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Abstract

We propose a class of 12 degrees of freedom triangular plate bending elements with
quadratic rate of convergence. They may be viewed as the second order Specht triangle,
while the Specht triangle is one of the best first order plate bending element. The conver-
gence result is proved under minimal smoothness assumption on the solution. Numerical
results for both the smooth solution and nonsmmoth solution confirm the theoretical pre-
diction.
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1. Introduction

Numerical approximation of the plate bending problem as well as other fourth order elliptic
boundary value problems usually demand certain special devices. C! finite elements are re-
quired for the conforming finite elements [1,2], which can be quite complicated, in particularly
in three dimension. This stimulates the develop of the nonconforming finite elements. The
Specht triangle [3] is a successful plate bending element, which passes all the patch tests and
performs excellently, and is one of the best thin plate triangles with 9 degrees of freedom that
currently available [2, citation in p. 345]. The Specht triangle employs quadratic polynomial
approximation and hence is a first order plate bending element, which likes many practical
nonconforming plate bending elements such as Zienkwiecz triangle [4], Morley triangle [5], just
name a few of them. There are some second order nonconforming plate bending elements scat-
tered in the literature, such as the one proposed by one of the author in [6] from the notion of
the double set parameter method and the one in [7], both elements have 12 degrees of freedom.
Other quadratic plate bending elements, such as those in [8] and [9], have 16 degrees of freedom.
When we consider the rectangular mesh, the second order plate bending elements include the
famous Adini element [10], the one proposed by one of the author in [11], and the one proposed
in [12], in which a family of rectangular plate bending element is constructed. Compared to
the first order plate bending elements, the choice for the second order plate bending elements is
quite limited. It is worthwhile to mention that there are some higher order finite elements for
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the biharmonic problem in the framework of mixed finite elements and discontinuous Galerkin
method; see; e.g., [13-16].

Motivated by the bubble function method, we propose a family of second order plate bending
elements with 12 degrees of freedom, which could be regarded as the second order Specht
triangle. The original motivation for the bubble function method is to design the stable finite
element pair for the Stokes problem [17]. The basic idea of this method is to augment the
finite element space by a bubble function space. The augmented bubble function space helps
out in dealing with the extra constraints such as the divergence stability in Stokes problem
and the high order consistency error. Besides being widely used in design stable finite elements
in Stokes problem, the bubble function method has also been used to design efficient mass
lumping method [18], to design robust finite elements for a singularly perturbed fourth order
problem [8,19], and it has been exploited by the authors to design robust finite elements for
the strain gradient elasticity model [20]. In the context of the plate bending elements, certain
classical elements such as the Zienkiewicz triangle and the Specht triangle can be derived by
the bubble function method.

In the present work, the bubble function method is exploited to improve both the approx-
imating error and the consistency error to the second order, which naturally yields a class of
second order plate bending elements, which recovers the element in [7] as a special case. These
elements are CY continuous. Therefore, they may be used to approximate the singular per-
turbation problem of fourth order as shown in [19], and to be exploited to construct robust
strain gradient element as shown in [20,21]. Based on the enriching operator technique in the
discontinuous Galerkin method [22-24], we prove the convergence of the proposed elements
under minimal smoothness assumption of the solution. Optimal rate of convergence is derived
for solution in various Sobolev norms and broken norms. We also derived the optimal rate of
convergence for the problem with Dirac-delta source term, which is particularly important for
plate bending problem, because it corresponds to an idealization of a point load [25]. Numer-
ical results for both the smooth solution and the nonsmooth solution support the theoretical
prediction.

The structure of the paper is as follows. In the next section, we introduce the nonconforming
finite element approximation of the plate bending problem. Detailed derivation of the new
elements is presented in § 3. The error estimates under minimal smoothness assumption are
proved in § 4. The numerical results for both the smooth solution as well as the nonsmooth
solution are reported in the last section.

Throughout this paper, the constant C' may differ at different occurrence, while it is inde-
pendent of the mesh size h.

2. Finite Element Approximation of the Plate Bending Problem

To introduce the plate bending problem, we introduce some notations. The space L?(2)
of the square-integrable functions defined on a bounded polygon 2 is equipped with the inner
product (-,-) and the norm | - ||z2(q). Let H™(£2) be the standard Sobolev space [26] with the
norm and seminnorm defined as

[0l Frm ey = D 03 and  [vl3mq :/Q > [Veol*da,
k=0

|| =k
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where o = (a1, a2) is a multi-index whose components «; are nonnegative integers, |a| = a3 +as
and V* = 01°l /02 0z5*. We may drop 2 in the Sobolev norm || - || zrm (o) when there is no
confusion may occur. Denote by H~™ () the dual space of HJ*(f2) with the dual pair (-,-).
Define

Hy(Q):={ve H(Q) | v=00n00},
H3(Q):={ve H*Q) | v=0,0=00n00},

where 0,,v and 0;v are the normal derivative of v and the tangential derivative of v, respectively.
We consider the plate bending problem with clamped boundary conditions

(2.1)

A2y =f x € Q,
u=0,u=0 z €N,

where Q C R? is a polygon and f is the surface (or body) load. The corresponding variational
problem is to find u € H2(Q) such that

a(u,v) = (f,v) forall ve HZ(Q), (2.2)

where for w,v € HZ (),
a(w,v) = / (vAwAv + (1 —v)V2w: V?v)dz and (f,v) = / fude,
Q Q

and 0 < v < % is the Poisson’s ratio and the inner product for Hessian matrix is defined as
Vi : V2o =57 82 wd v

1,j=1"2;%; TiTj ot
Let 75 be a shape-regular family of triangulations of Q with A the diameter of the element
and V}, be a finite element space associated with 7;,. The finite element approximation of (2.2)
is to find uy, € V}, such that

ap(up,v) = (f,v) forall veV, (2.3)
where

ap(v,w) = Z / (vAvAw + (1 — v)V?v : VPw) da for all v,w € V.
KeT;, VK

By the Second Strang’s lemma [27], we have the error estimate

. |Ey (u, w)]
u —upllp < inf |lu—v||p + sup ————, 2.4
o= unll < inf = vl + sup L (24)
where the consistency error functional Ej(u,w) = ap(u,w) — (f,v) and || - ||n is a broken

seminorm that is defined for any v € Vj, as |[v]|3: = ap(v,v). To improve the accuracy of the
element, we need to use higher order polynomial and improve the order of the consistency error
simultaneously. The following result gives a sufficient condition for high order consistency error
estimate [6]. We refer to [28] for related discussion.

Lemma 2.1 ([6, Lemma 1]). Let K be an element and K be its reference. For every K,
there exists an affine mapping from K to K. Assume that the following three conditions are
fulfilled.
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1. Punction v, € V}, is continuous at vertices of K and vanishing at vertices lying on 0S).

2. For every polynomial p(s) € Pp,—1(F), the integral fF p(s)vpds is continuous over each
interelement side F' and vanishing when F C 092, where P,.(F') is a polynomial of degree
r on the side F.

3. For every p(s) € Py, (F), the integral [, p(s)%%ds is continuous over each interelement
side F' and vanishing when F C 0f).

Then if the solution u € H™3(Q) N HZ(R), we have

E
sup M < Chm+1||u|\Hm+3(Q), m > 1.

weVy, ||U)||h

If V}, has the following aproximating estimate
inf [ju— < Ccpm™tt 2.5
it flu— ol < A7, (25)

then
|u —upl[n < CH™, m > 1. (2.6)

This means the element is a plate bending element of order m + 1. The above lemma is the
starting point for constructing the new elements.

3. A Family of New Plate Element of Second Order

Given a triangle K with vertices {4;}?_; and coordinates (z;,y;), let A; be the area coor-
dinate associated with the vertices A;. Define by = yo — y3,¢1 = 3 — 22, and by, b3, ¢ and c3
may be defined by cyclic permutation of the indices. Let ¢; = (b + 05)1/2 be the length of the
edge e;: = A; Ay opposite to A;. Let A be the area of K. It is clear to see that for i = 1,2,3,
Vi = (b:/(24),¢;/(22)). We may write the outer normal of the edge e; as n; = —=V\;/|V ],
where |V ;| is the length of the vector VA;. A direct calculation gives

ONi _ VAi- V)

on; |V
In particular,
O\
=—|VA
on, — IVl

We shall frequently used these two identities later on.
The new element is described by the finite element triple (K, Pk, X ) [29] with K a triangle

and R
Py =7 + bK]PQ(K),

Sk = {p<Ai>,axp<A¢>,ayp<Ai>7 fowrsis 3},

where b = AjAg)3 is the cubic bubble function, and Zk is the Zienkiewicz space [4] that is
defined by
ZK = IPQ(K) + Span {/\%)\2 — /\%/\17 )\%/\3 - /\%)\2, /\12)))\1 — )\%/\3} .

Note that dim}gK = 15 > dimX g = 12. Certain constraints have to be imposed on }31( to
enforce unisolvability, and we denote the reduced finite element space as Pk.
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To ensure second order approximating error, we require that Ps(K) C Pk. Since Zg N
bxPo(K) =0 and Zx + bx = P3(K), then we only need

br EPKﬂbK]P’Q(K). (31)

It is clear to see that the element is C°-continuous. Therefore, any v € Py satisfies the
hypothesises (1) and (2) of Lemma 2.1. For any v € P3(K), we apply Simpson’s formula to
(Aj —1/2)0,v and obtain

1\ Ov 1 [(0ov v
Ai—=)—=—=|=—A;,)——(4
][ei ( / 2) on 12 <8n( 2 6n( k))’
where A; and Aj are two endpoints of the edge e; in the counterclockwise manner. Here

1<4,j,k<3,5#iand k #i,j. Since Zxg C P3(K) and by the condition (3) of Lemma 2.1,
the following identity should be valid for any v € bxPs(K),

ov 1 /0v ov 1 ov
][Ei)‘jan =1 (%(Aj) - an(Ak)> + 2][61.371 (3.2)

to ensure the second order consistency error.

Remark 3.1. The original derivation of the Specht triangle is carried out by removing the
quadratic part of the normal derivative of the shape function along each edge [3]. It may be
recovered by imposing the constraint

ov 1 /0v ov .

We refer to [30] for a detailed derivation and the proof for the equivalence between the Specht
triangle and certain elements scattered in the engineering literatures. It is worthwhile to point
out that the new Zienkiewicz type triangle proposed in [31] is just the Specht triangle, and the
authors exploited the above constraints in an essential way.

Denote ¢; the basis function associated with the degree of freedom jfe, Onv, which is assumed
to be
@i = bic(aA] + AT + A} + dAA; + eXjA + fAehi).
It is clear to verify that ¢; as well as Vg, vanishes at all the vertices of K. It remains to check

94 _

=d;, Jj=1,2,3.
e; On i
This implies
b+c e 1
20 30 |V
c+a i _0
20 30
at+b d _ 0.
20 30
Solving the above linear system, we obtain
1 10
= —(e—d— -
a=3le—d=1+ it
1 10
b=_-(f—-d
1 10
— d_ _
c=3l e ey
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Therefore, we rewrite g; as

e 10 2 2 2 f o ) )

Y +d(/\2 A?—x\?)—i—d/\i/\j}.

a‘h_ dq; 8‘]@_
foo=s fyam=o f g

This immediately implies

By (3.2), we obtain

30 30
d: d— = —— — = —_-—\
We let 20
d=f = .
f=et VAl

Now we reshape ¢; as

10 e 30
;i =b PV DY EEPY: A + Aoz + Az — NG+ A
q K< (IWI )( + A5+ A3) +e(AA2 + X3 + Ash) + N (A + k) ),
which may be rewritten as

bx
VA

g = (f (10 + %) (A2 + A2+ A2) + ai(Arda + Aods + Asha) + 300 (A + Ak)> ,

where {o;}?_; are three parameters, and 1 < i, j, k < 3 with i # j, j # i,k # i. The above form
of ¢; can be further simplified to

b Q;
“= ((10+ 5) (5(0Ae + A2s + Aghi) — 1) = B0AM ) (3.3)

It is straightforward to find
3 L3 y
;|V/\i|%‘ =bg <30 -3 ;CM + (3 ; a; + 120) (MA2 + Ao A3 + )\3)\1)> )

If we let

then
LB
~5 > IVAilg = bk,
i=1

which immediately implies that the constraint (3.1) is valid.

Next, we derive the basis functions associated with the degrees of freedom v(A4;), d,v(A;)
and 0,v(A;), respectively. We start from the basis functions of Zienkiewicz’s element [29, p.
350], which reads as

G=MB=2\), 0 =22(cihj—cAk), Ui = A2(bjde — b))
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They satisfy _ N

Gi(Aj) = 6ij, VGi(4;) =0,
(A7) =0, 0:0,(A;) =dij, 9,0:(A;) =0,
0i(A)) =0, 9.9:(A;) =0, 8,0,(A;) = 6.
A direct calculation yields

G Vi VA VA - VA
o g L (A2 ) = — L (1 ).
e =S, O = TR -

Sl

j
By definition, we have

0, ON;
L= 2N (ephj — i) + A2
anj anj (Ck J c] k) + ) <Ck

Ny, O
8’[’Lj ]8nj '

Using the fact that ¢; + ¢; 4+ ¢, = 0, we obtain

][ 0 1 (  ON 0N 0N
e; 8nj o 3 J@nj k@nj J@nj
1 O\ + An) N
_3< C] anj +Ck8nj
ek +¢j 0N

- = Swy,
3 8n] |V ;

Proceeding along the same line that leads to the above equation, we obtain

90, 90; i Vx|
= d = -
e N 0 an er Ok 3
Similarly, we have
e; 8nl - e 6nj - 3 ’ er 6’1’% o 3 '

We are ready to prove the main theorem of this paper.

Theorem 3.1. Let (;, 0;, ¥; and q; be the basis functions associated with the degrees of freedom
v(A;), 0,v(4;), 0yv(A;) and felanv, respectively. Then

VAi- VA -

G=XNB-20)+) A|2Jq],
J#i

0; = A2 (cr\j — ciA) — é(aj — k),

; (3.5)
V5 = N2(bjAp — bp);) + gz(q} — k),
q; = @
VA

where
ai = bK ((051/3 + 10) (5()\1)\2 + /\2/\3 + )\3)\1) — 1) — 30)\j)\k)

with «; satisfying (3.4), i.e., Zg’zl o; = —T2.
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Proof. Since b and Vb vanish at all the vertices of the element, then
Gi(4;) = Gi(4;) =0;; and  V(i(A)) = VGi(4;7) =0,
A direct calculation gives
G ][ a¢; VA - VA ][ dqi
= + [ —_
][Ej an] € an] ; ‘V)\l‘ € an]

VA -V VA -V
VA 2 IV

051 = 0.
1#£i
This implies that ¢; is the basis function associate with the degree of freedom v(A;).
Proceeding along the same line that leads to (3.5);, we may verify the remaining basis
functions. This completes the proof. g

There are infinitely choices of «; that satisfy (3.4). For any «, 8 € R, if we let
o; =—24+30, o;=-24433, op=-24-3a—-30,

then b
0 = oy ((2+@) (BN = 0) = 1) = 54— a)A; ),
b
4= AT (24 8) (5M(1 = Aj) — 1) = 5(4 — B)Ae)i), (36)
b
Q= ﬁ(@ —a—B) (5l =) = 1) = 5(d + a+ B)AiN;).
Furthermore, if we let o = 5 = 0 in the above equations, then
2bk
) 1—10\; :
G = g (BN =N = 1= 100, (3.7)

and g;,g; may be obtained by cyclic permutation of the indices. This is exactly the same
with [7, equation (3.4);]. We hereby recover the element in [7].
Next if we let @ = 8 = —2 in (3.6), then

Bhiey B0k 6bx
2V A W] V|

It seems that such unsymmetrical choice of the parameters «; leads to a new element with
slightly simpler basis functions compared to the most symmetrical choice of «;; cf., (3.7).
Another unsymmetrical choice of «; would be a = § = 1. In this case,

q; = AkAis Qe = (BA(1—Ag) —1). (3.8)

3b
6 = 1oy (5 (1= X)) = \he) — 1),
VAl (3.9)
3bx 30bx '
= K5OG A) — Ad) — 1)y e = — K
aj |V)\J|( ( J( .7) k ) ) dk ‘V)\k:| J

The Hermite element space is defined by Hx = Zx + by, with the values of v and Vv at
the vertices, and the value of v at the barycenter as the degrees of freedom. Define the finite
element space V3 and W}, as

Vi = {v € L*(Q) | v|k € Px,v, Vv are continuous at each node, vanish at the boundary

nodes, / OJnv is continuous across each edge, vanishes at the boundary edge }7
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and
Wh:={v € L? (Q)v|k € Hg,v, Vo are continuous at each node, vanish at the boundary nodes}.

For any v € Vj, and w € W}, the broken seminorms ||v||; and ||w]||;, are indeed broken norms
by [32].

The interpolate operator IT and 7 are defined locally as IT|x = Ik and 7|x = 7wk respec-
tively for any v € H*(K) with s > 2 as

ITgv(a) = v(a), for all vertices a,
Viigv(a) = Vu(a), for all vertices a,

/ Ol v = @ for all edges e,

(3.10)

on . on’
and
mrv(a) =v(a), for all vertices and barycentre a,
Vrrv(a) = Vu(a), for all vertices a.

By the general interpolation theory [33] (see also [34]), we obtain, for any ¢ € H>T%(Q) with
€ (0,2], there exists C such that

¢ — L2 + h*[ld — L |ln < CR*F*||@]| o (3.11)
¢ = 7@l L2 + h2ll¢ — 7l < CR*F*[d] prase. (3.12)

4. Error Estimate for Nonsmooth Data

It follows from the standard error estimate (2.6) that the new element converges quadrati-
cally in the broken H? norm provided that u € H*(Q), which is usually invalid for point load
f or when the domain € is a polygon [35]. In this part we revisit the error estimate under
minimal regularity assumption on u.

The oscillation of f is defined as

1/2
Oself (Z i ;nfmnf—fniz(m) -

KeT; JePo

4.1. Properties of enriching operator and error estimate for nonsmooth solution

To state the result, we need the following enriching operator, which measures how far
the nonconforming finite element space V}, departs from H?()). Enriching operator was firstly
introduced by BRENNER [36,37] to analyze nonconforming elements in the context of fast solvers,
which was exploited recently to study the convergence properties of discontinuous Galerkin
method in [23,24]. An adaption of this operator has been employed to derive sharp error
estimate of Morley’s triangle [38]. The enriching operator used here is a combination of the
averaging type enriching operator in [22] and the one in [38].

The enriching operator Ej, : V;, — HZ(Q2) is constructed with the aid of the quintic (Pg)
Argyris triangle [1]; See Figure 4.1. Let p be a vertex, we define

(VEERv)(p Z (V) (p la| =0,1,2, (4.1)
KeTa

ITI
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AL

(a) (b)

Fig. 4.1. (a) The degrees of freedom of quadratic Specht triangle are point evaluations of the function

value and the first derivatives at the vertex, and the moments of the normal derivative along each
edge; and (b) The degrees of freedom of quintic (Ps) Argyris triangle are the point evaluations of the
function value, the first derivatives and the second order derivatives at the vertex, and the means of
the function along each edge, and the moments of the normal derivatives against P along each edge,
and the mean of the function over the element.

where 7, is the union of triangles that share a common vertex p, and |7,| is the cardinality of
Tp. Define

/Ehvw = /vw, for any w € Py(e),
e e
OERv ov
i 67}; w = ) %w for any w € Py(e), (4.2)
/ Epow :/ VW, for any w € Po(K).
K K

If e is on the boundary 052, or p is both a boundary node and a vertex of {2, then we set the
corresponding degree of freedom as zero. If p is a vertex of 7}, interior to an edge of €2, then we
define

(07 Env)(p) = (97, Env)(p) = 0,

and (92 Exv)(p) is defined as (4.1). We refer to [22] for more details.
The properties of the enriching operator is summarized in the following lemma.

Lemma 4.1. The enriching operator E, defined above has the following properties:

1. Galerkin orthogonality: For any v € Vj,

ap(v — Epv,w) =0 forall we W,. (4.3)

2. E} is stable in the sense that

|1Erv||n < ajv]s for all ve V. (4.4)

3. For any v € V},, we have
[v — Bnovll 2 < Bh2|[v]ln, (4.5)
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and for any s € (%, 2], there holds

[0 = Epvllg2-s < BR°[v]n,

. (4.6)
[v = Bpol|gz-- < Bh°(|lu —v|[n + Osc(f)).
4. For any interpolate operator II, Ey o Il is a quasi-interpolant in the sense that
6 — EnIIgl|2 + 2|6 — Bullo|ln < Ch>*||g] v (4.7)

for any ¢ € H?T5(Q) with s = 1,2.

The stability estimate (4.4) and the interpolate estimates (4.5) and (4.7) may be readily
proved by adopting the argument in [22, Lemma 3 and Lemma 4]. We omit the details. The
Galerkin orthoganality (4.3) differs from the one for the Morley’s triangle because the test
function lies in W}, instead of V},. This seems the trouble brings in by the higher order degree of
the element. It remains to prove (4.6), which seems new. A similar inequality for the Morley’s
triangle has appeared in [39]. The proof combines the techniques in [22] and the efficiency
estimate in the a posteriori error estimate.

Proof. Due to the construction of the enriching operator, the Galerkin orthogonality (4.3)
may be obtained by an integration by parts.

ap(v — Epv,w)

— Z /K(U—Ehv)A2w— Z

/ (0 = Env) (00 Aw + (1 — )0, My (w))
KET KeT, Y OK

+ K;h /M On (v — Epv) (vAw + (1 — v) My, (w))

where M,,,, = nT - V2w -n and My, = tT - V2w - n. Since
A2w =0 and OnAw, Oy My, (w) € Py,

by (4.2)1, we obtain

v Evvw) = Y (1000 = Bo) {{Mun(@)} + ({000 — Eno) Mo ()]

ecEp €

Since M,,,(w) € Py, and employing the fact
[On(v — Epv)] = [Onv] and {0n(v — Epv)}} = {{Onv}} — OnEpv,

and by the constraint (3.2) and (4.2)2, we obtain (4.3).

For any element K € T, we let N (K),E(K) and V(K) be the set of the nodal variables,
edge variables, and the set of the volume variables of the Pg Argyris triangle, respectively. For
any v € Vp, v — Epv € Pg, and it follows from the scaling argument that

lv = Bnvl3agey <C D BT (N (v - By))?
NeN(K)
+ C Z h?{(1+order(E)) (E(’U _ Ehv))2
EcE(K)

+ C Z h?{(lJrordcr(V)) (V(’U . Ehv))Q ]
VeV(K)
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Using the facts that N(v) = N(Ex(v)) if order(N) = 0 and 1, E(v) = E(ER(v)) if order(E) =
0 and 1, and V(v) = V(Ej(v)), which is a direct consequence of the construction of Ej, we
obtain
- Bl <CH% 3 (N Bw).
NeN(K),order(N)=2

Let IV be a second order node variable at a vertex p of K. It follows from an inverse estimate
that

(N(v = Byv))* < [V2(v — Epo)(p))?
S C Z |v2’U|K' |2 <C Z h ‘U|H2(K/

K'eT, K'eT,
Then we obtain
[ = Exol[ 2y < C Z R0l 2 (e (4.8)
K'€eT,

which immediately implies (4.5).
When s € (3,2), we note an inverse estimate (cf. [40]):

lo = Bnvlfya-eiy < C Y v = Enollfa ). (4.9)
KeTy

which together with (4.5) implies (4.6);.
By the inverse inequality and the continuity of v and Ejpv, we have, for N a second order
node variable at a vertex p of K, there holds

(N = Bw)? <C 3 Jel (1102013 + M0 elleqe)) -

e€Ey(p)

where &), is the set of edges of 7}, emanating from the vertex p. Then we obtain

I = Bnvoldaiey <C 3 bk (1102011320 + 1102 0l32(o)) (4.10)

665\;(}()

where £y (k) is the set of edges of 7;, emanating from the vertices of K. By [23, Eq. (5.27)], we
obtain

> hilllozllle(ey < O (llu— vl + [Osc(f)]?) -

ec&l
By [39, Proposition 2.3], we obtain

> W05 0]l 7) < Ch* u — ol
6657’

Substituting the above two estimates into (4.10) and (4.9), we obtain (4.6). This completes the
proof. O

Theorem 4.1. Let u and uy, be the solutions of Problem (2.2) and Problem (2.3), respectively.
Then

— < (1 2 inf — inf — 0] . 4.11
o=l < @4 (2000 o+ inf - ulh) +50se(n. (411
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Note that if u € H*(Q) and f € L?(2), then

Ju—uplln < CR* (||lullms + (| f]22) -

This indicates that the proposed element converges quadratically for smooth solution, and it is
natural to dub the element as the quadratic Specht triangle.

Remark 4.1. Error estimate similar to (4.11) has been proved in [41, Theorem 3.3] for the
element in [7] (cf. [41, Example 5.2.3]) except an extra term ||V2u — I1oV2u| z2 appears in the
right-hand side of (4.11), where IIj is the L? projection operator to piecewise constant space.
We do not know whether this term can be dropped by the techniques therein.

Proof. For any v € V},, we denote w = v—uy,. By the Galerkin orthogonality of the enriching
operator (4.3), we obtain, for any z € Wy,

||w||,21 = ap(v,w) — ap(up, w) = ap(v,w — Epw) + ap(v, Epw) — (f,w)
= an(v — z,w — Epw) + ap(v — u, Epw) + (f, Epw — w)
=an(v—z,w — Epw) + ap(v — u, Eyw) + (f — f, Epw — w), (4.12)

where we have used (4.2)3 in the last step. The energy estimate (4.11) follows from (4.4), (4.5)
and the triangle inequality and the estimate

lan(v — z,w — Epw)| < (1+ a)([lu—vlln + u = 2[[n) [w]a- -

The only information of the solution we used in the proof of the energy estimate (4.11) is
that u € H3(Q) satisfies the variational problem, by contrast to the classical analysis of the
nonconforming finite elements [34], which requires that v € H*(Q) N H3(2) with s > 2 for
justifying the integration by parts, which is key to estimate the consistency error functional
Ep(u,w).

The next theorem gives the error bounds in the H' norm and L? norm under the regularity
assumption u € H*+4(Q) with s € (0,2]. This contrasts the classical results established in [34],
which are valid for smooth solution u € H3(Q2), such smoothness assumption is not fullfilled
in general [35]. The new property (4.6) for the enriching operator allows for the proof of the
theorem below.

Theorem 4.2. If we assume the regularity estimate

HUHH2+S < Creng”Hs—Q S € (0, 2], (413)
then
IV (u—up)||p2 < Ch*M < inf |lu—vl|p+ inf ||u—w||h—|—Osc(f)> , (4.14a)
veEV) weWp,
o < SN2 : o : o ) )
lu—up|r2 < Ch (Ulen‘lih llu —v||n + wlen‘}‘/h lu — wl|n + OSC(f)) (4.14b)

Proof. We only prove this theorem for 0 < s < 1. The case 1 < s < 2 may be proceeded by
the standard dual estimate as in [34]. An integration by parts gives

IV (u = un)llf = (= A= un), u—un)

=(—A(u—up),u— Epup) + { —A(u — up), Epup, — up) ,
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where A(u — up) € H71(Q) and u — up, € H(Q), and we write (-,-) to denote the pairing
between H{ () and H ().
Let g: = —A(u — uyp,), and we find ¢ € HZ(Q) such that

a(¢,v) = (g,v) forall ve HZ(Q). (4.15)
Using the Galerkin orthogonality of E}, we obtain

(g,u — Epup) = a(¢, v — Epup) = ap(¢ — o, u — Epup) + ap(I o, u — Epup)
= ah((;S — H(b,u — Ehuh) + ah(H¢,u — uh) =+ ah(ﬂ(b — 7T¢,’U,h — Ehuh).

Proceeding along the same line that leads to (4.12), we obtain that for any w € Wy,
CI,h(H(b,U - Uh) = a’h(u - U},H(b - EhH¢) + (f _?aEhH(b - H¢)
Combining the above two equations, we obtain

(g9,u — Epup) = ap(u — Eyup, ¢ — I1¢) + ap(up, — Epup, ¢ — 7¢)
+an(u—w, ¢ — Eydl¢) + (f — f, Enl ¢ — 119).

Using (4.6)2 with s = 1 and the inverse inequality, we obtain
lun, — Enunlln < Ch™Hlup — Epunllar < C (lu —unln + Osc(f)),
which together with (4.7) and (4.11) yields
| (g, u— Epup) |
<Cnlollese (inf lhe = vlh+ ing = wll + Ju = unll + Ol )
Using (4.13), we obtain
6/l 2+s < Cregllgllae—2 < Cllu = Enunllms < ClIV(u— Epun)| L2,

where we have used the Poincaré inequality in the last step.
Using (4.6), we bound

[ (A(u —up), Enup, — up) |
<|lu — unllnllun — Enunllpz < Ch?|lu—unln (|u — unlln + Osc(f)) .

A combination of the above two inequalities and the energy estimate (4.11) yield (4.14a).
Proceeding along the same line that leads to (4.14a), we obtain (4.14b). 0

4.2. Error estimate for nonsmooth source term

In this part, we consider the error estimate for the nonsmooth source term f. The first
one is f is a Dirac-delta function at certain point z¢ € €, i.e., f = J5, corresponds to an
idealization of a point load at x(, which is common for the plate bending problem, while it
is not so well understood, by contrast to the vast work devoted to the Poisson problem with
Dirac-delta source term. We refer to [42] and the references therein for a review.
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We assume that the regularity estimate (4.13) is valid for s = 2 in this part.

For delta source term f, the variational problem (2.2) is still well-defined because of H?(£2) <
C°(Q). The discrete approximation problem is also well-defined because X;, C C°(Q). The ex-
istence and uniqueness of the solutions u and wuy, are a direct consequence of the Lax-Milgram
theorem and the weak continuity of X;. By the standard regularity theorem for elliptic prob-
lem, we obtain that u € H37¢(2) for € > 0. By standard error estimate in [34], we obtain the
following sub-optimal error estimate

lu—unllzz + AV (u = up)llLz + h2[lu = uplln < CHP=

for € > 0. The following theorem shows that the € in the above estimate may be removed. Our
proof is a combination of the regularized Green’s function due to SCOTT [43] and a clever dual
argument belongs to CASAS [44].

Theorem 4.3. Let u and uyp, be the solutions of Problem (2.2) and Problem (2.3) with f = 6,,,
respectively. If the regularity assumption (4.13) is valid for s = 2, and if the mesh is quasi-
uniform in the sense that there exists o such that h/hkx < o for all K € Ty, then there exists
an C' such that

lu —wupl|r2 + BV (u—up)|| 2 + h2||u — up||n < ChE. (4.16)

Proof. We define a regularized Green’s function d; € Vj, that approximate d,, and satisfies
1. (6,v) = (0, v) for all v € Vj;

2. (1dllze = O(h™);

3. 116 = 6ull—2 = O(h).

The construction of §, may be proceeded along the same line in [43]. We omit the details. Let
U € HZ(Q) be the solution of

a(t,v) = (op,v) forall ve€ HZ(RQ).

Let uy € Vi, be the finite element approximation of the above variational problem. By the
uniqueness of u, and the first property of J;,, we conclude 4, = up. Using (4.11) and the
second property of d, we obtain

@ = unlln = 1@ = Gnlln < CH? (@l s + 10nll22) < Ch2[|n] 2 < Ch. (4.17)

Note that
a(u —1,v) = (6 = 0p,v) forall ve HF(SQ).

By the standard a-priori estimate for (2.2), we obtain
lu— @l gz < C||6 — 0| g-2 < Ch,

where we have used the third property of .
A combination of the above two inequalities gives

lw = unlln < llu—=alln + @ = unlln < [lu =gz + [|o = unlln < Ch.
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To obtain the error estimate in the lower order norm, we resort to the auxiliary prob-
lem (4.15). Let ¢ € Vj, be the Galerkin projection of ¢ with ¢ the solution of (4.15), i.e.,

an(d,¥) = a(p,p) forall ¢ € V.

Standard error estimate [34] implies that for s = 1,2, there holds

16 = Gllzz + IV (D = &)z + 12|16 = Blln < OB @]+
An application of the inverse estimate and the above error estimate implies that
|6 = dll= < lI¢ = TS|z + 116 — &
< OW 9l 2ve + ChH | 1T = 6] 12

< OR8] gaee + Ch ™ (ll6 = 16|12 + 16— s )
< ORSTY| || o (4.18)

It is clear that
(gou—up) = an(,u—up) = ale,u) — an(¢,un) = a(¢,u) — an(p,u) = (6,6 — 3).
Combining the above two equations, we obtain, for s = 1,2,
[{g,u—un)| < |6 = Sllr= < CHTH|g] m2ee < CH gl e,

This gives
Hu — uh||L2 + hHV(U — uh)||L2 < Ch3.

This completes the proof. O

If the solution u is less smooth, e.g., u € H2T*(Q) for s > 0, we conclude from Theorem 4.1
that

lu—unlln < C (h*||ull g2+ + B2 f£2) -

By the regularity result (4.13), we may further rewrite the above estimate as
lu = unlln < C (¥ fllas-2 +h*[| fllz2) < CR®||fll 2

This estimate is not optimal with respect to the smoothness assumption on the load. In fact,

the above estimate may be improved for s € (1

5, 2] as follows.

Corollary 4.1. Let u and uy be the solutions of Problem (2.2) and Problem (2.3), respectively.
If we assume that

lull vz < Clf g2 s € (3,2,

then
= unlln < CR* | o= (4.19)

The regularity assumption is true for the hard clamped problem posed on polygon, while
it may be false for variational problem with other boundary conditions [35]. The proof follows
essentially the same line that leads to (4.11) with minor modification.
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Proof. For any v € V},, we denote w = v — uy. By (4.12), we obtain, for any z € W}, there
holds

lwllf = an(v — z,w — Eyw) + an(v — u, Epw) + (f, Eyw — w).
For any s € (1/2,2], using (4.6)1, we obtain

lwlli < llv = 2llnllw = Epwlln + lu = vllall Brwlln + | g2 lw — Baw] ga-
< (I + v = zlallwln + allu = ollallwln + B8R fll s 1wl

This gives
[wlln < (1 +a)llu—zlln + 1+ 2a)[[u—vlln + BL°|| fl| a-2,

which together with the triangle inequality implies

lu —uplln <2(1+ ) inf |lu—o|n+ (1 +a) inf [u—z|,+ BR°||f]lg:-—2. (4.20)
vEVh zeWh
Using the interpolate estimate and the regularity estimate, we obtain (4.19). O

The discrete variational problem (2.3) is not well-defined for f € H*72(Q) with s € [0,1/2]
because V}, C H3/2’6(Q) for € > 0. The Spehct triangle can be equally applied to problem
with rough load if we modify the source term in (2.3) by exploiting the enriching operator as
follows. Find u;, € Vj, such that

ap(tp,v) = (f, Epv) for all v € V. (4.21)
The following result can be obtained in exactly the same way as that for Theorem 4.1.

Corollary 4.2. Letu anduy, be the solutions of Problem (2.2) and Problem (4.21), respectively.
Then

lu —aplln < (14 ) <2 inf |lu—v||p+ inf |u-— w||h> . (4.22)
vEV) weW},

If the regularity estimate (4.13) is valid, then

_ ~ . < S/\l . _ . _ .

IV (u—1up)|r: < Ch <v1€n‘§h [l —vl|n + wlenfh [|lu w||h> , (4.23a)
_ < SN2 : _ : _ ) )

|l — gz < Ch (Ulen‘t;h [l —vl|n + w}envt;h [lu w||h> (4.23b)

The above error estimates in H! and L? norms can be obtained in a similar way; See [22]. We
omit the details and leave it to the interested readers. Such modification may be traced back
to [45] for Morley’s triangle.

5. Numerical Examples

In this part, we test the proposed elements for problems with smooth solution and non-
smooth solution. We assume that 2 = (0,1)2. The initial mesh is generated by the function
“initmesh” of the partial differential equation toolbox of MATLAB. The initial mesh consists
of 872 triangles and 469 vertices, and the maximum mesh size is h = 1/16; see Fig. 5.1.



120 H.L. LI AND P.B. MING AND Z.C. SHI

Fig. 5.1. Plots of the unstructured mesh.

5.1. Example with clamped boundary condition and full regularity

We consider the clamped boundary condition and assume the Poisson ratio v = 1/2 and
the solution is given by u = 4sin®(27x)sin®(27y). The surface load f is computed from the
equation (2.1);. It is clear that u is smooth and satisfies the clamped boundary condition.
We test the performance of the elements with different choice of parameters «;,i = 1,2, 3 that
satisfies the constraint (3.4). Besides the elements (3.7) and (3.8), we also test another element
by setting a; = 18, as = a3 = —45. In this case,

@ = bic (80A1(1 — A1) — 16 + 50A2)3) ,

B = br (5—25Xa(1 — A2) + 55A3)1)
G5 = bx (5— 25X3(1 — A3) + 551 ) .

107 w 107 w 107 w
%11‘2—24 %11‘2—24 %(1‘2—24
§ 45—1112-12‘(\22%2-30 § 45—1112-12‘02:&32-30 5 AEl—al:-llc\z:ug:GO
g 10? %ul:ls,%:ua:-tﬁ g %ul:ls,a2=u3=-45 @ 104 %01:18@2:&3:-45
2 210* 2
E E E:
[ [ 3 [
£ £ £
210°% 2 ! g10°
o' - NJI
T T 10
10 10
10t 10 10t 10 10t 102
1/h 1/h 1/h
() (b) (c)

Fig. 5.2. Plots of the convergence rate for smooth solution. The subfigures (a), (b) and (c) show the
rates of convergence in broken H? norm, H'-norm and L?-norm, respectively.

In Fig. 5.2, we report the convergence rate of the above elements measured in the relative
Sobolev broken norm and Sobolev norms:

lu—wunlln  [lu—unlg  [lu—unlr
lullg lullgr [[ull L2
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The numerical results indicate that the rate of convergence tends to be quadratic, cubic and
quartic with respect to H? broken norm, H'! norm and L? norm, respectively, which is consistent
with the theoretical prediction (4.14). The performance of the elements for different choices of
the parameters «; are almost the same.

5.2. Simply supported boundary value problem without full regularity

In the second example, we consider a plate which is simply supported and subjected to a
point load at the center, i.e., u = Au = 0 on the boundary. The problem is posed on the same
domain, and with the same materials parameter as the previous example. The exact solution
can be written as an infinite sum

u(z,y) = Z Z U sin(maz) sin(nmry)

m=1n=1
with
_ 4sin(mm/2) sin(nm/2)
mn = T4 (m2 + n2)2 :

This example is taken from [25]. Due to the point load, we cannot expect the full H* regularity
for the solution; See [35]. In fact, we have u € H37¢(Q) for any € > 0. In Figure 5.3, we report
the convergence rate of the elements (3.7) and (3.8) in the relative broken H? norm, H!-norm
and L?-norm. The exact solution is taken from the above series solution by truncating the
infinite sum by m = n = 1000. In view of Fig. 5.3, the second order Specht triangle converges
linearly in the broken H? norm, quadratically in H! norm, and cubically in L? norm, which is
consistent with the error estimate in Theorem 4.3. For the sake of comparison, we also report
the numerical results for the Specht triangle [3].

10" 10°

—6—a=2 10 Sy —o-a=24

= —8—0,=12,0,7a;=30 _ —&-a,=12,0,70,=30 _ —B-0,=12.0,%0,=30
2 —7— Specht Element 210°® —7— Specht Element g —¥— Specht Element
5] 5] T
3107 3 10* 2 i ®
E £ £
; ¢ 1 2 10°
NI‘ —<I' 10% NJ‘

103 10 108

10! 10 10! 10 10! 10
1/h 1/h 1/h
(a) (b) (c)

Fig. 5.3. Plots of the rate of convergence without full regularity. The subfigure (a), (b) and (c) show
the rates of convergence in H?-norm, H'-norm and L?-norm, respectively.

6. Conclusion

We derive a class of quadratic Specht triangle, which is not unique because there are infinitely
possibilities for the choices of the parameters «; that satisfy the constraint (3.4), and each choice
gives one quadratic Specht triangle. It seems that the numerical performance of the element
corresponding to certain typical choices of «; are almost the same. It would be interesting to
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extend this element to higher order to see whether they come in a natural hierarchy, which is
desirable because most existing nonconforimg plate bending elements are invented in an ad hoc
manner and lack a natural hierarchy, as opposed to the discontinuous Galerkin method [23]. The
method may also be extended to three-dimensional problem, which is our ongoing work [46].
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