
IEEE COMMUNICATIONS LETTERS, VOL. 21, NO. 5, MAY 2017 987

Compressed FEC Codes With Spatial-Coupling
Chulong Liang, Junjie Ma, and Li Ping, Fellow, IEEE

Abstract— An error floor problem is observed for a spatially
coupled sparse-regression (SCSR) code with limited sparsity
in low-to-medium rates. This letter presents a scheme that
also involves spatial-coupling and compressed-sensing (SCCS)
similar to SCSR. We replace position modulation in SCSR by a
general concatenated forward error control code. We introduce
a chaining principle that improves the error floor behavior of
the underlying code. We show that SCCS based on chained
Hadamard codes can offer significantly improved performance.

Index Terms— Approximate message passing (AMP), com-
pressed sensing, concatenated codes, Hadamard codes, mes-
sage passing decoding, sparse-regression (SR) codes, spatial
coupling (SC), turbo codes.

I. INTRODUCTION

IN A compressed-sensing system, the sparsity of the trans-
mitted signal can be exploited to carry information using

position modulation. This is the principle of the recently pro-
posed sparse-regression (SR) codes [1]–[10]. It is shown that
a spatially-coupled SR (SCSR) code can potentially achieve
the channel capacity [11], [12]. However, asymptotically high
sparsity is required for capacity achieving performance with
SCSR. In practice, sparsity has to be limited since decoding
complexity for position modulation increases with sparsity.
We observed that the performance of an SCSR code is not
satisfactory for modest sparsity in low-to-medium rate regions.

In this letter, we present a scheme that also involves
spatial-coupling and compressed-sensing (SCCS). We show
the equivalence between SCSR based on position modulation
and SCSR based on standard binary Hadamard codes. We
replace position modulation using a concatenated code. We
then introduce a chaining principle that improves the error
floor behavior of the underlying code.

The results presented in this letter provide useful insights
into the SCSR and the related schemes [13].
• Compression can be applied to an FEC code, which

provides flexibility in continuous rate adjustment. This
scheme is robust under random puncturing, since the
latter is a natural consequence of random compression.
It also results in Gaussian-like signaling, which is optimal
for channels corrupted by additive Gaussian noise.

• Spatial-coupling is important to maintain good decoding
performance. This follows the analysis in [14]–[17] for
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coupling over the binary field and in [13], [18], [19] over
the real field.

• The position modulation in SCSR can be replaced by a
general FEC code. The performance of the underlying
code (before compression) is crucial for the overall per-
formance.

We will show that SCCS based on chained Hadamard
codes and turbo codes can offer significantly performance
enhancement over SCSR. The resultant codes are universally
good over a certain range of random puncturing. This is
verified by both evolution and simulation methods.

II. SCSR CODES

In this section, we briefly outline the structure of SCSR
codes. We will verify the equivalence between position modu-
lation and binary modulation. This provides a useful basis for
the discussion in the next section.

A. Hadamard Code and Position Modulation

Denote by H a size N × N Hadamard matrix in the
binary phase shift keying (BPSK) format [20] with normalized
column weights. The N columns {hi} of H form an Hadamard
code. The related encoding is specified by a one-to-one
mapping d ↔ hi , where d is a set of n binary bits and N = 2n .

Denote by ei a length-N unity vector with a non-zero
entry at position i : ei = [0, · · · , 0, 1, 0, · · · , 0]T . We call the
collection of N unity vectors {ei}, i = 1, 2, · · · , N , a position
modulation (PM) code. The encoding process is specified by
a one-to-one mapping d ↔ ei . It can be shown that hi and ei
form an Hadamard transform pair:

Hhi = ei and Hei = hi . (1)

Due to the orthogonality of H , for any (i, j) pair,
∥
∥ei − e j

∥
∥

2 = ∥
∥hi − h j

∥
∥

2
. (2)

Eqn. (2) indicates that a PM code has the same distribution of
Euclidean distances as a corresponding Hadamard code. Thus
they have the same code structure in two different formats.

B. Parallel Hadamard Codes and Parallel PM Codes

Let d be a binary information sequence of length J × n.
We segment d into J sections with equal length of n and
apply Hadamard encoding to each section. The collection of
J Hadamard codewords form a parallel Hadamard (PH) code.
Similarly, we define a parallel PM (PPM) code as the section-
wise Hadamard transform of a PH code.

C. SCSR Codes

An SCSR code is defined as follows [11]. Let d =
{

d(k)
}

, k = 1, 2, · · · , K , be K binary information sequences,
each of length J×n. We encode each d(k) to c(k) using a PPM
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Fig. 1. The structure of an SCSR code with W = 3. The addition is performed
in the real domain.

code C . We arrange
{

c(k)
}

as a column vector c and apply a
sensing matrix A to c, results in an SCSR codeword

x = Ac. (3)

In particular, (4) shows a block bandlimited structure of A
with block bandwidth W , where each non-zero sub-block is
denoted by A(w,k). It is shown in [11] and [15] that such a
bandlimited structure results in the spatial-coupling effect.

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

x(1)

...
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⎥
⎥
⎥
⎥
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⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎣

c(1)
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⎥
⎥
⎥
⎥
⎦

(4)

Fig. 1 is an illustration for (4) with W = 3. Each d(k)

is encoded using C into c(k). Each c(k) is repeated into W
replicas

{

c(w,k)
}

in the block labeled by “=”. Each section
x(k) of x is the linear combination of A(w,k)c(w,k) in the
neighboring W copies. Here a copy loosely refers to the
collection of d(k),

{

c(w,k)
}

and x(k). Let

y(k) = x(k) + η(k), (5)

where y(k) is a noisy observation of x(k) and η(k) contains
independent identically distributed (IID) Gaussian variables.

Let the size of each A(w,k) be (αJ N) × (J N), where 0 ≤
α ≤ 1 is the compression ratio. We will assume that the same
compression ratio is applied to all sub-blocks

{

A(w,k)
}

.

D. Equivalence Between PH and PPM Formats

We adopt the decoding method in [11] based on approx-
imate message passing (AMP) [21]. It involves the iteration
of a linear estimator and a non-linear estimator. The coding
constraint is ignored in the former and is handled in a section-
by-section way in the latter. Here a section is defined in
Section II-B as a PM code for a standard SCSR code [11].

Now consider replacing each section of a PM code by
a corresponding Hadamard code. From state evolution (SE)
analysis [11], the performance of AMP based detection algo-
rithm remains unchanged if
• the sensing matrix remains unchanged and
• the mean square error (MSE) of the section-by-section

non-linear estimator remains unchanged.

Fig. 2. Performance of SCSR codes. Vertical dashed lines are for Gaussian
capacities, solid lines for PPM format and circle for PH format.

Recall from (2) that PH and PPM have exactly the same
distance distribution. Therefore their performance, in terms of
either bit-error rate (BER) or MSE is the same under optimal
decoding (which is the case for each section). Based on this
fact, it can be shown that using a PH code or a corresponding
PPM code for C results in exactly the same performance. This
will be verified by the example below.

E. Simulated Performance

Fig. 2 shows the simulated performance of SCSR codes
in both PH and PPM formats with the following parameters:
N = 256, J = 2048, W = 3 and K = 16. In this letter,
the signal-to-noise ratio (SNR) is defined as in [11]. Each
A(w,k) is generated using randomly selected rows from an
NH × NH Hadamard matrix. In the limiting case of infinite
J and N , A(w,k) and A(w′,k′) are uncorrelated for different
w, w′, k, and k ′. For finite J and N , however, this is not
guaranteed. To reduce correlation, random row and column
interleaving are applied to each A(w,k). Following [11], AMP
can be used for decompressor. We also find that orthogonal
AMP (OAMP) [22] can be more robust in some situations.
Slight modified OAMP is used for the spatially-coupled
scheme similar to that in [23]. Fast Hadamard transform (FHT)
is used in OAMP with complexity log2(NH ) per bit. Iteration
proceeds until convergence. To reduce cost, each copy of
length = J × N = 524288 is partitioned into 8 segments with
length 65536 each. Each segment is individually compressed.
This is based on our experimental observation that perfor-
mance stabilizes for NH > 65536. From Fig. 2, we can see
that SCSR codes have the same performance in two formats
as expected.

The performance in Fig. 2 is good at high rates. However, an
error floor problem appears for rates below 1.5. The problem
is related to the poor coding gain of the underlying length-256
Hadamard code. We will introduce a solution to the problem
in the next section.

III. SCCS CODES

A. Spatially-Coupled Compressed-Sensing Scheme

Consider the spatially-coupled compressed-sensing (SCCS)
coding scheme in Fig. 3. The notations in Fig. 3 are the same
as those in Fig. 1 except the following differences.
• In SCSR, each d(k) is encoded only once. The resultant

c(k) is repeated for W times.
• In SCCS, each d(k) is repeated W times. Each replica is

independently interleaved and then encoded. This results
in a turbo coding effect [24].
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Fig. 3. The structure of the SCCS coding scheme with W = 3.

Similar to (4), we can represent Fig. 3 in the matrix form as
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(6)

B. Chained Hadamard and Chained PM Codes

To further enhance performance, we adopt a chaining prin-
ciple for each C(w,k) as follows.

For simplicity, let K = 1 and so d = d(k). We segment d
into J sections denoted as

{

d j
}

. Each section d j consists of
n bits d j=

{

d j,n′
}

, based on which we define a state variable
s j as

s j =
j

∑

j ′=1

p j ′ = s j−1 + p j (7)

with s0=0, where p j =
n∑

n′=1
d j,n′ . A chained Hadamard (CH)

code has J sections
{

c j
}

. Assume that the j th data section
d j ↔ hi under the mapping for the Hadamard code. Then the
j th coded section,

c j =
{

hi , if s j−1 = 0,

−hi , if s j−1 = 1.
(8)

Similarly, a chained PM (CPM) code is defined by replacing
hi with ei = Hhi in (8).

A chained code (with CH or CPM) can be seen as obtained
by chaining the sections of a corresponding parallel code using
the state variables

{

s j
}

. The above chaining principle can be
applied to each copy when K > 1.

The above encoding method is equivalent to the zigzag
Hadamard code introduced in [20] in the non-systematic
form. Chaining and concatenation can significantly reduce the
occurrence probability of codewords with small weights. The
related advantages can be analyzed using the distance spectrum
as discussed in [20].

C. Iterative Detection and Evolution Analysis

Fig. 4 illustrates the principle of message passing decoding
for an SCCS code. For simplicity, only the part corresponding
to C(w,k) is shown. The messages in Fig. 4 are defined
as follows. A rightward message (−→c (w,k),−→v (w,k)) is the mean

Fig. 4. Illustration of message passing corresponding to C(w,k) of an SCCS
code.

Fig. 5. Performance of SCCS codes based on CH coding. Vertical dashed
lines are for Gaussian capacities, solid lines for simulation and dashed lines
for state evolution.

and variance pair for c(w,k) computed at decompressor based
on AMP (or OAMP). The detailed computation rules can be
found in [9], [11], [12], [21]–[23]. A corresponding leftward
message (←−c (w,k),←−v (w,k)) is the mean and variance pairs
of c(w,k) computed from the log-likelihood ratios (LLRs) at
the decoder for C(w,k). The messages

−→
d (w,k) and

←−
d (w,k)

are, respectively, the extrinsic LLRs for d(k) generated by
the decoder for C(w,k) and the repetition constraint (a block
labeled by “=”). The related operations are similar to those
for turbo [24] and LDPC codes [14]–[17].

Denote by I (
−→
d (w,k)) the mutual information between−→

d (w,k) and d(k). Similarly, we define I (
←−
d (w,k)). We

can define the transfer functions between messages for
this purpose. For the decompressor, the transfer func-
tion between −→v (w,k) and ←−v (w,k) is the same as that
used in [11] (for AMP) or [23] (for OAMP) for the
SCSR code. The transfer function between I (

−→
d (w,k)) and

I (
←−
d (w,k)) is given by the J -function in [14]–[17], [25]

for repetition codes. Finally, for C(w,k), we can generate
a two-dimensional function using simulation, with inputs
(−→v (w,k), I (

←−
d (w,k))) and outputs (←−v (w,k), I (

−→
d (w,k))).

With these transfer functions, we can evaluate the per-
formance of the above decoding process by tracking−→v (w,k),←−v (w,k), I (

−→
d (w,k)) and I (

←−
d (w,k)). The process is in

spirit similar to the extrinsic information transfer (EXIT) chart
analysis [25]. It has been used in [14]–[17] for analyzing
spatially coupled codes.

D. Numerical Results

Fig. 5 shows both simulated (solid lines) and state evolution
(dashed lines) results for an SCCS code based on the following
parameters: CH coding with n = 2, J = 8192, W = 3 and
K = 16. Each A(w,k) is generated using randomly selected
rows from an Hadamard matrix of size NH = 32768.

From Figs. 2 and 5, SCCS outperforms SCSR significantly
at rates 0.4444 to 1.3334 in real channels (corresponding
to 0.8888 to 2.6668 in complex channels), which covers
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Fig. 6. Performance of SCCS codes based on turbo coding. Vertical dashed
lines are for Gaussian capacities, solid lines for simulation and dashed lines
for state evolution.

the typical rate range of common wireless communications.
The advantage of SCCS attributes to the recursive nature of
the chained encoders with random interleaving at their input.
This produces interleaving gain as analyzed in [26]. SCCS
remains good after a certain range of random puncturing,
which demonstrates its good universality. However, SCCS has
poor performance at high rates, about 2 dB degradation for the
waterfall region. We are still investigating this issue. The state
evolution matches reasonably well with simulation in the low
BER region, except at rate=1.7778 where the convergence of
the SCCS decoder is poor. In addition, compared with SCSR
in Fig. 2 with a PPM of size N =256, SCCS in Fig. 5 has a
much lower complexity (N=2n=4).

E. Other Underlying FEC Codes

The local codes
{

C(w,k)
}

can be generated by other options.
An example is shown in Fig. 6 based on the rate-1/3 (13, 15)8
turbo code [24]. This code can be separated into three parts:
a systematic sequence d and two parity-check sequences
c1 and c2. We set W =3. Then C(w,k) generates d for w=1,
c1 and c2 respectively for w = 2 and 3. The first encoder
is actually a trivial one that generates the systematic part
of a turbo code. The other parameters are: K = 16, 16381
information bits per copy (with 3 more termination bits),
each A(w,k) generated using randomly selected rows from an
Hadamard matrix of size NH = 16384. We can see that this
SCCS scheme based on a turbo code performs excellently in
the low-to-medium rate region. However, its performance also
deteriorates at high rate.

IV. CONCLUSIONS

We presented an SCCS scheme based on compressed FEC
codes, which provides flexible rate adjustment and Gaussian
like signaling. SCCS can be seen as a modified SCSR scheme,
with position modulation replaced by a general FEC code.
We showed that concatenation and chaining techniques can be
used to improve error floor performance in SCCS. We further
show that SCCS based on a standard turbo code also offers
impressive performance.
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