well as the nature of the example, which is highly prone to the violation of the
isometry constraints.

Another attractive example is the bulking of a plate.

Example 5.3 (Buckling: compress a strip). Let Q=(—2,2)x(0,1). We impose the

compressive boundary conditions
yp(z)=(21+1.4,25,0)" and Vyp(z)= [Idg,O]T

on the two sides I'p ={—2,2} x[0,1], and we apply constant verical force f(x)=
(0,0,1.0x107®)T on the whole domain 2.

We choose the initial deformation 3 as

$1+1.4,l’2,0), —2§$1§—14,

(
0 (0,29,21+1.4), —1.4<x, <0,
(
(

€Tr)=
W= gy 414),  0<m <14

x1—1.4,24,0), 1.4<x, <2,
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and set
1 0
d=1|0 1
00

We plot the initial guess and the deformed state in Figure 5.

05 4

(a) Initial guess yy. (b) Buckling.

Figure 3: Buckling

Note that the initial guess is incompatible in the sense that ||Vy) —®||12(q) #0,
which yields a relatively high initial energy E[y)], we hence adjust the parameters
of the adaptive time-stepping to Tpax = 1007, and a=1e—4.

By Figure 3, a bulking deformation occurs, and we display the results in Table 10,

and it seems challenging to maintain /7, and Iy, in this example.

Table 10: Specht triangle, H?—gradient flow: Number of triangles, degrees of freedom, number of the

gradient flow iteration, energy, Li-norm of the violation of isometry, Li-norm of the discrete Gauss
curvature.

No. triangles DoF's h step Ej, Iy, Iy, K,

128 765 272 22 56.35 35.04 33.88 1.83e-1
512 2304 273 14 23.04 1251 12.39 3.67e-2
2048 9216 27* 30 9.16 062 0.61 5.69¢-3
8192 36,864 275 75 994 135 1.34 4.72e-3

In Table 11, we fix the mesh size as h=2"° and take Ty, to be hY/2, h, h3/?
respectively. Tt takes 367 steps to reduce Iy, to 9.82e—2, whereas the author in [3]
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required 2,457 steps to reduce Iy, to 6.91e—2 with 7=h32. Next we use results y}

Table 11: H2- gradient flow: h=275, pseudo-time step, the number of the iteration step, L'-norm of
the violation of the isometry, energy.

T step I, Iy, E, K
ht/2 18 1.29 1.29  10.02 5.25e-2
hoo Tl 1.35 1.34  9.94 4.75¢-3
h32 367 9.82e-2 9.64e-2 8.66 2.7le4

from Table 10 as an initial guess of Newton’s method, and still take €4, <1le—3.
Table 12 shows that I;, can be reduced to le—8 and Iy, to le—3 after several

additional Newton’s iteration steps.

Table 12: The Specht triangle and the Newton's method with y¥ from Table 10 as an initial guess.

No. triangles DoF's h step Ej I Iy, K
128 765 272 46 8.08 1.61le-8 1.96e-1 7.16e-3
512 2304 273 45 845 T7.74e-8 5.25e-2 1.38¢-3
2048 9216 2% 19 855 3.22e-8 1.34e-2 2.17e-4
8192 36,864 27° 37 8.57 3.56e-8 3.36e-3 1.20e-4
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