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SPECTRAL BARRON SPACE FOR DEEP NEURAL NETWORK
APPROXIMATION

YULEI LIAO AND PINGBING MING

ABSTRACT. We prove the sharp embedding between the spectral Barron space
and the Besov space with embedding constants independent of the input di-
mension. Given the spectral Barron space as the target function space, we
prove a dimension-free convergence result that if the neural network contains
L hidden layers with N units per layer, then the upper and lower bounds of
the L?-approximation error are O(N %) with 0 < sL < 1/2, where s > 0 is

the smoothness index of the spectral Barron space.

1. INTRODUCTION

A series of works have been devoted to studying the neural network approxima-

tion error and generalization error with the Barron class [Bar92[Bar93|[Bar94,[KB18]

as the target function space. For f a complex-valued function and s > 0, the spec-

tral norm vy, is defined as
orei= [ JEPIF©Is
Rd

where f is the Fourier transform of f in the sense of distribution. A function f
is said to belong to the Barron class if the spectral norm vy is finite, and the
pointwise Fourier inversion holds true. Nonetheless, it is vital to note that this
definition lacks rigor, as it fails to specify the conditions under which the pointwise

Fourier inversion is valid. Addressing this issue is a nontrivial matter, as has been

discussed in [PT97]. Subsequently, the authors in [LGM™17,Xu20,[5X22|[SX23]
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assume f € L'(RY) and s > 0, and define
(1.1) B (RY): = { f € L'(RY) | vpo+vps <00}

For functions in %° (R?), the Fourier transform and the pointwise Fourier inversion
are valid. Unfortunately, we shall prove in Lemma 2.3 that »° (R?) equipped with
the norm wvyo 4 vy, s is not complete, and thus, it is not a Banach space.

To tackle this issue, an alternative function spaces has been proposed, which
roots tracing back to the seminar work of Hormander [Hor63]. It is defined as
follows:

FLyRY:={ fe s ®Y) | (1+|)f(E) € L'®R?) }
for 1 < p < oo and s > 0. This space has been studied extensively and bears

various names. It is sometimes called the Hormander space, as mentioned in works

such as [Hor63MROIIMMI4LTV2T]; alternatively, it may be referred to the Fourier
Lebesgue space, as evidenced in the works such as [GG02,[PTT10,[BOT3[KST20].

We focus on p =1 and s > 0, and denote it as the spectral Barron space:
BRY:={fe S RY | vpo+vps <00},

which is equipped with the norm
15 larys = vs0 + v = [ (14 IE)FOIE.
R
We show in Lemma 2] that the pointwise Fourier inversion is valid for functions
in %°(R%) with a nonnegative s. Some authors also refer to %°(R?) as the Fourier
algebra or Wiener algebra, whose algebraic properties, such as the Wiener-Levy

theorem [Wie32l[Lév3E[HKKRAI], have been extensively studied in [RSO0,LSTI12).

Another popular space for analyzing shallow neural networks is the Barron space
introduced in [EMWI9[EMW?22], which can be viewed as shallow neural networks
with infinite width. Recent works such as [EW22al[EW22b] claimed that the spec-
tral Barron space is considerably smaller than the Barron space. However, as
pointed out in [CPV23], this claim lacks accuracy because they have not discrimi-
nated the smoothness index s in %°(R%). In addition, the variation space, initially
introduced in [BCDDOS], has been studied in relation to the spectral Barron space
2°(R?) and the Barron space in [SX24,[SX23]. These spaces have been exploited
to study the regularity of partial differential equations [CLL21}[LTW2TL[EW22D]
[CLILZ23]. Recently a novel space, originating from variational spline theory, as
discussed in [PN22], which is closely related to the variation space, has emerged as
a target function space for neural network approximation [PN23].

The first objective of the present work is the analytical properties of %°(R%).
In Lemma 22 we show that %°(RY) is complete, while Lemma 23] shows that
»° (R?) is not complete. This distinction highlights a key difference between these
two spaces. Furthermore, Lemma [Z.5] provides an example that illustrates functions
in %°(R?) may decay arbitrarily slow. This elegantly constructed example, utilizing
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the generalized Hypergeometric function, unveils intriguing relationships between
the Fourier transform and the decay rate of the functions. Furthermore, we study
the relations between %°(R?) and some classical function spaces. In Theorem 29,
we establish the connections between %°(R?) and the Besov space. Moreover,
in Corollary 213} we establish the connections between %°(R?) and the Sobolev
spaces.

Notably, we prove the embedding relation

By (RY) — 2°(RY) < B3, 1 (RY),

which is an optimal result seemingly absent from the existing literature. Roughly
speaking, the optimality is understood in the sense that B;jd/ 2(Rd) is the largest
Besov space contained in %°(R%), while Bgoyl(Rd) is the smallest Besov space that
contains #°*(R%). We refer to Thoerem for a precise statement. Moreover, the
embedding constants are independent of the input dimension d, which indicates
that the embedding is effective in high dimension. This embedding may serve
as a bridge to study how the Barron space, the variation space and the space
in [PN22] are related to the classical function spaces such as the Besov space.
To the best of our knowledge, only a few studies have addressed the embedding
relationships between neural network-related spaces and classical function spaces,
such as [GKNV22l[GV23], while the scope of their investigations has not been
comprehensive.

The second objective of this work is to explore the neural network approximation
on a bounded domain. Building upon Barron’s seminal works on approximating
functions in %' (R?) with L?-norm, recent studies have extended the approxima-
tion to functions in Z*T1(R?) with H*-norm, as demonstrated in [SX20lXu20].
Furthermore, improved approximation rates have been achieved for functions in
2°(RY) with large s in works such as [BN20al[MSX22[SX22]. These advancements
contribute to a deeper understanding of the approximation capabilities of neural
networks.

The distinction between deep ReLLU networks and shallow networks has been
highlighted in the separation theorems presented in [EST6][Tel16][SES22LGITK23].
These theorems offer examples that can be well approximated by deep networks
but not by shallow networks without the curse of dimensionality. This sheds light
on the differences in the expressive power between the shallow and deep neural
networks. Moreover, the approximation rates for neural networks targeting mixed
derivative Besov/Sobolev spaces, spectral Barron spaces, and Holder spaces have
also been investigated. These studies contribute to a broader understanding of
the approximation capabilities of neural networks in various function spaces as
in [MDT9,BN20b,[EPGB21L[LSYZ211TS21]. Additional works focusing on deep
neural network approximation in novel spaces may be founded in [SH20l[EW22D,

GKNV?22].
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We focus on the L2-approximation properties for functions in %°(R%) when
s is small. In Theorem [35] we establish that a neural network with L hidden
layers and N units in each layer can approximate functions in %°(R%) with a
convergence rate of O(N~*F) when 0 < sL < 1/2. This bound is sharp, as proved in
Theorem B0l Our results provide optimal convergence rates compared to existing
literature. For deep neural networks, a similar result has been presented in
with a convergence rate of (’)(N_SL/2). For shallow neural network; i.e., L = 1,
convergence rates of O(N~'/2) have been established in [MM22,[SX22] when s =
1/2. However, it is worth noting that the constants in their estimates depend on the
dimension at least polynomially, or even exponentially, and require other bounded
norms besides vy . Our results provide a significant advancement by achieving
optimal convergence rates without the additional dependency on dimension or other
bounded norms.

The remaining part of the paper is structured as follows. In Section 2, we
demonstrate that the spectral Barron space is a Banach space and examine its
relationship with other function spaces. This analysis provides a foundation for
understanding the properties of the spectral Barron space. In Section 3, we delve
into the error estimation for approximating functions in the spectral Barron space
using deep neural networks with finite depth and infinite width. By investigating the
convergence properties of these networks, we gain insights into their approximation
capabilities and provide error bounds for their performance. Finally, in Section
4, we conclude our work by summarizing the key findings and contributions of
this study. We also discuss potential avenues for future research and highlight
the significance of our results in the broader context of function approximation
using neural networks. Certain technical results that are tedious but not the main

focusing have been postponed to the Appendix.

2. COMPLETENESS OF %® AND ITS RELATION TO OTHER FUNCTION SPACES

This part discusses the completeness of the spectral Barron space and embedding
relations to other classical function spaces. Firstly, we fix some notations. Let .&
be the Schwartz space and let .’ be its topological dual space, i.e., the space of

tempered distribution. The Gamma function
o0
L(s): = / t5 e tdt, 5> 0.
0

Denoting the surface area of the unit sphere S?~! by wy_; = 27%2/T'(d/2). The
volume of the unit ball is ¥4 = wq—1/d. The Beta function

N “1gy = D@T'(5)
B(OC,B)—‘/O t 1(1—t)6 1dt—m, OC,B>O.
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The series formulation of the first kind of Bessel function is defined as

,_ SN (z/2)%*
Ju(@): = (2/2) kZ:O( 1)kI‘(V—|—k+1)k!'

This definition may be found in [Luk62, § 1.4.1, Eq. (1)].
For f € L*(R?), its Fourier transform of f is defined as

F©:= [ fl@e? " de,
]Rd
and the inverse Fourier transform is defined as
Py= [ feermetag.
Rd
If f €. (R%), then the Fourier transform in the sense of distribution means
(foo)=(f8) forany e SR CL'(RY.

We shall frequently use the following Hausdorff-Young inequality. Let 1 <p < 2
and f € LP(R?), then

(2.1) I f e ey < IS oo (ay,

where p’ is the conjugate exponent of p; i.e. 1/p+1/p' = 1.
We shall use the following pointwise Fourier inversion theorem.

Lemma 2.1. Let g € L*(R?), then gV =g in ' (RY).  Furthermore, let f €
S'(RY) and | € LY(RY), then (f)¥ = f, a.e. on R,

Proof. By definition, there holds
(97,0) = (9", @) = (g,¢)  forany pe 7 (R).
Therefore, gV = g in 7' (R%). Note that f € L'(R%),
(NY0)=(Fe")=(f.0) forany pe (R
By the Hausdorff-Young inequality (21),
()Y [ Loo(ray < || f||L1(Rd)-

Therefore, f is a linear bounded operator on L*(R?); i.e., f € [LY(R?)]* = L>°(R?)
due to .7 (R?) is dense in L'(R9) and

(o =D D) <N M@yl el < I fller@ayll @l @e)-

o~ o~

Hence, (f)Y = f, a.e. on R because (f)" —f € L>°(R?) [Brelll Corollary 4.24]. O

A direct consequence of Lemma [Z] is that the pointwise Fourier inversion is
valid for functions in %*(R?). We shall frequently use this fact later on.
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2.1. Completeness of the spectral Barron space.

Lemma 2.2. (1) %°(R%),s >0 is a Banach space.
(2) When s > 0, #°(R?) is not a Banach space if the norm || f ||z ra) is
replaced by vy .

Proof. We give a brief proof for the first claim for the readers’ convenience, which
has been stated in [Hor63, Theorem 2.2.1].

It is sufficient to check the completeness of %°(R?). For any Cauchy sequence
{fi}ee, € #°(RY), there exists g € L'(R?) such that fr = g in LY(R%). Therefore
there exists a sub-sequence of {f}7°,(still denoted by fi) such that fe = g ae.
on R,

Define the measure p by setting that for any measurable set E C R,
u(e): = [ lelde.
E

Then {fk}z‘;l is a Cauchy sequence in L' (R%, 1) and there exists h € L'(R?, u) such
that fr — h in LY(R?, i1). Therefore there exists a sub-sequence of {f;}5°, (still
denoted by fx) such that fk — h p-a.e. on R% Note that for any measurable set
E C RY u(E) = 0 is equivalent to |E| = 0. Therefore fr, — h a.c. on R%. By the
uniqueness of limitation, h = ¢, a.e. on R%.

Define f = ¢V. Lemma 2l shows that f = ¢ in .%”/(R%). Therefore f € %°(R%)
and fr — f in %°(R%). Hence %° is complete and it is a Banach space.

We prove (2) by contradiction, suppose that the assertion (2) is false, i.e., %°(R)
equipped merely with the spectral norm vy ¢ is a Banach space, then there exists
C depending only on s and d such that for any f € %°(R%),

(2.2) vro < C’Uf)s.

The following example suggests that this is false.
For some § > —1, let

fulz) = <Z 2*(1 —22k|§|2)i> ().
k=1

We rewrite f,, in terms of the Bochner-Riesz multipliers that is defined by

|§|2>5>V
bR = (1__ , 0> -1
()

Therefore, f, = > 1_; ¢po—r(x). We claim that ¢r admits the following explicit
representation

FE+1) o osta
(2.3) ¢r(x) = WR /2 Js a2 (27|z|R),
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and for s > 0, the spectrum norm of ¢p is

_ d
(2.4) Vo = “d2 'B <S i 1> R+,

The proof of the above two identities is postponed to Appendix [A Il It follows
from (23) that

L(E+1)
(2.5) fala) = W Z 2hOd/2) I 4o (21 Fr|al),
and f, € %°(R%) with

- 1—27 s+d
kd
Utas = 2020, s = o 5w 1B< o 1>
k=1

and

_ - kd _ Wd-1 d
U.fn70_;2 U¢2,k,0_ 2 B (5,6+1>TL
where we have used (2.4). It is clear that

Wd1B<S+d5+1)§Ufn, o Wi B<S+d,5+1>.

25+1 2 * 25t 9 2
Hence vy, o ~ O(n) while vy, s >~ O(1). This shows that (Z2]) is invalid for a large
number n. This proves the second claim and completes the proof. O

Similar to %°(R?), the space %°(R?%) defined in () has been exploited as the
target function space for neural network approximation by several authors m
Xu20,[SX221[SX23]. The advantage of this space is that the Fourier transform is
well-defined and the pointwise Fourier inversion is true for functions belonging to
%% (RY). Unfortunately, %°(R¢) is not a Banach space as shown below.

Lemma 2.3. The space @S(Rd),s > 0 defined in (1)) equipped with the norm

Vo0t Ufs is not a Banach space.

To prove Lemma [2.3] we recall the Barron spectrum space introduced by MENG
AND MING in [MM22]: For se Rand 1 <p <2,

(2.6) By (RY): = { f € LPRY) | || f | oqmay +vp,s <00}

equipped with the norm || f ||@;(Rd): = || fllzrrey + vys- A useful moment in-
equality that compares the spectral norm of different indexes has been proved
n [MM22] Lemma 2.1]: For 1 < p < 2 and —d/p < s1 < s2, there exists C
depending only on s1, s2, d and p such that

1
(27) Uf,s1 < CH f ||LP R4) Uy, sz
where v = (s — s1)/(s2 + d/p). For any € > 0, denoting f. := f(z/¢) and using

—S
Ufe,s =€ Ufys,
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we observe that the inequality (Z7) is dilation invariant because it is invariant if

we replace f by fe.

Proof of Lemma[Z3. The authors in [MM22] have proved that Z5(R%) defined
above is a Banach space. For any f € %;(R%), taking s; = 0,52 = s and p = 1
in ([27), we obtain, there exists C' depending only on d and s such that

vr0 < ClLf 1 gayv vy < C| £z ey,

where v = s/(s + d).

On the contrary, suppose that %* (R%) equipped with the norm vyg + vy s is
also a Banach space, then by the bounded inverse theorem and the above moment
inequality (), we get, there exists C' depending only on s and d such that for any
f € B(RY,

(2.8) Il £l ey < Clvpo+vy,s).

We obtain a contradiction by the following example.
For some § > (d — 1)/2, we define

fo(2): = (Z(l —22k|§|2)i> ().

k=1
Using ([23) and noting f, = > j_; ¢-«, we have the explicit form of f,, as

§+1) «
(2.9) folz) = WZTM Y2 Iy yasa(2' Fla)).

Using (Z4)), we get

2—n(s+d) s +d
Ufnss ZU¢2 koS T 25+d+1 2 wd_lB( 2 ’6+1>’

and

Wd—1 S—i—d Wa—1 s+d

Proceeding along the same line, we obtain

1—2-nd d
Ufno—zv¢2k0 AT 2wd,1B 5,54—1 s

and J 4
Wd—1 Wd—1
2d+1B(§,5+1)S’Uf,’hogmB(g,a"'l)
Hence,
wit (B(d/2,6+1)  B((s+d)/2,6 +1)
(2'10) Ufn;O + Ufnxs S 2 ( 2d _ 1 + 2S+d _ 1 :

By (23)), a direct calculation gives

ol _ PO+ [ UsrapCrlzlR) - 2T@+1) [ [Jsra2(e])
RIL'®RY) = 5 po—d/2 |7+ T = T a2 et w092

dax.
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Invoking Appendix B.6, B.7], there exists C' depending on v such that

|| |z <1,

|Ju(z)] < C
|z|~1/2 |z| > 1.

We get, there exists C' depending only on d and § such that

2T (6 4 1) | T54as2(|z])] | T51as2(|z)]
9 llzseey = 5 rars /|m|<17|x|6+d/2 de + /m?wz dz

<C / d33—|—/ || ~1/270-d2q g
|z|<1 |z|>1

SO(”#—%)’

where we have used the fact 6 > (d —1)/2 in the last step. Therefore, || ¢ |11 (g

is bounded by a constant that depends only on § and d but is independent of R.
Moreover,

[ frllr ey < Z | d2—+ L1y < nll d1 |21 (Ray,
k=1
and by the Hausdorff-Young inequality (2.1I),

Il follorway > [l foll Lo ray = fu(0) = n.

This means that || f, || L1 &e) = O(n), which together with (Z.I0) immediately shows
that the inequality ([2.8)) cannot be true for sufficiently large n. Hence, we conclude
that %°(R?) is not a Banach space. (]

2.2. Embedding relations of the spectral Barron spaces. In this part we

discuss the embedding of the spectral Barron spaces.

Lemma 2.4. (1) The moment inequality: For any 0 < s1 < s < s9 satisfying
s=as;+ (1 —a)sy with0 < a <1, and f € #°*(R?), there holds

(2.11) Vs < U?,SIU}';?a

and

(2.12) £ ey < 1 F N%on ey I f 1155 -
(2) Let 0 < s1 < s9, there holds %% (R?) — 2% (RY) with

51

(2.13) IIfII@qud)S(% )||f||@sz<w> Vf € B (R,

52

The embedding (2.I3)) has been stated in [Hor63, Theorem 2.2.2] without tracing
the embedding constant.
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Proof. We start with the moment inequality (I for the spectral norm. For any
0 <s1 <s<s9 with s =as; + (1 — «)ss, using Holder’s inequality, we obtain

o= [, (e 1701)” (e1701) " de < v, vl
This gives (2.11)).

Next, for a,b,c > 0, by Young’s inequality, we have

a+ b¥el—e B a \° a 1_a+ b o c Lo
(a+b)*(a+c)l=>  \a+b a+c a+b a+c
a a b
< l—a) 2 fa—" +(1-
_aa+b+( a)a+c+aa+b+( a)a—i—c

=1

This yields
a+ b < (a+b)*(a+c)t e
Let a = vy0,b =vy,, and ¢ = vy ,,, we obtain
1 =ty = v50 + vps Svp0 + 056,V or < F 150 @y | f 1168 gy

This implies [212).
Next, if we take 1 =0 in (ZI1) and s = (1 — a)sy with @ =1 — s/s2, then

1 f s zay < vpo +vfovps < A+ a)uro+ (1= @)vps, < 1+l f [l @)
This leads to (ZI3]) and completes the proof. O
The next lemma shows that %, (R9) is a proper subspace of %°(R?).

Lemma 2.5. For s > 0 and 1 < p < 2, there holds #3(R?) — 2°(R%), and the
inclusion is proper in the sense that for any 1 < p < oo, there exists f, € %°(R%)
and f, ¢ LP(R?).

Proof. Tt follows from the moment inequality 2.1) that vyo < C| f|| 73 (ra)- Hence
I f |z ®ey < CIl f || 5 Ra)-
This implies %5(R%) — %°(R?) for any s >0 and 1 <p < 2.
It remains to prove that the inclusion is proper. Let
—d/ ! v
fol@): = (167 X0 (D) (@),

where yq(t) is the characteristic function on R that equals to one if ¢ € Q and zero
otherwise. For any s > 0, a straightforward calculation gives

W—1
s+d/p

Ufp75 =

Hence, f, € #°(R%).
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What is left is to show that f, ¢ LP(R?), which is based on the following explicit
formula for f, shown in Appendix

(2.14) fo(z) = 1F2(d/(2p): 1 + d/(2p), d/2; —m*|z[*)pva,

where the generalized Hypergeometric function ,F;, is defined as follows. For
nonnegative integer n, m and none of the parameters {3; };”:1 is a negative integer

or zero,
= Tl () 2®

nFm(alv---7an;ﬂlv'-'7ﬂm;x): = 271_7_

,;) Hj:l(ﬂj)k k!

The generalized Hypergeometric function ,, F, converges for all finite x if n < m.
In particular ,, Fp, (a1, .., 0n; B1,- .., Bm;0) = 1. Hence f,(x) is finite for any =.
Using [MS73l Appendix], we obtain

1Fy(a; B,y —a2 /4) ~ O(|a| P H1/2 g 72) when |z| — oo.
Therefore,
Fol@) = O(|a| =D 4 j2[~4/P) - when  |z| — cc.
This immediately implies f, & LP(R). O

Remark 2.6. The representation ([2.I4)) is rather complicated, we give explicit for-
mulas for certain special cases. For d = p = 1, using the relation [Luk69l § 6.2.1,
Eq.(10)]

sinz = oFy(;3/2; —22/4)z,
we obtain

fi(z) = 21F5(1/2;3/2,1/2; —na?) = 20Fy(;3/2; —m%a?) = M.

™

When p = 2, using the identity [Luk69] § 6.2.11, Eq. (41)]

C(\/2x/7) = @@(1/4;5/4, 1/2;—2%/4)  when x>0,

we obtain

fo(x) = 4, F5(1/4;5/4,1/2; —n%2?) = LC( |z]).

Vel

where C' is the Fresnel Cosine integral given by

C(z) = / cos(mt? /2)dt — % when z — oo.
0
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2.3. Relations to some classical function spaces. In this part, we establish
the embedding between the spectral Barron space %°(R?) and the Besov space,
and hence we bridge %°(R%) and the Sobolev space as in [MM22]. Let us begin
with the definition of the Fourier-analytical based Besov space [Tri83].

Definition 2.7 (Besov space). Let {¢;}52, C .(R?) satisfies 0 < ¢; < 1 and
supp(po) C To: = {z e R? | |z| <2},
supp(p;) CTji={z e R? | 2071 < |z| <2771}, j=1,2,....
For every multi-index «, there exists a positive number ¢, such that
21|V, ()| <o forall j=0,..., forall zeR?
and
Z%(x) =1 forevery zeR?
j=0
Let « € R and 1 < p, ¢ < co. Define the Besov space
By, RY): = { f € 5" ®Y) | || f 5y, @m0 <o}
equipped with the norm

1/q
oo

Il f ||Bg¢,q(Rd)Z = ZT“”H (0if)Y Hqu(Rd) when ¢ < oo,

=0
and

I f I Bg . ay: = sup 27| (9, /)" |l Lo(ray-
' j=0

Firstly we recall some well-known facts about the embedings of Besov spaces,
which was firstly proved by Taibleson in the series of work [Tai64,[Tai65,Tai66]. We
retain the proof in Appendix for the readers’ convenience.

Lemma 2.8. There holds By! | (RY) — By, (RY) if and only if p1 < p2 and one

of the following conditions holds:

(1) a1 —d/p1 > as —d/ps and q1,q2 are arbitrary;
(2) a1 —d/p1 = az —d/pz and 1 < ¢a.

The main result of the embedding is:
Theorem 2.9. (1) There holds
(2.15) By *(RY) < #°(RY) — B3, 1 (RY)
with

(216) 270 Fllg @ < I F ey < 27200 L perars gy
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(2) The above embedding is optimal in the sense that BY,(R?) — 2°(RY) if
and only if BS ,(R?) — B;ﬁdﬂ(Rd), and %°(R?) — B (R?) if and only
if B§O71(Rd) — ng(Rd).

Remark 2.10. By tracking the embedding constant in (Z.I6]), we observe that it is

indenpendent of the dimension d because

as d — oo.

gstItd/2 25+ (8776)11/4

(dm) 74\ d

This suggests that the embedding is effective in high dimension. It also indicates
that the spectral Barron space is more suitable than the Besov space as a target

function space for neural network approximation because
_ +d/2
1 ey < CA™ DAY f | pervasagay  foramy  f € B35 (RY)
with a universal constant C'.

Proof of Theorem [Z3. To prove (1), firstly, for any f € %°(R9),

1S [l () :Z/ (1+ €% (&) F(©)lde
j=0 /R

- 1/2
< (/ (1+ |§|S)2d§> @5 f L2 (a)-
Supp ¢;

Jj=0

A direct calculation gives: for j =0,1,...,

/ (1+]¢*)2de < / (4 jEP)Rae
supp ¢; 0<|€|<2i+1

2j+1
:wd_l/ (1+7%)%rdtdr
0

2J+1

< 2wg_1 / (1+ TQS)TdildT
0

oUi+1d  9(j+1)(2s5+d)
< 2wq_
= S 1< d " Tos+d >

< Ay Ut st

Using the Plancherel’s theorem, we get

I fllze ey < 25+1+d/2\/V_dZ 24/ o) F 2 (ray
=0

= 2 S D | (0, )Y | oy

Jj=0

_ ost+1+4d/2 )
=2 ‘/VdHf”B;fld/z(]Rd)'
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Next, for any f € %°(R%), by Lemma I we have gajf € L'(R?), using the
Hausdorff-Young inequality (2.II), we obtain

1]

B @) =D 27 (01N L@y < D290 Il ra)

=0 =0
<lof s +2°Y / o3 ()€1 F(©)lde
j=1 /R4

<vio+2%vg .
Therefore, || f ||ps_ | (ra) < 2°|| f || 2+ (ra). This proves [2.15) with

2701 f B, ey S S Nl e (ray < 2T )| f ||B;+1d/2(Rd)'

It remains to show that the embedding (ZI0) is optimal. The “if”-part is appar-
ent, it suffices to show the “only if”-part. On the one hand, suppose ng(Rd) —
%°(R?), one would have By (R?) — B, ;(R?). Using Lemma 28 we conclude
that the triple (p, ¢, ) must be in the set

(2.17) Si:={pge[l,x],aeR | a>s+d/p, ora=s+d/pand ¢=1}.
We split this set into three subsets.

First, if (p,q, ) € Sy with 1 < p < 2, then by Lemma 2.8 we obtain By ,(R?) <
B;jd/ ?(R%). This proves the first assertion.

Second, if (p,q,«) € Sp with 2 < p < oo, then we shall exploit an example
adopted from [LLOI, Ch. 5, Ex. 9] to show that Bg (R?) + 2°(R?). Let

w"(‘r) = (1 + in)_d/2e—ﬂlw|2/(1+in)'

A direct calculation gives ¥, (&) = e~"FmIE” . Hence |, (¢)] = e~™¢I* € .#(RY)

n I((s + d)/2)
S
| ¢n |l may =1+ T(d/2)n2

which is independent of n. We shall show in Appendix [A.4] that there exists C
independent of n such that
(2.18) | ¥ ||ng(]Rd) < C(1 +n?)~4r=2)/(p)
when 2 < p < co and a > 0. Therefore, || ¢, ||ng(Rd) — 0 when p > 2 and n — oo.
This proves By (R%) % 2°(R%).

Finally, if (p,q, @) € S1 with p = co. Note that ¢;(z) = dp; when |z] < 1. A
direct calculation gives

I11la ey =11 (001)" llLoe@ay = | 1| Looray = 1,
while it is clear that the constant function 1 ¢ %°(R?). This implies B, ,(R?)
$°(RY).
Summing up the above three cases, we conclude the first part of the assertion

(2)-
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On the other hand, suppose #*(R%) — B¢ (R%), one would have Bsﬂl/2 (RY) —
By q(Rd). Invoking Lemma 2.8 again, we conclude that the index (p, ¢, «) must be
in the set

(2.19) So:={pe€2,],g€[l,00,aeR | a<s+d/p}.

Again we split this set into two subsets.
First, if (p, ¢, ) € Se with 2 < p < oo, then we have proved that f, constructed
in Lemma 28] satisfying f, € %°(R?) while f, ¢ LP(R?). A direct calculation gives

I follBa ey = Il (Pofp)" |l Loay = | fi | Lo (a)-

Hence f, € By ,(R?) and it yields #°(R?) + By (R?).

Second, if (p,q, a) € Sy with p = co. As expected, Lemma yields that
Bs, 1(RY) — B ,(R?). Hence we prove the second part of the assertion (2).
Therefore, we conclude that the embedding (215) is optimal. O

As a consequence of Theorem and Lemma 2.5 we establish the embedding
between the spectral Barron space and the Sobolev spaces.

Definition 2.11 (Fractional Sobolev space). Let 1 < p < oo and non-integer
a > 0, then the fractional Sobolev space

L] vlo) p
Lo (md Vi f(x) — fW)l
W (RY): = {few (R%) |//RdXRd P dady < 0o

equipped with the norm

1/p
- V1) f(a) = VLo f )P
1 ooy = 1 g + [, IO 0 gy )

It is a straightforward corollary of the following embedding relation between the
Sobolev space and Z5(R?).

Lemma 2.12 ([MM22] Theorem 4.3]). (1) If1<p<2anda>s+d/p>0,
then

W (RY) — Z5(R?).
(2) If s > —d is not an integer or s > —d is an integer and d > 2, then
WitIRY) < (R,
It follows from the above lemma and Lemma that
Corollary 2.13. (1) If1 <p<2and o> s+ d/p, there holds
(2.20) W (RY) — 2°(R?Y) — C*(RY).
(2) If s is not an integer or s is an integer and d > 2, then

WitY(RY) — 2°(RY).
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The first embedding with p = 2 and s = 1 was hidden in [Bar93| § II, Para.
7:§ IX, 15].

Proof. By Lemma 212l and Lemma 20 when @ > s+ d/p and 1 < p < 2, we have
W (RY) — 25(RY) — 2°(R?).
When s is not an integer or s is an integer and d > 2, there holds
Wit RY) — 25 (RY) — 2°(RY).
It remains to prove the right-hand side of (220). Using Theorem [Z9]
2°(RY) < B3, 1 (RY) — C*(RY)

due to Theorem 2.9, Lemma 2.8 and [Tri83] § 2.3.5, Eq. (1); § 2.5.7, Eq. (2), (9),
(11)]. O

3. APPLICATION TO DEEP NEURAL NETWORK APPROXIMATION

The embedding results proved in Theorem 2.9/ and Corollary 213 indicate that s
is a smoothness index. Consequently, we are interested in exploring the approximate
rate when s is small with Z° as the target function space. To facilitate our analysis,
we shall focus on the hypercube Q: = [0,1]¢, and the spectral norm for function f
with respect to (2 is

vea= ot [ IERIET©Is

Here we replace || by |{|1 in the definition of v s o, the latter seems more natural
for studying the approximation over the hypercube as suggested by [Bar93| § V].

Definition 3.1. A sigmoidal function is a bounded function ¢ : R — R such that

lim o(t) =0, lim o(t) =1.

t——o0 t——+o0

For example, the Heaviside function x[o ) is a sigmoidal function.

A classical idea for the approximation error of neural networks with sigmoidal
activation functions o is to use the Heaviside function x[p ) as a transition.
CARAGEA ET. AL. [CPV23| pointed out that the gap between sigmoidal func-
tion o and the Heaviside function x[g ) cannot be dismissed in L>°(£2). While this

gap does not exist in L2(2).
Lemma 3.2. For fized w € RI\{0} and b € R,

lim || o(7(w -z +b)) = X[o,00) (W - T + ) [ L2(2) = 0.

T—00
Proof. Note that
lim [o(t) — X[0,00)(t)] = 0.

t—+oo
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We divide the cube  into Q;: = {z € Q | |[T(w-2x+b)| <d} and Q2 = Q\ Q.
With proper choice of § > 0 and 7 > 0 large enough, we can obtain that the
L?-distance between o (7(w -  + b)) and X[g,o0)(w - @ + b) is arbitrarily small. [

For a shallow neural network, the following lemma in [Bar93] is proved for the
real-valued function, while it is straightforward to extend the proof to the complex-

valued function.

Lemma 3.3 ([Bar93, Theorem 1]). Let f € #*(RY), there exists

N
(3.1) fn(@) = colwi-z+b)

i=1

with w; € R, b; € R and ¢; € C such that

2vs1.0
VN

In this part, we shall show the approximation error for the deep neural network.

[ f—fnlzz@ <

We use the (L, N)-network to describe a neural network with L hidden layers and
at most N units per layer. Here L denotes the number of hidden layers, e.g., the
shallow neural network, expressed as (31]), is an (1, N)-network.

Definition 3.4 ((L, N)-network). An (L, N)-network represents a neural network
with L hidden layers and at most N units per layer. The activation functions of
the first L — 1 layers are all ReLU and the activation function of the last layer is the
sigmoidal function. The connection weights between the input layer and the hidden
layer, and between the hidden layer and the hidden layer are all real numbers. The
connection weights between the last hidden layer and the output layer are complex

numbers.

There is relatively little work on the approximation rate of deep neural net-
works that utilize the spectral Barron space as the target space. For deep ReLU
networks, [BN20D] has proven approximation results of (sL/2)-order. The main
contribution of this section is to improve this result to an sL-order approximation,
at the cost of introducing vy s o in the estimate; cf. Theorem B1

Theorem 3.5. Let the positive integer L and f € %°(R%) with 0 < sL < 1/2. For
any positive integer N there exists an (L, N + 2)-network fn such that
290y 5.0

(32) If = fv ez < =550~

Moreover, if f is a real-valued function, then the connection weights in fn are all

real.

As far as we are aware, the above theorem represents the state-of-the-art in
the literature to date. For shallow neural network L = 1, the authors in [MM22]
established a 1/2-order convergence with target function space %5/ *(R%), which is a
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subspace of #'/2(R?). Their estimate depends on the dimension with a factor d/%.
The upper bound in [SX22] depends on vy + vy1/2, whereas (Z.5]) demonstrates
that v; o can be much larger than vy ¢ for certain functions in %°*(R?), and the
estimate depends on the dimension exponentially. In contrast to these two results,
the upper bound in Theorem relies solely on vy s, and is independent of the
dimension.

For deep neural network, a similar result for the ReLU activation function has
been presented in [BN20D| with a (sL/2)-order approximation. Compared to this
result, our estimate exhibits a higher level of optimality. At first glance, our result
might seem to contradict Theorem 2|. In reality, this is not the case because
the upper bound in that reference is |/U5,00s,s + vy,0, which requires f € 2°(R%),
but is typically smaller than || f || g (ra) for oscillatory functions; cf. Lemma [A]l

In what follows, we make some preparations to prove Theorem [3.5l The analysis
in this part owns the most to [BN20b] with certain improvements that will be
detailed later on. For any function ¢ defined on [0, 1] and it is symmetric about
x = 1/2, We use the notation g, to denote the function g in the [0,1] interval of

the period repeated n times, i.e.,
Define

2, 0<t<1/2
B(t) = ReLU(2t) — 2ReLU(2t — 1) + ReLU(2t —2) = { 2 —2¢, 1/2<t <1,

0, otherwise.

By definition (33]), (8, represents a triangle function with n peaks and can be
represented by 3n ReLUs:

n—1

Bu(t) = Bnt—j), 0<t<1.
j=0
Lemma 3.6. Let g be a function defined on [0,1] and symmetric about x = 1/2,
then 9nz © ﬁ,nl = J,2n1n, ON [0, 1]

The above lemma is a rigorous statement of [Tell6l Proposition 5.1]. A key
example is cos(2mne By, (t)) = cos(4mninsgt) when ¢ € [0,1]. A geometrical expla-
nation may be founded in [EPGB21] Figure 3]. We postpone the rigorous proof in
Appendix

For r € (0,1), we define

Xir/2,0-ry/2)(t), 0 <7 <1/2,

alt,T) = X[0,00) (t—=7/2) = X[0,00)(t = (1=7)/2) =
—X[(1-r)/2.r/2) (1), 1/2<7r <1,
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then supp(a(-, 7)) C (0,1/2) and «(t, r) is symmetric about ¢t = 1/4. Define
vt r) =a(t+1/4,r) —alt —1/4,7) + ot — 3/4,7).
Then ~(t,7) is symmetric about ¢ = 1/2 because
1 —t,r) =a(5/4 —t,r) —a(3/4 —t,r) +a(l/4 -1, 1)
=a(t —3/4,r) —a(t —1/4,r) + a(t + 1/4,7) = ~v(t,r).
By definition (B3), 7,,(-,) is well defined on [0, 1] and
ant—j+1/4,r), 0<nt—j<1/4,
Yu(t,r) =< —a(nt —j—1/4,r), 1/4<nt—j<3/4, j=0,...,n—1
ant —j—3/4,7r), 3/4<nt—j<I,
ant —j+1/4,r), —=1/4<nt—j<1/4,
—a(nt —j—1/4,7), 1/4<nt—j<3/4,
And 7,,(-,7) on [0,1] can be represents by 4n Heaviside function x[9 ) due to

a(nt +1/4,r),a(nt —n+ 1/4,r) only need one Heaviside function each:

n

n—1
Yo (t,1) = Za(nt —J+1/4,7) - Za(nt —j=1/4,r).
j=0

=0

A direct consequence of the above construction is

Lemma 3.7. Fort € [0,1], there holds
1

(3.4) g/ cos(mr)y (¢, 7)dr = cos(2mnt).
0

Proof. For any t € [0,1/2], a direct calculation gives

1 2t
g / cos(mr)a(t,r)dr = 7r/ cos(mr)dr = sin(27t).
0 0

Fix at € [0,1]. If there exists an integer j satisfying 0 < j <nand —1/4 < nt—j <
1/4, then ~,,(t,7) = a(nt — j + 1/4,r) and
1
g/ cos(mr)a(nt — j + 1/4,r)dr = sin(2n(nt — j + 1/4)) = cos(2wnt).
0
Otherwise there exists an integer j satisfying 0 < j <n—1and 1/4 <nt—j < 3/4.
Then 7, (t,7) = —a(nt —j — 1/4,r) and
1
—g/ cos(mr)a(nt —j — 1/4,r)dr = —sin(2w(nt — j — 1/4)) = cos(27nt).
0
This completes the proof of ([B4). O

The following Lemma is the key point to prove Theorem [3.5] which follows the
framework of [BN20b], while we achieve a higher order convergence rate and the

constant is dimension-free for high-frequency function.



20 Y. L. LIAO AND P. B. MING

Lemma 3.8. Let the positive integer L and f € %°(R?) with 0 < sL < 1/2 and
supp f C {¢eR? | |¢ly > 1}. For any positive integer N there exists an (L, N)-
network fn such that

22Uf75)9

(3.5) If = I lleze) = —5F

Proof. By Lemma[2] for f € %°(R?), assume f is real-valued, then
f@) = [ Feemerds = [ |fi©)] costan(e -z + 0€)ek
R R

with proper choice §(§) such that 0 < -2+ 6(§) < |£]1 + 1. For fixed &, choose
ne = 257116 + DY ETE and te(z) = (€ -2 +0(€))/ne, then 0 < te(x) < 1 and by
Lemma 37 we reshape f(z) as

/ |f &)| cos(2mnete (z / |f |d§/ cos(mr)y e (te(x), r)dr.

Define the probability measure
1 .=
(3.6) pu(dg, dr) = §|§|1 £ (€)Ix(0,1)(r)d&dr,
where @ is the normalized factor that
1
Q= [ IeIfiels [ ar<vpea
Rd 0
Therefore f(x) = E¢ ryp,F (2, €, ) with
Q| s
F(,€7) = T2l cos(mr) e (te (@), 7).
If {&,r;}™, is an i.i.d. sequence of random samples from pu, and
f= 1 i F(x,&, )
m pt 1y
then using Fubini’s theorem, we obtain
Ee,rymnll F = FllZ200) :/ Ee, vyl Eerymn F(@,6,7) = f(2)Pd
V; ~ ;
= / ar(¢ pyop (7, € r)dz

<1E.. F(67) 2eion
S B Wl ECE) T ()

Note that
TQ s
1 ECo&m) ey < SEIER,
we obtain
~ 1 m2Qu
2 2 f;8,82
E(ﬁi,”)NMH f - f HL2(Q) < EE(ﬁ,T)NH” F(',f,’l‘) HLN(Q) < 747” .
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By Markov’s inequality, with probability at least (1 +¢)/(2 + ¢), for some € > 0 to
be chosen later on, we obtain

< 247 Quys0

(3.7) I = fll72g) < T
It remains to calculate the number of units in each layer. For each 7, (te(x),r),
chooseny = -+ =np = [(|¢[;+1)/1], then ng = 28" n; ... n, and by Lemma[3.6],

Yone (57) = Ynp (7)) © By 00 B n, on [0,1]. Lemma [3.2 shows the Heaviside
function x[o,o0) can be approximated by o with at most

max{3n1,...,3n5_1,4n.} < A[(|¢]; + D)VE] < 12)¢1/F

units in each layer to represent . (t¢(z),r). Denote N the total number of units
in each layer, then N <1237 [&; VL and

s - s _ L2muy s
BtV < 123 B el < 120008
i=1
Invoking Markov inequality again, with probability at least (1 + ¢)/(2 + ¢), we
obtain
12(2 s
(3.8) Q@ 12@+e)vrsa

m NZSL

Combining (1) and (B3], with probability at least /(2 + ¢), there exists an
(L, N)-network fx such that

V32 +e)mursa < Hupso
NsL - NsL

with proper choice of € in the last step. Finally, if f is complex-valued, we approx-

[ f—=fnlzz@ <

imate the real and imaginary parts of the function separately to obtain (B.5). O

Remark 3.9. We assume supp [ C {¢eR? | ¢y > 1} in Lemma B8 because
we want to obtain an upper bound depending only on vy s q. If we give up this
condition, then the upper bound in Theorem changes to C| f || gay/N** for
some dimension-free constant C'. The proof is essentially the same provided that

the probability measure ([B.6)) is replaced by

~

p(de, dr) = %(1 161 1) o (r)dedr,

We leave it to the interested reader.

Proof of Theorem[3.8. We write f = f1 + fo with
) = iy 627Ti§~md , ) = 7 e27ri£-zd )
f@= [ Foemeas pe= [ fgenea

Then vy, 1,0 < vy s.0 and vy, 50 < Uf 60 because

~ -~ ~

A = FOxp(€l)  and  fo(€) = FE)X1,00)([€]0)-
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We approximate f; with an (L, nq)-network with ny = [N/6]. By applying Lemma[3.3]

to fi1, we obtain, there exists an (1,n1)-network fi ,,, such that

v, 1.0 _ 2V6ussn
11 = fim 2@ € —575— < DSt
nl N

Noting that an (1,n1)-network can be represented by an (L, n;)-network. We just
need to fill the rest of the hidden layers with

ReLU(t), t>0,
—ReLU(—t), t<0.

Secondly, we approximate fy with an (L, ng)-network with ng = [5N/6] and obtain
the error estimate. Applying Lemma [3.8 we obtain, there exists an (L, ng) network
fa,n, such that

27050 _ 22V/6/5m0550
TLS — NSL :

Il fo = fons ll22(0) <

These together with the triangle inequality give the estimate ([B.2) and the total
number of units in each layer is

If f is a real-valued function, then we let fxy = Re(fin, + f2.n,), and the upper
bound (B2)) still holds true. O

Remark 3.10. The activation function of the last hidden layer of the (L, N')-network
in Theorem may be replaced by many other familiar activation functions such
as Hyperbolic tangent, SoftPlus, ELU, Leaky ReLU, ReLU” and so on. Because all
these activation functions can be reduced to sigmoidal functions by certain shifting
and scaling argument; e.g., for SoftPlus, we observe that SoftPlus(t)—SoftPlus(t—1)
is a sigmoidal function. Unfortunately, it is not easy to change ReLU of the first
L — 1 hidden layers by other activation functions.

In what follows, we shall show that Theorem is sharp if the activation
function of the last hidden layer is Heaviside function. This example is adopted
from [BN20D]. For readers’ convenience, We reserve the proof in Appendix [A.6

Theorem 3.11. For any fized positive integers L, N and real numbers e, s with
0 < ¢e,sL < 1/2, there exists f € $°(R?) satisfying v;sq < 1+¢ such that for any
(L, N)-network fn whose activation function o in the last layer is the Heaviside
function X[ o), there holds

1—¢

(3.9) I f=fnllee > SNL
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4. CONCLUSION

We discuss the analytical functional properties of the spectral Barron space.

The sharp embedding between the spectral Barron spaces and various classical

function spaces have been established. The approximation rate has been proved

for the deep ReLU neural networks when the spectral Barron space with a small

smoothness index is employed as the target function space. There are still some

unsolved problems, such as the sup-norm error and the higher-order convergence

results for larger s, the relations among Barron type spaces, variational space and

the Radon bounded variation space as well as understanding how these spaces are

related to the classical function spaces, which will be pursued in the subsequent

works.
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APPENDIX A. SOME PROOF DETAILS
A.1. Proof for 23) and (24).

Proof. Note that ¢p is a radial function. By Lemma I and ¢r € L'(R%),

EP\° o
one) = [ (1-55) emcag
Br
R €12\°
:/ 6271'z|x|§1d§1 ( ——2> d§2d§d
_R E3+...E2<R2—¢3 R

Performing the polar transformation and changing the variable t = 72 /(R? — £3),

/ (1 - @>6d§2 d&q
E3+...E2<R2—¢2 R?

\/R2—¢€2 2 2\ 9
/ lrd2(1—§1+T> dr

we obtain

= Wd—2 o R2
SH(d-1)/2 1
Wd—2 Hd—1 512 (d—3)/2 5
I - = t 1—¢)°dt
s (ge) ey
5+(d—1)/2
Wd—2 d—1 & d—1
=3 ( RQ) ( Lo+

Substituting this equation into the previous one and changing the variable & =

Rcosf, we get

S4(d—1)/2
_Wd-2 pg-1p (d=1 /R & omilzlés
On(r) =52 B( . ,6+1> - o e dé,

_ a@d=D2p(5 4+ 1)R?
L6+ (d+1)/2)

T +1)
T [g[0rd/2

/ cos(2r|x| R cos ) sin>* 7 §dg
0
R™F2 J5, ay2(2m]a|R),

where we have used

_ (x/2)" " 2w 1
Ju(x) = A (d+ 1)/2) /0 cos(x cos ) sin®” 0d6, v>-—3
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in the last step. The above integral representation of the first kind of Bessel function
may be found in [Luk62] § 1.4.5, Eq. (4)].

For s > 0, a direct calculation gives

€? ' " +d—1 A
U¢R,s—/BR|§| < —ﬁ) dﬁzwdfl/o r <1_ﬁ> dr

1
N CUdfleer/ Hatd/2-1(1 )0y

2 0
7wd,13 s+d5+1 Rt
2 2 '
Therefore ¢r € 2°(R?). O

A.2. Proof for (2.14).
Proof. To prove ([ZI4]), we start with the following representation formula. If fe
LY(R?) is a radial function with f(£) = go(|¢]), then

2 o0
(A1) @) = a7 / G0/ Ty 1 (2|l dr.

If d = 1, then using Lemma 2.1] we obtain

f(@) = / go(EDeEde = 2 / go(r) cos(2z|r)dr,

which gives (A]), where we have used the relation [Luk62, § 1.4.6, Eq. (7)]

2
J_1/2(x) =4/ P cos(x)
in the last step.

For d > 2, combining Lemma [Z1] and [SW7Il Ch. IV, Theorem 3.3], we ob-
tain (AZJ]), which immediately implies

27T 1 _ ’
fo(x) = W/o pdQ2=E0 gy (2m|zlr)dr

1
:wd_l/ rd/p_loFl(;d/2;—7r2|x|27“2)dr,
0

where we have used the relation [Luk62, § 1.4.1, Eq. (1)]
(z/2)"
I'(v+1)

in the last step. Changing the variable ¢t = r? and using the identity [Luk62] § 1.3.2,
Eq. (2)]

J,(z) = oFi(v +1;—a”/4)

1
1B (psp+o0,652) = B0 0)/0 N1 — )7 L By at)d,

we get (2.14). O
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A.3. Proof for Lemma [2.8]

Proof. The “if”-part is standard by § 2.3.2, Proposition 2; § 2.7.1, Theorem].
We illustrate the “only if”-part with an example, which is taken from §2.3.9,
Proof of Theorem].

Let fo € .Z(RY) with supp(fo) C {zeR?! | 1< (2| <3/2}. Let fo(z) =

fo(27™z) for an integer n, then

fn(f) = 2_‘1"]?0(2_"5) and supp fn {x e R? | 2" < |z] <3 x 27! }
Choose proper {¢;}2, C (R?) in the definition of Besov space such that g (z) =

1 when |z| < 3/2 and ¢; =1 on supp(fj) for j > 1, then

supp(f,) N supp(pj) =0 if n>0 and n#j.
A direct calculation gives that
(i f)" =bonfn, i n<0 and  (pifa)Y =dpnfu, i n>0.

By definition, when n < 0,

I follBg @y = | fu llLo@ey = 27%/7|| fo |l Loy

Let n — —oo with the embedding relation Bg . (R?) < B52  (R?) yields p1 < po.

Similarly, when n > 0,

I follBg &y = 2°™(| fo lzoay = 2" YP7| fo || Lo may-

Let n — +o0o with the embedding relation implies «; — d/p1 > as — d/ps. Finally
if ap —d/p1 = az — d/pa, then 1 < g2 proved in [ST95, Theorem 3.2.1]. O

A.4. Proof for (2I3).

Proof. If 1 < p < oo and a > 0, then B&l(Rd) is equivalent to the space defined

n [Tri83] § 2.5.7, Theorem]

A2V 9,
[AVA )IIL(R)dh OO}

«@ dy. « d
Ap,q(R ): = {f € Wp[ }(R ) | |h|d+{a}q

Rd

equipped with the norm

1/q
1AL V) 1 5 g
|| f”Aa (R): = || f”W )"’ (/Rd |h|d+{a}q dh

for 1 < ¢ < o0, and

Ap o (R) = {f e WII®RY | sup  [BTEH ARV f) || Loy < OO}
heRr4\ {0}

equipped with the norm

1 ag oy = [1f lyten gy T SUP Al ARV 1) | o ga)-
heRIN\{0}
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Here a = [a] + {a} with integer [a] and 0 < {a} < 1, and A% f(z) = f(z + 2h) —
2f(xz+ h) + f(z); see § 2.2.2, Eq. (9)].

For any nonnegative integer k, a direct calculation gives

k

Bj
k cjx — ||/ (1+in)
v¢n Z 1_|_an/2+]€
jZO
for some constants {c; }] _o, and the multi-index 3, = (8j1,. .., Bjq) satisfies |5;] < j

with 2% = 27" . ﬂ]d . Then

k
| —m|z)? n?
9 e < €'Y aparrmzel el e /04 |
:O
A direct calculation gives
(| |Bslpe=mplal®/(14n®) gy (g 1 n2)<d+|5j|p>/2/ ||l e—mplul g,
d Rd

_wa—1 I ((|85]p + d)/2) 2\ (d-+1651p)/2
— 2(pm)UBilptd)/2 (1+n%) '

Therefore, there exists C' depending only on d, p, k such that

k
(1 + n2)d/ (2041812
(A2) V¥ |lLp@e) < OZ § j_ DA S < C(1+n?)~dp=2/0p)
j=0

If f € W2(RY), then

1+t 2 min(s,1)
AZf / dt/ V2f(x + sh)dsh - h = / V2f(x+sh)ds/ dth - h.
0

ax(s—1,0)

Therefore,
A2 < 0 [ 19+ smjas
By the Minkowski’s inequality, we obtain
I ARS (@) [l Lr ey < |h|2/ [ V2f (- + 5h) | Logayds = 2|h[*[| V2 [ || Lo ga)-

Splitting the integral part of the A7 -norm into two parts, we get

/ I AthLp Rd)dh—l—/ l thLp Rd)dh

<1 |hldtieta n>1  |hld+ieta

<21 v2f||LP(]Rd / h(2—{o¢})qfddh+4q||f||qu(Rd)/ p—d—{atagp
[nl<1 |h|>1

|| v2f ||Lp Rd) 2 || f”Lp(]Rd
A ( C—{ahd T fakg

2 Wi—1
< T £
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In the same manner we can see that when g = oo,
sup |A|7EH AR (VI ) || o ety
heRI\{0}

< sup [BTEH ARV ) (| o ray + sup (Al TE ARV (Lo ey
0<lhl<1 Ihl>1

<2 V2f logay sup [AP71Y 4| f || Lo (gay sup [h|7°
0<|h|<1 |h|=1
<4|| f llwz®a)-
ote that n € , a combination of the above inequality an yields
Note that Vg, € W2 (R bination of the above i lity and ield
lon llag @y < Clln llyperss gy < C(L+ n?)~dr=2)/(4p),

where C' is a constant depending on p,« and d but independent of n. So does

| ¥n |l Bs , (re)- O
A.5. Proof for Lemma [3.6l

Proof. Firstly we show that g , is symmetric about x = 1/2. By definition,

gn(l—=t) =g(n(l —t)—j)=gnt —n+j+1)=gnt —k) = gn(t)

for some integers j, k satisfying 0 < j,k<n—land k=n—j—1.
For a fixed t € [0, 1], there exist integers j, k satisfying 0 < j <2n; —1,0< k <
ng — 1 such that 0 < 2nynat —noj — k < 1, then 0 < no(2n1t — j) — k <1 and

G2n1ny (t) = g(2nanat —noj — k) = g(n2(2n1t — j) — k) = g n, (201t — j).
By definition,

ont — 27, 0<nt—j<1/2,

ﬂ,n(t): ) .
242j—2nt, 1/2<nt—j<1,

[l
\.O
E

|

L

If j is even, then j = 2! for some integer [ satisfying 0 <! <n;—1land 0 < njt—1 <
1/2. Therefore

9o (ﬁ;nl (t)) = Gny (2n1t - 2l) = Y9nsy (2n1t - .7)

Otherwise j is odd, then j = 2] + 1 for some integer [ satisfying 0 <1 <n; — 1 and
1/2 < nyt — 1 < 1. Therefore

9no (67711 (t)) = 9o (2 +20— 2nlt) = g,nz(l +Jj- 2nlt) = 9o (2n1t - j)

This gives ¢.n, © By = G.2n,n, o0 [0, 1]. O



SPECTRAL BARRON SPACE FOR DNN 31
A.6. Proof for Theorem [3.111

Lemma A.l. Given n,R > 0 and let f(z) = cos(2rnazy)e ™=/R then f €
55 (R?) with

d S
A3 Ve < n—l——) or 0<s<l1.
(A.3) F.5.0 ( i f

Proof. For any R > 0, the Fourier transform of the dilated Guass function e~m;/R
reads as
efwmi/R _ \/EefﬁRfjg'

A direct calculation gives

d

~ 1 ) ) )

f(g) :E/Refﬁmf/R(efkrml(glfn)_|_6727r111(£1+n))dx1 | | /Refﬂz?/Rf%mszdej
j=2

d/2 d
:—R2/ (efﬂR(ilfn)z + 67”3(51+n)2) H e~ RES

j=2
=R%Y/2e=mR(E*+n%) cosh(2mnR&y).

It is clear that f, f € L'(R%) and the pointwise Fourier inversion theorem holds

true, and
v = Fl&)|de = Fle)de = =
ma= [\~ [ Fene= o) =1

where we have used the positiveness of f

Next, using the elementary identities

1
\/R/e*”Rf?d =1 and \/R/ Je ™ de; = ——=,
[ e [lgle"ag; = ——

we obtain

d
Uf1,0 ZRd/2/|§1|€_WR(51_")2d§1 H/e_ﬂRgidfj
R s /R

-7RE; 4
H ‘ /R e Ek

k#1,j

d
F R [ et 37 gl g
R )

d—1
™R

: \/ﬁ/ﬂ& —n| +n)e G g, 4
R
d
™R
Using the interpolation inequality (2I1]), we obtain (A3]). O

:n—|—

Proof for Theorem [Z11. Define n = 2X2N% and f(x) =n~° cos(27rn3:1)67”‘””‘2/R
with large enough R such that vs s o <1+ ¢ by Lemmal[AT]and e mlP/R > ¢
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when z € Q. Fix 23, ..., 24, then any (L, N)-network fy can be viewed as an one-
dimensional (L, N)-network, i.e. fy(-,22,...,2q) :[0,1] — C. Divide [0, 1] into n-
internals of [j/n, (j+1)/n] with j = 0,...,n—1. There exists at least n—2L "INt =
2L+HINL intervals such that fy does not change sign on those intervals [Tell6
Lemma 3.2]. Without loss of generality, we assume fn(-,22,...,24) > 0 on some
interval [j/n, (j + 1)/n], then

G+1)/n , (1—e) U/ (1— &)
/j/n (f(z) = fn(x)) dzs > 3 /(4j+1)/(4n) cos®(2mnxy)dry > FPETES
because cos(2mnx;) < 0 when 275 + 7/2 < 2mnay < 2w 4 37w/2.

Summing up these n — 2L NE intervals gives

1
1f= x> [ doa.day / (F(2) - fr(2))dar

[0,1]4=1
2LHINL(1 — )2 - (1—¢)? - (1—¢)?
4n2s+1 — 228L+4s+3N2sL — 64N25L :

Simultaneously squaring off both sides of the inequality, we obtain

1—¢

| f—fnllze) = NI
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