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Clipping Can Improve the Performance of Spatially Coupled
Sparse Superposition Codes

Shansuo Liang, Junjie Ma, and Li Ping, Fellow, IEEE

Abstract— Gaussian signaling of spatially coupled sparse
superposition codes incurs a high peak-to-average-power
ratio (PAPR) problem. Clipping can be used to reduce PAPR.
At the receiver side, generalized approximate message pass-
ing algorithm is employed to handle the non-linear clipping
distortion. Surprisingly, we observe empirically that clipping
can improve the performance in low-to-medium rate region.
We provide an explanation of this observation based on potential
function analysis.

Index Terms— Sparse superposition codes, spatial coupling,
generalized approximate message passing, clipping, potential
function analysis.

I. INTRODUCTION

FOR a sparse superposition (SS) code [1]–[4], information
symbols are first modulated in position and then linearly

transformed by a compression matrix. As a result, codewords
are Gaussian like and have a high peak-to-average-power
ratio (PAPR). Clipping is a straightforward technique to reduce
PAPR [5].

At the receiver side, approximate message passing
(AMP) [6] has been applied to decode the message for SS
codes [2], [4]. Clipping introduces non-linear distortion, which
can be handled by a generalized approximate message pass-
ing (GAMP) decoder [7], [8]. Further, spatial coupling (SC)
can be employed to circumvent the poor fixed-points of the
above iterative processors [9], [10].

It is well-known that Gaussian signaling maximizes mutual
information for an additive white Gaussian noise (AWGN)
channel. Therefore, we might expect that clipping causes
performance loss as it destroys Gaussianity. However, our
simulations show the opposite: clipping may actually improve
the performance at code rates that are of practical interests.

In this letter, we will provide an explanation based on
potential function analysis [10] for the above observation.
A brief intuitive explanation is as follows. The performance of
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a GAMP decoder can be characterized by a recursion between
two transfer functions [7]. We show that clipping will reshape
one of the transfer functions. It results in better matching
between two transfer functions involved and hence improves
the performance.

II. SCSS CODES WITH CLIPPING

A. Encoder Structure

For SCSS codes, a codeword x is given by [3] and [11]:
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⎢⎢⎢⎢⎢⎢⎣
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where A is a sensing matrix. Each ck is an information-
carrying sparse vector that contains L sections. Each section
is of length-B and has a single nonzero entry with amplitude√

B [2], [4]. An example of ck is as follows

cT
k = [

section 1︷ ︸︸ ︷
0, . . . , 0,

√
B, |

section 2︷ ︸︸ ︷
. . . , 0,

√
B, 0, | · · · , |

section L︷ ︸︸ ︷√
B, 0, . . . , 0]

(2)

For theoretical analysis in [2] and [4], each subblock
Aw,k ∈ R

M×N (M < N) in (1) is assumed to have inde-
pendent identically distributed (IID) Gaussian entries over
N(0, βN−1). In our simulations, each Aw,k is generated by
randomly selecting M rows from the N × N discrete cosine
transform (DCT) matrix multiplied by the scaling factor β.
Such partial DCT matrices are also used in [4] to reduce
complexity. Orthogonal AMP [12] can be applied to such non-
IID sensing matrices. The performance difference between
IID Gaussian matrices and partial DCT matrices is typically
negligible unless B is very small [4]. The scaling factor is
chosen as β = 1/W . For such defined A, the elements of
{xi ,W ≤ i ≤ K } have unit average power. When K is large,
the overall average power can be approximated by E[x2] = 1
if we ignore the boundary effects for i < W and i > K .

By the central limit theorem, the entries of x are approx-
imately Gaussian distributed and thus have high PAPR.
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Fig. 1. Performance of SCSS codes with different clipping ratios.
CR = ∞ dB represents the SCSS code without clipping. B = 128 and
L = 2048. K = 40 and W = 3. The codeword length for R = 0.5 and
R = 1.0 are 1204224 and 602112, respectively.

Clipping is a simple technique to reduce PAPR [5]. For real-
valued input, the clipping function is defined as

f (x) =

⎧⎪⎨
⎪⎩

Z , x > Z

x, −Z ≤ x ≤ Z

−Z , x < −Z

(3)

where Z > 0 is a clipping threshold and we further define the
clipping ratio (CR) as CR � 10 log10(Z

2/E[x2]).
Consider an AWGN channel, the received signal for a

clipped SCSS code can be written as

y = α f (x)+ n = α f (Ac)+ n, (4)

where n ∼ N(0, σ 2I) is the Gaussian noise and α �√
P/E[ f (x)2] is a normalizing factor that ensures the trans-

mission power to be P . Signal-to-noise ratio (SNR) is defined
as SNR � P/σ 2.

B. Impact of Clipping: A Numerical Example

The clipping operation introduces non-linear distortion,
which can be handled by the GAMP algorithm [7], [8].
Fig. 1 compares the simulated section error rate (SER) perfor-
mance. We consider two settings: R = 0.5 and R = 1. Here,
the code rates of x are calculated as R · K/(K + W − 1),
where R = log2(B)/B/δ (δ � M/N) is the information rate
of each Aw,kck and the fraction K/(K + W − 1) accounts
for the boundary effect. The codeword length is given by
(K + W − 1) · δN . The effect of the number K and W on
coupling construction is very limited when B is small.

It is shown in [4] that SCSS codes are capacity approaching
as B → ∞. However, the SER performance is poor for finite B
in low-to-medium rate region as shown in Fig. 1. Similar
results have also been reported in [13].

Interestingly, we see from Fig. 1 that clipping improves the
performance in both rate settings, and the performance gain
is more noticeable for R = 0.5. This is somewhat different
from our expectation that clipping degrades the performance
in general communication systems. For example, clipping
incurs performance loss in an orthogonal frequency division
multiplexing (OFDM) system [14]. A rough explanation is
as follows. Clipping saves power but causes information loss,

which affects performance in opposite ways. Therefore a more
careful analysis is required for the overall effect, which will
be studied later via the potential function analysis [10].

III. POTENTIAL FUNCTION ANALYSIS

In this section, we first introduce state evolution (SE) [6]
recursions for GAMP decoder and formulate the associated
potential function [10]. Then, the impact of clipping on the
performance of SCSS codes will be analyzed.

A. State Evolution for Coupled System

Under the assumption of IID Gaussian sensing matrices,
the asymptotic performance of GAMP algorithm can be
tracked by a scalar recursion called state evolution (SE) [6],
[7], [15]. The vector valued SE operator has been derived and
numerically verified for SCSS codes over generic memoryless
channels in [8] and [16]. Note that the combined effect of
clipping and an AWGN channel in (4) can be treated as an
effective memoryless channel. Thus, the SE recursion derived
in [16] can be readily applied here with a few modifications
that account for the slight difference between the terminations
in (1) and that in [8] and [16].

Let {v t
i } and {ρt

k} be two state vectors at the t th iteration.
Initializing with {v t

i = 1,∀i}, the SE given by [16, Defini-
tion 3.9] is shown to be equivalent to the following recursion:

ρt
k = 1

W

W−1∑
w=0

φ
(
v t

k+w
)
, 1 ≤ k ≤ K (5a)

v t+1
i = 1

W

W−1∑
w=0

ψ
(
ρt

i−w
)
, 1 ≤ i < K + W, (5b)

where ρk = 0 for k < 0 and k > K due to the assumed
termination. Function φ(v) and ψ(ρ) are defined as [7], [16]:

φ(v) � δ · E

[
1

v

(
1 − Var(x |x̂, y, v)

v

)]
, (6)

ψ(ρ) � 1

B
E

[∥∥∥C − E

[
C|C + ρ−1/2Z

]∥∥∥2
]
, (7)

where δ = M/N . In (6), Var(x |x̂, y, v) denotes the con-
ditional variance of x with respect to p(x |x̂, y, v) ∝
p(y|x)N(x; x̂, v). The expectation is taken over the joint
distribution p(x̂, x, y) = N(x̂ ; 0, 1−v)N(x; x̂ , v)p(y|x). The
function φ(v) depends on the equivalent memoryless channel
p(y|x) (see (4)). A special case of φ(v) for CR = ∞ dB is
given by

φ∞(v) ≡ δ

v + 1/SNR
, (8)

which corresponds to an AWGN channel without clipping.
In (7), C ∈ R

B×1 is distributed as a component section of
ck and Z ∈ R

B×1 is the standard Gaussian noise indepen-
dent of C. The function ψ(ρ) is the minimum mean square
error (MMSE) for estimating C in an AWGN channel with
SNR ρ. Both expectations in φ(v) and ψ(ρ) can be evaluated
numerically.
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Fig. 2. The uncoupled potential function U(v) with different clipping ratios.
B = 128, R = 1 and SNR = 6.2 dB.

B. Potential Function Analysis

The behavior of the coupled SE in (5) can be determined
by the following uncoupled potential function [10]:

U(v) =
∫ φ(v)

φ(1)

[
ψ(ρ)− φ−1(ρ)

]
dρ, for v ∈ [0, 1], (9)

where φ−1(·) is the inverse function of φ(·). It is proven in
[10, Th. 1] that the fixed point of the coupled SE recursion
in (5) is determined by the minimizer of function U(v)1

when K ,W → ∞.
Fig. 2 shows an example of U(v) with two different clipping

ratios: CR = ∞ dB and CR = −5 dB. The dashed curve (for
CR = ∞ dB) has a unique minimum, marked with point d .
The solid curve (for CR = −5 dB) has two local minima: the
rightmost minimum is marked with c and the global minimum
marked with a. Without spatial coupling, the GAMP decoder
will converge to the rightmost minimum. From Fig. 2, we see
that the MSE of c is larger than that of d , which means
that clipping deteriorates the performance. In contrast, when
spatial coupling is applied, the performance of SCSS codes is
determined by the global minimum of the uncoupled potential
function U(v) [10]. From Fig. 2, we see that the MSE of a
is much smaller than that of d , which explains why the SCSS
code with CR = −5 dB significantly outperforms that with
CR = ∞ dB in Fig. 1 at SNR = 6.2 dB. Note that MSE can
be uniquely transformed into SER.

C. Area Interpretation
We now provide an intuitive explanation of the impact

of clipping based on the area interpretation of the potential
function [11], [17].

Fig. 3 plots the transfer functions φ(v) and ψ(ρ) for the
example in Fig. 2. We see that for CR = ∞ dB shown in
the left sub-figure, the two curves have a single intersection
marked as d . This point corresponds to the global minimum of
U(v) shown in Fig. 2, and it characterizes the performance of
the SCSS code. For CR = −5 dB in Fig. 3(b), the two curves
have three intersections: a, b and c. As shown in Fig. 2, a and c

1Function U(v) is defined based on the underlying uncoupled system.
The definition here differs from [10, eq. (4)] by an additive constant. Such
difference does not affect the minimizer of U(v).

Fig. 3. Transfer functions ψ(ρ) and φ(v) with different clipping ratios.
Curves of ψ in two cases are identical. B = 128, R = 1 and SNR = 6.2 dB.

are minima of U(v) while b is a local maximum. According
to the potential function analysis, the performance of SCSS
codes is determined by the global minimum of the uncoupled
potential function U(v). By the area interpretation [11], a is
the global minimum if the area ε1 is larger than that of ε2,
otherwise c is the global minimum. We verified numerically
that the area ε1 is larger than ε2 and thus the global minimum
is a. From Fig. 3, the MSE performance associated with a
(shown by its vertical coordinate) is much smaller than that
of d . So the SCSS code with CR = −5 dB significantly
outperforms that with CR = ∞ dB for the setting considered
here.

For more insights, recall that the performance of a turbo
process can be improved by matching the EXIT functions of
the two component processors involved [18]. We can treat φ
and ψ as two EXIT functions. From Fig. 3, we observe φ−5
“matches” ψ better than φ∞, in that both φ−5 and ψ are
relatively flat at small v while φ∞ is steeper. This implies that
CR = −5 dB can lead to an improved performance.

The above discussions are based on the assumption that ψ
(determined by the structure of ck) is fixed. Now we consider
the case that the structure ck can be well optimized 2 so that
ψ can be perfectly matched to φ. Then the achievable rate is
determined by the area covered by φ [8]. It can be shown that
the area covered by φ−5 is smaller than that by φ∞. In this
case, clipping will cause a loss of the achievable rate. Note
that the optimization of ck is beyond scope of this letter.

In summary, the statement that clipping can improve per-
formance of SCCS codes is under the assumption that the
structure of ck is fixed as in (2). Without this restriction,
clipping may deteriorate performance.

D. Impact of Clipping Ratio
We now examine the impact of the clipping ratio (CR) more

carefully.
Fig. 4 shows the MSE performance versus CR for various

code rates. The MSE is predicted via potential function analy-
sis [10]. From Fig. 4, we see that the dashed line for R = 0.5
is a monotonically increasing function of CR, implying that

2Here, for a SCSS code, ck is a sparse vector modulated by position.
Generally, this restriction can be removed and ck can have any structure,
sparse or non-sparse. Then optimization can be performed over ck [13].
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Fig. 4. Relationship between MSE performance and clipping ratio for
different information rates at different SNRs.

TABLE I

THE RECOMMENDED CLIPPING RATIOS FOR TYPICAL
RATES OF COMMUNICATIONS

Fig. 5. Performance of SCSS codes with different clipping ratios. B = 128
and L = 2048. K = 40 and W = 3. The codeword length for R = 0.5 and
R = 1.0 are 1204224 and 602112, respectively.

CR = −∞ dB (which becomes biplolar signaling) may be
optimal. Similar results have been observed in [8]. For solid
line (R = 1), the MSE performance is not a monotonic
function of CR, and the optimal CR is around −5 dB.

In general, given R and B , we could optimize the value
of CR for the target MSE numerically via potential function
analysis. Some examples are given in Table (I). We see that the
recommended clipping ratio is decreasing as the rate decreases.
For rate less than 0.5, CR = −∞ dB seems to be optimal.

We now provide simulation results to examine the accuracy
of potential function analysis. Fig. 5 shows the simulated SER
performances of SCSS codes with two different rates: R = 0.5
and R = 1. We see that the simulated MSE performance are
slightly better than those predicted by the potential function.
The reason is that the actual code rate is R · K/(K + W − 1),
which is smaller than R due to the boundary effect. Such rate
loss will vanish when W, K → ∞ in a proper order [10]. But
overall, the prediction is quite accurate.

From Fig. 5, we see that clipping significantly improves
the performances of SCSS codes. For R = 1, CR = −5 dB

outperforms CR = 0 dB, which is consistent with the solid
line in Fig. 4. For R = 0.5, the SCSS code with CR =
−20 dB (approximately equivalent to bipolar signaling) can
even approach channel capacity within 1 dB.

Empirically, when R > 1.5, SCSS codes with moderate B
already have a quite satisfying performance under AMP decod-
ing. For R ≤ 1.5, we observed that clipping can be beneficial
when B ≤ 512.

IV. CONCLUSIONS

In this letter, we showed that clipping can improve the
performance of SCSS codes in low-to-medium rate region.
We provided an explanation based on potential function analy-
sis and area interpretation.
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