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1 Introduction

The high-dimensional Schrédinger eigenvalue problem plays a crucial role in various fields, such as
computational chemistry, condensed matter physics, and quantum computing [48,54]. While traditional
numerical methods have achieved significant success in solving low-dimensional partial differential
equations (PDEs) and eigenvalue problems, the curse of dimensionality (CoD) remains a major challenge,
as computational costs increase exponentially with dimensionality. Recently, machine learning has
emerged as a promising approach to mitigate the CoD. Significant progress has been made in applying
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deep learning-based methods to solve PDEs [19, 21, 32, 56, 60, 73] and the Schrodinger eigenvalue
problems [11,13,15,23,33-35,44,66], among many others.

This study aims to develop a high-precision machine learning method for solving Schrodinger eigenvalue
problems and to analyze its generalization error bound. One of the main challenges in using neural
networks to solve PDEs and eigenvalue problems is accurately handling the essential boundary conditions.
One common approach to address this challenge is to incorporate a boundary penalty term into the loss
function [21,38]. However, recent studies [18,41,50,62,65] have demonstrated that inaccurately imposing
boundary conditions can adversely affect network training and accuracy. The authors in [38,70] have
shown that the error caused by the boundary penalty is inversely proportional to the penalty factor.
To mitigate this issue, we adopt the approach proposed in [9,42,43,62], which utilizes the product of
neural network outputs and cut-off functions. This ensures that the ansatz functions precisely satisfy the
boundary conditions.

To solve the Schrodinger eigenvalue problem, we use the Rayleigh quotient as the loss function.
However, this loss function is not Lipschitz continuous, primarily due to the denominator, which
involves the square of the L? norm of the trial functions. This introduces new challenges in deriving
generalization bounds. To overcome this issue, we leverage concentration inequalities for ratio type
empirical processes [26,27] and bounds for expected values of sup-norms of empirical processes [25].
These inequalities have proven to be crucial in bounding the generalization error of learning algorithms.

To derive the generalization error bound, we will work within the Barron-type spaces, first introduced
by Barron in his seminal work [6], as Barron functions achieve dimension-free approximation rates. Such
spaces have been further developed in recent studies [20,45,47,59]. In this work, we introduce a new
spectral Barron space, denoted as B°(§2), defined on the unit hypercube Q, which is particularly suitable
for studying Dirichlet boundary value problems. This space, referred to as the sine spectral Barron
space, can be viewed as a variant of the cosine spectral Barron space €*(2) proposed in [46,47]. We
establish a new regularity theory for the Dirichlet eigenvalue problem for Schrédinger operators in B*(2).
Notably, the functions within B°(£2) also admit dimension-free approximation rates with two-layer neural
networks.

The following is an informal version of the main generalization theorem; cf. Theorem 3.4.

Theorem 1.1.  Under Assumptions 2.1 and 3.3, let F = @Fsp, m(||u*||ss(0)) with 7 = /m. Let u}'

be a minimizer of the empirical loss Ly, over F. If n and m are large enough, then with probability at
least 1 — &, there holds

L)~ 5 [\/ PRy e

1.1 Owur contributions

QOur contributions are summarized as follows:

1. We introduce a new spectral Barron space B°(£2) on £ = (0, 1)%, particularly suited for investigating
Dirichlet boundary value problems, which can be viewed as a homogeneous version of €*((2)
introduced in [46]. We prove a novel regularity estimate in Theorem 3.8 by showing that all
eigenfunctions lie in B*+2(Q) if the potential function belongs to €*(2) with s > 0.

2. We present the cut-off function technique to construct trial functions that satisfy the essential
boundary conditions. We show that functions in the sine spectral Barron space can be well
approximated in the H'-norm using two-layer ReLU or Softplus networks multiplied by a cut-
off function; see Theorem 3.1 and Theorem 3.2. The approximation rate is O(m_l/ 2) with m
denoting the number of neurons, which is dimension free.

3. We introduce concentration inequalities for ratio-type suprema to handle the Rayleigh quotient and
derive an oracle inequality for the empirical loss. An exponential inequality is established to bound
the normalized complexity measure in ratio-type concentration inequalities.
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4. We prove a priori generalization error bounds for the proposed learning-based method; see
Theorem 3.4. These bounds hold for higher-order eigenmodes, not just the ground state, and the
convergence rate O(n~'/4) is independent of dimensionality. We also clarify the dependence of the
prefactors on the relevant parameters, including the order of the eigenmodes and the dimensionality,
with the dependence being polynomial and of lower degree.

5. We demonstrate the effectiveness of incorporating a normalized penalty term by proving, in
Theorem 3.9, that the solutions of the normalized penalty method [21] are away from zero with high
probability. The generalization error bounds for the normalization penalty method are established
in Corollary 3.11. We also characterize the cumulative error in Theorem 3.13 and prove the sharp
cumulative rate of generalization error in Proposition 3.14.

6. We test the method numerically in various scenarios, including problems posed on hypercubes up
to d = 10, unit spheres, three-dimensional rings and problems involving inverse square potentials.
The method achieves a relative eigenvalue error as low as O(1073), or even better, for the first
30 eigenvalues. Furthermore, the numerical results highlight that exactly enforcing the boundary
condition improves accuracy by an order of magnitude or more compared with the boundary penalty
method.

1.2 Related works

Many attempts have been made to understand why learning-based methods can overcome the CoD. In [47,
49,58,70], the authors established a priori generalization error bounds for solving elliptic PDEs using two-
layer neural networks, demonstrating a dimension-independent convergence rate. Similar generalization
bounds have been proven for Black-Scholes PDEs and high-dimensional nonlinear heat equations, as
shown in [10,28-30,37]. Despite these advancements, the analysis of high-dimensional eigenvalue problems
remains limited, with notable exceptions in [46] and [38].

In [46], the authors proposed a machine learning method for solving the Neumann eigenvalue
problem associated with the Schrodinger operator. They introduced a spectral Barron space €%(Q2) and
demonstrated that functions within this space may be well approximated in the H'-norm using two-layer
ReLU or Softplus networks. Moreover, they established the existence of the ground state in €5+2(Q)
when the potential functions reside in €*(2) with s > 0. In the present work, we extend this approach
by using two-layer ReLLU or Softplus networks, multiplied by a cut-off function, to approximate functions
within °(€2). The approximation rate in [46] is further improved by eliminating the logarithmic term
from the approximation bound for the Softplus network. In addition, we prove that all eigenfunctions lie
in B572(Q) if the potential function belongs to €*(£2) with s > 0.

The authors in [38] also employed neural networks to solve the Dirichlet eigenvalue problem for the
Schrodinger operator posed on a bounded C™ domain Q. They assumed that V € C™ 1(Q) with
m > max{2,d/2 — 2}, and used a loss function that includes a boundary penalty, a normalization penalty,
and an orthogonal penalty. They demonstrated a convergence rate O(n~1/ 16) for the generalization
error. In contrast, by using the Rayleigh quotient and trial functions that precisely satisfy the boundary
conditions, our loss function includes only the orthogonal penalty, resulting in improved numerical
accuracy. Additionally, we prove a better accumulative rate for the generalization errors.

The main limitations of our work are twofold. First, in Assumption 2.1, we assume that V' is bounded
both above and below. This assumption excludes commonly used singular potentials, although the
algorithm remains applicable to these singular potentials, such as the inverse square potential used in our
numerical tests. The second limitation concerns the regularity assumption on V', namely V € €° with
s > 1. This indicates that V is relatively smooth, as demonstrated in [46] and [45].

1.3 Notations

Let H'(Q) be the standard Sobolev space [1] with the norm || - || z1(q), while Hj(€) is the closure of
C§° () in H*(Q2). For a function set F, we denote Fs, := {f € F : || f|l12(q) > r}. The constant C' may
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differ from line to line.

The remainder of the paper is organized as follows. First, we introduce the basic settings and show
stability estimates in §2. Our main theoretical results are summarized in §3, followed by the numerical
results in §4. We then focus on proving the theoretical findings. In §5, we derive an oracle inequality for
the generalization error. The approximation results are presented in §6, while the statistical error bound
is established in §7. The proof of Theorem 3.4 is provided in §8. Regularity estimates are derived in
§9. Stability estimates and proofs for certain technical results are deferred to Appendix A—Appendix D.
Results concerning the penalty method are presented in §Appendix E, the accumulative error is analyzed
in §Appendix F, and a priori bound for the eigenmodes is proven in §Appendix G.

2 Basic settings

Let Q = (0,1)? be the unit hypercube. Consider the Dirichlet eigenvalue problem
Hu: = —Au+Vu=Au inQ, u=0 on0dfQ, (2.1)

where H is the Schrodinger operator and V' is a potential function. Throughout this paper, we make the
following assumption on V.

Assumption 2.1.  There exist positive constants Vinin and Vigax such that Vigin < V(z) < Vinax for
every x € ).

Given Assumption 2.1 and the fact that €2 is a connected, open, bounded domain, (—=A + V)~ ! is a
compact, self-adjoint operator on L?(£2). Consequently, H has a purely discrete spectrum {\}52,, with
00 as the only accumulation point. The eigenfunctions of H form an orthonormal basis on L*(Q2) [22].
We list all the eigenvalues in an ascending order, with multiplicities, as 0 < Ay < Ao < A3 < --- 1T 00, and
denote the first k — 1 normalized orthogonal eigenfunctions by {; 5;11 The k-th smallest eigenvalue is
obtained by minimizing the Rayleigh quotient

\p = mi (u, Hu) g g
k =min max -———p———
B oueb\{0}  ullf2q)

)

where the minimum is taken over all k-dimensional subspace E C H}(Q), and (-, )1 5-1 denotes the
dual product on H*(2) x H=1(Q). Given the first k — 1 eigenpairs (A1,%1), - -+, (Ag_1,%r_1), the k-th
eigenvalue \; may be characterized as

A, = min (u, Hu) o gr—

, 2.2
u€ Bk Hu||2L2(Q) (22)

where EC—Y = fy e HYQ\{0} | u Lo, 1 <i<k—1}.

It is intuitive to seek an approximate solution to Problem (2.2) within a hypothesis class F C H}(Q)
that is parameterized by neural networks. To achieve this, we introduce a loss function that incorporates
orthogonal penalty terms to enforce the orthogonal constraints. Specifically, the loss function for
computing the k-th eigenfunction is given by

k—1
(u, Hu) g g1 (u, ;)2
L =1 = == ki VAN, )
k(u) ”U”%2(Q) "’ﬁz ”uH%z ’ (2 3)
Jj=1 ()

where (-, -) denotes the inner product on L?(Q2), and 3 is a penalty parameter that should be chosen such
that 8 > Ax — A;. For the ground state (i.e., when k = 1), the loss function simplifies to the Rayleigh
quotient, and the orthogonal penalty term is no longer needed. In practice, the Monte Carlo method is
employed to compute the high-dimensional integral in the loss function, and an approximate solution is
obtained through empirical risk minimization. Denote by Pq the uniform probability distribution on 2
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and X, X7, X, -+ are i.i.d. (independent identically distributed) random variables according to Pq.
The population loss Ly (u) is rewritten as
Ev (u) +E&p (u)

Li(u) = T &) (2.4)

where
&y (u) = E [|Vu(X)[2 + V(X)|u(X)?]
B (EB(X); (X)), E(u):=E[[u(X)P].

j=1

N

Ep(u)

The population loss L (u) is approximated by the empirical loss

5n’v(’u) + En’p(u)
Emg(u) ’

Ly n(u) = (2.5)

where

k—1 n 2 n
1 1 )
Enpi=p ( U(Xi)wj(Xi)> ; Eno 1= - Z lu (X3)|”
i i=1
Let U, be a minimizer of Ly, (u) within F, i.e., @, = argmin,c 7 Ly »(u), and we approximate \; by

:\\k _ <an7Han>
" (U, Un)

Let Uy be the true solution space for the k-th eigenfunction in H}(Q2), i.e.,
Ui := span {11, %s, ..., Pe_1}" Nker (H — \I) C HH(Q). (2.6)

Any non-zero function is a minimizer of Ly(w) if and only if it lies in Uy. Our goal is to estimate
|:\\k7n — Ai| and the offset of the direction of u,, from the subspace Uy, which is commonly referred as the
generalization error.

The following proposition shows that |an — Ai| may be bounded by the energy excess Ly (u,) — Ak.

Proposition 2.2.  Under Assumption 2.1, for any nonzero u € H*(2) and B > A\ — A1,

(u, Hu)

{u, u)

Ak — A1
B4+ A — A\’

— s

gmax{ 1} (Li(u) — Ag) .

To quantify the offset of a direction v from the subspace Uy, we define P as the orthogonal projection
operator from L?(Q) to Ukl7 the orthogonal complement of Uy. Let Axs be the first eigenvalue of H that
is strictly greater than Ag, i.e., k' > k+ 1, Ay > A\ and A\pr_1 = A\;. The following proposition shows
that || P, g1 (o) may also be bounded by the energy excess Ly (Un) — Ak.

Proposition 2.3.  Under Assumption 2.1, for any u € H*(Q) and 8 > \p — A1,

L2 Li(u) — A 2
Y s v e e Wi ) (2.72)

A — Vini
Pu) |2, 00 < (Li(u) — A min 1) 220 2.7h
IV (P 0) i < (20 = 30) (g 1l (270

The above two results generalize [46, Proposition 2.1] to multiple eigenvalues. Proposition 2.2 suggests
that 8 + A1 — Mg serves as a metric for evaluating the stability of the approximate eigenvalues, while
Proposition 2.3 demonstrates that both the gap A — A\x and the factor 5+ A1 — Ax influence the stability
of the approximate eigenfunctions. We postpone the proof of Propositions 2.2 and 2.3 to Appendix A.
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3 Main Results

Before stating the main result, we introduce a new function space. Let {a(k)}keNi denote the Fourier

coefficients of u € L!(Q) against the basis {®}} kend given by

d
{(I)k}kENi = {Hsin (szxz) | k= (kl’k27. . .,kd),ki € N+} .

i=1

For s > 0, the sine spectral Barron space B°(2) is defined by
B(Q) == {u € L(Q) | JJullseqo) < o0}, (3.1)

which is equipped with the spectral Barron norm

ooy = D (17 [kl5) [, 52)
keN¢

where |k|; is the /1-norm of a vector k. B*(Q) is a Banach space, as it can be viewed as a weighted ¢!
space {4y (N%), of the sine coefficients defined on the lattice N9 with the weight W (k) = 1 + 7°[k|5.
Moreover, it is straightforward to verify that the functions in B°(2) are continuous and vanish on the
boundary.

Our approximation result shows that functions in B*(2) may be well approximated by ¢v(z;0) in
the H'-norm using a two-layer neural network with ReLU or Softplus activation functions, where v is a
neural network function and ¢ is an approximating distance function, and we may take ¢ as

d -1 d .
1 ; i
(x) = E — = — iy sin (mn ) ) x €.
sin (wx;) Yooy [ligj<asin(rz;)
J#i

1=

Given an activation function ¢, the number of the neurons m and a positive constant B, define
m m
Fom(B) = {C+ Dot (wi-w =) | e < B, |wily = Lt < 1,Y il < 4B}~
i=1 i=1

The first approximation result concerns the approximation of the hypothesis space wfReLU,m(B)l)
with ReLU(x) = max{z, 0}.

Theorem 3.1.  For u € B°(Q) with s > 3, there exists vy € FrerU,m(||ullw:(q)) such that

28)ull (o
= vl < ==

Next, we replace the hypothesis space by ¢Fgp, . (B) with the Softplus activation function
SP.(2) :=7'SP(r2) =7 'In(1 +¢™),

where 7 > 0 is a scaling parameter, and SP, — ReLU as 7 — 0. The rescaled Softplus function may
be viewed as a smooth approximation of ReLLU, and its smoothness is particularly useful for bounding
the complexities of function classes that involve the derivatives of the neural network functions. The
following theorem shows that ¢Fsp, m(B) admits a similar approximation bound as ¢ Freru,m(B).

Theorem 3.2.  For u € B°(Q) with s > 3, there exists vy, € Fsp, m (||ulls:(0)) such that

64ulls= (o
[ — vl g (o) < T()

D In this paper, let @F = {pv:v € F}, where F is a function set.
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Motivated by Theorem 3.1 and Theorem 3.2, we make the following regularity assumption.

Assumption 3.3.  There exists a normalized eigenfunction u* € B*(Q) for some s > 3 lying in the
subspace Uy, defined in (2.6).

Denote fi; = 0 and fix = maxi<jcr—1 |9l L=(q) for & > 2. The following generalization error bound
is the main result of this work.

Theorem 3.4.  Under Assumptions 2.1 and 3.3, let F = @Fsp, m(B) with B = ||u*||g:) and 7 =
9v/m. For r € (0,1/2) and let ull* be a minimizer of the empirical loss Ly, within Fs,. Given 6 €
(0,1/3), assume that n and m are large enough so that 64B//m < 1/2 and

Tl(n,m,B,r, 5) = f\/l—i_‘/ma}( (\/mln B (1 + \/ﬁ/d) (1 + Vmax) + \/ln((li/a) ) < C7 (33&)

n rd
. B . B 1
Ton,m, b, B,k r,0) o= 12 o (“jfd) +\/“(’;/‘”] <1, (3.3b)

where C' is an absolute constant. Then with probability at least 1 — 36,

Lk (uZL) - )\k < C[)\le(n,m,B,T, 5) + BTQ(TL,m,k/’,B,[Lk7T, 6) + (Vmax + 6 + )\k?) B/\/ mi, (34)

where C' is an absolute constant.
In particular, with the choice of m = O(y/n/k) and n large enough, there exists C > 0 such that with

probability at least 1 — 306,
1/4
(k:) ( n(n/k) , 1) L [k (/0) ] |
n k n

In (3.4), A\¢YT; and BYy correspond to the statistical errors of the Rayleigh quotient and the
orthogonal penalty term, respectively, and (Vipax + 8 + Ax) B/+/m stands for the approximation error.
The convergence rate O(n~'/%) is dimension-free. The dependence of C' on all parameters is explicit and

Ly (um) — A\, < C

n

at most a polynomial of low degree. We have established a high probability bound for the generalization
error, which immediately implies an expectation bound.

To prove Theorem 3.4, we first introduce concentration inequalities for ratio-type suprema to address
the Rayleigh quotient, and then derive an oracle inequality in §5, which decomposes the generalization
error into the sum of the approximation error and the statistical error. The concentration inequality
controls each term in statistical error by the expectation of suprema of empirical processes and probability
tail terms.

In §6, we estimate the approximation error. To prove Theorem 3.1, we tackle the constraint
approximation by first showing that B¢(2) lies in the convex hull of ¢ times spectral Barron functions of
lower order, as presented in §6.2. In §6.3, we construct network to approximate trigonometric functions,
demonstrating that the convex hull of @ FRer,u,m is larger and contains 8B°(2). Theorem 3.1 then follows
from Maurey’s lemma. Theorem 3.2 is derived by replacing ReLU with Softplus in the same construction,
carefully controlling the error caused by the replacement. Using Theorem 3.2 and the continuity of Ly
with respect to the H' norm, we bound the approximation error in Theorem 6.7.

To estimate the statistical error, we develop tools to bound the expectation of suprema of empirical
processes by covering numbers of corresponding VC class in §7.2 and derive the covering number bounds
for certain function classes in §7.1. Combining all these estimates, we obtain the statistical error bound
in Theorem 7.9. Finally, Theorem 3.4 follows from the approximation results in § 6 and the statistical
error bounds in § 7.

Remark 3.5. Under Assumption 2.1, there exist constants ¢, co and c3 such that for k =1,2,---,

clde/d + Vmin < >\k < CQde/d + Vmaxa
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and

/4
Vm X Vmin
1¥rll Lo (@) < (C3k2/d + €(ad)> .

™

We refer to Appendix G for a proof.

Remark 3.6.  Condition (3.3b) may be removed provided that Ts in (3.4) is replaced by To(1+ Y2)3.
Substituting Theorem 3.4 into Proposition 2.2 and Proposition 2.3, we obtain

Corollary 3.7.  Under the same assumptions of Theorem 3.4, with m = O(y\/n/k), there exist

constants Cy depending only on B, d, Vinax, Mk, ik, B, 7%, (B+ M\ —)\k)_l polynomially, and Cy

depending only on the same constants as C1 and (A — )\k)_l polynomially such that with probability at
(up', Hug')

least 1 — 36,
<o l(* V4 Mn(n/k) ). [F /)
(um, um) ST k n ’

=l re\NY*( in(n/k kIn (k/6
||PLum|;(m<c2[(n) ( <k/>+1>+ ;/W.

— s

Next, we prove a regularity result of the eigenfunctions in the sine Barron space, which validates
Assumption 3.3. We firstly recall the spectral Barron space defined in [46,47]. Let {w(k)}ene represent
the Fourier coefficients of a function w € L'(Q) against the basis

d
{\I/k}keNg = {HCOS (rkiz;) | k; € NO}.
i=1

For s > 0, the cosine spectral Barron space €%(€2) is defined by

€ (Q) == {w e L(Q) | [w]

es() < OO} y (3.5)

which is equipped with the spectral Barron norm

e = Y, (L+7k[}) [w(k)].

keNg

]

Theorem 3.8. IfV € €(Q) with s > 0, then any eigenfunction of Problem (2.1) lies in B*T2(Q).

Theorem 3.8 establishes that Assumption 3.3 holds if V € €1(2). To prove Theorem 3.8, we first
show that the inverse of the Schrédinger operator H =1 : B%(Q) — B*+2(Q) is bounded. We then derive
regularity estimates for the eigenfunctions using a bootstrap argument. A detailed proof may be found
in §9.

In Theorem 3.4, we assume that the L2-norms of the approximated eigenfunctions are bounded below
by r, where r € (0,1/2). This assumption is reasonable, because, in practice, a very small L?-norm can
lead to numerical instability when computing the Rayleigh quotient. From a theoretical perspective, the
L2- normalization u/||u|| r2(q) of all functions u in ¢ Fsp, m is not uniformly bounded, which may cause
the statistical error to blow up. Our results show that the statistical error depends linearly on 1/r.

In practice, we treat the minimization of Ly, ,, in F-, as solving an optimization problem in F, subject
with the constraint [|ul|f2(q) > 7. As shown in Figure 1, the L?-norm of the network function gradually
increases as Ly, 5, is minimized using stochastic gradient descent methods, due to the scaling invariance of
L n. The gradient descent methods implicitly regularize the L?-norm of the solution when minimizing a
scaling-invariant loss function, enabling us to automatically obtain solutions that satisfy the constraint
ullL2() > 7.

Adding a normalized penalty term is a natural approach to solve the constrained optimization problem.
In [21,38], the authors introduced a normalized penalty term -y (€5(u) — 1) in the loss function. We shall
analyze this method in § 3.1.
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[l L2 ()

0.2 4

(3

0.14 — ¢
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Figure 1 |[u| 2(q) for different cut-off functions. Details of the numerical experiments are provided in Section 4. (Color

online)

3.1 Extensions to the normalization penalty method

The normalization penalty method in [21] employs the population loss
Li(u) = Ly (u) +7 (E2(u) — 1)*

and the empirical loss &y, ,,(u) 1= Li ,(uw) + 7 (En2(u) — 1), where v > 0 is a penalty parameter. Let
Wy be a minimizer of &y, (u) within F. Firstly, we show that |[w,||z2(q) = 1/2 with high probability
for sufficiently large ~.

Theorem 3.9. Under Assumptions 2.1 and 8.8, let v > 4\, and w, = argmin,cr L n(u) where
F = oFsp, m(B) with B = ||u*||gsq) and 7 = 9y/m. Given 6 € (0,1/4), assume that n and m are large
enough such that C' (1 + Vinax + B/7) B/v/m < 1 and

0%3 (§+1> \/d(1+lnB)m+ln(1/§) <1, (3.6a)

C (14 Viax + B/7) BQ\/@ CﬁﬂkB \/W (3:00)

where C' is an absolute constant. Then with probability at least 1 — 46,

Remark 3.10. The assumptlon ~v = 4A; in Theorem 3.9 may be relaxed. Pursuing the proof, one can
prove that ||, | r2(q) = r with high probability when n,m are large enough, as long as v > A /(1 —r 22,

The condition (3. 6) is weaker than (3.3) to certain degree, because the left-hand sides of (3.3a), (3.3b)
are O(y/mInm/n), O(y/m/n) while the left-hand sides of (3.6a), (3.6b) are O(y/m/n), O(1/y/n).

As a direct application of our method, we obtain the generalization error bound of the normalization
penalty method. Let Y(n,m, k, B, fix, B,7,9) denote the error bound in the right-hand side of (3.4), i.e

T(nvmakavﬁkvﬁvrv 5) = C[)\krl(n7mvarv 5) —I—BTg(n,m,k,B,ﬂk,r, 5) + (Vmax +6+ )\k) B/\/m .

Corollary 3.11.  Under the same assumptions of Theorem 3.9, for 6 € (0,1/7), assume further that
n and m are large enough so that (3.3a) and (3.3b) hold with r = 0.49. Then, there exists C such that
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Figure 2 &3(u) for different cut-off functions. Details about the numerical experiments are provided in Section 4. (Color
online)

with probability at least 1 — 76,
Lk:(u/n) - )\k S T(nvmv ka Bap’ka/@a 175)
(32 >\/d(1+lnB)m+ln(1/5) N B? (3.7)

—+1
d2Jr n m

+ Cy

The second term in the right-hand side of (3.7) corresponds to the statistical and approximation error
due to the normalization penalty term. There is a trade-off with the normalization penalty method: while
a larger value of 7 ensures that w, remains away from zero, but results in a larger generalization error.
To prove Theorem 3.9, we derive a new oracle inequality to bound |E2(wy) — 1| utilizing Hoeffding’s
inequality. We then prove the generalization bound using the Rademacher complexity. The Rademacher
complexity is bounded by applying Dudley’s theorem and leveraging the covering number bounds
discussed in § 7.

The poof of Corollary 3.11 relies on the fact |[wy[|2(q) = 1/2, allowing the estimates used in the proof
of Theorem 3.4 with » = 0.49 to remain applicable. We refer to Appendix E for the proof of Theorem 3.9
and Corollary 3.11. Numerical results in Figure 2 show that £2(w,) exceeds 1/4 with high probability.

Remark 3.12 (The choice of hyperparameters). By Proposition 2.2 and Proposition 2.3, it follows
that 8 — Ax + A1 > 0 should not be excessively small. For the normalization penalty method, v should
be greater than a constant multiple of A\;. From (3.4) and (3.7), a reasonable choice of both § and v are
O(\g).

3.2 Analysis of the accumulative error

In practice, we replace the exact eigenfunctions in the orthogonal penalty term with the approximate
eigenfunctions obtained in the previous k—1 steps, which introduces an accumulative error. Theorem 3.13
details the impact of using approximate eigenfunctions on the generalization bound for the k-th step,
while Proposition 3.14 provides the rate at which the accumulated generalization errors grow.

Let ug; denote the j-th approximate eigenfunction parameterized by the neural network. We use the
L?-normalization of ug; as an approximation of ¢; and denote 7, = maxi<j<i—1 |[Ug;]l L () /|[u6;] L2 (0)-
Consider the loss function el g w

= o Ev(u) j(u
L) =) P 2 sty
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and the empirical loss

k-1
~ Env(u) P j(w)
Ly n(u) = = + —
o) = 2w T s )
n 2
where P;(u) := <u,u9j>2 and Py, j(u) := (7130 w(X;)ug;(X;))"
Theorem 3.13.  Under Assumptions 2.1 and 3.3, let F = @Fsp, m(B) with B = ||[u*|lgsq) and
7 =9ym. Letr € (0,1/2), |lug;llz2(a) = r for all j and upy = argmin, ¢z Ly (u). Given § € (0,1/3),
assume that n and m are large enough so that 64B//m < 1/2, (8.8a) and (3.3b) with [y, replaced by Uy,
hold true. Then, with probability at least 1 — 34,

k—1

Lk(uek)iAk<T(n7m7kaBaﬂka/8k7T,6)+8/Bkz J(uej) 2
j=1

min {58; + A1 — Az, Ajr — A

(3.8)

The first term in the right-hand side of (3.8) is the generalization error at k-th step and the second
term represents the accumulative error, where 7y plays a similar role as ji, in Theorem 3.4. Proposition
3.14 shows that the generalization error grows quadratically as the order of the eigenfunction.

Proposition 3.14.  Assume that for all k > 1,

Lj(ugj) = s
min {ﬁj + A — )\j, )\j/ — )\j}

k—1
Ly, (ugr) = M < Ak + 8Bk Y |
j=1

Let T = MaX1 gk Aj/ﬂj, pPo = 0 and Pr = MaX1 i<k 4\/Bj/min {ﬂj + )\1 - )\j,)\j/ - )\]} Then,

Ly (ugk) — X < Pk ((k — 1)pk_1 + \/a)z (3.9)

When k = 1, the bound (3.9) simplifies to Ly (1gr) — A < Ag, with no accumulated error.

To prove Theorem 3.13, we shall derive a uniform bound for ‘Zk(u) — Ly, (u)‘ and establish a new oracle
inequality to address the penalty term. Proposition 3.14 is proved by an induction argument. Using a
similar argument, one can show that the quadratic growth rate of accumulative error with respect to k
is sharp. We defer the poof of Theorem 3.13 and Proposition 3.14 to Appendix F. As with Corollary 3.7,
the error bounds in Corollary 3.11, Theorem 3.13 and Proposition 3.14 can also be expressed in terms of
the eigenvalues and the H'-norm of eigenfunctions. For simplicity, We do not delve into the details here.

Remark 3.15 (Generalizability to more general neural networks).  For simplicity, we focus on shallow
ReLU and Softplus networks to prove the theoretical results. However, our findings also extend to more
general activation functions o as long as ¢ is smooth and |(ReLU fa)(l)(z)| decays at least exponentially
as |z| — oo for [ = 0,1. This condition ensures that the rescaled version o,(-) := 77 lo(7:) satisfies
similar properties to those in Lemma B.5. Consequently, all our results hold with only different absolute
constants. For example, our proof applies to GeLLU, SiLU and Mish because the distances between ReLLU
and these functions decay exponentially, including the derivatives of these distances.

Our analysis may also be extended to deep neural networks (DNNs). Regarding approximation error,
our proof shows that we only need to approximate the spectral Barron functions one order lower than the
eigenfunction using DNNs. Recent results in [45] provide further insights into this matter. For statistical
error, the covering number of shallow networks should be replaced by that of DNNs. The VC dimension
and the covering number of DNNs are well-established and can be found in [7]. While our focus here is on
the key challenges related to constrained approximation and generalization error bounds, the extension
to DNNs will be explored in future work. In all our numerical experiments, we use DNNs to leverage
their superior representation power.
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Figure 3 The neural network architecture combined with cut-off funcions. (Color online)

4 Numerical results

4.1 Deep Learning Model

In this section, we show several numerical experiments for (2.1) to demonstrate the effectiveness of
our method. Although the previous theoretical analysis mainly focused on shallow networks, which
only contain one hidden layer, we will use neural networks with more hidden layers for the numerical
experiments, as is common in most related works. The main reason for this choice is that training DNN
tends to be more efficient, and their numerical performance is usually superior to that of shallow networks.

Figure 3 shows the neural network architecture we used. The left part of our model consists of a fully
connected neural network with several hidden layers, each having the same width. We denote the number
of hidden layers by [ and the width of each layer by m. In our experiments, we take [ = 3 and m = 40,
resulting in a network with approximately 3,500 parameters. The activation function used is ¢ = tanh,
and we vectorize o(x) as &(x), i.e., o(x) = (o(x1),0(x2),...,0(zm)).

The input layer maps the coordinates of the sampling points, from R? to R™. The output of the first
layer is given by r1 = 6(Wix + by), where Wy € R™*4 and b, € R™. Subsequent hidden layers also
contain similar transformations, mapping values from R™ to R™, and the output of the i-th layer is
represented by

ri=6(Wiri—1+b;), 2<i<l|,

where W; € R™*" and b; € R™. The final layer on the left part is an output node, yielding a value given
by 7141 = Wipiri + b1, where Wi € R™, b1 € R. The final output function u(z) is obtained by
multiplying the output of the left part network with a cut-off function u(x) = r;41(z)¢(z). As mentioned
earlier, the cut-off function plays a key role in the architecture by ensuring the output function satisfies
the homogeneous Dirichlet boundary condition. Similar architectures appear in [31,36, 39].

The complete set of parameters in our architecture is defined as 6: = {Wy,..., Wi41,b1,...,bi41} In
each epoch, the loss function is computed using (2.5), and parameters are updated using the adaptive
moment estimation (ADAM) optimizer. This process is iterated over multiple epochs until the loss
function decreases to a sufficiently small value, indicating that the approximate eigenmodes have been
achieved. Initially, the learning rate is set to 5 x 10~3, and 1,000 points are used to compute the empirical
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loss. To balance accuracy and efficiency, the learning rate is reduced to a quarter of its current value,
and the number of sampling points is doubled every 20,000 epochs. Each eigenmode is derived through
parameter updates over 120,000 epochs. Besides, when solving for the k-th eigenvalue (k > 2), we take
B = 4X;_1. This choice is sufficiently large to find the subsequent correct eigenvalue in these cases.

4.2 Regular potential

In the first test, we use the potential
1
Ve, aq) = g;cos(m«i + 1), (4.1)

and test our method in = (—1,1)%. Since this potential function is essentially decoupled, we compute
the reference eigenmodes using the spectral method, as described in [33].

We test four different cut-off functions,

d d 1 -1 d . d 1 -1
gba:H(l—%?), ¢b_(zl—x2> ) ¢c:HCOS(§xi>7 ¢d_(zws(gm)> )
i i=1 ¢

i=1 i=1 i=1

and the results are summarized in Table 1. All results indicate that our method provides satisfactory
solutions. Each of the four cut-off functions produce solutions with errors less than 6 x 10~ for the first
eigenvalue and less than 5 x 1073 for at least the first 30 eigenvalues. Notably, the performance varies
slightly across different cut-off functions, with specific functions, such as ¢., achieving errors of less than
1 x 1073 for the first 30 eigenvalues.

We also compare our results with the standard penalty method, which imposes the boundary conditions
in a soft manner. The loss function we used is

k—1 2
(u, Huw) g1 e jr—1 (u, ;)2 lull72(00
A X g N G (4.2)
||U’HL2(Q) =1 ||u||L2(Q) ||U’HL2(Q)

It includes an additional boundary penalty term compared with (2.3). On the one hand, a small v may
introduce considerable model error. On the other hand, using a large v can enhance numerical accuracy,
but training will become more difficult and inefficient due to the rough loss landscape. To ensure a fair
comparison, we use the boundary penalty method with different hyperparameter ~.

For comparison, we set the cut-off function be the identity function in the network architecture and
keep the rest of the configurations the same as in the previous test. Table 2 demonstrates that the
boundary penalty method performs much worse than our method, with errors one or more orders of
magnitude larger than ours. Even with the optimal choice of the hyperparameter, v = 500, the numerical
accuracy deteriorate rapidly, and the error for the tenth eigenvalue exceeds 1 x 10~2. While taking other
hyperparameter 7, the error is larger than 1 x 1072 even for the first eigenvalue.

Next, we set d = 10 and evaluate our method in a higher-dimension scenario. In this case, the
smallest eigenvalue is unique, and the second to the eleventh eigenvalues are equal, followed by 45 equal
eigenvalues. Therefore, we choose to calculate only the first 15 eigenvalues. The cut-off functions ¢, and
¢ are employed, while also using the boundary penalty method with a proper . As shown in Table 3,
our method outperforms the boundary penalty method. All calculations yield errors less than 1 x 1072
for the first 15 eigenvalues, which is significantly less than that of the boundary penalty method. Notably,
the cut-off function ¢. seems to be the best for d = 10.

We summarize the previous results in Figure 4, which demonstrates that the proposed methods all
significantly outperform the penalty method in both cases, although the performance of different cut-off
functions may vary.
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Table 1 Estimates of the eigenvalues with potential (4.1) and d = 5, using different cut-off functions.

E=1 k=2 k=3 k=5 k=10 k=15 k=30
Exact 11.8345 19.3369 19.3369 19.3369 26.8392 26.8392 34.3416
Result 11.8379 19.3338 19.3394 19.3512 26.8583 26.8621 34.3886
G Rel. error 2.87x10~% 1.60x10~% 1.29x10~% 7.40x10~% 7.12x10~% 8.53x10~% 1.37x1073
Result 11.8396 19.3588 19.3700 19.3784 26.9059 26.9130 34.5095
%o Rel. error 4.31x10~% 1.13x10~3 1.71x1073 2.15x1073 2.49x10~3 2.75x1073 4.89x10~3
Result 11.8343 19.3358 19.3382 19.3428 26.8474 26.8553 34.3702
be Rel. error 1.69x1075 5.69x107° 6.72x10~° 3.05x10~% 3.06x10~* 6.00x10~% 8.33x10~*
b4 Result 11.8413 19.3533 19.3692 19.3714 26.8972 26.9095 34.4887

Rel. error 5.75x10~%  8.48x10~% 1.67x1073 1.78x1073 2.16x1073 2.62x1073 4.28x1073

Table 2 Estimates of the eigenvalues with potential (4.1) and d = 5, using the boundary penalty method with different
parameters 7.

k=1 k=2 k=3 k=5 k=10 k=15 k=30
v Exact 11.8345 19.3369 19.3369 19.3369 26.8392 26.8392 34.3416
100 Result 11.3854 18.6194 18.6198 18.6323 25.9356 25.9711 33.3787
Rel. error  3.79x1072  3.71x1072 3.71x102 3.64x1072 3.37x1072 3.23x1072 2.80x10~2
500 Result 11.8023 19.3761 19.3781 19.4148 27.2571 27.3496 35.4504
Rel. error 2.72x107%  2.03x1073  2.13x1073 4.03x1073  1.56x1072 1.90x1072 3.23x10~2
9000 Result 11.9934 19.8330 19.9228 20.0627 28.3052 28.6824 38.7467
Rel. error  1.34x1072  2.57x1072  3.03x1072 3.75x1072 546x1072 6.87x1072 1.28x1071!
10000 Result 12.4805 21.0279 21.2185 21.8146 30.5426 33.0487 45.7008
Rel. error 5.46x1072  8.74x1072 9.73x1072 1.28x10~! 1.38x10~! 2.31x10~! 3.31x10°!
Table 3 Estimates of the eigenvalues with potential (4.1) and d = 10.
k=1 k=2 k=3 k=5 k=11 k=12 k=15
Exact 24.1728 31.6250 31.6250 31.6250 31.6250 39.0772 39.0772
cut-off Result 24.2677 31.7994 31.8178 31.8693 31.9868 39.4044 39.4476
(pa) Rel. error  3.93x107%  551x1073  6.10x1073  7.72x1073  1.14x1072 8.37x1073 9.48x1073
cut-off Result 24.1895 31.6329 31.6541 31.6633 31.711 39.2598 39.2898
(¢c) Rel. error  6.91x107%  2.50x107% 9.20x107% 1.21x1073 2.72x1073 4.67x1073 5.44x1073
penalty Result 20.6123 26.4801 26.5147 26.6332 26.7601 32.7747 32.9277
(y=20) Rel. error 1.47x107! 1.63x107! 1.62x107! 1.58x10~! 1.54x10~! 1.61x107! 1.87x1071!
penalty Result 25.7217 34.8861 34.9384 35.2846 37.4258 44.3579 45.8481
(y=100) Rel. error 6.41x1072 1.03x10~! 1.05x10~! 1.16x10-! 1.83x10~! 1.35x10~! 1.73x107!
penalty Result 31.7256 43.7200 43.9436 44.4301 49.7948 51.1777 54.2697

(y=500) Rel. error 3.12x1071  3.82x10~! 3.90x10~! 4.05x10"' 5.75x10~! 3.10x10~' 3.89x10~!

— e e N 1071 4
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Figure 4 Relative error of the eigenvalues with potential (4.1). (Color online)
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4.3 Inverse square potential

In the last test, we use the inverse square potential

2

V(z,y,z) = m7

(4.3)
and solve the three-dimensional Schrodinger eigenvalue problem. We compare our result with [61].

Let the domain be a unit ball, we take ¢ = 1/3 and use the cut-off function ¢(z,y,2) = 1 — 22—y — 22
As presented in Table 4, the relative difference between these two methods for the first five eigenvalues is
less than 4 x 10~%. For the tenth eigenvalue, the highest eigenvalue provided in [61], the relative difference
remains around 1 x 1073,

We also test the method in a 3-dimensional ring, i.e., @ = {(z,y,2) € R* | 3 < /a2 +3y2 +22 < 1}
and take ¢ = 1/2. The cut-off function is

1
d(z,y,2) = (1 — 2%y - z2) <3:2 +y? 4+ 22— 4). (4.4)
We report the results in Table 5, which keep the difference of the first nine eigenvalues less than 2 x 1073,

Table 4 Estimates of the eigenvalues with potential (4.3) in a unit ball.

k=1 k=2 k=3 k=5 k=10
Our 10.7873 20.6167 20.6184 33.5391 41.4362
[61] 10.7836 20.6206 20.6206 33.5352 41.3859

Rel. diff. 3.43x107* 1.89x10~* 1.07x107* 1.16x107% 1.22x1073

Table 5 Estimates of the eigenvalues with potential (4.3) in a three-dimensional ring.

k=1 k=2 k=3 k=5 k=9
Our 40.0149 43.7195 43.7281 51.1062 51.1355
[61] 39.9433 43.6545 43.6545 51.0341 51.0341

Rel. diff. 1.79x1073 1.49x1073 1.69x1073 1.41x1073 1.99x1073

5 Oracle inequality for the generalization error

In this section, we introduce an oracle inequality for the empirical loss. As a preparation, we firstly
introduce concentration inequalities for ratio-type suprema of empirical processes. The study of ratio
type empirical processes has a long history that goes back to the 1970s-1980s when certain classical
function classes {1(_o 4 : t € R} have been explored in great detail [67] and Alexander extended this
theory to ratio type empirical processes indexed by VC classes of sets [2,3] in the late 1980s. Thereafter,
there has been a great deal of work on the development of ratio type inequalities, primarily, in more
specialized contexts of nonparametric statistics [24,52] and learning theory [8].

5.1 Concentration inequalities for normalized empirical processes

Let F be a class of real valued measurable functions® taking values in [0,1]. Let X, X3, Xo, ... bei.i.d.
random variables with distribution P. We denote by P, := n~' > "  dx, the empirical measure based
on the sample (Xi,...,X,). Let Pf = Ef(X) and Varp(f) = Pf? — (Pf)?. Suppose that op(f) is
defined such that

Varp(f) < ob(f) <1, feF.

2) In order to avoid measurability problems, we shall assume that the supremum over the class F or over any of the
subclasses we consider is in fact a countable supremum. In this case we say that the class F is measurable.
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In particular, op(f) may be the standard deviation itself or equal to /P f because f takes values in [0, 1].
Here, we present concentration inequalities for the supremum of the normalized empirical process

sup ‘Pnf *’Pf|
reFop(f)>r  0n(f)

for some properly chosen cutoff r € (0,1). Define the random variable

n

1
[Pn = Plig := sup [Puf — Pf] = sup | = >_ f(Xi) — Ef(X)],
feF feF | N

i=1
which measures the absolute deviation between the sample average P, f and the population average P f,
uniformly over the class F. For 0 < r < s, we define

Fr)={feF:op(f) <r} and F(r,s| :=F(s)\F(r).
For ¢ > 1 and 7 < s < 7¢! with [ € N, let pj = rq’ and define®)
E”P P||9:(PJ 1:/03]

1< J

We recall a concentration inequality proved in [27, Lemma 2] when op(f) = V/Pf.
Lemma 5.1.  [27, Lemma 2] Fort > 0,

P sup
fEF(r,s]

Proceeding along the same line that leads to [27, Lemma 2] , we may extend the above result to the
more general op(f). The proof is quite straightforward, and we omit the details.

Pnf
Pf

2t t q2 Ly
=1 > K (r 8]+ —5 (@ + 2K g(rys]) + 55 ¢ < Lo=t/a,

3nr2 ¢?—-1t

Lemma 5.2. Fort >0,

[Puf — P \/ 2 t (W
P —_— K — (¢ 2Kn ) < n /q
{fess;l(li,s] o3 (f) nalr sl 4/ 20 (@ 2K (o) + g0 ¢ —1 te

Define K,,(F,r) := Kffﬁ(r, 1]. Tt follows from Lemma 5.2 that we deduce
Lemma 5.3. For 0 < § < 2/e, with probability at least 1 — ¢,

nf — 5 [In(2/6 21n(2/6
sup w <260 (F,r) + = n( /2 ) + n( 2/ )
feF,op(f)>r Up(f) 2 nr nr

Proof.  Recall that op(f) < 1. Taking s = 1, ¢ = /2 and t = /2In(2/6) in Lemma 5.2, we obtain

7 ge*t/q — 5
@?-1t In(2/6)

and with probability at least 1 — ¢,

sup |P f Pf‘ +2\/—IC —&-2\/ W)
feF(r) ‘779 (f) Sm"

V21n(2/6) 4\[ln(2/§)

< 2K, (F, 2
(F,7r) + 2 3nr2

nr
5 [In(2/6) = 2In(2/9)
g 2 n E‘;, a )
Kn(F,r) + 2 nr? + nr?
which completes the proof. O

3) When there is no ambiguity, we omit the superscript F of K.
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5.2 Oracle inequality for the generalization error

Let F be some hypothesis class and 0 < r < 1/2. We minimize Ly ,,(u) over Fs, = {u € F : E(u) > r?}
with a minimizer u,, = argmin,cx_ Ly n(u). We aim to bound the energy excess Ly (u,) — Ag. For any
ur € Fs,, we write

Lk (un) - )\k = Lk (un) - Lk,n (un) + Lk:,n (un) - Lk,n (U']:)

(5.2)
+ Lin (ur) — L (ur) + Li; (ur) — Ak
Note that Ly ,, (un) — Li.n (ur) < 0 because w,, is the minimizer of Ly ,, (u). Therefore,
Lt (tn) = M < (Lr(tn) = Do () ) + (Lion () = L (ur) ) + (L () = A ) 53

=T +T>+T5,

where T is the statistical error arising from the random approximation of the integrands, T5 is the Monte
Carlo error and T3 is the approximation error due to restricting the minimizing Ly (u) over Fs, instead
of H}(Q).

Bounding T;: We firstly decompose T} as

gn,V (un) gV (un) (un) gP (un)

gn P
T < - : _
! 571,2 (un) 52 (un) 511,2 (un) 52 Up,
gn,V (Un) 52 (un) 1‘ EV (Un) + EP (un) |62 (un)*gn,Z (Un)l + |5n,P (un 7513 (un)|
h Ev (un) gn,2 (un> & (un) &y (un) gn72 (un) 571,2 un)

=: T + T2 + 3.
To bound T117 T12 and T13, we define

Gi:={g | g=u’® where u € F},
Go:={g | 9= |Vul* + V|u|® where u € F}, (5.4)
Fi:={9 | g=w; wherew € F} forj=1,2,...,k—1

We assume that the set F satisfies sup,c r ||[ul| L) < Mr so that sup,eg, |gllL=(@) < M%. Assume
further that sup eg, [|9l|L= () < Mg, and |[¢);[|r~ (o) < py for each j. So supye 7 [|9]z= @) < pjMF. In
what follows, we shall derive the high probability bounds for 7311, T12 and 713 by Lemma 5.3. To this
end, we rescale the function classes G, G2 and F; so that their elements take values in [0, 1].

We firstly derive a high probability bound for &£, (uy,) /€2 (uy,). For the rescaled set G; /M2, we take
op(f) =+Pf and for n € Nand 0 < § < 1/3, define

5My [n(2/5) | 2MEIn(2/5)

. 2
& (n,r,0): = 2K, (Gi /Mz,r/MF) + 5 o — (5.5)
and the event
Ai(n,r, ) = sup Ena (1) — 1‘ <&(n,m90) p.
UEF,Ea(u)>r? 52 (u)
Applying Lemma 5.3 to Gi /M%, we get
P[Ai(n,7,0)] > 1—0. (5.6)
Recall that & (u,) > 2. So if & (n,r,d) < 1, then, on the event A;(n,7,d),
T2 < &lnr,9) Ep (un) (5.7)

1—¢&(n,r0) & (up)

4) In this paper, a% + b := {af +b: f € F} where F is a set of functions and a,b € R are some constants.




18 Guo Y, Ming P, Yu H et al. Sci China Math

To bound Ty, it follows from &(u) > r? that & (u) > A7, For the rescaled set Go/Mg,, we take
op(f) =+/Pf and define

Mg, 1n(2/5) | 2Mg, In(2/5)

5
§2<n’7a’ 6) - 2Kn(g2/MgzaT )‘1/M92> + 5 ’I”L)\17”2 71)\17”2 (58)
Define the event
5n Vv (u) ’
As(n,r,0): = sup : -1l < &(n,r,6) 5.
2( ) {ue}—,gv(u)>>\17'2 SV (u) 2( )
Applying Lemma 5.3 to Go/Mg,, we obtain
P[Az(n,rd0)] =1 —0. (5.9)
Therefore, if & (n,r,d) < 1, then, on the event A;(n,r,d) N Aa(n,r,d), there holds
1+ &(n,1,0) ) Ev (un) _ &i(n,1,0) + & (n, 7, 0) Ev (un)
T < -1 = . 5.10
M (1 — & (n,r,0) &y (un) 1—&(n,r0) & (un) (5.10)

To bound T3, we rescale F; to F;/ (2u; Mx) 4+ 1/2. For any g € F;, g = wi;,

Var( g +1> < lE % uy; ’ < ||U||L2(Q)’

where we have used |ut;| < p;Mz in the second inequality and the fact [[¢;]/z2(q) = 1 in the last
inequality. Therefore, we may take

o3 (f) =

2

l[ull L2 (o) uY; 1 _ 1
LY = J Z e (QuiMz)"YF + =, 5.11
ily Oraw = g g € QM) T F 4 (5.11)

Note that & (u) > r? implies |Ju|f2(q) > 7. For all 1 < j <k —1, we define

Fj +1 T L5 i MxIn(2k/6) n 8u; MrIn(2k/95)
QMJM]: 2’ 4/,LjM]: nr nr

Y

§3’j(n,r, 5) = 2]Cn (

and &3(n,r,0): = maxigj<k—1&3,5(n,r, ). Notice that for f € (ZILLjM]:)_l Fi+1/2,

|Puf —Pfl _ 2|Pn (utpy) — {u,v5)|
sup —_—— = su
on(N>y/rramty OPf) wEF lull g2 gy >T l[ull L2 (0
For each 1 < j < k — 1, we define the events
9 N — ,
A37j(n,r, 6) = sup |7Dn (W/’J) (u, 1/13>| < 63,]‘ (n’n 5) ,
wEF lull 2 > [ull 20

and Az(n,r,d0): = ﬂf;ll As j(n,r,0). Applying Lemma 5.3 to (QMjM;)_l Fi+1/2, we get P [A3 j(n,r,0)] >
1 —0/k. Hence,
P[As(n,r,0)] > 1 — % (k—1)>1-4. (5.12)

Using a? — b2 = (a — b)% + 2b(a — b) for a,b € R, on event Az(n,r,d), we obtain

|gn,P (un)—Ep (un)] < IS [Py (un¢7) -P (unwj)|2 + 2 |(un, w]>| [Py (unwj) -P (unwj)‘
BE2 (uy) b = Hun\liz(m [unll 20 [unllr2(0)

k—1 2

gz ﬁ+§3,j | (un, ¥5)]
el lunllzz2(q)

(5.13)

1 gg 1/2 ) 1/2
<P Z% XZMJ
= 72

ggf(nré) +\f§3(nr6)
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Hence, on event A;(n,r,d) N As(n,r,d), if &(n,r,0) < 1, then

_ & (un) |En,p (un) — Ep (un) B k o
Tis = ) & () < 1—& (453 + \/E§3> . (5.14)

It follows from (5.7), (5.10) and (5.14) that if £ (n, 7, 0) < 1, then, within event ﬂl 1 4i(n,r,8), we obtain
(

&1+ & Ev (uy) & Ep(up) B k o
s 1—& & (uy) +1—§1 & (uy) +1—§1 <4£3+\/E£3)

(
(5.15)
k
By 2 (b i)
while it follows from (5.6), (5.9) and (5.12) that
P[Ai(n,r d) N Ax(n,r,0) N As(n,r,d)] > 1 — 36. (5.16)

Bounding 7. Similar to bounding T, it follows from ||uz|r2(q) > r that if & (n,7,d) < 1, then,
oy 3
within event (;_; A;(n,r,d), we get

Cht&, B
T, < — 1
2 S o, L (wr) + 0 §3+f§3 (5.17)
Bounding T5. A combination of the bounds (5.3), (5.15) and (5.17) leads to
§1+& 1+& §1+&

Ly (un) — A <

(Lk (UJ:) — )\k) + 2,

- ¢, (L (un) — k) +

2
s 2 (G via).

1-&

If 251 + §2 <1, then

(1 + &) (L (ur) — M) + 2 (61 + &) + 8 (k£§/2 + 2\/E£3)
1-26 & '
Combining the above estimate with (5.16), we obtain

Theorem 5.4.  Let u, = argmin, ¢z L n(u), 0 <8 < 1/3 and let {&;(n,r,6)}_, be defined in (5.5),
(5.8), (5.2), respectively. Assume that 261 + & < 1/2 and ur € Fs,.. Then, with probability at least
1— 36,

Ly (un) — A <

Li (un) = M < A0k (&1 + €2) + B (ke + 4VRs ) +3 (L (ur) = M)

6 Approximation theorem for sine spectral Barron functions

In this section, we study the properties of the sine spectral Barron functions on the hypercube as well as
the neural network approximation.

6.1 Preliminaries

We start with some preliminary results about the sine functions & = {(I)k}keNi . It is clear that the

set & forms an orthogonal basis of L#(Q) and Hi (). Given u € L?(€), let {ﬁ(k)}keNi be the Fourier
coefficients of u against the basis {®y} keNd hence

u(z) = Y a(k)er(x) and ullfagy = Y 27 alk)?,

d d
keN? keNd

where we have used (®y, Pr) 12 (q) = 274, A straightforward calculation yields that for u € H}(Q),

lullzy = D 274 (1L +7°|k) |a(k)|*.
keN¢
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Lemma 6.1.  The following embedding hold:
B(Q) = L™(Q)  and  BAHQ) — HH(Q).
We postpone its proof to Appendix B.1.
6.2 Sine Spectral Barron Space and the Neural Network Approximation

The main results in this part are summarized in the following two propositions.

Proposition 6.2.  Assume that u € B5TH(Q) for some s > 0. Then, u/p admits the representation

u(z) o ,
= E 0(k, 1) cos (kimz;) I | sin (kjmz;),
#() (k,i)eT 1<j<d (6.1)
J#

where T' = {(k,i) | k € NI, 1 <i<d, (k+e;) € NL} and e; is the i-th canonical basis.
Moreover, the coefficients 0(k, i) satisfy

ST @+ k) [k, )] < [l o) 62)
(k,3)el’

Roughly speaking, the above result indicates that u/p lies in a spectral Barron space of one order
lower than . Using this proposition, we may prove a preliminary H' approximation result for functions
in the sine spectral Barron space. Denote by conv(G) the convex hull of a set G, and denote by G the
H'-closure of G. Let

' = {k € z ‘ d1<i< da((|k1|a|k2|7 ,‘de,Z) € F}

Note that k € T'; if and only if k& has at most one zero component.

Proposition 6.3. For s > 0, define

Fo(B) := {Mf(w(k-x—&—b)) | 7| < B,be{0,1},k € rl},

where f(z) = cosz if d is odd and f(x) = sinz if d is even. Then, for any u € B5TH(Q) with s > 1,
u € conv(pFs(By)) with By, = |lu|lss+1(q) and there evists vy, which is a convexr combination of m

functions in Fs(By) such that
/6
l[u— @UmHHl(Q) < EBu-

When d > 1, the constant /6 may be replaced by 2.

We postpone the proof of Proposition 6.2 and Proposition 6.3 to Appendix B.3. We exploit the seminal
result for nonlinear approximation known as Maurey’s method to prove the approximation bounds.

Lemma 6.4. [6,55] If f is in the closure of the convex hull of a set G in a Hilbert space, with ||g|| < b
for each g € G, then for every m > 1, there is an f,, in the convex hull of m points in G such that

7 2 b?
1F = Fml[” < -
m
6.3 Reduction to ReLU and Softplus Activation Functions

We have found that if u € B! with s > 1, u lies in the bounded set conv(pF,(B,)) C H'(Q) with
B, = (1 +2/7) ||u|lgs+1. Define the function classes

FreLu(B) :={c+~vyReLU(w -z —t) | |¢| < B,|wjy =1,]t| < 1,|y| < 4B},

6.3
Fsp, (B): = {c+SP,(w-z —t) | e < B, |wh = 1,]| < 1, |y| < 4B}. 03
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In this subsection, we aim to prove that each function in ¢Fs(B) lies in conv(eFreru(B)) and
conv(¢Fsp, (B)) when s > 2, which together with Lemma 6.4 yields Theorem 3.1 and Theorem 3.2.

By Lemma B.2, to prove ¢F,(B) lies in conv(pFreLu(B)) and conv(pFsp.(B)), one only needs to
show F,(B) lies in conv(Freru(B)) and conv(Fgp, (B)), respectively. Notice that every function in Fy(B)
is a composition of a function g defined on [—1, 1] by

o(z) = § T cos(m(Ibliz + ), - d s odd, o
1++s\k\§ sin(w(|k|1z + b)), dis even,

where k € T'q, |y| < B, b € {0,1}, and a linear function z = w-z with w = k/|k|; or z = z; in case k = 0.
When s > 2, it is clear that g € C?([—1,1]) and g satisfies

||g(7‘)HLoo([_171]) <y <B, forr=0,1,2.

The uniform boundness of [|g||y2.((—1,1]) for all k is key to the proof. In addition, we observe that
g'(0) =0 if d is odd and g'(ﬁ) = 0 if d is even. Proceeding along the same line as [47, Section 4.3], we
prove that functions in F5(B) can be well approximated by two-layer ReLU networks. Compared with
[47, Lemma 4.5], Lemma 6.5 handles both sine and cosine cases.

Lemma 6.5. Let g € C?([—1,1]) with Hg(T)HLw([q ) S B forr=0,1,2. Assume that g'(p) =0 for
some p € [0,1/2]. Let {zj}?:no be a partition of [—1,1] with zo = —1, zm = p, 2om = 1 and zj11 — 2; =
hi=(p+1)/m foreach j =0,--- ,m—1; zj41 —z; = ho = (1 —p)/m for each j =m,--- ,2m—1. Then
there exists a two-layer ReLU network

gm(2) :chiaiReLU(eiszi), z € [-1,1] (6.5)

i=1
with ¢ = g(p), b; € [-1,1] and ¢; € {£1},i=1,--- ,2m, such that

2B

19 = gmllwroo 11 € —

—. (6.6)

Moreover, we have |c| < B, |a;| < 2Bhy ifi <m, |am| < Bhy, |ami1| < Bhe and |a;| < 2Bhg ifi > m+1
so that Z 1 lai] <4B.
Given Proposition 6.3 and Lemma 6.5, we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. By Proposition 6.3, for any u € B*(2) with s > 3, u € conv(pFs_1(B,)) with
By = |Jullgsq). Since s —1 > 2, a combination of Lemma 6.5 and Lemma B.2 yields that the set
©Fs—1(By) lies in the H'-closure of conv(pFreru(By)). Hence, u € conv(oFreru(By)). Notice that
when |w|; = 1, for constants a, b > 0

d
/(a+bw'$)2d$:a2+abZWi+b2 Zw + - szwg
Q

i=1 L;éj
, , (6.7)
<t atfoly + 9 Jlu? + 5l

< a®+ab+ b?/3.

By (6.7), for each v € FreLu(B), we get
||’UHL2(Q / [B+4B(w -z + 1)]*dz < 51B2.
Since |v(z)] < (5 +4w - x)B, ||Vv|[ =) < |7| < 4B, by Lemma B.1 and the inequality (6.7), we obtain

IVl < [ (Vellol+¢[Vol)’da < B [ (r(5-+4w-2) + 4 da < 68058,



22 Guo Y, Ming P, Yu H et al. Sci China Math

Hence, Hgov”%,lm) < 740B2. Therefore, the H!-norm of each function in ¢ Freru(B) can be bounded by

28B. Theorem 3.1 follows immediately from Lemma 6.4. O
Lemma 6.6 shows that functions in F5(B) are also well approximated by two-layer Softplus networks.
Lemma 6.6.  Under the same assumption of Lemma 6.5, there exists
2m
grm(2) =c+ Y aiSP; (2 —b;), z€[-1,1] (6.8)
i=1

with >0, c=g(p), b; € [-1,1] and ¢; € {£1}, i =1,---,2m such that
||g - gT,m”Wl,oo([_l’l]) < 4BT_1(1 + T_l). (69)

Moreover, the bounds for |c|, |a;| and ngl la;| are valid as in Lemma 6.5.

Now we are ready to prove Theorem 3.2. It follows from (B.8c) that

sup || fllar) < B+4BISPr |y g0 < 13B+4B7 1 (6.10)
fE€Fsp.(B)

Proof of Theorem 3.2.  According to Proposition 6.3, for any uw € B*(Q) with s > 3, u €
conv(¢Fs—1(B)) with B = [Jul/gs (). Note that each function in F,_;(B) with s > 3 is a composition
of the multivariate linear function z = w - x with |w|; = 1 and the univariate function g(z) defined
in (6.4) such that ¢'(p) = 0 for some p € [0,1/2] and Hg(T')HLw([—m]) < B for r = 0,1,2. By
Lemma 6.6, such g may be approximated by g,,, which lies in the convex hull of the set of functions
{c+7SPr(ez = b):|c| < B,e€{£1}, [b|<1,7 < 4B}. Moreover, |lg = grmllyroe(_11)) < 4B(1+7)/7%
As a consequence, we have

lg(w - 2) = grm(w- x)HHl(Q) <llg— gr,m”Wl,oo([,l,l]) <4BT (14771,
By Lemma B.2, there exists a function v, in the convex hull of Fsp_(B) such that
[ = @vrll g1y S4V2IBT 11+ 771).

Thanks to Lemma 6.4 and the bound (6.10), there exists v,, € Fsp, n(B), which is a convex combination
of m functions in Fgp_(B) such that

121 _
[pvr — W}mHHl(Q) < V21 |- — Um”Hl(Q) < EB (13 +47 1) )

where the first inequality follows from Lemma B.2.
Combining the last two inequalities and setting 7 = 94/m, we obtain (6.9). O

6.4 Bounding the approximation error

The following theorem bounds the approximation error in (5.3) when F = @Fgp, . We postpone the
proof of Theorem 6.7 to Appendix B.5.

Theorem 6.7.  Under Assumptions 2.1 and 3.3, let By» = ||u*||s+ and v, € Fsp, m (By~) be defined
in Theorem 8.2. Assume in addition that 1) (By+,m) := 64By~/+/m < 1/2. Then,

Li(ovm) — Li(u*) < (3max {1, Vipax } + TAk + 58) 1 (By=,m) .

7 Statistical error

By Theorem 5.4, in order to bound the statistical error, we need to control

Gi r ) Go A1 ( F; 1 T ) .
Kil-mr57— 1 Kn ;T and K, 4 L 1<j<k—1. (71
(M; Mr Mg, "\ M, 2, Mz | 27\ 4, Mr J (7.1)
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To this end, we firstly bound the covering numbers of the properly rescaled function classes in §7.1.
Secondly, we derive inequalities to bound the quantity K, 4(r, s] defined in (5.1) with respect to covering
numbers in §7.2. Finally, we obtain the bounds for the quantities in (7.1).

7.1 Bounding the covering numbers

For fixed positive constants C, I', W and T, we consider the set of two-layer neural networks
. m m
Fn = {ve(x) =+ Y p(wi-w+t) x| <CY |l KT, |wil, < W, [t] < T} . (72)

where ¢ is the activation function, 8 = (¢, {7 }ie; , {wi}imy , {t:};~,) denotes the parameters of the two-
layer neural network. Denote the parameter space

©=06,x06,x0,x06,=[-C,0] xB™MI)x (B{W)" x [-T,T]™
We consider the set © endowed with the metric p defined for 6 = (¢, v, w,t), 8’ = (¢',~',w’,t') in © by
0 (8,0) = max {Je = ¢| |y = |, ,max foos — iy, 1t = ¢l o } (7.3)

Assume that ¢ satisfies the following assumption, which is valid for the Softplus activation function.

Assumption 7.1. ¢ € C?(R) and ¢ (resp. ¢/, the derivative of ¢) is L-Lipschitz (resp. is L’-Lipschitz)

for some L, L' > 0. Moreover, there exist positive constants ¢max and ¢,,, such that
sup |¢(w T+ t)| < Pmax  and sup ‘(b (w T+ t)| X (bmax
WEBO,, ,tEO,zeN WEBO,, ,tEO, e
Example 7.2. Let ©, = (B{(1))" and ©, = [-1,1]™. It is clear that ||SP., HLOO(R) < 1 and
||SP”HLOO(R) 7, hence SP, satisfies Assumption 7.1 with
L=¢hax=1 L'=7 and ¢max <2+1/7. (7.4)

Example 7.3. The activation function tanh satisfies Assumption 7.1 with
L=¢l..=1, L'=4V3/9 and ¢uax = 1.

Let (E, p) be a metric space with metric p. A d-cover of a set A C E with respect to p is a collection
of points {z1,- - ,2,} C A such that for every z € A, there exists ¢ € {1,--- ,n} such that p (z,z;) < 0.
The §-covering number N'(4, A, p) is the cardinality of the smallest § cover of the set A with respect to
the metric p. Equivalently, the d-covering number N (4, A, p) is the minimal number of balls B,(z,d) of
radius 0 required to cover A.

Let @ be any probability measure on  and [|g||. = sup,¢q |g(x)|. Define

g}n::{g:Q%R ‘g:go2vgwhereve€]?m},
G2 = {g:Q—>R ‘g:\V(w}g) |* + Vp?*vi where vgefm},
gf;l::{g:Q—HR ‘gzapwvgwherevgeﬁm}.

Thanks to Assumption 7.1,

m

ma‘X HUGH |C| + Z h/l sup |¢ (wi - T+ tl)| < C+ F¢Inaxa (75)
W; EOqy,t; EO,xEN
m
< | |w "w; - @+ )] STW @, 0y
reneaé(H\va\H* = Z il wieezu:st?get,xea 19" (wi -2 1)) < D
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Since |V (pvg) | < || [Vvg| + |ve| [Vp| and 0 < V' < Vigax,

Sugg ||g||* g [FW¢§nax/d +7 (O + F¢max)]2 + Vrnax (C + F¢max)2 d72' (76)
9E€Gm

The next proposition provides upper bounds for N (8, G?, /M, || - || 12(q)), where {M;}?_, are certain
scaling parameters. Given C, I', W and T in (7.2), as in [47], we define

2CA [3TAN™ /3WAN\Y™ /3TA\™
() (22)" (2)

Proposition 7.4. If 0 <V < Viyax and ¢ satisfies Assumption 7.1, then fori=1,2,3,
N (8,60, /M, || - | 22(@)) < M (6, Ai/M;,m, d),
where

A1 2= 2(C + Pmax) (1 + pmax + 2LT) /d?,
A = 2[CW ¢, /d + 7 (C+Tbina)] [((W+r)¢;nax + 2FWL’> Jd+m (1 +¢max+2Lr)}
+ 2Vinax (C 4 I'édmax) (1 + dmax + 2LT),
Az == [[¥[|r2(@) (1 + dmax + 2LT) /d.
The proof is postponed to Appendix C.1.

7.2 Estimates of the expectation of suprema of empirical processes

Let {€;}22, be independent Rademacher variables® independent from {X;}5°,, and let F' > sup rer |l
be a measurable envelope of the function class #. Here, we call F a VC class if there exist some finite A >
3y/e and v > 1 such that for all probability measures Q and 0 < 7 < 1, N (7[|F||12(q), F, || - [l 12(q)) <
(A/7)". We firstly recall the following fundamental lemma.

Lemma 7.5. [25, Proposition 2.1] Let F be a measurable uniformly bounded VC class. Let U >
supfeg || fllLe and 0® > sup ;g Epf? be such that 0 < o < U. Then there exists a universal constant C

such that for all n € N,
’uUlnA—U +m/vnlnAU] .
o o

To bound E ||P,, — P||5 with F a subset of a rescaled class G, /M; (1 < i < 3) in §7.1, we need the
following lemma, whose proof is deferred to Appendix C.2.

n

Zﬁz‘f (Xz)

=1

E <C

F

Lemma 7.6. Let F be a class of real valued measurable functions taking values in [—1,1]. Let F < 1
be a measurable envelope of F and sup g Varp f < 02 < 1. Assume that for all 0 < 7 < 1, there exists

a universal net {fi}iﬂil for all probability measures Q such that M < (A/7)" and for any f € F,

min[1F = fillza) < 7lIF o)

Then, there exists a universal C' such that for alln € N,
A A
E|P, - Pls <C (vln-l—a ”m) .
n o n o

Remark 7.7. IfF C G/ /M; (1 <i < 3), then the universal nets exist due to Proposition C.1 and the
procedure by which we control the covering numbers. The universal nets correspond to the nets for the
parameter space O.

5) A Rademacher variable ¢ is one that satisfies P(e = 1) = P(e = —1) = 1/2.
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Recall Kf_’q(r, s] defined in (5.1) and KC,,(F,r) = Kf\/i(r, 1]. Corollary 7.8 is a direct consequence of
Lemma 7.6. We postpone its proof to Appendix C.2. 7

Corollary 7.8. Let F satisfy the assumptions in Lemma 7.6 and all functions in F take values in
[0,1]. For all n € N, there holds

v A A
JKn(F, ) <C<Tw21n+ L >

r nrz 7
where C' > 1 is an absolute constant. In particular, if [v/(nr?)]In(A/r) < 1, then

Kn(F,r) <2C 12 lné.
nr r

7.3 Bounding K,, in the statistical error

We take F = @Fp, and Fp, = Fsp, m(B) with 7 = 9,/m, and consider

G1=Gsp, m1(B):={g:9= ©*v® where v € Fsp,.m(B)},
G2 = Gsp, m2(B) = {g: 9=V (pv) > + V|pv|* where v € Fsp, m(B)},
F; =Fsp, m,j(B) ={g:9=¢Y;v where v € Fgp, n(B)} forj=1,2,...,k—1.

~— ~—

Note that Fgp, mn(B) coincides with the set Fo defined in (7.2) with
C=B,T=4B, W=1, T=1. (7.8)
By (7.5) and (7.6), using (7.4) and (7.8), we take Mz, Mg, as
SlelgllgHLoo(m <9.5B/d=: Mr, sup lgll o () < 34°B* + Vinax (9-5B/d)* =: Mg,. (7.9

Applying Lemma 7.6 or Corollary 7.8 to certain rescaled function classes, we estimate KC,, as follows

Theorem 7.9.  Assume that 0 < V' < Vinax and ||[¢j]|pe () < pj for 1 < j < k —1. Consider the
sets F = @Fsp, m(B), G1 = Gsp. m1(B), G2 = Gsp. .m2(B) and F; = Fsp, m,;(B) with 7 = 9y/m and
B > 1. Assume that n is large enough such that

mB? (1+ Vinax) | B(1+v/m/d) (14 Vinax)

C <1, 7.10

0 nr2 rd ( )
where Cy is an absolute constant. There exists an absolute constant C such that
mB B
Ky (G1/Mz,r/MFr) < C — (7.11a)
B2 (1 + Vinax B (14 +v/m/d) (1 + Viax
Ko (G2/ Mg, /A /Mg, mBE (Lt Vana) 1, BAA yim/d) (1 + Vinar) (7.11b)
nr rd
F; 1 r m; B w; B m; B wiB

K, L = <C | - | J 7.11

(2[LjM]: o 4ujMf> nr n( rd ) +\/ nr o\ rd (7.11c)

The proof is postponed to Appendix C.3.

8 Proof of the main generalization theorem

Combining Theorem 5.4, Theorem 6.7 and Theorem 7.9, we are ready to prove Theorem 3.4.
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Proof of Theorem 3.4.  Thanks to Theorem 5.4, taking Fs, = @Fsp, m(B) N {||ulr2@) > r} with
B = [[u*||gs(q) and 7 = 9y/m, if 2&; 4 &> < 1/2, for any ur € Fsp,

Ly () = A < e (1 + &) + 8 (hd + VRS ) +3 (L (ur) = M) (8.1)

By Theorem 3.2, there exists ur € ¢Fsp, m(B) such that [|u* — ur| g1 ) < 64B/y/m. Since 64B/\/m <
1/2 and 0 <7 < 1/2, [Jur|lL2) = |[u*|12(q) — 64B/y/m > r. Thus, ur € Fs,. By Theorem 6.7,

Lk (UJ:) - )\k < 64 (3 max {1, Vmax} + 7>\k + 5ﬁ) B/\/TTL (82)

Substituting the bounds in Theorem 7.9 into {&;(n,7,d)};_;, we obtain, if (7.10) holds, then

&1(n,r,0) < rgfﬁ (\/mdlnz + \/ln(1/6)> )

&(n,r,0) < CYi(n,m, B,r,0),
53(71’ T, 6) CT2(n7m7kaBaﬂk7T7 5)/\/E7
where we have used (7.9), the fact A; > dr? and (3.3b). Note that the bound for & is smaller than the

bound for &. Hence, there exists a constant C' such that (3.3a) ensures both (7.10) and 2&; + & < 1/2.
A combination of (8.1), (8.2) and (8.3) completes the proof. O

(8.3)

NN

9 Solution theory in the spectral Barron Spaces

In this section we aim to prove the regularity of the eigenfunctions in the sine Barron space, as stated
in Theorem 3.8. The regularity properties of PDEs within Barron spaces have been investigated only
recently. In [20], the regularity results for the screened Poisson equation and various time-dependent
equations in the Barron space have been proved through integral representations. The authors in [47]
established a solution theory for the Poisson equation and the Schrodinger equations on the hypercube
with homogeneous Neumann boundary condition. This work was further extended in [46] to include
regularity estimates for the ground state of the Schrédinger operator. In addition, Chen et al. [14] proved
the regularity theory for the static Schrodinger equations on R? within the spectral Barron space.

Without loss of generality, we assume that V > 0. For f € L?(Q), consider the static Schrodinger
equation with Dirichlet boundary condition

Hu=—-Au+Vu=f onf, u=0 ondQ. (9.1)

To show the boundedness of H~!, we prove an estimate for the solution of (9.1).

Theorem 9.1.  Assume that f € B°(Q) and V € €5(Q) with s > 0 and V(z) > 0 for x € Q. Then
(9.1) has a unique solution u € B5T2(Q). Moreover, there exists C > 0 depending on V and d such that

[ullss2) < C(V.d)|[fll:(0)-
Corollary 9.2.  Assume that V € €*(Q) with V(x) >0 forx € Q. Let S := H 1. Then S : B(Q) —
B5+2(Q) is bounded and S is a compact operator on B*(L2).
We prove the above two results in Appendix D.2. To prove Theorem 3.8, we start with s = 0.
Proposition 9.3. IfV € ¢€%(Q), then any eigenfunction of Problem (2.1) lies in B2().
Proof. By the definition of €*(Q2) and Lemma D.2, V € €°(Q) if and only if V. et (Zd). Specifically,

~ d ~ .
WVellorzay = D 2% b Ve(k) = Y 282 [V (k)| < [[V|eo(e),
keNg keNg

Ve =Y 28, IVe(k)| < 21 Vellor zay,
keNg
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where we have used f; = Lizo—00 Lr0 ¢ [21=4 1]. Since V. e it (Zd), Young’s inequality implies
that for p € [1,2], if {ar}yeza € €2 (Z%), then (V, % a) € €2 (Z?) and

Ve * aller < [IVeller[laller- (9-2)

For any eigenmode A, ¢ € H}(Q2), let ¥, be the odd extension of ¢ on [—1, 1], which may be regarded
as an eigenfunction of the Schrédinger operator H: = —A + V, with periodic boundary conditions:
Hipy = —Athy + Vitho = Aty

Next, we claim that if v, € £° with some p € [1,2], then (72|k|3 + 1), € £P. Notice that

1;0 - OJ [(_A + I)_l(ﬁ + I - Ve)"/’o}
= (P2 + 1) T O+ D) o — (2R 4+ 1) (o + Vo),

where F represents the Fourier transform. Since V, € ¢! (Zd) ,1/30 e [p (Zd), we conclude (A + 1)150 €
(P (2%) and (Ve 1) € £7 (Z%) from (9.2). Hence

A+ 1) %o — (Yo + Vo) = (72[k[3 + 1) ¥, € €7 (27) .

This proves the claim.

Now we complete the proof through a bootstrap argument. Since ¢ € L?(2), we have v, € Lg(ﬁ) and
its Fourier transform ¢, € ¢2 (Z4) . It follows from the above claim that (72[k|3 + 1) ¢, € ¢2 (Z%). For
all r > d/2, (72|k|3 + 1)_1 € (" (Z%) . By Holder’s inequality, as long as ¢~' < 2/d+1/2 and ¢ > 1, there
exists r > d/2 such that ¢=! = r=! + 271 and

> -1
IPollesczey < || (w213 +1) 7"

(721403 + 1)

< 0.

er(27) ez

Thus ), € £ (Zd) . Repeating this argument j times, we have 1/30 A (Zd) as long as ¢~ < 2j/d+1/2
and ¢ > 1. Choosing j properly, we conclude that v, € ¢! (Zd). Repeating the claim again, we have
(m2|k|3 4+ 1) ¢, € £* (Z%) . Using Lemma D.1, we get

[llm2) = D (L+7[kIT) 2% bo(k)] = D (1 +7°[K[) [dho(k)-

d d
keNd keZ

Hence, ¢ € B2(Q) because [|9)||m2(0) < d|| (1 + 72|k[3) Yoll¢1 (za)- O
With the aid of Proposition 9.3 and Corollary 9.2, we are ready to prove Theorem 3.8.

Proof of Theorem 3.8.  Note that B7(Q) — B°(Q) and €"(Q) — €*(Q) for 0 < r < s. Take any
eigenmode (), 1) of Problem (2.1) such that Hi) = Aip. Since V € €5(Q) with s > 0, V € €°(Q2) and thus
b € B2(Q) according to Proposition 9.3. For any 0 < r < s, V € €7(Q), it follows from Corollary 9.2 that
S :B7(Q) — B"2(Q) is bounded. Notice that 1) = ASt). Hence 1) € B2(Q) implies 1) € B2in(s+2.4)(Q),
Repeating this argument j times, we conclude that ¢ € B™n(s+2.2/+2)()). When j is large enough so
that 25 + 2 > s + 2, we obtain ¢ € B°+2(Q), which completes the proof. O
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Appendix A Stability estimate of the k-th eigenfunction

In this appendix, we prove Proposition 2.2 and Proposition 2.3. Define P as the orthogonal projection
operator from L?({2) to Uy and P+ as the orthogonal projection from L?(f2) to U;-. Recall that {1; 5;11
are the first k — 1 normalized orthogonal eigenfunctions. For u € H'(Q), we write

k—1
u=Pu+Ptu=Pu+w+z with w:zZ(u,%}%—, z: = Ptu—w.

Jj=1

Note that w is the orthogonal projection of u onto the subspace Wy = span {1, 19, ...,%r_1} and z is
the orthogonal projection of u onto the subspace Zj = VVkl Nker (H — )\kI)l . Recall that A/ is the first
eigenvalue of H that is strictly larger than \g. For any z € Zj,

(2, Hz) = Mo l|2l 22 (q) = Mell2l 22 (q)- (A1)
Notice that H leaves the three orthogonal subspaces Wy, Uy, Z;, invariant. Therefore,

(u, Hu) = )+ (Pu, HPu) + (2, H2)

(w, Hw

k—1

> N () + Me(Pu, Pu) + (2,Hz).
j=1

Using the definition (2.3), the decomposition (A.2) and

||u|\%2(9) = (w,w) + (Pu, Pu) + (z, 2), (A.3)
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we obtain
k—1

(Li(u) = M) ullZ2 () = (u, Hu) + 8 Z (u,93)” = M, u)
k-1 "
=D (B+X = M) () + {2, (H = A)2).
1

.
Il

This identity is the key to proving Proposition 2.2 and Proposition 2.3.
Proof of Proposition 2.2. Note that 0 < Ay, —A; < Ay — Ay for each 1 < j < k— 1. It follows from
(A.2), (A.3) and (A.1) that

{u, Hu) — )\kIIUH%z(m’ = [{w, (H = Ap)w) + (Pu, (H = M) Pu) + (2, (H — Mx)2)]

k—1
<D (=) (w,)? + (2, (H = A)2)

j=1

<

Ao — Mt ,
< —,1, (L - A ,
max { =R 1 (L) M) [l
where we have used (A.4) and 8 > A\ — A1 in the last line. This gives Proposition 2.2. O

Proof of Proposition 2.3. It follows from (A.1) that (z, (H — M) 2) = (A — Ag) Hz||2L2(Q). Using (A.4)
and the facts 0 < Ay — Aj <A — A forall 1 < j <k — 1, we obtain

(Lie(u) = ) lullZ2 ) = (B + A = M) lwllZa ) + Ak = M) 120720

) 9 (A.5)
> min {8 + A1 — A, Ay — A} HPLUHLQ(Q) ;
2 : .
where we have used HPluHL?(Q) = ||w||2L2(Q) + ||z||%2(9). Since 4 A1 — A and A\pr — A are both strictly
greater than zero, the inequality (A.5) implies the estimate (2.7a).

To bound HVPLu’ 2, we note that

(Li () = M) 20y = (P, (H = M) Pu) + (PP, (H = M) Pru) + Bllwl iz q)
> (Phu, (H — \)Pru)

:/ |VPLu|2 dx—i—/ (V=) |pLu|2 dz,
Q Q
where we have used (Pu, (H — A\;)Pu) = 0. Rearranging the terms, we arrive at
2 2
valuuym) < (Lie(w) = M) lull72(q) — /Q (V=) |[Prul” da
2
< (L) = M) flulFaqay + Ok = Vinin) [Pl g -

Substituting (2.7a) into the above inequality, we obtain (2.7b). O

Appendix B Missing proof in section 6

Appendix B.1 Preliminaries
Proof of Lemma 6.1. (1) For u € B°(Q), it follows from the fact [ @[~y < 1 that
. 1
lull Lo (@) < Z la(k)| = §||UH%0(Q)-
keNg

Moreover, since u € B*(2) with s > 0 have summable sine coefficients, the sum of sine expansion
converges uniformly, which implies that v € C(2) and u vanishes on the boundary of .
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(2) If w € B2(Q), then |a(k)| < |lul|s2(q) for each k € N% by definition. It follows from the Cauchy-
Schwarz inequality that

ullFriqy < 27 lullsa) Y (1+72kI3) lalk)] < 27 |ull3: q)-
keNd

Hence u € H}(Q). O

Appendix B.2 Upper bounds for the cut-off function ¢

The following lemma gives upper bounds for the cut-off function ¢ and its gradient.
Lemma B.1. For all x € Q, it holds that 0 < ¢(z) < l/d and |Vo(x)| < 7.

Proof. For any = (21,79, --,24)7 € Qand 1 < i < d, 0 < sin(mx;) < 1. It is evident that
0 < ¢(x) < 1/d. A straightforward calculation yields

27:1 cos? (mxy) [Hj# sin (T(a?j)} !
[27:1 H_j;él sin (m«”j)} !

Vep()|* = 7*

Since for every 1 <1< d and = € (0,1)¢, [1;,sin(mz;) > 0 and cos? () € [0,1), we have

4 4 4
d
Z cos? (maxy) H sin (rz;) | < Z H sin (rz;) | < Z H sin (7x;) |
J#l =1 | j#l 1=1 j#l
which implies |V(x)|? < 72 for all z € (0,1)%. O

Lemma B.2. For any h € HY(Q), ohll 1) < V21|l g1 (o) - Particularly, if {h;}32, converges to
hin H'(Q), then {@h;}52, converges to oh in H'(Q).

Proof. By Lemma B.1, for h € H'(£2), a direct calculation yields [[¢h| r2(q) < ||h]|L2(0)/d and

1
/ V(g z))?dz < 2/ (R?|Vol* + @*|VA?) da < 2/ <7r2h2 + d2|Vh|2> dez.
Q
Notice that 272 +1 < 21 and d > 1. Therefore, we obtain
2 2 2
||50h||H1(Q 272 + ||hHL2(Q z IVA]T20) < 212l (o) -
In particular, if {;}52, converges to h in H'(Q), then ||ph; — ehll g1 (q) < V21 ||hj — Mgy — 0. O

Appendix B.3 Sine Spectral Barron Space and Neural Network Approximation

To prove Proposition 6.2, we need the following elementary facts.

Lemma B.3.  The following expansion holds for m € N4 and z € (0,1)

(m—1)/2
1+ Z 2 cos (2lrx), m is odd,
sin (mmx) =1
sin(rx) ) m/2
Z 2cos ((20 — V)mz),  m is even.
=1

The proof is straightforward, and we omit the proof.
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Proof of Proposition 6.2. For u € B!, dividing both sides of u = ZkeNi (k)P by ¢, we get

d
uz) = Z (k) ansm (kjmaj) | . (B.1)
p(x) vt P sin (7 by

sin(k;wx)
sin(mwx)

The sum in (B.1) is absolutely convergent for all z €  because < k; and

d sin (k;ma;
Z |a(k)| Z'bsm(];;m)ﬂnsin(kjﬁmjﬂ < Z |a(k (Zk) l|ulls1 @
i=1 Yo i

d d
keNd keNd

Expanding Sntkire:)

sin(mx;)

with k; € Ny, using by Lemma B.3 and substituting this expansion into (B.1), we

obtain that u/¢ has an expansion of the form (6.1), where (k,i) € T if and only if k¥ € N has at most one
zero component at position k;. Furthermore, the coefficients ¢(k, ) can be expressed in terms of @ (k) as

(ki) = (14 151y) D a(k+ (20 4+ 1)e;)  for (ki) €T, (B.2)
=0

where e; is the i-th cannonical basis.
By (B.2), we obtain

d

S @tk [k )] < oo Aalk)| + S Aak) |, (B.3)

(k,i)er =1 kGNi,ki is odd kGNi,ki is even

where
(ki—3)/2

A1:1+7Ts|k—ki€i‘i+1{ki23}~2 Z [1+7Ts|k—(21+1)61|i],

ki/2
Ay =2 [1+47[k— (20— 1)esl]].
=1

Notice that s > 0, t° is a nondecreasing function for ¢ > 0. When k € Ni and k; is odd,
(ki—1)/2 k|1
Ay <ki+2mt ) (|k|172171)5<ki+2w8/ 5 dt.
1=0 [kl —Fi

Similarly, when k € N‘i and k; is even,

ki/2 k|1

Agzki+27752(\k|1—2l+1)sSki+27rs/ 1 dt.
=1 [kl1—Fk;
Hence,
o . s
Al Js] < s (I3 = (il = k)™)

Substituting the above bound into (B.3) and exchanging the order of summation, we bound (B.3) by

SRS lek)l[mz (el = (lel: )”1)]

(k,i)er i=1 | kend

=3 Ja(k)| { gl
keN

d
+

d
d|k}|s+1 Z('kh _ )9-%1] }

i=1
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Using Jensen’s inequality and the fact that ¢**! is convex, we get

d d s+1 s+1
1 d—1
s+1 _
Z: Ikl — k)"t > [dg K|y — ks ] - (d l<:|1) .

Combining the above two inequalities and using the Bernoulli inequality

&\»—‘

s+1

(1—1/d)*™ > 1~ T

we obtain

SI11.18Y 1.4 . ~ 2m s+1 d—1 s
Y (LR [0k, §)] << |a(k)| porl L Rl G L
(k,i)eT keNd

o s+1
= 3 lalk) {Ilm ¥ W(Q—il) [1 () ] 7r8+1k|i“}

< (3/7T)||U||%-<+1(Q) < Jullgst1 ()
The estimate (6.2) follows from (B.3), (B.4) and the above bound. O

The following lemma is useful to show that u/¢ lies in the convex hull of F,(B).
Lemma B.4.  [/7, Lemma 4.2] For any 0 = (61,02, -- ,Hd)T e R?,

d
Hcos@i = 2% Z cos(§ - 0).
i=1

€e{1,-1}

Proof of Proposition 6.3.  Step 1: Show that u lies in conv(¢Fs(By)) with B, = |ullgs+1(q). By
Lemma B.4 and sinf; = cos (8; — 7/2), let 8 = (kimx1, koo, . . ., kdﬁxd)T, hence

. 1 T
cos (kima;) H sin (kjmz;) = 24 Z cos | mhe -z — 5 ij , (B.5)
JFi ge{l,—1}4 J#i

where ke = (k1&1, koo, ..., kalq) . Since u € B*T1(Q) with s > 1, plugging (B.5) into the expansion of
u/¢ in Proposition 6.2 yields

u(x R . 1 T
Ex;: Z v(k,z)-z—d Z cos 7rk§~x—§Z§j

(k)€ ge{1,-1}4 i

-y PEACEERD P X smnhi)eos (mhe - 53

1 s
(k,3)€er T |k| €c{1,-1}4 J#i
where Z, is a constant to be specified later on. We define a probability measure on I' by

[0(k, 1)| (1 + 7*|K[1)
Zy

u(d(k,i)): =

o(d(k, 7))

with Zy = Y pyer [0(k, )] (1 + 7°[k]3) < Bu. Let sign(d(k, ) = (~1)%+ with 6y, € {0,1}, and

Zy 1 1
gk = mmgr 2 cos|mlkew— gD &40 | | o).
ge{lv_l}d ‘7;62
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Then, for any x € ,

u(w) = > gl ki)u(d(k,i) = Eug(x, k,i). (B.6)
(k,)er

For ¢ € {1,-1}4, > j2i & is even when d is odd, and }_;; &; is odd when d is even. It is clear that
g(z,k,1) is a convex combination of 2¢ elements in pF,(B,,). Moreover, thanks to (B.6) and the uniform
boundness of [|g(-, k,%)|| g1 () derived from the following step, v lies in conv(pF,(By)).

Step 2: Check that ¢F(B) with s > 1 is a bounded set in H'(Q2). By Lemma B.1, whether f is a
sine function or a cosine function,

/@2(x)f2(7r(k-x+b))dx</<p2(x)dx<d_2,
Q

Q

and
Alv(w(w)f(W(k-w+b)>)I2dw < 2/@ [f2(r(k -2+ b)) Vo> + [V f(rm(k -z +b)] da
<2 [ (VeP + 7R da
<2m*(1+d72).

Hence, for any w € oF4(B), w(x) = v(1 +7°|k|]*) to(z) f(x(k -z + b)),

ol iy € —2o— (L o2y 2R
SIS G @ T e )

When |k]; > 1, since s > 1 and
1/d? 4 272 4+ 212 |k|? /d? < 4 + 8 |k|y + 472 k|3 <4 (1 + 7 |k|3)?,

we have ||w||%[1(Q) < 4B2. Since k € T'y, the only case where k = 0 can occur is when d = 1. In this case,
w(z) = yp(x) = ysin(rz) and
||w||%11(9) <2 (1+7%) /2<6B%

Thus, we conclude that for any w € o Fs(B) with s > 1,
[wl g @) < V6B.

Step 3: Using Lemma 6.4 along with the facts that u lies in conv(pF(B,)) and ||w| g1 () < V6B for
any w € pF4(B), we obtain Proposition 6.3. O

Appendix B.4 Reduction to ReLU and Softplus Activation Functions

Proof of Lemma 6.5.  Let gy, be the piecewise linear interpolant of ¢ with respect to grid {z; }320' Let
h = max(hy, h2). Then, h < (14 p)/m < 3/(2m), According to [5],

h2
1
g = gmll oo (=1,17) < 3 19"l oo ((=1,17) -
Consider z € [z, zj41] for some 0 < j < 2m — 1. By the mean value theorem, there exist £, 1 € (z;, 2j41)

such that (g(zj+1) — 9(25)) /(zj+1 — zj) = ¢’ (§) and

g(z) - LE) =9 iy g = 1 m)) 12 — €,

Fi+1 T A
which implies that |g" — g7, [l oo ((—1,1)) < P19 || oo (=1,1)) - Thus,

19 2B

h?
g — gm‘|W1,oo([_1,1]) < ) Hg//”Loc([_Ll]) +h ||9//||L<x>([_1,1]) < EBh < m
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This proves (6.6).
Next, it is straightforward to verify that g,, can be rewritten as a two-layer ReLLU neural network

2m

gm(z) = c+ Zai ReLU (z; — z) + Z a; ReLU (z — z;-1), ze€[-1,1], (B.7)

i=1 i=m+1

where ¢ = g (z;,) = g(p) and the parameters a; defined by

(9 (Zm+1) = g (2m)) [ha, if i =m+1,
o = ) (9Gn) =g (zm) [, if i = m,
") (9(z) =20 (i) + g (2im0)) Jha, i >mA L
(9(zic1) —29(2:) + g (2ziq1)) /P, if i <m.

Furthermore, by the mean value theorem, there exists £1,£2 € (2, 2m+1) such that

lams1] = 19" (€1)] = |9" (&1) — 9" (p)| = |g" (&2) &1| < Bha

In a similar manner we obtain |a,,| < Bhy, |a;| < 2Bhsy if ¢ > m+1 and |a;| < 2Bhy if i < m. Therefore,
Z |la;| < 2Bmhy + 2Bmhy = 4B.

Finally, setting ¢, = —1, b; = —z; fori =1,---  mand e =1, 0, = z;_1 fori =m+1,---,2m, we
obtain that g, satisfies (6.5). This completes the proof. O

Next, we prove the approximation results with the Softplus activation. To this end, we recall a lemma
from [47] which shows that ReLU may be well approximated by SP, for 7 > 1.

Lemma B.5.  [/7, Lemma 4.6] The following inequalities hold:

|ReLU(z) — SP,(2)| < 77t 7P vz e[-2,2], (B.8a)
|ReLU’(2) — SP.(2)| <e ™, vz e [-2,0)U(0,2], (B.8h)
ISPl 1,00 ((m2py S 3+ T (B.8c)

Proof of Lemma 6.6.  Thanks to Lemma 6.5, there exists g,, of the form (B.7) such that

2B
lg = gmllwroo 11 € —

—
Let g, m be the function obtained by replacing ReLU in g,, by SP,, i.e.,

2m

Grm(2) = c+ Z a;SP; (i —2)+ Y aiSP;(z—z_1), z€[-11]. (B.9)

1=m-+1

y (B.8a) and the bounds of |a;| in Lemma 6.5, the difference |g,(2) — grm(2)| may be bounded by

m 2m
Z|al| |[ReLU (z; — z) — SP; (z; — 2)| + Z |a;| |IReLU (z — z;—1) — SP; (2 — 2;—1)]
=1 1=m-+1

2m

m—1
2Bh Bh Bh 2Bh
1 77'\2 Zi | + =22 1 7'r|z Zm |+ 2 7'r|z Zm |+ § <DU2 77'\2 Zi_1

T T
=1 i=m+2

2m—1
2B QB QB 2B
< § h —T|z—zi| § h —7|z—2i| I
mT T ( ¢ +1 — 2¢ mr + T
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where we have used e~ 71#~#nl < 1 and hy + ho = 2/m in the last inequality. Suppose that z € (25, 2j41)
for some fixed 0 < j < 2m — 1. When j = 0, the term i = j+ 1 = 1 in the sum I may be bounded by
h = max(hy, h2) < 3/(2m). The other terms can be bounded by

Z2m—1 1 1
/ e—T(X—Z)dX < (1 _ e_T(ZZtnfl_ZH’l)) < — (]_ — 8_27—) .

41 T T

Thus, I < h+ (1 —e~27)/7. Similar bound holds when j = 2m — 1. When 1 < j < 2m — 2, the term
i =7 and ¢ = j + 1 in the sum [ is bounded by h, respectively. The other terms may be bounded by

/ i e_-,—(z—x)dX +/ 2m—1 e_T(x—Z)dX < l (2 _ e—T(Zj—Zl) _ e—T(ZQm,l—zHl))

Z1 Zj+1 T
< 2 (1 — e*T(Zz"‘*lle)/Q) < 2 (1 — e*T) ,
T T

where we have used Jensen’s inequality in the second inequality. Since 2(1—e~7) > 1—e~2" for all 7 > 0,
we summarize that I < 2h +2(1 —e™7)/7 for all 0 < j < 2m — 1. Hence,

< 2B (1 oh 2(1—e™7) < 4B (2 1—e7
gm *gr,m”Loo([,Ll]) S \m +2h + - )s—\n + - .

Using (B.8b), proceeding along the same line that leads to the above estimate, we obtain

2 1—e™ "
|9 —glr,mHLoo([_Lu) <4B (m R— ) ’

A combination of the above estimates and [|g — gullyy1.00(—1,1)) < 2B/m yields

lg — gr,m”Wl,oc([_Ll]) <llg- 9m‘|w11w([71,1]) + llgm — gr,mHWl,ao([_lJ])

28 1\ (2 1-¢7
<+4B<1+>(+ > )
m T m T

1 1—e"
<4B<1+>(3+ ¢ )
T m T

Since 7 > 0, choose m € N, such that m > max{37e™,2}. Then, we obtain (6.9). Finally, we rewrite
(B.9) in the form (6.8), which completes the proof. O

Appendix B.5 Bounding the approximation error
Proof of Theorem 6.7. We denote ¢v,, by uy,. Since u* € Uy, Li (u*) = Ag. Note that

L () = A = = (u?;(;j)V e o (u?;(;jf & (ue)g (_uff)(um)Lk (). (B.10)

Since u* € B°(Q) for some s > 3, by Theorem 3.2, we have

" — w1y <1 (Bueym) < 12 with By = (14 2/m)[[u" | s+ (0.

Combining this inequality with Hu*||2LQ (o) = 1 yields

1/2< 1= [u” = uml g (q) < llumllz2@) < 1+ lw" = umll g ) < 3/2, (B.11)
and
|2 () — & (u*)] = ||u*||L2(Q) + ||um||L2(Q)) ’”“*HLZ(Q) — ||um||L2(Q)
< (241 (Bur,m)) 1 (By+,m) (B.12)
< 51 (Bys,m) /2.
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Since a? — b2 = (a — b)% + 2b(a — b), it follows from 0 < V < Vijax that
IEv (u) — &y (u")| < / (|Vu — Vu*]? +2|Vu*| |[Vu — Vu*|) dx
Q
+/ (V\u—u*|2+2V|u*| |u—u*|) dx
Q
* 12 * *
S max {1, Vinax} [ = v |1 () + 2[IVU"| 2 () VU = VU 2 (B.13)
—&—QH\ﬁu* H\FV(u—u*)
L2(9) L2()

max {1, Vinax} 4 — |31 ) + 2 (Ev (") Ev (uw—u*))"/?
max {1, Vinas } [ — |31 ) + 2/ Ak max {1, Vigax } 1w — 0"l 71 o

<
<

2
where we have used &y (u) = ||Vu||2LQ(Q) + H\/VUHLZ(Q) and &y (u*) = A. Hence,

IEv (um) — Ev (u*)] < (Bmax {1, Vinax} /2 + Ag) n (Bys,m).

Moreover, since {9; }?;11 are normalized orthogonal eigenfunctions,

- vz g 1/2
1€p (um) — Ep (") < B (um +u*,95)° Dt — )
j=1 j=1
< B (110l 2y + il ey ) 10" = tmll (e
< 200 (Busm).
Substituting all the above estimates into (B.10), we obtain Theorem 6.7. O

Appendix C Missing proof in Section 7

Appendix C.1 Bounding the covering numbers

The following proposition gives an upper bound for the covering number N (§, 9, po).

Proposition C.1.  [47, Proposition 5.1] Consider the metric space (©,pe) with pe defined in (7.3).
Then for any § > 0, the covering number N (6,0, pg) satisfies that

20 (30\™ (3W\ " (3T\™
4 <— | = —_ — .
voes <5 (5) (5F) (5)
Proof of Proposition 7.4. Bounding N (6,G, /My, || - ||12(q)). For 6,6/ € O, by adding and

subtracting terms, we may bound |vg(x) — vg:(x)] by

m

m
le— [+ Z%¢(W =) — Z%Qé(w; ‘x — )
i=1 i=1

m m (C.1)
Sle=d[+ Y v =il (wi -z — )| + Y il (wi -z — t:) — ¢ (w) - & — t)].

i=1 i=1
Since ¢ satisfies Assumption 7.1, |¢ (w; - & —t;) — ¢ (w} - @ — ¢;)| < L (Jw; — wl|; + [t; — ¢}]) . Therefore,
it follows from (C.1) that

00(2) — v (@)] < e — |+ b [y — /Iy + L (max sy — ], + ¢ ¥/,

< (1 + (,bmax + 2LF) Pe (9, 9/) .

(C.2)
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Consequently, using 7.5 and C.2, we obtain

@) < 19°M 12 ) (lvell, + llvglL,) llve — vjll.
< 2(C 4 Thmax) (1 + Gmax + 2LT) pe (0,6") /d>.

Thus, for any gg, gor € G-, |lge/M1 — 9o /M| 12y < A1pe (0,60') /My and then
N(67 g,}n/Mh || : ||L2(Q)) < N(Mlé/Ah@ap@) < M (67A1/M17m’d)7

05 — o3

where the second inequality follows from Proposition C.1 with ¢ replaced by M;/A;.
Bounding N (6,G2,/Ms, || - ||2(g))- As in (C.1), by adding and subtracting terms,

V()= Vg ()| <Y Iy = il lwily 16 (wiva+t)| + Y il lws — wily |6 (wy-z+t,)]

i=1 i=1
m

+ > il wily 16 (wi-z4t:) — ¢ (w)- z+t)]
i=1

W e 7 = 7|y + T sy — ]
+TIwr (miax lw; —wj|, + [t — t’\oo)
S (W +TD)@ae +2TWL) po (6,0").
Combining (C.2) and the above estimate, we obtain
11V (pve) =V (v )lll 2(q) < 1l L2 (@) V00 = Vool + IV @l L2y lve — verl,
S ((WHT)¢rpax + 2TWL') /d + 7 (14 Gmax+2LT)] po (6,6") .

max

Using the fact maxgeo |||V (pvo)|ll, S TW ¢l ax/d + 7 (C 4 T'max) , we have

L@ S IV (evo)| + [V (oo )ll. [IV (pva) = V (o)l L2

< A2ipe (0,07),
where Agy: = 2[TW¢L . /d+ T (C 4 Tomax)] [(W +T)@ayx + 2IW L) /d 4+ 7 (1 + ¢max + 2L1)] . Tt

19 (ev)l? = 9 (vo)

max

follows from 0 < V' < Viyax and (C.2) that

||th2v§ — Vgpzvg,f

12(Q) S Vimax el (lvell,, + llver ) lve — ver |l
< 2Viax (C 4+ Tmax) (1 + max + 2LT) pe (0,6") /d?
=: Aggp@ (9, 9/) .

Combining the last two estimates, for any gy, gor € G2,, we get

L*(Q)

oo = g0l < [V (ovo) P =19 (ovon)?]| , .+ [V = Vie™aj

L2(Q
< (A21 + Az2) pe (0,0') = Aape (0,0).
Dividing both sides of the above inequality by M, we obtain
N (0,G0 /My, || - l22(q)) SN (Mad/A2,0, pe) < M (8,A1/My,m,d),

where the second inequality follows from Proposition C.1 with ¢ replaced by Myd/As.
Bounding N (6,G3,/Ms, || - || 12(g))- It follows from (C.2) that

llpvive — 00|l 12y < 1@l 1951l L2y 1V — vorll.,
< H¢j||L2(Q) (14 dmax + 2LF) pe (0, 9/) /d~

The bound for N (8,G3,/Ms,|| - ||12(q)) follows from a similar argument that leads to the bound of
N (3,60 /Mz, || - | 22@))- [
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Appendix C.2 Estimates of the expectation of suprema of empirical processes

Proof of Lemma 7.6. By standard symmetrization,

n

ST (X)) - P

i=1

n

Y e (f(X)=Pf)

=1

E <2E

F F

Next, we shall apply Lemma 7.5 to the centered class F := {f — Pf: f € F}. To this end, we verify the
assumptions in Lemma 7.5 for F. If functions in F take values in [—1, 1], then functions in F take values
in [-2,2]. If F is a measurable envelope of &, then F + PF is a measurable envelope of F. Since for
any f € F and 0 < 7 < 1, there exists f; with || f — fill ;2(g) < 7[[F|[12(q) for all probability measures
Q, then [P (f — fi)| < P|f — fi| < 7PF. Hence,

7 (IF 22y + PF) < V27| F + PF|12(q).

NN

which means that {f; — Pfl-}il\il is a V/27||F 4+ PF||2(g)-net for F. Therefore, F is a VC class and
— v
N (rlIF +PFlla@y F I - @) < (V24/7)

for all probability measures Q and 0 < 7 < 1. The proof is completed by applying Lemma 7.5 to F. [
Proof of Corollary 7.8. Applying Lemma 7.6 to F (p;) with p; = 27/ we have

E[[Pn —Plig, A 2 A
Kn(F,r) < max . 5 F(ps) < C max 12) In — + 21) In— |.
1<5<! Pj-1 INAN AN npj_1 Pj

Notice that the quantity in parenthesis decreases as j increases and the maximum value reaches at j = 1,
which completes the proof. O

Appendix C.3 Bounding £,, in the statistical error

Proof of Theorem 7.9.  With (7.4) and (7.8), a direct calculation yields

Ay < 19B (4 +8B) /d?,
Ay < 68B (11 +30B + 17Bv/m/d) + 19ViaxB (4 + 8B) /d°, (C.3)
As <[[¢llL2(q) (4 +8B) /d,

and for B > 1,
M(& A’ m, d) — 22m+13(d+2)mBm+1 (A/5>(d+2)m+1
s 2 (d+2)m+1 (C4)
< (275 B730/5) .
For G1/MZ%, it has a measurable envelope F' = 1. By Lemma 7.4, (7.9), (C.3) and (C.4),

N (7IIF Nl 2@y G1/ME, || - lL2@)) < M (1, A1/MF, m, d)

(d4+2)m+1
< (275768 (4 +8B) / (955°7)) e

d+2 1
< (2ﬁ+3BdL+3/7—)(+)m+ .

Thus, we may take A = 2%‘*‘33%37 v=_(d+2)m+1,7=r/Mr and

v A mB2_ B
ne <o w2 g,
ni? nf L ndr? nrd !
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where Cj is an absolute constant. If I; < 1, then we apply Corollary 7.8 to Gy /MZ%, and obtain (7.11a).
For Go/Mg,, it has a measurable envelope F' = 1. By Lemma 7.4, (7.9), (C.3) and (C.4),

N (7IF |l L2(q)> G2/ Mgy, || - [l L2(q)) < M (7, A3/Mg,,m,d)

d m
< (275 BT (8+ 3vim/d) /7)( e

Thus, we may take A = 2% Bats (8+3ym/d), v=(d+2)m+1, # = r\/A\1 /Mg, and thus

o o4 dm (B2 + Vinax (B/d)Q) B (14 \/m/d) <B2 + Vinax (B/d)2>
—In— <Oy In
ni2 o F nAir2 oo
2
< o,mB + Vinas) 1 B+ Vm/d) (Lt Vi)
nr rd

where we have used \; > dr? in the second inequality. If Iy < 1, then (7.11b) follows from applying
Corollary 7.8 to Go/Mg,. Let Cy = max{C1,C>}, and then (7.10) ensures both I; < 1 and I < 1.
To bound KC,,(F;/ (2 Mr) +1/2,\/7/4p; Mr), recall (5.11) for the choice of op(f), and note that

F; 1 1 1 n i)— j
K, ( i 4 r ) = > max o FE sup Pn (uth;) =P (U¢J)| (C.5)
20 Mz 2N ApgMr ) 20D o g ) e (352 402) niMr
To estimate the expectation, we may apply Lemma 7.6 to the set
5| e F, (M)~ ul g € (421,407)
M]—',U/j 9 ] 1—1 7 )

which has a measurable envelope F; = ¢;/u;. Taking ¢ = 1, by Lemma 7.4, (7.9), (C.3) and (C.4), we
get
N (T FjllL2@y, Fi/ (i Mz), || - 112@)) < M (Tllbjll2@) /1gs As i/ (niMF), m, d)
(d+2)m+1
< (8B7/7) .
Taking A = 8Bd2?, v=(d+2)m+1, 0 =2p; in Lemma 7.6, we obtain that for all n € N,

E |Pn<uw>—7><uw>|<c<d;nlnf+ dm 3>’

sup
lull g2 / (s Mr)E(4p?_ 4p3] Mz

where C is an absolute constant. Therefore, substituting the above bound into (C.5) and noting that

pi = 212\ /r[(4u; Mx) = 2/2,/rd/ (38, B), we obtain (7.11c). O

Appendix D Missing proof in section 9

Appendix D.1 Some useful facts on sine and cosine series

Assume that v € L'(Q) admits the sine series expansion u(z) = ZkeNi (k)P (x), where 4(k) are the
sine expansion coefficients, i.e.,

(k) = fﬂ};(%qugz)jx — od /Q (@) Py () d z. (D.1)
Let Q := [—1,1]% and define the odd extension u, of a function u by
Uo(x) = up (T1, X2, ..., 2q) = sign (x129 - - xq) u(|21|, |22|, ..., |24]), € ?27
where sign(y) = 1,501 — lyy<oy. Let Uo(k) be the Fourier coefficients of wu,, ie., wu,(r) =

> peza Uo(k)e™ ® where to(k) = 277 [5uo(x)e” ™ *dx. By abuse of notation, we use |k| to stand
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for the vector (|ki|,|ke,],...,|kq|) in this section and denote by |k|2 the Euclid norm of the vector k.
Since u, is real and odd, @, (k) = sign (k1ks - - - kq) @o(|k|). Particularly, when d is odd, u,(z) = —u,(—2x),
Uo(k) = —t,(—k) and

uo(z) = to(k)isin(rk - ) with ity(k) =27 [ wu,(x)sin(rk - x)da. )
gZ: /Q (D.2)
When d is even, u,(x) = uo(—x), i,(k) = Go(—k) and

() = Z To(k) cos(mk - )  with @,(k) =27 /~ Uo(x) cos(mk - ) d . (D.3)

kezd Q

We may extend {a(k)} from a sequence on N¢ to a sequence on N¢ by letting @(k) = 0 if k € Ng \ N4,
The relation between 4, (k) and (k) is established in the following lemma.

Lemma D.1.  For every k € Z¢, there holds

d—

it (k) = 27%(=1) "7 sign (kiks - - kq) a(|k]), if d is odd;
(k) =274(~1 )% sign (k1ks - - - kq) 4(|k]), if d is even.

Proof.  When d is odd, by the oddness of u,(z), we obtain

/ﬁuo(ﬂf) sin(rk - z)dx = /Q ) sin (w <Zk xl>> cos (mhqzq) d
+ /Q ) cos <7r (Z klxt)> sin (mkqxzq) d

= /~ ) cos (77 (Z k; xz> cos (mkg_1x4—1) sin (rkqzq) d
Q

d—2
/ Uo () sin <7r (Z km)) sin (rkg_1x4-1) sin (rkqzq) dx
Q =1

d
— (_1)d§1 / uo(w Hsm wkiz;)dx
Q =1

= (—1)%2[1 sign (k1ke -+ kq) /Q Uo (7) Py (w)d 2.

According to (D.2) and (D.1), for every k € Z¢, we have
ity (k) =274 /~ Uo(z) sin(rk - z)da = 2*‘1(—1)% sign (kiks -« - kq) a(|k|).
Q
When d is even, similarly, by oddness of u,(z),

/ﬁuo(a:) cos(mk - x)dx = /Q ) cos ( (Z ki a:Z)) cos (rkqry) dx

=0

/Q ) sin <7r (Z k; x1>> sin (rkqxzq) dx.
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Then, we have

d—2
/~uo(x) cos(tk-z)dx = —/ ) sin <7r (Z k1x1>> cos (mkg_1xq4-1) sin (mkqry) d
Q Q Pl

=0

/ ) sin <7r <Z k; xl>> sin (rkg_1xq—1) sin (mkqzq) dx
Q

= (-1 %/ Hsm (rkiz;) d

:(—1)§2dsign(k1k‘2--~kd)/9uo(a:)fl>|k‘(m)dx.

According to (D.3) and (D.1), for every k € Z¢, we have

=274 | wy(x)cos(rk - x)dx = 274~ 1)%51gn(k’1k2 kq) a(|k|).

g\

The lemma is proved. O

Assume that V(z) € L'(Q) admits the cosine series expansion V (z) = ZkeNg V (k)¥y, where

. d d
V (k) = 2551 Trizo /Q V(z) (H Ccos (kimci)> dz

Define the even extension V. of the function V by
Ve(@) = Ve (a1, za) = V(oo Jzal), 2 €D

Let V. (k) be the Fourier coefficients of V,. Since V, is real and even, V,(z) = > kezd Ve(k)- cos(rk - z),

where
- Ja Ve(x) cos(nk - z)d z

Ve(k) = Ja cosz(wkj z)dx
It follows from [47, Lemma B.1] that the relation between V. (k) and V (k) reads as
Lemma D.2. /47, Lemma B.1] For every k € Z¢, V.(k) = BV (|k|) where By = QLo —2i 1 Li; 20,
Let w(z) = u(z)V(z) in Q and its odd extension w,(z) = u,(z)V,(z) in Q with Fourier coefficients
Wo(k). By the oddness of wy(z), we have wy(x) = ) cpaitWo(k)sin(rk - z), where w,(k) =
sign (k1ke - - - ka) W, (|k|). By the properties of Fourier transform,

W,(k) = Z QO(m)VE(k‘ —m). (D.4)

mezZ?

— 9—d+1xs /~ Ve(z) cos(mk - ) d z.
o

Similar to ue(x), we(z) admits the sine series expansion wy(z) = ZkeNi w(k)®y(z) on €.
The following proposition gives a representation of (k) in terms of (k) and V (k).
Proposition D.3.  Let 8 = PLICTEDDHINE VISR o4 any k € N, there holds
w(k) = (WwV)(k) = Z sign (myms - - mq) Bim—g @(|m|)V (|k — m|).
meZd

Proof.  Thanks to Lemma D.1, Lemma D.2 and relation (D.4), when d is odd, for each k € N%,

(k) = 24(=1) T iy (k) = 24(-1)F Y it (m) Ve (k — m)
mez?
Z 2” o sign (myms - mg) @(|m|) - BV (|k — m|)
meZd

= " sign(mama - ma) B l|m))V (|k — ml),

meZd
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d
where 5\m—k| — 9lkzm =25 Lhyzm,

Similarly, when d is even, for each k € Ni,

w(k) = 24(~1)Fwo(k) = 24(-1)% > Go(m)Velk —m)
mezZd
=24(-1)8 3 279(-1)% sign (myma - - ma) a(|ml) - By V ([ — m])
mezZd
= ) sign(mimy - ma) B i(|m|)V (|k — m)),
mezZd
where 5\m—k| — QLhzEm =iy ki, | O

Appendix D.2 Boundedness of H~!: B5(Q) — B5+2(Q)
Proof of Theorem 9.1. It is clear that there exists a unique solution u € H}(Q) such that

IVullZziqy < Iflz2@llullz2o)- (D.5)

To show u € B5+2(Q), we firstly derive an operator equation that is equivalent to (9.1). Multiplying ®
on both sides of (9.1) and then integrating the resulting equation, we get

mk3a(k) + (Vu)(k) = f(k), ke NL. (D.6)
Using Proposition D.3, we rewrite (D.6) as
w|kl3a(k) + D sign (mams - ma) B @(jmV (| —m|) = f(k), k€N,
mezd
where (B = 91lr#0=X {1 1r;#0 . Define the operator M : 4 — Mu by
(Ma) (k) = *|k|3a(k), ke N%.
We may extend @(k) as 0 when k € N¢ \ N?. Define the operator V : @ — Vi by

(Va)(k) = Y sign(mimy-- ma) Bm—g/al|m)V (Ik —ml|), ke N7

mezZ?

We rewrite (D.6) as

M+V)a=f. (D.7)
Since the diagonal operator M is invertible, this operator equation is equivalent to
I+M'V)a=M"'f. (D.8)

Next, we claim that equation (D.8) has a unique solution @ € (%,VS (Ni) and there exists C; depending
on V and d such that R

||ﬁ||eh,s (Nd) < Ci(V, d)”f”%m (Ne)- (D.9)

It follows from the compactness of M~V as shown in Lemma D.5 that I+ M~V is a Fredholm operator

on E%,VS (Ni). By the celebrated Fredholm alternative theorem, the operator I + M~'V has a bounded

inverse (H + MflV)fl if and only if (]I + M*IV) 4 = 0 has a trivial solution. By the equivalence between

equation (9.1) and (D.8), we only need to show that the only solution of (9.1) is zero when f = 0, which
is a direct consequence of (D.5) and the Poincaré’s inequality.
It follows from (D.7) and the boundedness of V on £}, (N%) proved in Lemma D.5 that
Mgy, (vey < MVallg, ey + 15y, o)
< Co(V, d)”ﬁHeéVS () + ||f||e%,vs (nd) (D.10)
< G3(V, d)”ng;VS (N)>
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where we have used (D.9) in the last step. Therefore, the estimate (D.10) implies

242 | L ,
lullpray = Y 1+ 7 F25F) Jak) = Y R -2 |k[3 (k)|
keN{ keNd 2

< (7T_2 + d) HM{’J”QVS (Ni) < C(d7 V)”f“e%/vg (Ni)’

which completes the proof. O

Proceeding along the same line that leads to [47, Lemma 7.2], we obtain
Lemma D.4.  Suppose that T is a multiplication operator on (i, ( d) defined for each a = (a(k))keNi
that (Ta)x = Arax with A, — 0 as |k|s — oo. Then T : £y, (N1) — £}, (N9) is compact.

The following lemma shows that the operator V is bounded on £}, (Nd)
Lemma D.5.  Assume that V € €%(QQ). Then the operator V is bounded on E%,Vs (Ni) and the operator
M~V is compact on £}y, (Nd)
Proof.  Since M~! is a multiplication operator on £}, (Nd ) with the diagonal entries converging to zero,
it follows from Lemma D.4 that M~! is compact on El tv. (N9). To show the compactness of M~'V, it
suffices to show that the operator V is bounded on E‘l/vs (Ni). Since 8, = 2Lrz0=32001 Lrizo ¢ [2177 1] and
V € €%(Q), using Proposition D.3, one has that for any @ € £}, (N%) with @(k) = 0 when k € N§ \ N4,

IVallg, ey = S +molkl;) | D sign (mama - ma) Bm—g@(Im])V (|k — ml)

keN{ mezd
<SS (U w max (2674, 1) (= KIS+ fml$)) [aml) |V — )|
meZd keNi

< 2%max (2°71,1) (||ﬂ||g1(Ni)HVHg%M(Ng) + Ha”z%}vv(Ni)”V”zl(Ng))
<2 max (271 1) Ve llll g, (e )

where we have used the elementary inequality |a + b|* < max (2°7%,1) (|a|® + |b|*) in the first inequality
and the fact ) ;. |a(|m])] < 2d||uHél(Ni) <24 Hu||%vs (v in the second inequality. O

Proof of Corollary 9.2.  Note that the operator S : B%(Q) — BT2(Q) is bounded, as proved in
Theorem 9.1. It remains to show the inclusion J : B5+2(Q) < B*(Q) is compact. Indeed, by definition,
the space B*(Q) may be viewed as a weighted ¢! space 611/[/5 (Ng) of the sine coefficients defined on the
lattice N¢ with the weight W,(k) = (1 + 7*|k|}). Therefore, the inclusion satisfies

[Tullseey = 3 Womatk) = 3 W Wisa(R)]a(k)].

keN{ keNd

Since W S(IZL) — 0 as |k|]a — oo, by a similar argument as the proof of Lemma D.4, one can conclude

that J is compact from £}y, i (N1) to Oy (N?) and hence from B*T2(Q) to B*(1).
Consequently, Corollary 9.2 is a direct consequence of the boundness of S : B%(Q) — B*+2(Q) and
the compactness of the inclusion 7 from B°T2(Q) to B*(9). O

Appendix E About the penalty method

Firstly, we prove that [[wy|/z2() = 1/2 with high probability when ~ is sufficiently large. To this end,
we decompose E(wy,) — 1 as

52(u/n) -1= gn,Q(u'n) -1- (ETL,Q(U/H) - SQ(un)) = gn,Q(un) —1- Rh
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and for any ur € F,
Y (gn,Q (u’n) - 1)2 < gk,n (un) < gk,n (U}‘)
— (Ernur) = Luur)) + (La(uz) = M) +

9 (E.1)
7 [(Enatur) — Eur)) + (Exur) —1)]
=: Ry + R3 + M\ + 7 (Ra + R5)?,
where the second inequality follows from the fact that w,, is a minimizer of &y, ,,(u). Therefore,
Ae | Ra+ R 12
|E2(wn) — 1] < [Ra| + [7’“ + 2T L (Ry+ R5)2} . (E.2)

Note that R; is the statistical error, R, R4 are the Monte Carlo error, and R3, R5 are the approximation
error.

Bounding R;. To control R;, we employ the well-known tool of Rademacher complexity. We recall
the definition firstly.

Definition E.1.  For a set of random variables {Z; }?:1 independently distributed according to P and
a function class G, the empirical Rademacher complexity is defined by

~

1 n

Q{R(g) = EU sup | — Zgjg (Z]) | Zl> e 7Zn 5
geg | J=1

where the expectation E, is taken with respect to the independent uniform Bernoulli sequence {c; }?:1

with o; € {£1}. The Rademacher complexity of G is defined by

Rn(9) = Epn [Fn(9)]

We introduce the following generalization bound via the Rademacher complexity.
Lemma E.2. [64, Theorem 4.10] Let G be a class of integrable real valued functions such that
sup,eg 9l < Mg. Let Zy,Za,--- , Zy be ii.d. random samples from some distribution P over
Q. Then for any positive integer n > 1 and any scalar § = 0, with probability at least 1 — ¢,

21n(1/5)

1 n
sup |~ > g(Zi) — Bg(Z)| < 2Rn(9) + Mg —

n
9€9 |55

Recall the function class G; defined in (5.4) and sup,¢ 7 [|ul| L) < Mz, hence sup g, ll9llL=) <
M3 Define for n € N and § > 0 the constant

a(n.0) 1= 290, (G1) + M3 220/

and the event Ay(n,0) := {|€n 2 (wn) — &2 (wy)| < & (n,d)} . Applying Lemma E.2 to Gq, we have
P[A4(n,0)] >1-4. (E.3)

Next, the celebrated Dudley’s theorem will be used to bound the Rademacher complexity in terms of
the metric entropy.

Theorem E.3. [17] Let F be a class of real functions, {Z;}!_, be random i.i.d. samples and the
empirical measure P, =n=' 3" | 67, If

n 1/2
1
sup || fllzz(p,) :=sup | — f? (Z;) <c,
FEF (Fn) fEF nz

i=1
then

R _ 12 [¢/?
Qin(GJ*) < inf de + %Z \/IHN((S;?a H ' ||L2(Pn)) do | .

= eel0,¢/2]
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By Lemma 7.4, (7.9), (C.3) and (C.4), the covering number

5 (d+2)m+1
N (8,611 ez cp.)) < (zﬁBms -19B(4 + 83)/(d26))

(d+2)m+1
< (136835/2/(0126)) .

Using Theorem E.3 and (7.9), we obtain, there exists an absolute constant C' such that

d+2)m+1 [ME/?

Rn(G1) < 12 /In (136825 /(d25)) ds

0
m M%/2
< O\/% <M;\/1 +1In(B/d) +/0 1/(1n(1/5))+c15> (E.4)

<OdB<J§+1> d(1+InB)m

9

n

where in the last inequality we have used

M3 /2 min(1,M%/2)
In(1/6 dag/ 1/6d6 < min(2,V2Mx).
| s a< | NG (2, V3M)

By (E.4) and (7.9), on the event A4(n,d),

CB (B d(1+1InB)m+ In(1/5)

Bounding R3; and Rs. Let F = @Fsp, m(B) with B = ||u*||g:(q) and 7 = 9y/m. By Theorem 3.2,
there exists ur € pFsp, m(B) such that [|u* — ur| ;o) < 64B/y/m < 1/2. By Theorem 6.7,

Ry = Ly (’U,]:) — A <64 (3 max{l, Vmax} + T + 55) B/\/Tin (EG)
Similar as in (B.11) and (B.12), we have 1/2 < |lur|/12(0) < 3/2 and
Rs < ([lurll2@) + lull2@) [zl = w2 @] < 160B/yv/m. (E.7)

Bounding R, and R4. As a preparation, we introduce Hoeffding’s inequality to control the Monte
Carlo error.

Lemma E.4 (Hoeffding’s inequality).  [63, Theorem 2.2.6] Let Zy, Zs, - -, Zy, be independent random
variables. Assume that Z; € [m;, M;] for every i. Then, for anyt > 0,

i=1 Z;L:l (M; —my)

In particular, if Z1,Za,- - , Zy are identically distributed with |Z;| < M, then for any t > 0,
ZT‘L—l Zi ’th2
P(|==—-EZ|>t]) <2 - .
(‘ ! P\ "oz

n
Consider ur € ¢Fsp, m(B) given by Theorem 3.2. To bound R4, we define the constant &5(n,d) :=
M3%+/In(2/5)/(2n) and the event As(n,d) := {|€n 2 (ur) — & (ur)| < &(n,d)}. On the event As(n,d),

Since [[u% || () < M%, applying Lemma E.4 yields that P [A5(n, §)] > 1—4. To bound Ry, we decompose

En,p (ur)—Ep (uF)|

|En,v (uF)—Ev (uF)| n Ev (ur)+Ep (ur)
5n,2 (U}‘)

Enz (uF) E (ur)&ng(ur)
=: Ro1 + Raz + Ras.

Ry

N

€2 (ur) —En2 (ur)| +
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Recall the function classes Go, F; defined in (5.4) and that we assume sup g, (9] =) < Mg,. Since
{9; ;“;11 are normalized orthogonal eigenfunctions and [Juz||z2(0) < 3/2,

k—1
9
Ep (ur) =B _(ur, ;) < Blurliaq) < i
j=1

By (B.13) and &y (u*) = A,

Ev (ur) < max {1, Vinax} [[u = u |31 (0 + 29/ max {1, Vina} [ = 0" g1 ) + Ev (u7)
2
< (max{l, Vmax}/Q—l— \/)\k) .

Therefore, if £5(n,0) < 1/2, on the event Az(n,d), then

((ma {1, Vo } +20/%5)" + 98) &5 9
1-— 265 n, (5)
To bound Ra;, we define the constant £5(n,d) := Mg,1/In(2/§)/(2n) and the event
Ag(n, 6) = {|€n,v (ur) — Ev(ur)| < &(n,0)}.

Using Lemma E.4, we get P [4g(n,d)] > 1 — 6. Hence, if &(n,d) < 1/2, within event As(n,d) N Ag(n, ),

Roo <

(E.9)

then %4 (1. 6)
61,
< =09 E.10
1 S T 0 o) (E-10)
To bound Ra3, recall that fip = maxigjcr—1 ||¥j Lo (q). We define the constant
In(2k/6
§r(n, 0) == iR MxF (27/)7
n
and the events
1 n
(5) = {‘n Zu]: (Xz> %‘ (Xz) - <U}',w]‘> < 57(n, (5)} for each 1 < ] < k—1.
i=1
Let A7(n,d) := ﬂf;ll A7 j(n,6). By Lemma E.4, P [A7 ;(n,0)] > 1 —6/k and hence P [A7(n,d)] > 1 —4.

)
On event A7(n,d), it follows from the fact a® — b% = (a — b)? + 2b(a — b) that

k—1
B En,p (uF) — Ep (up)| < Y [E(n,0) + 2 |(ur, ¥;)| &(n, 6)]
j=1

k1 1/2 k1 1/2
<2 (Z (ur, W) (Z &n. 6)) + (k= 1D&7(n, )

j=1
< 3Vk&r(n, 8) + kE2(n, ),

where we have used ||uz||z2(o) < 3/2 in the last inequality. Hence, on the event As(n,d) N Az(n,d),

20v/Rér(n,) (3 + VEEx(n,5))

<
fas < [=26(n,9)

(E.11)

Thus, it may be concluded from (E.9), (E.10) and (E.11) that if £5(n, §) < 1/2, within event ﬂ:zs Ai(n,0),
then
((maoc{ 1,3/ Ve b +2V%) " +98) €5 (n,6) + 26, 8) + 26V k& (n,6) (3+VRé (n, 6))

<
fa s T 26 (n,9)
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By (7.9), there exist certain absolute constants C' such that

£5(n,8) < (> m:la €6(n,8) < CB (1 + Vinae) M

CuB lké
&r(n,0) < B [10b/0)

and if &5(n, ) < 1/4, then

Ry gC(Vmax+xk+ﬁ)32\/@+Cﬁ(pkB/d)\/w. (E.12)

Note that the bound for &5 is smaller than that for Ry and R up to an absolute constant. The bound
for Ry is smaller than that for R up to an absolute constant. By the estimates (E.5), (E.6), (E.7), (E. )
and (E.12) with the choice v > 4\, (3 6) ensures that &;(n,d) < 1/4 and |Ry|, R2/7, Rs/7, (R4 + Rs)®
are all bounded by 1/16 on event ﬂi=4 A;(n,0). Then, for 0 < § < 1/4, it follows from (E.2), (E.3) amd
P[A;(n,0)] 21— 6 for i =5,6,7 that

P (E(wn) >1/2) > (ﬂA n, o) ) > 1 — 49, (E.13)

which completes the proof of Theorem 3.9.
Next, we analyze the generalization error of the penalty method. To this end, we decompose

Z:R6+R2+R3+’Y(R4+R5)27 .

where we have used (E.1). Further, we decompose Rg as follows

Ro = Li(wn) = Lin(wn) +7 (E2(wn) = 1)° = 7 (En2(wn) — 1)
< Li(wn) = Lin (wn) +7 {(52(1%) — Ena(wn)? +2|E(wn) — 1] E2(wn) — Enp(un)l|  (E15)
=: Re1 +7 [RY +2|E2(wn) — 1| [ Ra] -
Notice that under the assumptions of Theorem 3.9, within event (\/_, A;(n,d), E(t,) > 1/2. Thus, the

analysis in §5 is applicable to w,, and uz. Proceeding along the same line in §5 that leads to (5.15), we
have, if & (n,r,d) < 1, within event ﬂg’:l A;(n,r, ), then

(Li(tn) — M) + M. 511 T, i (kgg + \/E53> . (E.16)
- &1 — & \4

Bo < 8582 (1 (ur) — M)+ 0 511_+§f+ﬁ§( 53+f53>.

Combining the above inequality with (E.14), (E.15) and (E.16), we obtain, if 2&; + £ < 1/2, then

2
Frln) = < glljfgf lotn) = ) ”Ak?jg "1 —i ( & +f53)

L (L (ur) — M)+ [(R4 + Rs)* + R} + |R1\} + Ry,

+
1=&

and so
Li(twn) — A <4 (&1 +62)+ 8 (k£§ + 4\/E§3) + 2 (Le(ur) — Ax)

(E.17)
+2v (2R} + 2R% + R} + |R1|) + 2Rs.
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Note that under the assumptions of Theorem 3.9, &5(n, ), |R1|, R4 + Rs are all bounded by 1/4. When
(3.3a) and (3.3b) with » = 0.49 hold, 2¢; + & < 1/2. Here, without loss of generality, we may take
r = 0.49 and § € (0,1/7). Substituting the bounds (E.5), (E.6), (E.8), (E.7) derived for Ry, R3, Ry,
Rs earlier in this section, and the bounds (8.3) for {¢;}5_; into (E.17), we obtain (3.7) on the event
Ay = (r]f:l Ay(n,r, 5)) N (0324 A(n, 5)) with P (A;n) > 1 — 76 followed from (E.13) and (5.16), which
completes the proof of Corollary 3.11.

Appendix F  Analysis of the accumulative error

In this section, we prove Theorem 3.13 and Proposition 3.14. Recall the loss Li(u) defined in (2.4)
and we take 1; to be the normalization of the orthogonal projection of ug; to subspace Uj, i.e., ¢; =
Pjug; /|| PjugjllL2(q)- Since ugy is a minimizer of zkm(u) over Fs,, zk,n(un) — Ekm,(uf) < 0 for any
ur € Fsp. Similar to (5.2), for any ur € Fs,, we decompose the generalization error as

L (ugg) — A < (Lk(uek) - Zk(uek)) + (Zk(uek) - ka(uek)) + (zkm(u]-') - Zk(“]—'))
+ (Zk(uf) - Lk(u;)) + (Lk(uf) - )\k) (F.1)
=51+ 824+ S5+ 54+ S5,
Note that S7, S4 are the accumulative errors, Ss is the statistical error, Ss is the Monte Carlo error and

S5 is the approximation error.
Firstly, we give a uniform bound on the accumulative error Ly (u) — Ly (u).

Proposition F.1.  Assume that for each j € N, 9; is the normalization of the orthogonal projection
of ug; to subspace U;. Set 3 = Py, in Li(u). Then, for any u € L*(2), there holds

Ly (u) — Lk(u)‘ < 2B ki:l Lj(ug;) — Aj '
= min {8; + A — Aj, Ajr — A}

Proof.  For any u € L*(Q), we let @ = u/|ullr2(q) and @g; = ug;/||ug;ll12(0). Using the triangle
inequality and the Cauchy’s inequality, we get

k—1
B [ Ta00) = L) < 3 4 465 1 gy — 03]
j=1

k—1
< lallzallte; + sl z2llte; — vl -
j=1

Since u4; and 1; are both normalized,

lit0; + w5l 2lla; — 122 = 241 — (a2, (F.3)

By the choice of ¢; and the stability estimates in Proposition 2.3,

1
1= (ug;,¥5)* = 1Py wosllz2 < Ljus;) = A . (F.4)
[[ua; | 2 min {8; + A1 — Aj, Ay — A}

The proof is completed by combining (F.2), (F.3) and (F.4). O
Recall the constants {&;(n,r,6)}3_; and the events {A;(n,r,d)}3_; defined in §5. We bound Sy as

k—1

+Be Y

J=1

P, (ugr) P (uor)

En2(Ugr)En2(us;)  E2(ugr)Ea(ue;)

Enyv(uor)  Ev(uor)

En2(ugr)  Ea(ugr)
=: 591 + Sos.

So <
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Proceeding along the same line that leads to (5.10), we obtain, if & (n,r,0) < 1, then on the event
ﬂ?zl Ai(n,r,8), there holds
&1(n,m,6) + & (n,r,0)  Ev (ugk)

So1 < . .
2 1— & (n,r,0) & (uor)

(F.5)

For Sss, we get

S [Py (uon) — Py (on)| _Exuon)Ealus) ;o) Ea(ugr ) E2(ug;)

< —1].
Br Ea(ugr)Ea(ugj)  En2(uon)En2(ue;)  E2(ugr)E2(ug;) | En2(uor)En 2 (us;)

To bound the statistical error, we use the normalization property and L (€2) boundedness of ;. We
may define &p3(n,,0), Ass(n,r,d) as £3(n,r,0), Asz(n,r,0) by replacing 1; with ug;, and get bounds for
them by replacing [|1;| Lo () With ||@g;|| (o). Therefore, similar to (5.13), we obtain
k—
(P (o) — P (g
Eax(uor)E2(ugj)

25«93 (TL, r, 5)2 + \/%593 (n7 r, 5)

j=1

If &1(n,r,8) < 1, on the event A;(n,r,d), then

Ea(ugr)E2(uo;)
En,2(Uor)En 2 (uay)

(14+&) %< <(1—¢&)7?

Hence,

_SWés(ug) | _&2-&)
Eno(W)Ep 2 (ugj) 1‘ = 1-&)>"

Thus, on event A (n,r,8) N Ags(n,r,d), if & (n,r,d) < 1, then

Sop < — (§+f£> 62-8) 5~ 5P, () (F.6)
22\( 1-&)° % ” (1—-¢&)° = Ex(uor) 52 (uas) '

We conclude from (F.5) and (F.6) that on event A;y(n,r,d) N Az(n,r,0) N Ags(n,r,0), if &(n,r,d) <1
then

281 + & B
S < 7(1 6 Ly (uor) + 1—6) < &3 + \f503>

Similarly, since ||uz|/z2(q) > 7, we obtain

261+ & B < >
S;3 < —>2%L — VEk
S U6 k(ur) + &) &3 + VkEos

Then, it follows from the above two estimates and (F.1) that

Ly (upr) — Ak < (fl_ ff; (L (uor) — Ag) + (fl_ 515)2 (Li(ur) — M) + 2/\k(1£1_£1€)22
t+t 20 ( &5 + fﬁes) + 51+ 54+ S5,
1-&)°
and if 4¢; + & < 1/2, then
Li(ugr) — A < 4, (26 + &) + Br (k§§3 + 4\/&93) + 287 + 28, + 385. (F.7)

Let ur be given by Theorem 3.2. Substituting the bounds (8.3) for {&;}2_;, the bound for Sy, Sy given
by Proposition F.1 and the bound for S5 given by Theorem 6.7 into (F.7), we prove Theorem 3.13.
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Proof of Proposition 3.14. Let dy =0 and dy = 2?21 (Lj (ug;) — Aj)/B;. Since

Ly (ugr) — Ak < Ay +8l§ B; L (uej) = Aj
B B = min (ﬁj + A — )\j7 /\j' — )\j) /3], ,
we have Ly (o) — A
wor) —
(dy —di_1)* = % < Tk + 2pp—1dk—1 (F.8)

and di, < di—1 + \/Tk + 2pk—1di—1. We claim that dj, < pr_1k%/2 + /Trk for all k € N, which may be
proved by induction. When k& = 0, the bound is trivial. Assume that the claim holds for k. For k + 1,
since pp—1 < px and 1 < Tk41,

A < LR 4 Tk + [ + 200 (pr-1k2 /2 + V/7k)

= D2 4 ik + (puk + /)
< B (b +12 + Al +1),

which completes the proof of the claim. The estimate (3.9) follows from the claim and (F.8). O

Appendix G Properties of eigenvalues and eigenfunctions

In this part, we characterize the asymptotic distribution of the eigenvalues and estimate the maximum
norm of the eigenfunctions.

Lemma G.1. IfH satisfies Assumption 2.1, then, there exists an absolute constant C' such that
1
R+ Vi < 0 < CAR?? o+ Vi

Proof.  First, when V = 0, we consider the eigenvalue problem of the Laplacian. By Weyl’s formula[68,
69], the k-th eigenvalue vy, satisfies

1 C(d)? UM <y, < epC(d)Y 4R,

where cy,cy are absolute constants and C(d) = d2¢~'7%/?T'(d/2). A straightforward calculation gives
C(d)*? = 47T(d/2 + 1)?/4. Using the Stirling’s approximation formula [4, eq. 3.9],

x x
2rx (E) <T(z+1) <V2mzx (g) 131/(12””)7 x>0,
e

we obtain

2m 1/d O(d)Q/d 27 1/d 1/(3d?)
— < < — .
(ﬂ-d) X d B o ( d) e

e

Using the elementary facts
(ﬂ'd)l/d >1 and (Wd)l/del/(g‘f) < mel/3,

we get
2
T4 < ) < 4rd.
€

Therefore, there exists absolute constant C' such that
1
6dk2/d <, < Cdk?4,
Second, by the minimax principle, we get

Vul? + Vu?) d
A = min  max f9(| ul” + u) $7
dim E=k ue E\ {0} Joutdax
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where the minimum is taken over all k-dimensional subspace E C Hg (). Using Vipin < V() < Vinax,
we conclude

Vi + Vmin < Ak < Vi + Vmaxa
which together with the upper and the lower bounds for v completes the proof. O

Lemma G.2. If H satisfies Assumption 2.1, then

. ) d/4
ass =V} -

€
[V llLoe () < <Ck2/d+ -

where C' is an absolute constant.
Proof.  Combining Example 2.1.9 and Lemma 2.1.2 in [16], for any Schrodinger operator H; = —A+V;
where 0 < Vi € LL (), the kernel K (t,z,y) of e~ 1? satisfies

loc
0< K(t,z,y) < (47rt)*d/26*($*y)2/4t < (47rt)*d/27

which implies that e~*1? is a symmetric Markov semigroup on L2(Q) and e~ *1t : L2(Q) — L>(Q) is a
bounded operator with norm [le™*1?|| o, o < (4mt)~%* for all 0 < ¢ < co. Suppose that ¢ is a normalized
eigenfunction of H; associated with the eigenvalue A. Hence,

6] Lo () = e M]le || oo oy < (dmt) =Y/ 4eM. (G.2)

Let Vi =V —Viqin- By Assumption 2.1, 0 < V1 < Vinax — Vinin and ¢ is the k-th normalized eigenfunction
of H; associated with the eigenvalue A\ — Vipin. Taking t = d/[4A], ¢ = ¢, and A = A\ — Vi in (G.2),
we have

Ak — min /4
[kl oo () < <e(kd\/)> for all k > 1.
Ve

Substituting the upper bound for Ax in Lemma G.1 completes the proof. O
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