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Abstract

We establish a new H2-Korn’s inequality and its discrete analog, which greatly simplify the
construction of nonconforming elements for a linear strain gradient elastic model. The Specht
triangle (Specht in Int J Numer Methods Eng 28:705-715, 1988) and the NZT tetrahedron
(Wang et al. in Numer Math 106:335-347, 2007) are analyzed as two typical representatives
for robust nonconforming elements in the sense that the rate of convergence is independent
of the small material parameter. We construct the regularized interpolation operators and
the enriching operators for both elements, and prove the error estimates under minimal
smoothness assumption on the solution. Numerical results for the smooth solution, and the
solution with boundary layer are consistent with the corresponding theoretical prediction.

Keywords Strain gradient elasticity - H>-Korn’s inequality - Robust finite elements

1 Introduction

Let u be the solution of the following boundary value problem
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A —D)(uou+ A+ pw)VV-u)=f ing,
u=0d,u=20 on 052,
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where XA and pu are the Lamé constants, and ¢ is the material parameter satisfying 0 < ¢ < 1.
In particular, we are interested in the regime when ¢ is close to zero. This boundary value
problem arises from a linear strain gradient elastic model proposed by Aifantis et al [4,44],
and the unknown u is the displacement. This model may be regarded as a simplification
of the more general strain gradient elasticity models in [39] because it contains only one
extra material parameter ¢ besides the Lamé constants A and . This strain gradient model
successfully eliminated the strain singularity of the brittle crack tip field [22], and we refer
to [21] and [24] for other strain gradient models.

Problem (1) is essentially a singularly perturbed elliptic system of fourth order due to
the strain gradient Ve (u). C'-conforming finite element such as Argyris triangle [5] seems
a natural choice for approximation (1). The performance of Argyris triangle and several
other C'-conforming finite elements has been carefully studied in [23] for a nonlinear strain
gradient elastic model. A drawback of the C'-conforming elements is that the number of
the degrees of freedom (dofs) is large and high order polynomial has to be used in the
shape functions, which is more pronounced for three dimensional problems; See, e.g., the
finite element for a three-dimensional strain gradient model proposed in [43] locally has 192
dofs. We aim to develop some simple and robust nonconforming elements for (1), where
the robustness is understood in the sense that the elements converge uniformly in the energy
norm with respect to parameter ¢.

To this end, we firstly prove a new H2-Korn’s inequality and its discrete analog in any
dimension. This H2-Korn’s inequality may be viewed as a quantitative version of the so-called
vector version of J.L. Lions lemma [19, Theorem 6.19-1] (cf. the statement (13)), while our
proof is constructive and may be adapted to prove a Korn’s inequality for the piecewise H?
vector fields (broken H2-Korn’s inequality for short), which may be viewed as a higher-
order counterpart of BRENNER’S seminal Korn’s inequality [13] for the piecewise H! vector
fields. Compared to the broken H2-inequality proved in [32], the jump term associated with
the gradient tensor of the piecewise vector field may be dropped. Therefore, the degrees of
freedom associated with the gradient tensor along each face or edge may be dropped, which
simplify the construction of the elements. Based on this observation, all H! conforming
but H? nonconforming elements are suitable candidates to approximate (1). We choose the
Specht triangle [49] and the NZT tetrahedron [53] as two typical representatives. The Specht
triangle is simpler than those in [32], because the elements therein locally belong to a 21
dimensional subspace of quintic polynomials, while the tensor products of the Specht triangle
locally belong to an 18 dimensional subspace of quartic polynomials. It is worth mentioning
that the broken H2-Korn’s inequality may also be exploited to develop C? interior penalty
method [16,20] for the strain gradient elastic model.

To prove the robustness of both elements, we construct a regularized interpolation operator
and an enriching operator. The regularized interpolation operator may be viewed as a combi-
nation of the interpolation operator defined in [28] and the enriching operator defined in [41].
The enriching operator satisfies certain interpolation estimates and a kind of Petrov-Galerkin
orthogonality, the latter differs from the standard enriching operator (cf. [11]), while its is
ubiquitous for deriving error estimate for rough solution.

The remaining part of the paper is organized as follows. We prove the continuous and
the broken H2-Korn’s inequalities in Sect. 2. The Specht triangle and the NTZ tetrahedron
are introduced in Sect. 3 and the corresponding regularized interpolant are constructed and
analyzed therein. We introduce enriching operators for both elements in Sect. 4, and derive
the error bounds uniformly with respect to ¢ in the same part. The numerical tests of both
elements are reported in the last section, which confirm the theoretical prediction in Sect. 4.
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Throughout this paper, the constant C may differ from line to line, while it is independent
of the mesh size & and the materials parameter ¢.

2 H?-Korn's Inequality and the Broken H?-Korn'’s Inequality

In this part we prove the H2-Korn’s inequalities and the broken H2-Korn’s inequalities. Let
us fix some notations firstly.

2.1 Notations

Let 2 C RY(d = 2, 3) be abounded convex polytope. We shall use the standard notations for
Sobolev spaces, norms and semi-norms [2]. The function space L?(£2) consists of functions
that are square integrable over §2, which is equipped with norm || - ||;2(p) and the inner
product (-, -). Let H™(£2) be the Sobolev space of square integrable functions whose weak
derivatives up to order m are also square integrable, the corresponding norm || v II%,,,( Q) =
hy 0|U|Hk(:2) with the semi-norm |U|Hk(9) D=k 0%V ”L2(9) for all v € H™(S2).
For a positive number s that is not an integer, H*(§2) is the fractional order Sobolev space.
Letm = | s] be the largest integer less than s and ¢ = s — m. The sem-inorm |v|ps () and
the norm || v || gs(g2) are respectively given by

1(8%) ( ) — (@) v(y)|?
|U|1-1s(_o) Z // o y|2+zgvy dx dy,

la|=m

1o W2y = 10 Igm ey + |v|i,x(m.

By [2, §7], the above definition for the fractional order Sobolev space H* (£2) is equivalent
to the one obtained by interpolation, i.e.,

HY(2) = [H"'(2), H"(2)], with 0 =m+1—5.
In particular, there exists C that depends on §2 and s such that
T a2y < Clv e o0 W c)- )

For s > 0, H (£2) is the closure in H*(§2) of the space of C°°(£2) functions with compact
supports in £2.

For any vector-valued function v, its gradient Vv is a matrix-valued function given by
(Vv);j = djvjfori, j =1,---,d. Thestrain tensor € (v) is given by € (v) = %(Vv+[Vv]T)
with €;; = %(Bi v; +0; U,-). The divergence operator is defined by V - v = Z?:l 0;v;. The
vector-valued spaces are given by [H" (.Q)]d, [Hé”(.Q)]d and [LZ(.Q)]‘I. ‘Without abuse of
notation, we employ |-| to denote the abstract value of a scalar, the £, norm of a vector, and the
Euclidean norm of a matrix. Throughout this paper, we may drop the subscript 2 whenever
no confusion occurs.

Let 7, be a simplicial triangulation of £2 with maximum mesh size 4. We assume all
elements in 7, are shape-regular in the sense of Ciarlet and Raviart [18], i.e., there exists a
constant y such that hx /px < y, where hg is the diameter of the element K, and p is the
diameter of the largest ball inscribed into K, and y is the so-called chunkiness parameter
[17]. We denote by F},, &, and V, the sets of (d — 1)-dimensional faces, edges and vertices,
respectively. Let F, hB ={feFn | f C 082} be the set of boundary faces. We denote by
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F hI =Fn\ th the set of interior faces. Similar notations apply to &, and V;,. We denote by
Vi (K) (resp. Fn(K), resp. £, (K)) the four vertices of K (resp. four faces, resp. six edges).
Define by w(a) (resp. w(e)) the set of elements that have a (resp. ) as a common vetex (resp.
edge), and w(K) = Uyey, (k)@ (a) is the local element star of K.

Following [41], we classify the boundary vertices as follows. We say that a node a € V}?
is a flat node if the normal vectors of all the faces in }"f (a) are parallel. Otherwise, such
vertex a is a sharp node. We let Vf = Vhb U Vh#, where V,f and Vh# denote the sets of the flat
node and sharp node, respectively. By [41, Remark 3], for any a € Vh#, and let {r ; };i;ll and
{tzqi}fz_ll span the tangential space of some f1, f> € ]-'f (a) with non-parallel unit normal
vectors, then there exists j such that {¢; j, 1, -, 2,;—1} forms a basis of R4,

2.2 H2-Korn’s Inequality

We write the boundary value problem (1) into the following variational problem: Find u €
[HZ(2)] such that
a(u,v) = (f,v) forall ve[H}(2), 3)

where the bilinear form a is defined for any v, w € [Hg(.Q)]d as
a(v, w): = (Ce(v), e(w)) + *(DVe(v), Ve(w)),
and the fourth-order tensors C and the sixth-order tensor D are defined by
Cijri = A8ijous +2u8ix8j1 and  Djjrimn = A8t jkSmn + 2148118 jinSgen

respectively. Here §;; is the Kronecker delta function. The strain gradient Ve (v) is a third-
order tensor defined by (Ve (v));jx = €ji,i-

The wellposedness of problem (3) depends on the coercivity of the bilinear form a over
[Hg(.Q)]d , which is a direct consequence of the following H2-Korn’s inequality

le@) 724 I Ve@) 72 = C@)II Vo |13, forall v e [Hy ()] @)

This inequality was proved in [32, Theorem 1] for d = 2 with C(§2) = 1/2 by exploiting the
community property of the strain operator € and the partial derivative operator d. The proof
therein easily carries over to d > 2. Such idea has been implicitly used in [1] to prove an
inequality similar to (4) with an unknown constant C (§2).

In Theorem 1, we shall prove that (4) remains valid for a vector field v belonging to
[H*(£2) N HJ (£2)] with C(2) = 1 — 1/+/2. The proof relies on the fact that the strain
gradient field fully controls the Hessian of the displacement algebraically (cf. (6)). This fact
will be further exploited to prove a discrete analog of (5) for a piecewise vector field (cf.
Theorem 2).

Theorem 1 For any v € [Hy(2)1? and Ve(v) € [L*(2)19?*4, there holds Vv €
[H'($2)17%? and
le@) 12, + 1 Ve@) 112, = (1 = 1/v/2) (I Vo 12, + [ Vv II2,) . Q)

Proof The core of the proof is the following algebraic inequality

[Ve()> > (1 — 1/3/2)|V?0]2. (6)

! The inequality below (3.15), which is exactly (7) for a vector filed satisfying periodic boundary condition
over a thin domain.
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Integrating (6) over £2, we obtain
[ Ve) 172 = (1 — 1/¥2)| V2v |17, @
which together with the first Korn’s inequality [30,31]
2le@) 7, = Vv l7, forall v e [Hy(s2)]" (®)

implies (5).
To prove (6), we start with the identity

Ve = Y loiepl

1<i,j.k<d
d

= Z|aifii|2 + Z (|3i6jj|2 +203j€;1%) + (1956 * + 21861 1) (9
i=1 l<i<j<d

+ ) lepl =:h+h+15,
i, jFk i#Ek

where I3 vanishes for d = 2.
Employing the elementary algebraic inequality

1
a’ + 5 +b)2>1-1/V)@>+b%, a,beR,

we obtain
19;¢€ii|? + 218i€ij|* = (1 — 1/3/2) (180 1> + 13:v;1%) , 10)
l0i€ ;1> + 218€j1> = (1= 1/3/2) (1950, > + 180 1) .
A direct calculation gives
Z |3i€jk|2
i#], j#k iFk
2
1 , 1
=3 > 105l + 5 > djue | - ()
1<i<j<d l<i<j<d
l<k<dk#ik#j l<k<dk#ik#j
Combining (9), (10) and (11), we obtain (6) immediately. m]

A direct consequence of Theorem 1 is the following full H2-Korn’s inequality.

Corollary 1 Let 2 C R? be a domain such that the following Korn’s inequality is valid for
any vector field v € [LZ(Q)]d and €(v) € [L2(£2)]9%4,

lvllg2 +le@) 2 = CED[ vy

Ifv e [L2(2)]1%, €(v) € [L*(2)1% and Ve (v) € [L?(82)]7*9%4 then v € [H?*(£2)]? and

vllzz + lTe@) g2 41l Ve(v) [l 2 = min (C(Q),\/ - 1/\5) lvllg2. (12
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The following vector version of J.L. Lions Lemma is proved in [19, Theorem 6.19-1]: For
any domain D in R? and m € Z, then

ve[H™D)]? and e(v) € [H™(D)]**? implies v e [H"T(D)Y. (13)

The full H2-Korn’s inequality (12) may be viewed as a quantitative version of (13) with
m = 1, while the proof in [19, Theorem 6.19-1] is nonconstructive and does not seem easy
to be extended to prove the broken H2-Korn’s inequality for a piecewise vector filed.

The regularity of problem (3) is essential to prove a uniform error estimate. Unfortunately,
it does not seem easy to identify such estimates in the literature, and we give a proof for the
readers’ convenience. We firstly assume the following regularity estimate.

Hypothesis 1 Let u be the solution of

A(Lu)=f  ing,
u=20,u=0 on 452,

where Lu: = pAu + (A + n)VV - u. Then for any f € H~1(£2), there holds

lullgs < Cllfllg-1- (14)

If £2 is a smooth domain, then the regularity property (14) is standard; See e.g., [3]. While
it is unclear whether (14) is true for a convex polytope. Nevertheless, if £ is replaced by the
Laplacian operator A, then (14) was proved in [38, Chapter 4, Theorem 4.3.10].

Lemma 1 Assume Hypothesis 1 is valid and let u be the solution of (3), then there exists C
that may depend on $2 but independent of v such that

I V@ —uo) 2 < CEP7H flle for k=1,2, (15)

where uqy € [HOl Nk satisfies

(Ce(uo), €(v)) = (f,v) forall vel[H(2). (16)
Moreover, we have
lullgse < CIf gz, a7
and
lullgsn < Cobf e (18)

Under Hypothesis 1, we may prove the above estimates by following essentially the same
line that leads to [42, Lemma 5.1].

Proof Denoting ¢ = u — uy, using (1) and (16), we have
AL@w) = 2L — ug) = T2L().
Using the regularity hypothesis (14), we obtain

lullys < CO2L@) -1 < CoCe(@), e(@)) . (19)

By the regularity estimate for (16) [38, Theorem 4.3.3], there exists C depends on £2, A and
 such that
luollgz < Cll fllg2- (20)
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Integration by parts, we have
a(@, ) = = (DVe(uo), Ve(d)) + ¢ / Moun ()30 dor (x),
00

where M, (u) = nT - DVe(u) - n.
Using (20), we bound there exists C such that

2 2
2|(DVe(ug), Ve(9))| < ‘E(wa), Ve(@)) + ‘E(Dvauox Ve (up))
2
< ‘E(wa), Ve(d) + (i + dr/2)2) Veuo) |12
2

5 (OVe@). Ve@) + C2I £ 1.

IA

where C depends on £2, A and p.
Using the trace inequality (25), we obtain, for § > 0 to be chosen later,

L2

L
/ Mo ()3,100d0 ()| < 81l Man @) [ 2) + 351 940 1725
082
L
= C8 (AN V2l + 2N V2ullga) + C5lluo -
Using (7), we obtain

4
I V2ul7, <21 V2 172 + 21 Viuo 7, < — (DVe(@), Ve(@)) + 21 Vuq 7.

m

Using the regularity estimates (19) and (20), we bound the right-hand side of the above
inequality as

[2

/ My, (u)0,u0do (x) | < Céa(ep, ¢) + Cu <(Sl + é) I f ”iz
982

Combining the above inequalities, we obtain

2 C
a(¢.9) < Coa(d. @) + 5 (DVE@). Ve@) + CEUA+ 8 £ 17+ =1 £ 112

which immediately implies

1 C
546, ¢) < Cda(d. ¢) + CEA+8)| [ 7. + gn [l

Choosing § properly and using (5), we obtain (15).
Using (15) and the Poincaré inequality, and noting that ¢ < 1, we obtain

lu—uollyge < C (M +2) N Fll < COV2) Fllpe, 1)

and
lullgz < llw—uollgz + luollgz < CV2 £l (22)

Interpolating (21) and (15) with k = 1, and using the interpolation inequality (2), we obtain
lu—uollgse < Cll f 2.
Invoking the interpolation inequality (2) again, we obtain

1/2 1/2
luollgse < Cliuo i luo Il < CIL £ Iz
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A combination of the above two inequalities yields (17).
Combining (19) and (15), we obtain

I llgs < C2 Vu—ug) 2 < C32 £

Interpolating the above inequality and (22), we obtain (18). O

2.3 The Broken H2-Korn’s Inequality

For any m € N, the space of piecewise vector fields is defined by
[H"(2, T = (v e L) | vlx € [H"(K)I' forall K €T},

which is equipped with the broken norm

m

Tollge: = Tvlz + )1 Vil
k=1
where || Vv 17, = Yger, | VU174, with (Vi)lk = VA (vlk). Moreover, €, (v) =
(Vv + [Viv]T) /2. For any v € H™(£2,7;), we denote by [v] and {v}} the jump and the
average of v across the face or the edge, respectively; See, e.g., [6] for the definitions.
The main result of this part is the following broken H?-Korn’s inequality.

Theorem 2 Forany v € [H2(2, Tp)1%, there exits C that depends on §2 and y but indepen-
dent of h such that

I, < c(n Vien@) 172 + len@) 172 + v 1172

(23)
+ ) bl ||’i2(f)>,

feFn
where Iy : [Lz(f)]d — [Pl,,(f)]d is the L? projection and

[P— (N ={velP(HI | v e RM(f)},

where v; = v — (v - n)n is the tangential components of v, and n is the normal vector of the
face f (or edge for d = 2), and RM(f) is the infinitesimal rigid motion on f.

For a piecewise vector field v, the inequality (23) improves the one proved in [32, Theorem
2] by removing the jump term

2
DD L ACH) 9

i=1 feF,
This term stands for the jump of Vv across the element boundary. This would simplify the

construction of the strain gradient elements as shown in below.

Proof of Theorem 2 Integrating (6) over element K € 7j,, we obtain,

I Ve@) 122, = (1 = 1/v/2)[ Vv ||

L2(K) = L2(K)®

Summing up all K € 75, we get

I Vien @) ll2 = (1= 1/V2) | Vivli3,, (24)
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which together with the following Korn’s inequality for a piecewise H' vector field proved
by MARDAL AND WINTHER [37]

I3, = C [len@Iz + vz + Y hp TNy,
fE]:h

implies (23). O
We shall frequently use the following trace inequalities.

Lemma 2 For any Lipschitz domain D, there exists C depending on D such that

1/2 1/2
1o ll2m) < Cllo Il v 1T (25)

For an element K, there exists C independent of hx, but depends on y such that

—1/2 1/2
1o ll2my = € (B P10 2 + 1190 2 - (26)
If v € Py, (K), then there exists C independent of v, but depends on y and m such that

1o ll2@k) < Chi 210 k) 27)

The multiplicative type trace inequality (25) may be found in [27, Theorem 1.5.1.10],

while (26) is a direct consequence of (25). The inequality (27) is a combination of (26) and
the inverse inequality for any polynomial v € P, (K).

3 Interpolation for Nonsmooth Data

Motivated by the broken H?-Korn’s inequality (23), we conclude that the H'-conforming
but H2-nonconforming finite elements are natural choices to approximate (1). A family of
rectangular elements in this vein may be found in [35], and two nonconforming tetrahedron
elements were constructed and analyzed in [52]. Note that the tensor product of certain
finite elements for the singular perturbation problem of fourth order may also be used to
approximate (1), we refer to [28,42,46,47,50] and references therein for such elements.
In what follows, we select the Specht triangle [49] and the NZT tetrahedron [53] as the
representatives. The Specht triangle is a successful plate bending element, which passes all the
patch tests and performs excellently, and is one of the best thin plate triangles with 9 degrees
of freedom that currently available [57, Quatation in p. 345]. The NZT tetrahedron may be
regarded as a three-dimensional extension of the Specht triangle. One may wonder whether the
tensor product of certain non H'-conforming elements for the singular perturbation problem
of fourth order can be used to approximate (1). This is indeed the case for the Morley triangle
with a modified strain energy; See, e.g., [33] for details. More non H!-conforming elements
[54] have to be carefully studied to approximate (1).

The Specht triangle and the NZT tetrahedron may be defined by the finite element triple
(K, Px, k) [18] in a unifying way as follows. Let K be a simplex, and

Pg = Zg + bgP1(K),
Yk ={plai), (ejj - Vp)(ai), 1 <i#j<d+1}

with extra constraints

1
P=- Z Ouplag), i=1,---,d+1, (28)

- an
lfil J1, | <k<d+1.ki
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where f; is a (d — 1)-simplex opposite to the vertex a;, and e;; is the edge vector from g; to
aj. Here Zi is the Zienkiewicz space defined by

Zk =Py(K) +Span{AjA; —aid5 | 1 <i#j<d+1)},

where A; is the barycentric coordinate with respect to the vertex a;.
The finite element space is defined by

Xp:={ve Hl(.Q) | vk € Pk, K € Ty; v(a), Vv(a) are continuous fora € Vj, }.
The corresponding homogenous finite element space is given by
X}?: ={v € X;, | v(a), Vv(a) vanish fora € V]f }.

It is clear that X ho C HO1 (£2). We denote V, = [X ,?]d, and the approximating problem reads
as: Find u;, € Vj, such that

ap(up,v) = (f,v) forall veV,, (29)
where a;, is defined for any v, w € Vj, as
ap(v, w): = (Ce(v), €(w)) + > (DVye(v), Vye(w))

with

(DVye(), Vye(w)): = Z /;{]D)Ve(v)Ve(w)dx.

KeT),
: 2 2 w2, 2 ) - :
The energy norm is defined by [Jv|l, »: = <|| v ”1—11 + || Vjv ||L2> . The bilinear form is
coercive in this energy norm as shown in the next lemma.

Lemma3 Foranyv € Vp,
an(v,v) = Gyllvll?,,, (30)

where C, = u/(2 + ZCI%) with Cp, appears in the Poincaré inequality
lvli2 < Cpll Vull2,  forall v e [Hy(s2)]. 31
The estimate (30) immediately implies the wellposedness of problem (29) for any fixed ¢.
Proof For any v € Vj,, there holds
an(,v) = 2u ([ €) 172 + 2 Vae) [172) -
Using the first Korn’s inequality (8) and the estimate (24), we obtain
n
an(v,v) = = (1Yl + 21 Vivig),
which together with the Poincare inequality (31) implies (30) . O

The degrees of freedom of X, involve the first order derivatives at the vertices and the
mean of the normal derivatives at each face (resp. edge when d = 2), the associated canonical
interpolant is not well-defined on H'. In what follows we construct a regularized interpolant
thatis H'! bounded. The construction is a combination of a regularized interpolant in [28] and
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an enriching operator in [41]. The regularized interpolant I, = ITy o I1¢ : HO1 (£2) - Xy
Forany v € H02(.Q), we define Ih0 : H02(.Q) — X;? with

12v(a) = yv(a), VI v(a) = VIv(a) forall a € V/,
12v(a) =0, VI v(a) =0 for alla € VE.

Here we denote by ¢ : HO1 (£2) — Lj the Scott-Zhang interpolant [45] , where Ly is
the quadratic Lagrangian finite element space with vanishing trace. The auxiliary operator
Iy : Ly — Xp, is locally defined as follows.

1. Ifa e Vhl is an interior vertex, then we fix an element K’ from w(a),
IThyw(a): = w(a) and VIIyw(a): = Vwg (a).
2. Ifa e V,f is a flat node, then we fix an element K’ from w(a),
ITyw(a): =0 and VITw(a): = Vwg(a).
3. Ifa e Vh# is a sharp node, then
IMyw(a): =0 and VITw(a): = 0.
The properties for the regularized interpolants /5 and [ ,? are as follows.

Theorem 3 There exists an operator I, : HO1 (£2) — X, such that for any v € H™(82) with
1 <m < 3, there holds

v = Ihv | g < CH" FJolpgm, 0 <k <m. (32)

Moreover, there exists I}? : Hg(.Q) — X£ such that for any v € H"(£2) N Hoz(Q) with
1 <m < 3, there holds

lv = v llgx < CR" *ulgn, 0 <k <m. (33)

The interpolant / fl)v is enough to our ends, while 7 v is a useful tool for the strain gradient
elastic model with other boundary conditions (cf. [7]).

Proof For any ¢ € Pk, a standard scaling argument yields that
117206, < Ch% Y (8@ + 1% Vo@)?).
aeVy(K)
Let ¢ = w — ITw with w = I1cv. Noting ¢ (a) = 0, we obtain

161725y < ChE D 1Vo(@ . (34)
aeVy(K)

Ifa e Vhl ora e VhD , then VIT,w(a) = Vwg (a). We may select a sequence of elements
{Ki,--- ., Kj} Cw(a)suchthat Ky = K, K; = K’,and f; = 9K; N 9K is a common
face of K; and K ;. We write the right-hand side of (34) as the telescopic sum

J—1 )
IVo@* <Y | Vg, (@) — Vg, @]
j=1
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It follows from the inverse inequality that
J—1 J—1
Vo @I = D IVwk;, = Vi, o < € D0 h I Vk, = Vi g )

j=1 j=1

J-1
1—d 2
<CY R NIVl ),

Jj=1

where the jump of Vw across f; is defined as [Vwll|f;: = Vwk; |, —Vwk,,, |f;. Note
that w is continuous across f;, we rewrite the above inequality as
IV¢@* <C > R0, w1 ) (35)

K,K' € w(a)
OKNOK' = f #0

Atthe sharpnodea € Vi we write V¢ (a) = Vwg (a). Sinceaisa sharp node, there exists
two simplexes K1, K> € w(a), and boundary faces f; € 0K1N9d£2 and f> € 0K, N 9S2, and
f1, f2 do not have a common normal vector. Hence, there exists a tangential vector ¢ ; of f]
and d — 1 tangential vector {t2 1, - - - , 12, 4—1} of f2, such that these d vectors form a basis of
RY. Proceeding along the same line that leads to (35) and using the fact that the tangential
derivatives of v vanishes on 952, we have

Jwg 2 —d 5 5 )
‘ 81‘171' (a) =< C Z hf “ [[al]jw]] ||L2(f) + hfl || at]_inl ||L2(f)
K,K' € w(a)
IKNIK' = f #0
=C > BN 10, w] 122,
K,K' € w(a)

IKNIK' =f#0

Proceeding along the same line that leads to the above inequality, we obtain, for j =
1,---,d—1,

Jwg 2 _
—(a) ‘ <C > Ry N8, wl s

0ny, p
K,K € w(a)
OKNIK' =f #0

Therefore, fora € Vf,
V@ < C > [} T N (36)

K,K' € w(a)
OKNOK' = f #0

Substituting (35) and (36) into (34), we obtain

3/2
16 ll2k) < ChY > HE8nw ] 25
K,K' € w(a)
AKNOK' = f #9
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where we have used the fact that hg ~ h ;s because 7}, is locally quasi-uniform. Using the
above inequality, the estimate for the Scott-Zhang interpolant, the inverse inequality and the
trace inequality (26), we obtain

| Mev — MyIev | ey < Chigl Tev — My Mcv |l 2k

3/2—k
<cny > 19, Tl 2 )
K,K' € w(a)
AKNOK =f #0

—k
< Ch " v lam (k) -
Finally, using the triangle inequality, we obtain

lv—"Thvllgegy = lv—Tcvllgrgy + | Hev — HpIcv || grgy
< Chr,?_k” V| Hm (0(K))-

Summing up the above inequalities for K € 7j,, we obtain (32).
For any v € H(%(Q) N H™(S2), the estimate (33) may be proceeded along the same line
that leads to (32), we omit the details. ]

4 Error Estimate for Less Smooth Solution

The standard error estimate argument holds true if © € H*(£2) with s > 3, while such
assumption is usually invalid for the point load or nonconvex domain [9], even for the
biharmonic problems. In this part we shall exploit an enriching operator to derive a new
error estimate for problem (1) with less smooth solution. The enriching operator measures
the distance between Vj, and H2(£2), which was firstly introduced by BRENNER [11,12] to
analyze nonconforming elements in the context of fast solvers. It also plays an important
role in deriving a priori and a posteriori error estimates for the fourth order problems [14,
25,26,34,51]. A recent application of the enriching operator to Hamilton-Jacobi-Bellman
equation may be found in [41]. The construction of these enriching operators are mainly
based on the averaging of the degrees of freedom. Two enriching operators constructed with
different ways have appeared in [15] and [48] recently. Besides the standard interpolation
error estimates, the enriching operator should satisfy a kind of Petrov-Galerkin orthogonality,
which is key to derive the error estimates for rough solution as demonstrated in [34, Lemma
4.1], in which the authors have constructed an enriching operator for the quadratic Specht
triangle and have obtained optimal error estimate for approximating the biharmonc problems
with rough solution. The construction and the proof therein equally applies to the Specht
triangle.

We shall construct an enriching operator for the NZT tetrahedron with the aid of the
tenth polynomial C!-conforming element introduced by ZHANG [56]. The enriching operator
Ep:X — HZ(£2) is defined as follows.

1. Foranya € Vhl , we fix an element K, from the element star w(a),
(V¥Epv)(a): = (VvIk,) (@) || <4.

2. For any edge e € ShI , we choose two unit vectors s1, s orthogonal to the edge e. We fix
an element K, from the element star w (e).
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(a) For a the middle point of the edge e,
Epv(a): = v|g,(a).
(b) For a the 2 equally-distributed interior points of the edge e,
s, Env(a): = (95,vlk,)(@) i=1,2. (37)
(c) For a the 3 equally-distributed interior points of the edge e,

athu( | 3%vlk,
a). =
8S,‘3Sj 3S,’3Sj

(@) i,j=1,2. (38)
. Forany f € ]—"hl, and for any w € Py(f),
/ Epvwdo(x): =/ vwdo (x), (39)
f f
and for any w € P3(f),
/8n(Ehv)wdo(x)::/{{an}}wdo(x). (40)
f f

. For any K € 7, and for w € P»(K),

/Ehvwdx:=/ vwdx.
K K

. All the degrees of freedom of E,v vanish on 952.
We summarize the properties of Ej, in the following lemma.
Lemma4 The enriching operator E), has the following properties:
1. Petrov-Galerkin orthogonality:
ap(v—Epv,w) =0 forall veV,,weW, 41)

where W, = [L,]? is the tensorized quadratic Lagrangian finite element space with
vanishing trace.
. E}, is stable in the sense that

NERvIr = (X + Bllvll,n forall v e V. (42)

. For any v € Vy,, we have
| Vi@ = Egv) 2 < B/ K Vv e, 0<k <=2, (43)
The stability estimate (42) is a direct consequence of (43). We only prove (41) and (43).

Proof For any v € Vj, and w € W}, integration by parts, we obtain

ap(v — Eyv,w) =y / (0, (v — Epv) - Myp(w) + (v — Epv) - 0 (w))do (x),
Koz, DK

@ Springer



Journal of Scientific Computing (2021) 88:78 Page150f23 78

where 0, (w) = nT - (Ce(w)). Using the magic formula [6], we write

ap(v — Epv, w)

= Z /;(I[an(v — Epv)] - {iMun (W)} + {00 (v — Epv)}} - I[Mnil(w)]])da(x)

feF!

- /f (v = Exoll - o)) + (v — Byl - [o@)T)do (o),

reF]
Using the facts that M,,,, (w) € [IP’O(K)]3 and o0, (w) € [Py (K)]3,

[0,(v — Epv)l = [[0,v]  and {{3,(v — Epv)}} = {0, v}} — 3, Env,
[v—Epv]=0 and {{v— Epvl} =v— Ejv,
and using (39) and (40), we obtain the identity (41).

For any K € 7, we let N (K), £(K), F(K) and V(K) be the set of the nodal variables
N, the set of the edge variables E, the set of the face variable F', and the set of the volume

variables V of Pjog conforming element, respectively. For any v € V;,, v — Ejpv € Py, and
it follows from the scaling argument that

3+4-2order(N
o= Epv 32, <C D bV (N = Ejv))?
NeN(K)

+C Y P (E@w - Ejp))?
Ec&(K)

+C Z h3<+20rder(F) (F(v . Ehv))2
FeF(K)

+C Z h3(+20rder(V) (V(v _ EhU))2
VeV(K)
=+ + 1y,
where order(N) is the order of the differentiation in the definition of N, and the same rule

applies to order(E), order(F') and order (V). It is clear that /4 = 0 because V (v) = V(Epv).

Note that N(v— Ej,v) = 0 when order(/N) = 0, 1. To estimate the terms with order(N) =
2, 3, 4. Using the inverse inequality, we obtain

4
I]ECZ Z h?/—Zl Z ||vlv||%00(1(/)

=2 aeVy(K) K'ew(a)

4
scy Y hd? Y h IV

=2 aeVy(K) K'ew(a)
<C Y helVivliag
K'ew(K)

Next, we note E (v — Epv) = 0 when order(E£) = 0. We denote 121 (resp. 122) for the term

in I with order(E) = 1 (resp. order(E) = 2). For order(E) = 1 and for any a € e with
e € &,(K), using (37), we have

|E(v — Epv)|* < |(Vvlg ) (@) — (Vvlg, ) (@]
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Proceeding along the same line that leads to (35), we obtain

| (Volk)@) = (Yol @] < C > LFTE000T 155
K,K' € w(e)
IKNIK' = f # 0

Note that f f[[an v]ldo (x) = 0, it follows from the Poincaré inequality and the trace inequal-
ity (27) that

n=<c ) > L F 17 I I9n 0l 175 )
ecin(K) K K' e wle)
AKNIK = f #0

<Cc > AN B P N 290
ecin(K) K K' e wle)
AKNIK' =f#0

<C Y Wl VP lgagn
K'ew(K)
Using (38) and the inverse inequality, we obtain

L=C Y Y hplVlicgy<C D hill Vol

ecE(K) K'ew(e) K'ew(K)

Lastly, we have F (v — Ejv) = 0 when order(F) = 0. It follows from a standard scaling
argument and (40) that

L<C Z 3.

FeFn(K)

][ ot | <€ 3 WA,

feFn(K)

Note that f [0,v]ido (x) = O for any face f € Fy, using the Poincaré inequality and the
trace 1nequahty again, we obtain

L=C Y i)V ||iz(K,).

K'ew(K)
Summing up the estimates for I, - - - , I4, we obtain, for j =0, 1, 2,
2 4 2.2 2j P2
lv—Envlifagy C D Ml Voliag, <C Y WV I
K'ew(K) K'ew(K)

For 0 < k < j, it follows from the inverse inequality that

— 2(j—k 1
I VA = Env) 13205y < Ch v = Env 2, < € Y B TOIVI0 I, 40
K'ew(K)

Summing up all the elements K € 7j,, we obtain (43). O

Based on Lemmas 3 and 4, we derive the error estimate without the regularity assumption
on the solution u.
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Theorem 4 Let u and uy, be the solutions of problem (3) and problem (29), respectively. Then
there exists C depends on 8

2024 + di)
i = ullon < (1 + Tﬁ

Qu+drnp
+ T

inf flu — vll,n
veV),
p (44)
i f - 70 ’
wlélW/, llee — wlll,n + al se(f)

where the oscillation of f is defined as
1/2
Osc(f):=| > hx_ inf Wf-F 172k)

KeT, fePa(

Remark 1 The estimate (44) may be viewed as the generation of Céa lemma for approximating
the strain gradient elastic model. We refer to [36] for the similar estimate for second order
elliptic problem and [29] and [34] for similar estimates for the fourth order problems.

Itis worthwhile to mention that the smoothness assumption on f may be further weakened
if we change the definition of Osc( f) to

172

Ose(f):=| > _inf IIf=Flyg

Koz, TP ()
Such estimate may be useful for dealing with the cracked problem (cf. [4,34]).

Proof For any v € V), we denote w = v — uy, and Epw = (Epwy, ---, Epwg). By the
Petrov-Galerkin orthogonality (41) of the enriching operator, we obtain, for any z € Wy,

ap(w, w) = ap(v, w) — ap(up, w) = ap(v, w — Epw) +ap(v, Eyw) — (f, w)
=ap(v—2z,w— Epw) +ap(v—u, Eyw) + (f, Eqyw — w) 45)
=a,(v—2z,w— Epw)+ap(v—u, Eyw)+ (f —?, Eyw —w),

where we have used (40)3 in the last step for any ?| k € P2(K). The energy estimate (44)
follows from (42) and (43) with k = 0, j = 1 and the triangle inequality and the estimate

lan(v — z, w — Epw)| < 2+ )2 +dr) (llu — vl + llu — zllen)lwll.p.

[}

We are ready to derive the rates of convergence for the Specht triangle and the NZT
tetrahedron.

Theorem 5 Let u and uy, be the solutions of problem (3) and problem (29), if the hypothesis
1 is true, then
e = unllen < Ch'21 £ 1 2. (46)

Ifu € H3($2), then
N — wpllen < Ch* + ch)|lu | . (47)

Proof Using (33), the regularity estimates (17) and (18), we obtain

inf fJu—vllon < Vi — L) 2 + 11V~ Lu) |2 < CRY2| £l
h
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Using the interpolation estimate of SCOTT- ZHANG interpolant [45], we obtain

Jnf flu— vl <l Vi — Hew) |2 + 1|V — Hew) |l < CRYP| £ 2.
h

It is clear that
Osc(f) < Chl| £ | 2.

Substituting all the above inequalities into (44), we obtain (46).
The estimate (47) may be proved in a standard manner as that leads to [32, Theorem 4].
By the theorem of Berger, Scott and Strang [8], we have

. Ep(u, w)
llu —wpll,n < C\ inf flu — vl p + sup ——— |,
VeV, wev, Nwllen
where Ej(u, w) = ap(u, w) — (f, w).
Using the interpolation estimate (33), we obtain

inf flu— vl < lu— Lulln < CO>+ )l u s
veV),
Integration by parts and using the continuity of w, we write Ej, as

Epu,w) =2 )" | Myp)[d,w]do (x).
feFy !

Employing the trace inequalities (26) and (27), we obtain
|En(u, w)| < CPRllull sl Viw Il 2 < Cehllu |l g llwll -

Combining all the above estimates, we obtain (47). ]

5 Numerical Experiments

In this part, we test the accuracy of the Specht triangle and the NZT tetrahedron for a smooth
solution and the numerical pollution effect for a solution with strong boundary layers. In all
the examples, we let £2 = (0, l)d and set A = 10, u = 1. For d = 2, the initial unstructured
mesh consists of 220 triangles and 127 vertices, and the maximum mesh size is & = 1/8;
See Fig. 1,. For d = 3, we construct an initial mesh by splitting origin cube into 512 small
cubes, and each small cube is divided into 6 tetrahedrons; See Fig. 1.

Throughout the simulation, we employ the analytical basis functions for the Specht triangle
[49,57] and the NZT tetrahedron [53]. The computation for the NZT tetrahedron is performed
in a parallel hierarchical grid platform (PHG) [55].% For all the tests, we measure the rates
of convergence in the relative energy norm [|u — up||,.»/lull,,, for different ¢ and h.

2 http://1sec.cc.ac.cn/phg.
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(a) (b)

Fig.1 Plots of meshes:ad =2;bd =3

Table 1 Rate of convergence of the Specht triangle

I 1/8 1/16 1/32 1/64 1/128 1/256
le+0 1.99e—01 9.87e—02 4.80e—02 2.36e—02 1.17e—02 5.85¢—03
rate 1.01 1.04 1.02 1.01 1.00
le—2 3.16e—02 1.21e—02 5.30e—03 2.53e—03 1.25¢—03 6.21e—04
rate 1.39 1.19 1.07 1.02 1.01
le—4 2.20e—02 5.57¢—03 1.39¢—03 3.48¢—04 8.75¢—05 2.26e—05
rate 1.98 2.00 2.00 1.99 1.95
le—6 2.20e—02 5.57e—03 1.39e—03 3.47e—04 8.65¢—05 2.16e—05
rate 1.98 2.00 2.00 2.00 2.00

5.1 Example for Smooth Solution

This example is to test the accuracy of the elements for the smooth solution, which is given
by u = (u1, up, uz) with

d d
up = H(exp(cos 2mx;) —exp(l)), uz = H(cos 2ax; — 1),

i=1 i=1

d
Uz = l_lxiz(x,- — 1)2.

i=1

The source term f is computed by (1);. For d = 2, we drop the third component u3. We
report the rates of convergence for the Specht triangle and the NZT tetrahedorn in Tables 1
and 2, respectively. We observe that the rates of convergence appear to be linear when ¢ is
large, while it turns out to be quadratic when ¢ is close to zero, which is consistent with the
theoretical predication (47).
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Table 2 Rates of convergence of the NZT tetrahedron

\h 1/8 1/16 1/32 1/64 1/128
le+0 1.02e—01 7.54e—01 5.05e—01 2.84e—01 1.47e—01
rate 0.43 0.58 0.83 0.95
le—2 5.12e—01 2.28e—01 8.99¢—02 3.57e—02 1.55e—02
rate 1.17 134 133 1.20
le—4 3.03e—01 7.14e—02 1.79e—02 4.66e—03 1.27e—03
rate 2.08 1.99 1.94 1.89
le—6 3.01e—01 6.98e—02 1.71e—02 4.26e—03 1.07e—03
rate 2.11 2.03 2.00 1.99

Table 3 Rates of convergence for ¢ = 107°

h 1/8 1/16 1/32 1/64 1/128 1/256
NZT 2.74e—01 1.73e—02 1.18e—01 8.24e—02 5.80e—02 4.10e—2
rate 0.66 0.56 0.52 0.51 0.50
Specht 1.57e—01 1.10e—01 7.70e—02 5.42e—02 3.82e—02 2.70e—02
rate 0.51 0.51 0.51 0.50 0.50

5.2 Example with Boundary Layer

In this example, we test the performance of both elements for a solution with a boundary
layer, such boundary layer is one of the main difficulties for the strain gradient elastic model,
and we refer to [20] for a one dimensional example with analytical expression. Based on this
example, we construct a displacement field u = (u1, uz, u3) as

d d
wy = [ Jexpsinmxi) = 1= 9(x), w2 =] [sinmxi —p(x)),
i=1 i=1
d
uz = [ J(rxi(1 = xi) — @(x0)
i=1
with
cosh[1/2¢] — cosh[(2x — 1) /2]
sinh[1/2(]

ox) =mt

A direct calculation gives

d d d
i = = 1 ) —1 , 1 i (1 — x; ,
lgr(l)u ) (H exp(sin 7 x;) 1_[ sin 7 x; Hﬂx,( xl)>

i=1 i=1 i=1

with uglsge = 0and d,ug|se # 0. Itis clear that 9,4 has boundary layers. The source term f
is also computed from (1);. We report the rates of convergence for both elements in Table 3.
The half order rates of convergence are observed for both elements, which is consistent with
the theoretical prediction (46).
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6 Conclusion

We prove a new H2-Korn’s inequality and a new broken H2-Korn’s inequality. The former is
crucial for the well-posedness of a strain gradient elasticity model, while the latter motivates
us to construct robust nonconforming elements for this model, and the elements are simpler
than the known elements in the literature; See, e.g., [32]. With the aid of the new regularized
interpolant and the enriching operator, we proved that the tensor product of the Specht triangle
and the NZT tetrahedron converges uniformly with respect to the small materials parameter
under the minimal smoothness assumption on the solution. Moreover, the technicalities may
also be used to derive shaper error bounds for the elements in [28,42,50]. Guided by the
broken H2-Korn’s inequality, we can design robust elements for the nonlinear strain gradient
elastic models, thin beam and thin plate with strain gradient effect in [20,23] by combining
the tricks in [10,40] and the machinery developed in the present work, which will be left for
further pursuit.
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