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Abstract We propose a Nitsche method for multiscale partial differential
equations, which retrieves the macroscopic information and the local micro-
scopic information at one stroke. We prove the convergence of the method
for second order elliptic problem with bounded and measurable coefficients.
The rate of convergence may be derived for coeflicients with further struc-
tures such as periodicity and ergodicity. Extensive numerical results confirm
the theoretical predictions.

Keywords Multiscale PDE - Hybrid method - Nitsche variational formula-
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1 Introduction

Consider the elliptic problem with Dirichlet boundary condition

{—div(as(aj)Vuegm)) = f(x), x€DCR", (1.1)

u(x) =0, x € 0D,

where D is a bounded domain in R" with n = 2,3, and ¢ is a small param-
eter that signifies the multiscale nature of the problem. Problem (1.1) may
be viewed as a prototypical model of many multiscale problems arising from
a variety of contexts, such as the heat conduction and the electromagnetism
in composites, or the transport of the porous media. The main quantities of
interest for Problem (1.1) are the macroscopical behavior of the solution and
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the local microscopical information of the solution [16, 8]. Many numerical
methods have been developed in the literature to capture either the macro-
scopical behaviors or the microscopical information of the solution, such as the
heterogeneous multiscale methods (HMM) [17], the multiscale finite element
methods [28] and many others.

There are also some methods that aim to retrieve the coarse scale informa-
tion and the local fine scale information simultaneously. Such methods may be
roughly grouped into three classes. The first one is the global-local method,
which was originally proposed in [41, 48]. The main idea is to solve the coarse
scale problem by a numerical upscaling method firstly, and then solve the local
problem around the defects or the places for which the fine scale information is
of interest, while the coarse scale information is employed as the constraints.
This idea has been incorporated into the HMM framework in [17] and the
performance has been thoroughly analyzed in [19] and [7]. The global-local
method has been extended to solve an elastodynamical wave equation in [8].

The second method is based on the domain decomposition idea, which has
been exploited to solve the multiscale PDEs in [22, 4, 15, 2, 38]. The most
relevant is the one in [2]. The authors therein used a discontinuous Galerkin
HMM in a region with scale separation, while use a finite element method in
a region without scale separation. The unknown boundary condition has been
supplied by minimizing the difference between the solutions in the overlapped
region. The well-posedness and the convergence of this method have been
studied in [2] for the periodic media.

The third method relies on the hybridization idea [29]. One solves the
following variational problem: Find v, € X} such that

(b°Vop, Vw) = ( f,w) for all w € Xp, (1.2)

where X}, is any finite element space, and we denote the L?(D) inner product
by (-, ). Here °(z): = p(z)a®(z) + (1 — p(x))A(z), where A is the effective
matrix arising from the homogenization problem:

1.3
ug = 0, x € OD. ( )

{div(.A(;z:)Vuo) = f(z), z €D,
The coefficient b° is a hybridization of the microscopical coefficient and the
macroscopical coefficient with a transition function p. Roughly speaking, the
transition function takes one in the defected region and zero otherwise. The au-
thors proved the well-posedness and the convergence of (1.2) for the bounded
and measurable coefficient a®. The rate of convergence was derived for the
periodic media and the quasi-periodic media. Numerical results in [29] show
that this hybrid method is comparable with the classical global-local method
in terms of both the accuracy and the efficiency, while it is particularly suitable
for the scenario that the microscopic coefficient a® is only available in part of
the domain, while outside this region, the coarse scale information is available
for the coeflicient fields.
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The present work is a follow-up of [29], and there are two contributions.
Firstly we employ the variational formulation of Nitsche [40] to solve (1.2),
which allows for non-matching grid across the interface. Such numerical in-
terface is caused by the local support of the transition function. The au-
thors in [29] employed the linear finite element over a body-fitted mesh to
solve (1.2). Highly refined mesh has to be used around the defect region to
ensure the conformity of the mesh and the resolution of the local defects. From
this aspect of view, the non-matching grid is more flexible in implementation.
Indeed, as demonstrated in § 5, fewer global degrees of freedom is required
to achieve the desired accuracy compared to the original hybrid method. We
note that Nitsche’s method is a powerful tool to deal with the interface prob-
lem in finite element method and the discontinuous Galerkin method; See,
e.g., [9, 15, 44, 12]. Another contribution is a general method to construct the
transition function, which is an essential ingredient of the hybrid method while
seems missing in [29], because only the square defects have been dealt with
therein, for which the transition function is a tensor product of a spline func-
tion in one dimension. It is nontrivial to find such explicit expression of p for
defects with irregular shape. The independent of the smoothness of the tran-
sition function in the theoretical analysis inspires a straightforward method to
construct it, which help us to handle the defects with irregular shapes. And
numerical results show that the method works well for such irregular defects
without occurring extra cost.

To analyze the Nitsche hybrid method, we need a well-defined trace over
the element boundary, which demands that ug € H'**(D) with s > 1/2. For
smooth solution, the Nitsche hybrid method may be analyzed by combining
the technique in [29] and the standard way for analyzing DG method [6]. Un-
fortunately, such smoothness assumption on uy may not be true for a rough co-
efficient matrix A, or a point load function f, or a nonconvex domain D. Hence
we adapt the medius analysis [23] to the present problem. To deal with the non-
matching grid that is not covered by the standard medius analysis [23, 24, 36],
we construct a new enriching operator that measures the difference between
the discontinuous finite element space and the Sobolev space H! over such
triangulation. Such difference may be bounded by the jump of the function
across the interface, which is independent of the mesh ratio. The enriching
operator stems from [10] and [31], which plays an important role in analyzing
DG method [31, 23], nonconforming finite element method [10, 34] and the vir-
tual element method [11], where we just name a few of them and refer to [11]
for an updated review. The main ingredient of the construction is the mesh
ratio dependent weights [45, 27] instead of the standard arithmetic mean [31].
Using this enriching operator, we may prove the error estimate without any
regularity assumption on ug. Though the error bounds weakly depend on the
mesh ratio, we may remove such dependence by adjusting the penalized pa-
rameter in Nitsche’s variational formulation. Besides the non-matching grids,
the bounded measurable coefficient a° adds certain new difficulties.

The rest of the paper is organized as follows. We introduce the method in
§ 2. The well-posedness and the error estimates of the proposed method are
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proved in § 3, this is also the main theoretical result of the present work. We
prove the main technical lemmas in § 4. Numerical examples for defects with
various shapes are reported in § 5. Some technical results are included in the
Appendix.

Throughout this paper, we shall use Sobolev spaces WP (D) with norm
I - lr.p,p and semi-norm ||, , p, and we shall drop the subscript p when p = 2.
We refer to [3] for details. We shall use C' as a generic constant independent
of €, the mesh size h, H and H/h, which may change from line to line.

2 The Nitsche Hybrid Method

To introduce the method, we fix some notations. Let K be the defected region,
and we slightly extend Ky to K7 and define d: = dist(Kj, K1). Denote Ky =
D\ Ky, and let |K;|: = mesK; with ¢ = 1,2 and I': = 0K, \ 0D. We construct
a transition function p satisfying

K, = supp p, 0<p<1,
plx)=1 for x € K.

To this end, we firstly set p = 1 in Ky and p = 0 outside K;. A one layer
mesh is constructed between Ky and K. Secondly, we use a linear Lagrange
interpolant over this triangulation to generate the transition function p in
K7 \ Ko, which is a continuous function. The triangulation between K, and
K for three different kinds of defects is plotted in Fig. 1. This construction
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Fig. 1 One layer triangulation of (a) well defect; (b) channel defect; (c) Ellipse defect.

ensures that p(x) = 0 for x € I'. In what follows, we do not assume any further
smoothness on p. The effect of the smoothness on p will be studied in § 5.2.

We triangulate K7 and K5 by 7, and Ty with the maximum meshsize h
and H, respectively. Hence we have a global triangulation 7 g = T, UTH over
the whole domain though 7, and 7y may not be conforming; See Fig. 2 for
an illustration of 7 . We assume that both 7;, and 7 are shape-regular in
the sense of Ciarlet-Raviart [13] with the chunkiness parameter o.

Denote the set of all edges (faces in n = 3) of 7, and Ty on I' by &,
and &g, respectively. Moreover, we denote by £~ the boundary mesh obtained
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Kz

Fig. 2 Left: the region K1 and K»; Right: The mesh 7, in K (blue), 7z in K2 (black)
and the interface I" (red).

by intersecting &, and €y, i.e., En = {en = eNE :e € &,E € Ex}. For
convenience, we define

T ={reTh: 7N #0} and TE:={reTy: 70T #0},

and 771FH = T,F' U TL. We refer to Fig. 3 for a plot of the mesh around the
interface.

T nl

TH

Fig. 3 The collection 7,7 (blue) and T/ (black).

Let X} and Xy be the Lagrange finite element spaces consisting of piece-
wise polynomials of degree r over 7}, and Ty, respectively. Over T, g, we
define

Xh,H::Xh X Xy and XS’HZZ{’UEX;LH Z’U|aD:0}. (2.1)

For each e € &n, there exists (11,72) € T, x T such that 7, N7 = e.
Define h.: = h,, and H.: = h;,, and the weighted average and jump for
v = (v1,v2) € Xj, x Xg on e are defined by

{vhw: =wiv1 +wave and  [v]: = v1 —vo
with the weights

he H,
and wo =

T b+ H, he + H,

Similar to the magic DG formula in [6], we have

{ofolw] = [vw] = =[o] {wh®, (2.2)
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where {{v}}*: = wavy + wyvs.
The bilinear form is defined for any v,w € X} g as

2
Bi(v,w): = b; VoVwdx — b; Vv - n}}, [w] ds
=3 [ o > [tive nhlul

ecEn V€

e\T v
- 3 [uenrve mpplas s 3 [t

ecén

where n is the unit outward normal vector of I" from K; to K5, and + is the
penalized parameter. Here

by (x): = p(a)a®(z) + (1 = p(x))An(z) (2.3)

with Aj;, an approximation of A. To step further, we assume that a® belongs
to a set M(A, A; D) defined by

M\, A;D): = {a € [LX(D)™" = € a(x)€ 2 NEP, €-a(x)é > (1/A)]a(w)Ef?
for any £ € R™ and a.e. z in D},

where |-| denotes the Euclidean norm in R™. By the theory of H-convergence [47],
we have A € M(A, A; D). For any reasonable approximation Aj, we may as-
sume that the hybrid coefficient b5 € M(N', A’; D) for certain positive con-
stants X' and A’. For example, if we use HMM [18, 1, 19, 52] to compute
the effective matrix, then A, € M(A A; D). Hence b, € M(X A; D). If
we use some other numerical upscaling methods, e.g., [20, 35, 21, 30], then
b5 € M(N, A'; D) with certain constants A\ and A’, which depend on A and A,
but not exactly the same. To quantity the approximation error for the effective
matrix, we define e(HMM): = max, ¢, || (A — An)(z) ||F, where || - || is the
Frobenius norm of a matrix.
The approximation problem is defined as: Find vy, € X27 g such that

Bj (vp,w) = (f,w) forall we XS’H. (2.4)

3 Error Estimate for the Nitsche Hybrid Method
3.1 Accuracy for retrieving the macroscopic information

In this part, we estimate the error between the hybrid solution and the ho-
mogenized solution. For any v € X27 1, we define the broken energy norm

as
9 1/2
loll := <Z|U|%,K7z + (2),e> - (3.1)
i=1

The following lemma gives the continuity and coercivity of the bilinear form
Bj, with respect to the above broken energy norm.

Z ﬁ” [v]

e€én
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Lemma 1 Assume that b5, is in M(X', A’; D). Let o = 8A"2C?%,,/ min(1, \'?),
with Ciny in (3.4). If v > o, for all v,w € X, u, then
| B} (v, w)| < 2max(1, A)[lvllw], (3.2)
Bj(v,v) > min (1/2,X'/2) Jv]?,

where the constant C,,, depends only on r and o such that
v 0. < Cinollir|"Y?|vl0r forall ve Pu(7), e COT, 7€ Thm. (3.4)

The existence and uniqueness of the solution of Problem (2.4) follow from
the Lax-Milgram theorem provided that v > . The proof is standard and we
refer to [6] for details. The explicit form of Cj,, may be found in [51], which
will be used to determine the lower bound g of the penalized parameter .

The following inequality slightly extends [29, Lemma 3.1].

Lemma 2 For any v € H*(D) with a positive number s, and for any subset
2 C D, there exists C independent of {2 such that

lvlo,e < ClRPn(2)l|v ls,p, (3.5)

where = min(s/n,1/2) and

©) {ln|(2||1/2 ifn=2,3ands =n/2,
n(12): =

1 otherwise.

Proof If 0 < s < n/2, then we proceed along the same line that leads to [29,
Lemma 3.1] and obtain (3.5) with 6§ = s/n.
For s > n/2, we use the embedding H*(D) — L°°(D) and obtain

1o llo.2 < 121210 |2y < 1212(|0 |y < C121Y2 0 s,

where C' depends on D but independent of f2.

It remains to deal with s = n/2. The case n = 2,s = 1 has been proved
in [29, Lemma 3.1]. The case n = 3,s = 3/2 may be proved as follows. Us-
ing [33, Theorem 2.1]}, for any p > 2, there exists C' depending only on D
such that

lvllzepy < Cypllvlls/2,n-
Therefore,
v o, < 1212770 || Loy < 121272 v ]| o(p)

< C1Q2YPpllv 32,0

Taking p = |In|f2|| in the right-hand side of the above inequality, we ob-
tain (3.5) for n =3 and s = 3/2.
A combination of the above cases implies (3.5).

1 The authors therein only considered D = R™, while the proof may be extended to the
domain D by Stein extension as in [3].
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The following result concerns the accuracy of the method approximating
the homogenized solution uy when ug is smooth.

Theorem 1 Letug and vy, be the solutions of Problem (1.3) and Problem (2.4),
respectively. If ug € H'" (D) with s > 1/2, and 1, € H(D) is the unique
solution of the adjoint variational problem:

(AVv, Vi) = (g, v) for all v e Hy(D), (3.6)
which satisfies the regularity estimate

[l g |
Then there exists C depending on D, \ and A such that,

2.0 < Cl gllo,p- (3.7)

lluo —wonll <€ (Xei)lgg lluo — Xl + 1K1 n (K1) + 6(HMM)> ; (3.8)

h,H
and

[uo = vnllop <C ( dubJuo — X[l + |K1977(K1)> (h+H+ |K1|1/”77(K1)>
X

h,H

+ Ce(HMM). o)

Let x be the Scott-Zhang interpolant [42] in (3.8) and (3.9) and we may
obtain the following error estimates.

Corollary 1 Under the same assumptions as in Theorem 1, there exists C
depending on D, \, A and o such that

luo = vall < € (0" 4+ H* + | Ka|Pn(K1) + e(HMM) )
and
Juo —vnllop < € (" + B+ |KalPn(n)) (o H o+ K[/ (5))
+ Ce(HMM),
with s* = min(s, 7).

Proof of Theorem 1 Firstly, we need an auxiliary problem: Find u € Xf?, "
such that
A(t,v) = (f,v) forallve X} p, (3.10)

where the bilinear form A is defined for any v, w € ng g the same as Bj with
b5 replaced by A. From the Galerkin orthogonality

A(up —u,v) =0 for any v € X} p, (3.11)
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and (3.2), (3.3) we have

inf —xl, 3.12
it Juo x| (312

h,H

and

luo = ullo,p < 2A]luo —ufl  sup |||¢g =X (3.13)

g€eL?(D) | gllo,p
Let w = u — vy, we write

Bj,(w,w) =B} (u, w) = (f,w) = Bj,(4, w) — A(u, w)

-3 [ @ - vivwar - 3 /{{ (b, — A)Vii- o fu] ds

- 3 [t - AT u - np g s

ecén
By bf, = A= p(a® — A) + (1 — p)(An — A), we have, for any = € K7,
10, = A)@) |r < 165,(2) |17 + [ Al2) Ir < A"+ 4,
and for any = € Ko,
| (b, = A) (@) |lr = [| (An — A)(2) | F < e(HMM).

This implies
2
IZ/ (b, — A)VuVwdz| < (A + A)[ul1k, [w,x, + e(HMM)[a] fJw]l.

Noting that p = 0 for e € &, we obtain for any z € e,
| (b, = A)@) [[F = || (An — A)(2) |F < e(HMM).

Hence, we obtain

> [ - v npfulas

ecén
g o 1/2 1/2
et he e ~
< (2 I 07 ~ A)Vii - n. ||%,e) (Z el }]II%,6>
ecén 7 ecé

1/2
< (HMM) <Z (He + ho) | (V) ||3,e> ol

o ecén
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Using Cauchy-Schwarz inequality and (3.4), we obtain

Y (He+h)[ {Vito 5. < D (He+ he) (will Vau ll5 . +wall Va2 |13 )

ec&n ecén

=D hel Varlloe + Y Hell Vaz 5.

ec&y e€lu
< C’inv Z || Val H(%,T + Z H Vag ||g,7'
reTF TETE

A combination of the above two inequalities gives

~ Cinv ~
1> /{{(bi — A)Vu - n},[w]ds| < ——e(HMM) [ufl[Jw]].
e€En” € o
Exchanging the role of u and w, we obtain
e Cinv ~
1> [H®h = AV -np,[a] ds| < W@(HMM)HIUIH llewll-
e€En " €
Combining all the above estimates, we obtain
Bi(w,0) < (A A)[ls6 s, + (14 2Ci /o) MM [ . (3.14)
Using the triangle inequality and (3.5), we obtain

[l

1 <|lu—u

1, + [lwo [k,

N o (3.15)
< [luo — @l + C1EL "0 (K1) uo [l1+s,0-

Combining the above three inequalities and the a-priori estimate [|a] <
C| f||=1,p, we obtain
@ —vnll < C (Jluo — @l + [K1|°n(K1)| o [[145,0 + e(HMM)| £ |-1.0) ,

which together with (3.12) and the triangle inequality conclude the estimate (3.8).
We exploit Aubin-Nitsche’s dual argument to prove the L? error bound.
For any g € L*(D), let ¢, € H{(D) satisfying

By, (v, ¢4) = (g, v) forall ve Xpn.
Substituting v = u — vy, into the above equation, we obtain

<g,ﬂ— Uh) = B}EL(ﬂ_ Uha‘Pg) = Bi(ﬂﬂpg) - <f780g>
= B}, (u, pg) — A(t, ¢g).

Proceeding along the same line that leads to (3.14), we obtain

(g, u—wn)| < C(Ju]1,x, @9k, + e(HMM)[[allllegl) -
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Using (3.15) and the a-priori estimates for u and ¢4, we obtain

[(g.%—vn)| < CIK1Y (K1) g llo.p (luo — ll + 1K1 1°n(K 1) wo |l1+s.0)
+ Ce(HMM)|| f|l-1,pll 9 ||-1,p- (3.16)

Then

1 — v llo.p < CIEK Y™ (K1) (luo — @ll + [ K1 °n(K1) | uo [l145,0)  (3.17)
+ Ce(HMM)| f|-1,p-

Combining the above inequality with (3.12), (3.13) and using the triangle
inequality, we obtain (3.9). O

In the following, we shall consider the case that ug is not smooth, which
covers the case of a rough homogenized coefficient A, or a point load function
f, or a nonconvex domain D. If ug € H*$(D) with 0 < s < 1/2, the Galerkin
orthogonality (3.11) is invalid and we cannot use Céa’s lemma to prove (3.12).
To overcome this difficulty, we employ the medius analysis in [23]. We firstly
need the following extra assumptions on 7p g:

Assumption A: 7, is quasi-uniform, i.e., there exists a constant v inde-
pendent of hr such that for any 7 € ’Ef, hy > vhp, where hp: = max{h, :
TeTl}.

Assumption B: &, is a subgrid of £y, i.e., En = &.

According to Assumption A and Assumption B, we may construct a
compatible sub-decomposition T;; out of T/ such that 71 UT," is a conforming
mesh, which is quasi-uniform near the interface I', while we never need such
refined mesh in the implementation; see Fig. 4. Both assumptions have been
used in [31] to prove the a-posterior error estimate for the DG method.

Fig. 4 The split of the element in ’7'}1;.

We define the oscillation for f € L?(D) as

1/2

oscfy= | ¥ #(,ant 17-7IB.)|

reThn FEPy(T)
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and the oscillation for A € [L°(D)]"*™ as

0SC(A) := max ( inf |A-A ||0,00,T) :

T€Th,H \A€[Po(r)|"*"

By Meyers’ regularity result [37], there exists pg > 2 that depends on D,
A and A, such that for all p < p,

luol1,p,.0 < C|l f l-1,p,0;
where C' depends on n, D, A and \. Using Holder’s inequality, we obtain

luolr,ze, < |E1"* 7P lugly i, < |K1M* P luglip,p

(3.18)
< CIKA Y7 VP|| fll1p.p-

Theorem 2 Let ug and vy, be the solutions of Problem (1.3) and Problem (2.4),
respectively. If Assumption A and Assumption B are valid, then there ex-
ists C' depending on D, )\, A and Ciy,, such that for any 2 < p < pog,

llug — vnll <Co ( inf  flug — x|l + 0sc(A) + OSC(f)>
XX}

b B (3.19)
+C (e(HMM) + K, [/21/7)
Under the same assumptions, for any 2 < p < po with
- po if n=2,
= 3.20
bo {min(po, 6) if n=3, (3.20)

there holds (it holds that?)

| w0 —vn llo,p

=¢ (92 ( inf fluo — x| + 0s0(f) + osc(A)) - |K11/2-1/p)
XEX)

h,H

1 . _ ~ ~
% sup it (30 By = X llos + I — Xl + 050(9))
geL2(D) g ||0,D XEXn,H T

+ 0SC(A) + |K1|1/2—1/P) + Ce(HMM), (3.21)

where ¢ = (H + h)/(vhr) and v, € Hi(D) is the unique solution of Prob-
lem (3.6).
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We do not impose the regularity assumption on 1,. The proof of this
theorem is a combination of the ways that lead to Theorem 1 and Lemma 3
below, provided that we replace (3.5) by (3.18) and replace (3.16) by

(g = o) <CUQ Y27 (g — i+ 10277 £ 210) g -1
+ Co(HMM)| £ -1l 9 |-1.0.
respectively.

It follows from the Sobolev imbedding L?(D) < W~%?(D) for any p > 1
if n =2 and for any 1 < p <6 if n = 3 [3], the estimate (3.17) is changed to

i on oo <CLE Y27 (fJug — il + 1K /7] £ |10 )
+ e(HMM)| fll-1.0 for any 2 < p < po.

Lemma 3 Under the same assumptions of Theorem 2, there exists C' depend-
ing on D, A\, A and Cyyy such that

h,H

lluo —ull < Ceo ( ei)r(lg luo — x| + osc(f) + OSC(A)> ; (3.22)
X
and
[ uo — @ llo,p < C (ofluo — ul| + 0sc(f) + osc(A))

1 , . ~ _
X sup 7(~mf hz g — Xllo,r + g — X
(gem) 7T edif 20 b7 = Rlor + Iy — 1)

TeTh,H

+ osc(g)) + osc(A)) , (3.23)

where 1, € H (D) is the unique solution of Problem (3.6).

Remark 1 By contrast to (3.12) and (3.13), there is no regularity assumption
on ug in Lemma 3, while it contains extra oscillation terms 0sc(A), 0sc(f)
and 0SC(g). Such terms are indispensable by the recent error estimates on
Nitsche’s methods [36, 25]. We also note that the right hand side of (3.22)
and (3.23) depend on p, which seems unpleasant at the first glance because
the error blows up for large o, while it may be small or even harmless if we
tune the penalized parameter . This will be shown in Corollary 2 and § 5. It
would be very interesting to know whether such dependance can be removed.
We shall leave this for further study.

The proof of the above lemma is quite involved and is of independent
interest, we postpone it to §4.
It follows from Theorem 2 that
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Corollary 2 If A € [CO¥(D)]"™ "™ with a € (0,1), if we let v > max((H +
h)/hr,v0), and if ug € HT5(D) with 0 < s < 1/2 and f € L?(D), then

lluo = vl < € (B + HP + [ /(K1) + e(HMM) ) -
3.24
o — on llo.p < C (h% +H 4 K252 (K + e(HMM)) :

where § = min(a, s).

Proof If v > max((H + h)/hr, ), then o is a constant which is independent
of any other parameters.

If A € [C%(D)]%*?, then there exists C independent of h and H such that
0sCc(A) < C(h* + H). If f € L*(D), then osc(f) < (h+ H)|| f |lo.p-

Let x be the Scott-Zhang interpolant of ug in (3.19) and we obtain the first
estimate of (3.24).

For any given g € L?(D), let x and Y be the Scott-Zhang interpolant of ug
and ¢4 in (3.21) respectively and we obtain the second estimate of (3.24).

3.2 Accuracy for retrieving the local microscopic information

We assume that dist(Ko,I') = d > kh for a sufficiently large k > 0. For a
subset B C D, we define

HL(B):={ue H'(D) | ulp\p =0}, and
X<(B): = {u S Xh,H | u|D\B = 0} .

Let Gy and G be subsets of K1 with G; C G and dist(Gy, G\ 8D) = d >
0. In order to prove the localized energy error estimate, we state that some
properties of the standard Lagrange finite element space X, hold [14]:

1. Local interpolant: There exists a local interpolant Iu such that for any
u€ HL(G1), Tu e X.(G).

2. Inverse properties: For each x € X (K3),and 7 € Tp, 1 < p < ¢ < o0, and
0<t<s<r+1,

X ls.pir < CRESHMPZa) |y (3.25)
3. Superapproximation: Let w € C*(K7) N HL(Gy) with |w]jeox, < cd—i

for integers 0 < j < r + 1 for each x € X-(G)N X} and for each 7 € Ty,
satisfying h, < d,

h, he
ot = 1) o < C (wa et ||o,f) . (3.26)
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Theorem 3 Let u and vy, be the solutions of (1.1) and (3.10) respectively.
Let Koy C K1 C D be given, and let dist(Ko, ") = d. Let the above properties
hold with d = d/16, in addition, let max,nr.p h,/d < 1/16. Then

|0,K1) , (3.27)

[u® —vpl1,k, < C’( inf Ju® — x|1.k, +d71|| u® — vy,
xeX?

where C depends only on X', A', X\, A, and D.

Proof Let a subset K C K satisfying dist(f(, I') = dy > 0. We have X<(I~() C
HL(Kj). Then for any v,w € HL(K), the bilinear form Bj (v, w) degenerates
to (b5v,w). Thus, the proof of above theorem is the same with that in [29,
Theorem 3.2], and we omit the details for brevity.

Using the triangle inequality, we have

uf=vnl1k, <C ( inf Ju” =1k + d™* ([uo —vn llo,p + | wo — u® ||0,D)> :

XCAp v

The first term in the right-hand side of the above inequality concerns how
the local events are resolved. Accurate approximation requires a highly re-
fined mesh, which is allowed by Theorem 3; using Corollary 1 and Corollary 2,
we may bound d~1||ug — vy, [|o.p; the last term converges to zero as ¢ tends
to zero by H-convergence theory [47] for any bounded and measurable a®.
Therefore, the method converges for Problem (1.1) with bounded and mea-
surable coefficient. Moreover, if we assume more structural conditions such as
periodicity, almost-periodicity or stochastic ergodicity on a®, we may expect
[|u® — ug |lo,p =~ O(e™) for certain o > 0. We refer to [32, 43, 5] for extensive
discussions for such L?—estimate.

4 Proof of Lemma 3

To prove Lemma 3, we employ the medius analysis in [23]. We need an enrich-
ing operator Ey, : X, g — Xp, g N H'(D). The construction of EJ, is similar
to that in [31] with certain modifications.

Let N(7) be the set of all nodes of 7 € Ty u. Define Ng: = U, o7, N(7),

No=U,er, N(7), Ne: ={p e Ny UNy | pe I'} and Np: = Ny NN

Lemma 4 If Assumption A and Assumption B hold for n = 2,3, there
exists a linear map Ep, : Xp.g — Xpg N HY (D) satisfying

S on2m P —Eyolf, < C Y b, forallm <y, (4.1)

TET’{:H e€én
where the constant C' is independent of h, H and H/h.

Proof See Appendix A.
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A direct consequence of the above local enriching estimate is the following

Corollary 3 If Assumption A and Assumption B are true, then there
exists C independent of h, H, v and the mesh ratio H/h such that

> 2P — Epoll, < Coll>, 0<m <, (4.2)
TET{H
and
lo = Enoll* < Colloll?, (4.3)
and
> h o = Broly (5. < Colloll?, (4.4)
ecén
> (He + he)[{{v — Exo}}|3 . < Collvll*. (4.5)
ecén

Proof Using Assumption A, we have

_ H.+h 5y
1 2 e T Ne 2 2
e; he I ol 6. < gg: R ITvD 115, < ellvll,

Therefore, the estimate (4.2) is a direct consequence of (4.1).

Since v — Ejv = 0 in T, i \ T)y, using the above inequality and (4.2) with
m =1, we obtain (4.3).

For any v = (v1,v3) € X}, x Xpg, by definition, we obtain

> =Bl 5. < D (b Ml — Eno |5 + b willva — Env [5.) -
ecén ecén

Using Assumption A, we have, for any e € &n,
hotw? < hewy < HL.

Using the trace inequality, there exists C' such that

o h o = Enol? s < D0 bt = Buolf o+ Y Hy'loe — Eypoli g

e€én e€&y Ec&y
<C Y (hlv—Ewl .+ o= Euli,)
TEﬂEH

which together with (4.2) implies (4.4).
Proceeding along the same line, we obtain

ST (He +ho)l{{v - BuoBB, < 3 heloy — Enell o+ S Hploo - Byol?

e€€n e€ly, Ee€fn
<C Y (lv—Ewh,+hiv— Epvlas),
TETKH

which together with (4.2) implies (4.5).
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Next lemma concerns the error estimate of u approximating ug, which is
a type of Strang’s lemma, the proof follows from the same line of [23, Lemma
2.1 and § 3.2] and we omit the details.

Lemma 5 There exists a constant C such that

- F —A - F
|||uO_a”| <C inf |||UO . Xm + sup <fa1// h¢> (wa hw) .
XEXP y pex? ,\{0} Il

To estimate the second term in the right hand side of the above inequality,
we shall use the following lemma, which is similar to the discrete local efficiency
estimates in the a-posteriori error analysis [49]. The proof is quite standard
and we refer to [50].

Lemma 6 Let ug € H} (D) be the solution of (1.3) and x € X,?’H.

1. For each T € T, let A € [Po(7)]"*™, there exists C such that

P2 S+ V- AVX R, <C(Juo — X3, + b2 inf |If - I3,
FEPy(T) (4.6)
+ 1A= A ol )

2. For each e € En, there exists (11,72) € TF x ’7~'§ such that Ty N 72 = e and
e is a full edge of both 71 and T3; See Fig. . Let A € [Py(11) X Py(72)]™*™,
we have

he||[[AVX -n] |2, < C up — x |2, +h2 _inf —f
1AV o] fe <€ 3T (lwo—xIf, +42 it 17~

Te{m,72}

2
0,7
A= AN o rluof? ). (4.7)

Combining all the above estimates, we are ready to prove Lemma 3.
Proof of Lemma 3 On each element 7 € T, m, let A € [Po(7)]"*™. We define

a bilinear form A(-,-) the same as A(-,-) with A replaced by A. For any
Y € X}y, using (2.2), we obtain

<fa¢—Eh¢>_A(X7¢—Eh1//)
= ([, — Extp) — A(x, ¥ — Epp) + A(x, ¥ — Epp) — A(x, ¥ — Ept)

= > [(f+V-AVX) (@ - Epp)dz — Y [ [AVx - n]{¢ — Epy}} ds

T€Thu """ e€En v €
+ 30 (AT~ B) mihaluo 1 ds
ecEnVE
- Z / i3 Z_ 5 [uo — X][¢ — En]ds + (A(x, ¥ — En)) — A(x, ¥ — Ent))
ccen Je e e

=1+ +Is.
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Using (4.6) and (4.2) with m = 0, we obtain
1/2 1/2

Ll < | > hlf+V-AVX3, S hEy—En 3,

TETh,H TE7’,£H

h,H

<Co < inf |uo — x|1,p +0sc(f) + OSC(«‘U) [
XEX)

Using (4.7) and (4.4), we obtain

1/2 1/2
L] < (Z hell [AVx - n] ||%,e> <Z ho' (v — Env ||%,e>

e€én e€én

<Cp ( inf |ug — x|1,0 + 08C(f) + OSC(A)> Il
XEX

h,H

Using (4.5), we obtain

1/2 1/2
H, + h,
|I3| < C <Z %H{iﬁ - Ehw}}ie> <Z ﬁ” [uo — x] ||(2),e>

e€€n e€én

< Cle/0)lluo = xIl -

Using (4.3), we may bound the last two terms as

[La] < Clluo — X[l

and
[Is| < Cosc(A)[Ixllly — Enyll < Coosc(A) (lluo — xIl + [uol1,0) [41-

Combining all the above estimates and using Lemma 5, we obtain (3.22).
Proceeding along the same line that leads to [23, Theorem 4.4], we obtain
L? estimate (3.23), and we postpone the proof to Appendix B. O

5 Numerical Experiments

In this part, we report two examples with different shapes of defects to demon-
strate the accuracy and efficiency of the method. The governing equation
is (1.1) with domain D = (0,1)2,f = 1 and the homogeneous Dirichlet bound-
ary condition is imposed on 0D. The finite element solvers are carried on
FreeFem+-+ toolbox [26]2.

The first example is taken from [29] with a two-scale coefficient.

2 https://freefem.org/
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Ezxample 1 Let

(R1 + Rosin(2mx1)(Ry + Ra cos(2mas))

a®(x) = (Ry + Rasin(27mxy /€))(R1 4+ Rosin(2mas/€))

I, (5.1)

where [ is a two by two identity matrix. The effective matrix is given by

Ry + Rasin(2mx1) (R + Ra cos(2mas))

Ry\/R? — R2

In the simulation we let Ry = 2.5, Ro = 1.5 and ¢ = 0.01. The reference
solutions for u® and ug are obtained by solving Problem (1.1) and (1.3) with
linear element over a uniform mesh with the mesh size around 3.33e — 4.

Az) = (

I. (5.2)

The second example is taken from [2] and the coefficient has no clear scale
separation inside K.

Example 2 For a subset B C D, we define dp as the characteristic function
for the set B. The setup for this example is the same with the first one except
that the coefficient is replaced by a® = dx,a + (1 — 0, )a®, where

i(x) = 3+;Z4:§j:ji1 cos Qs (m = Z,Tl)J + 1500z, | + L150x2J)

a(x) = (2.1 4 cos(2mx1 /) cos(2maa/€) + sin(4xix3))].

We let € = 0.0063 in the simulation.

By [29], the effective matrix A = dx,a + (1 — dx,)A, where A is the
effective matrix associated with a°. Since there is no analytical formula for A,
we use the least-squares reconstruction method in [35, 30] to obtain a higher-
order approximation to A so that e(HMM) is negligible. The approximation

to A is denoted by Ap. The homogenized solution ug is computed by solving
Problem (1.3) with Aj, = dk,a + (1 — Ik, )Ap. The hybrid coefficient is

b}i = (5[{05, + (1 — §K0)(pda + (1 — p)Ah).

We use linear element to compute u® and ug over a refined 3000 x 3000 mesh
as the reference solution.

For both examples, our major interests are the following two quantities:

e(uo): = lwo —onh, g e(uf): = [ —onlx (5.3)
luol,x, |us 1,k
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5.1 The choice of the penalized factor

Based on the explicit expressions of the inverse trace inequalities in [51], the
lower bound 7y in Lemma 1 for the penalized factor may be bounded by

1633 r(r + 1) A
9 min{1, N2}
32V/3r(r +2)0A?
27  min{l, \'?}

n =2,
Yo < (5.4)

n=3.

We test Example 1 and Example 2 with the well defect (see § 5.3.1) for
different v and the results are plot in Fig. 5. We observe that the error does

1 2
01 0.06 —
i - — % ~H=27, h=2
0.09 * oossf ¢ |- Hoz® ez
" -
008 [ 0.05 H=2®, h=2"1"
1 =
o7l 0.0451 %, SO
.07 | ; ~o
[ 0.04 h N — - —
~0.06 {‘& r
2 | B —— 50035 B
I T - S —— T .
J\e 0.03 ~
0041 \ B amtt
§ 0.025
0031\ 0.02
-
0.02 N _____4 0.015
0.01 0.01
0 10 20 30 40 50 0 5 10 15
v
v

Fig. 5 |u® —wvpl1,K,/|u®|1,K, Vversus v in the well defect.

not change when v is bigger than certain threshold value. It is worthwhile to
mention that the threshold value is independent of H/h. In what follows, we
set v = 50 in Example 1 and v = 20 in Example 2.

5.2 The effect of the smoothness of the transition function

To study the effect of the smoothness of p numerically, we consider a square
defect Ko: = (0.5,0.5) + (=L, L)? with L = 0.05, and define K;: = (0.5,0.5) +
(—L—3d, L+0)? with § = 0.05. The transition function p = p(z1—0.5)u(22—0.5)
with 4 : R — [0, 1] defined by

1 1 .

gcos(w(x—i—L)/é)—l—? if te[-L—-6,-L),
if te(-L,L),
it te(L,L+4],

otherwise.
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Such p is a C! function. We test Example 1 with this C' transition function
and the one constructed by a linear interpolant introduced in § 2, which is
a continuous function. The results are reported in Table 1. We observe that
there is no significant difference between these two choices and we shall use
the C° transition function in the following tests.

Table 1 The error of Example 1 with different p.

H=2"5h=278 e(uo) e(u®)
CT transition func. | 4.21e-2 1.12e-1
CY transition func. | 4.21e-2  1.13e-1
H=2"5h=279 e(uo) e(u®)
CT transition func. | 1.62e-2  4.62e-2
CY transition func. | 1.62e-2  4.65e-2

5.3 The accuracy of the Nitsche hybrid method

We test three defects with different shapes: the well defect, the channel defect
and the ellipse defect.

5.3.1 Well defect

The defect Ko = (0.5,0.5) + (=L, L)?> with L = 0.05 is a square, and we
define K1: = (0.5,0.5) + (=L — 6, L + 6)? with § = 0.05. We report the results
for Example 1 in Table 2 by fixing H = 27° and decreasing h. We observe
that locally refined mesh resolves the local events, and e(u®) ~ O(h),which is
consistent with the following explicit form of the error estimate (3.27):

1
“5%hx030<h+6(H2+Lmnu+gsg>.

The last term comes from the following error estimate proved in [39]:
| u® — g [jo.p < Ce*ug||ls,p fors<3.

The error e(ug) remains unchanged when h is decreased, which shows that the
resolution inside the defect has negligible effect on the accuracy for retrieving
the macroscopic information.

To compute e(ug), we fix the mesh size in K; and refine the mesh in
K. The result is reported in Table 3. When H ~ L, the first order rate of
convergence is observed for the error e(ug), which is consistent with

luo — vnl1.x, < C(h+ H + L|in L|*/?).

Nevertheless, the error e(u®) remains unchanged when H is decreased.
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Table 2 Errors of Example 1 for the well defect with a fixed mesh H = 275,

Table 3 The error of Example 1 in the well defect with a fixed h = 2710,

h 277 278 279
e(uf) | 2.32e-1  1.15e-1  4.60e-2
rate 1.01 1.32
e(ug) | 4.60e-2  4.67e-2 4.61e-2

Ji 2~ 275 26
e(ug) | 1.18e-1  4.6le-2  1.76e-2
rate 1.35 1.39
e(u®) | 1.96e-2 1.69e-2 1.66e-2

Pingbing Ming, Siqi Song

We turn to Example 2. It follows from Table 4 that the rate of convergence
for e(up) is bigger than 1, while we do not know any quantity estimate on
e(HMM) in this case. Fig. 6 indicates that the error e(u®)converges at a rate
around 0.71, which deteriorates a little bit than Example 1. This may be due
to the roughness of a° inside K.

Table 4 Errors of Example 2 for the well defect with a fixed h = 2710,

Fig. 6 Errors of Example 2 for the well defect with a fixed H = 275,

H 214 275 2-6
e(ug) | 1.06e-1  4.90e-2  1.56e-2
rate 1.11 1.65
e(u®) | 1.56e-2 1.02e-2  1.02e-2
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5.3.2 Channel defect

Let Ky be a channel with a corner. with width L = 0.05 and K; is the set
within a distance of § = 0.025 away from the channel; see Fig. 1,.

We firstly test Example 1 with different H. The result is shown in Table 5.
We observe that the first order rate of convergence for the error e(ug), which
is consistent with the theoretical result.

Table 5 The error of Example 1 in the channel defect with h = 279,

H 21 25 26
e(up) | 9.74E-1 4.86E-2 2.40E-2
rate 1.19 1.00
e(uf) | 7.74e-2  7.73e-2  7.73e-2

Next we fix H = 27° and decrease h, and report the result in Table 6. We
observe that the resolution of the defect has more pronounced influence on the
error e(ug).

Table 6 The error of Example 1 in the channel defect with H = 275,

h 277 278 279
e(u®) | 3.69e-1  1.99e-1 7.73e-2
rate 0.90 1.36
e(up) | 5.10e-2  4.90e-2  4.86e-2

We report the results for Example 2 in Table 7 and Fig. 7. The method
still works with reasonable accuracy. However, from Fig. 7, we find that the
error e(u) is worse than that in Example 1, which may be due to the poor
regularity of the solution inside the defect.

Table 7 The error of Example 2 in the channel defect with h = 279,

H 21 25 26
e(up) | 8.85E-2 4.42E-2 2.17E-2
rate 1.00 1.03
e(u®) | 5.73e-2  4.80e-2  4.03e-2

5.3.3 Ellipse defects

We choose two slender ellipse defects as Ky with major axis 0.5 and minor
axis 0.02; See Fig. 8. K; is a rectangle of size 0.54 x 0.06 that contains the
ellipse; see Fig. 1.
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Fig. 7 The error of Example 2 in the channel defect with a fixed H = 275.

Fig. 8 Ellipse defects

We plot the relative errors in Fig. 9, and Fig. 9, with a fixed ratio H/h. The
method works for both examples. If we refine the mesh in both subdomains
simultaneously, then the energy error is around the first order.
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Fig. 9 The relative error for the ellipse defects.
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5.4 Comparison with the original hybrid method

In the last test, we compare the present method with the hybrid method with a
body fitted mesh [29]. Two kinds of mesh are plot in Fig. 10 for an illustration.
Let Ky = (0.5,0.5) + (—L,L)? and K; = (0.5,0.5) + (=L — 4, L + )2 with
L =0.05 and § = 0.01.

Fig. 10 Left: non-matching grid; Right: matching grid.

We choose a mesh with N = 28585 degrees of freedom for the Nitsche
hybrid method, and N = 60564 degrees of freedom for the original hybrid
method. The results for Example 1 are summarized in Table 8. It seems
that the accuracy of both methods are comparable, while the total degrees
of freedom of the Nitsche hybrid method is less than one half of the original
hybrid method.

Table 8 Comparison between the Nitsche hybrid method and the original hybrid method.

Nitsche hybrid method  hybrid method
DOF 28585 60564
e(u®) 4.60e-2 4.64e-2
e(ugp) 9.30e-3 5.66e-3

6 Conclusion

We present a hybrid method that captures the macroscopical and microscop-
ical information simultaneously in the framework of the Nitsche’s variational
formulation. A general approach for construction the transition function is
proposed. This method admits non-matching grids and works for defects with
irregular shape. Hence the method is more efficient and flexible than the orig-
inal hybrid method [29]. We prove that the method converges for problems
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with bounded and measurable coefficients. Rate of convergence has been de-
rived for the periodic media and almost-periodic media. A possible extension of
the present work is to deal with more realistic problem such as parabolic prob-
lems with time varying boundary conditions, which is allowed by the Nitsche’s
variational formulation [46]. We shall leave this for further pursuit.

Acknowledgements The authors would like to thank Professor Jianfeng Lu and Dr Yu-
fang Huang for the discussion on the topic in the earlier stage of the present work.

A Proof of Lemma 4

We define a extension operator: for any v € X, g

EU( )._ ’U(p) if pG(NHUNh)\NF,
RUNP): = wiv1(p) + wava(p) if pENIQ,

where v = (v1,v2) € X;, x Xp. For each p € N \ N2, there exists 7 € Ty
such that p sits on the boundary of 7 by Assumption B. Noting that Ejpv
is well-defined over 7, we may define E,v(p): = (Epv)-(p). The definition of
E}, and the uniqueness of the Lagrange interpolation over interface mesh &n
ensure that Epv is continuous across I'. Therefore, Epv € Xp g N H'(D) and
EhvainD\ﬁfH.

Over each 7 € T/, we write

v— FEpv = Z (v2 — Epv)(p)rp
peEN (T)NNP

= Z wi(vg — Ul)(p)¢7,p7

PEN (T)NNE

where ¢, is the basis function on 7 associated with node p. A scaling argu-
ment shows that, there exist ¢,, and C,, independent of h, such that

Cah? 2™ < [y 2 < Cuhl . (A1)

Combining the elements in 7/ and using the standard inverse inequality [13],
we obtain

S = Bufh < C Y Gt M [ e
7_67—1“ e€€n

<CY A ] #

<C Z he 0D 1 e (A-2)

ecén
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where we have used
h(:n+3Hg—2/(he + He)2 < (he/He)_n+4he_1 < he_l n=23.

Next, over each 7 € T, we write

v— Epv = Z (v1 — Epv)(p)drp

peN (T)NI"
= Y = n)®épt Y, (2= Ew)(p)éry
peEN (T)NI" peN (T)NI"

By Assumption B, there exists 7 € Ty such that p sits on the boundary
of 7, and

Epv(p) —va(p) = Y. (Env—v2)(0)ds5(p)

PEN (F)NNR

= Y wivr— )P0

PEN (F)NN2

A scaling argument shows that, there exist ¢,, and én independent of h, such
that

EF T < brplim e < Cahy ™™,
By Assumption A, the number of the hanging nodes on each e € £ may

be bounded by ¢(H./hr)" 1. Thus, proceeding along the same line that leads
to (A.2) and using the above estimate and the inverse inequality, we obtain

> B = Eypolf,  <C YRR o] 115

TET,LF e€ln
+C Y (He/hr)" " h22h | o] |15
e€cén
<C Y A 15 - (A.3)
ec€n

where we have used
(He/hr)" 'hy'w? < (He/he)" 2h;' <h;' n=2,3.

Combining (A.2) and (A.3), we obtain (4.1).
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B Proof of (3.23)

For any x € X,?’H, using (3.6) and the enriching operator FEj defined in
Lemma 4, we obtain

(g,up —u) = (g,uo — Epu) + (g, Epu — )
= <¢4‘7(U0 —-l;hﬂ) Y7¢@> (g,l?hﬂ-— ﬂ>

(frihg) — / AVUVip, dz + Z Av (U — Eni)Vipy dz
+ <ga Ehu - U> )

which may be further expanded as

2
(9,0 — @) = { f,x) / AVIVYda+ (fy =) = > /K AVY (g — x) da
i=1 7 Ki
2

+(g.Bpi—u) =Y [ AV(Ei—1u)Vyxdz
i=1" K

2
AV (u — Eyu)V —v)dz.
+¥/K (@ — En0)V (g — x) da

Using (3.10), (2.2) and integration by parts, for any piecewise constant
matrix A over Tj, g, we have

,UU—U

{
={<f+v AV, 1y — Z/Aw n]{{yy — x}* ds}

ecén

+{<g+v AT Vx,Ehufu Z/ATVX n]]{{Ehuu}}‘”ds}
ecén

{2/ AV (@ — Epu)V dx+Z/H+h d}

e€én

+{—Z/K‘(A—A)V€N(z/} X) da — Z/{{A A)Vitu[x]d }

ecén

{ Z/ (A—A) (Ehu—uvxdx—Z/{{A Avx}}wmds}

e€€n
=T+ + Is.
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Using Lemma 6, we obtain
nj<c (muo il 4+ Ose(f) + max | A— Afosonrl S ||1,D)
TETh,H

x> (g = Xllor + g = Xlr) -

TETh, H

(B.1)

Using Lemma 6 and the enriching estimates (4.2), (4.4), we obtain

1l = Co (1, ~ X1 + 050(9) + e |4 Al 1.0 ) o =

where we have used the fact Jug] =0 on I
Using (4.2) and the fact [¢4] = [ug] =0 on I', we have

[Is] < Collu = uollllg — xIl-

Finally,

9 1/2
Ll<c A—Allgoor ul? . —
4] < max I llo,00, <Z|u|1,K1> g — Xl

i=1

< C max [|A—Allo,cor (luo —all + || flI-1,0) I¥g — x|,
TE€ETh,H

and

1I5| < Co max || A~ Allocor (19 — Xl + 119 ll-1,0) lluo — -
TETh,H

Combining all the above estimates, we obtain (3.23).
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