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In the present paper a numerical method in terms of the vorticity—velocity for solving the
axisymmetric unsteady incompressible N—S equations is developed. The three vorticity transport
equations and three Poisson equations for velocity components are retained as in general 3D flows. The
solenoidality constraints of the velocity and vorticity fields require a coupled solution between the
vorticity transport equations and the velocity Poisson equations. Unfortunately, the number of
unknowns and the presence of the non-linear advective-stretching terms prohibit the use of a direct
solver; thus iterative methods were often needed.>>” The solution for an unsteady flow might be very
time-consuming, since many iterations are needed at each physical time step. Furthermore, even with
the coupling between the dynamic and kinematic features the solenoidality constraints of the velocity
and vorticity fields are not necessarily satisfied, owing to other sources such as errors in the
discretization or improper treatment of the vorticity boundary condition.

There are two types of approach to deal with the solenoidality problem in the past literature. In the
first approach the solenoidal components were obtained by solving a Poisson equation for a suitably
chosen scalar potential”® In the second approach a staggered grid was adopted.” The present method
incorporates the merits of References 7-9 in two ways: first, the variables are located on a staggered
grid and a conservative form of the vorticity transport equations is adopted in order to satisfy the
solenoidality constraint of the velocity and vorticity fields on individual cells; second, the velocity field
is projected onto a solenoidal component by using Helmholtz decomposition in order to reduce the
deviation from the solenoidal field. However, the present method differs from previous ones mainly in

two features: (i) the numerical scheme to integrate the vorticity transport equations in time is an
explicit two-stage Runge-Kutta method and the Poisson equations for velocity components are solved
by an SOR method instead of an ADI method (which might involve solving a block matrix equation in
non-Cartesian co-ordinates); (ii) the velocity field is projected onto a solenoidal component by using a
suitably chosen scalar potential at each stage in each physical time step.

An explicit time integration method appears to be more efficient than implicit methods. The reasons
why we use a two-stage instead of a higher-stage Runge—Kutta algorithm are that its accuracy is
consistent with second-order spatial accuracy and that our case is a moderate-Reynolds-number and
low-wave-number flow. The correction to the velocity field by Helmholtz decomposition helps in
satisfying better the divergence-free constraint at each physical time level. Although the proposed
method does not include iteration between the vorticity transport equations and the Poisson equations,
it is still at least first-order temporally accurate and the computed results agree with those of high-
resolution simulation using a second-order temporally accurate pseudospectral method.'°

In Section 2 the differential formulation of the problem and a solution procedure are presented.
Section 3 describes the discretization of the equations and vorticity boundary condition. In Section 4
the method is applied to a test problem of spherical Couette flow at Re = 800 with a gap ratio ¢ =0-18.
Comparison with other numerical'® and experimental results'! is also presented.

2. VORTICITY-VELOCITY FORMULATION OF N-S EQUATIONS AND SOLUTION
PROCEDURE

2.1. Mathematical formulation

The non-dimensional vorticity—velocity form of the Navier—Stokes equations for laminar flow of an
incompressible Newtonian fluid can be written in the conservative form®
ow

1
3t—=V><(u><m)+R—ev2.,,, 6}

Viu=-Vxa )
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Here u =u(x, #) and o = w(x, #) are the velocity and vorticity fields respectively, X is a point, ¢ is time
and Re = Uyl of/v, where Uy is the reference velocity, L. is the reference length and v is the
kinematic viscosity.

The vorticity transport equation (1) is derived by applying the curl operator to the momentum
equations, whose advective term is written in Lagrange form. The velocity Poisson equation (2) results
from taking the curl operator of the vorticity definition and using the continuity equation. We denote
V2 as a Laplacian operator in Cartesian co-ordinates but not in cylindrical or spherical co-ordinates.

Equations (1) and (2) must be solved in some domain Q with a boundary B subject to the initial
conditions

u=uy, and w=wy at =0 (3a, b)
and the boundary conditions
u=uz and w=(Vxu (4a, b)

on the boundary B of Q.

2.2. Solution procedure

The task is to develop a second-order spatially and at Ieast first-order temporally accurate numerical
algorithm for the system described in equations (1)—(4). To seek the solution at t= 7, we divide the
time from #y to T into subintervals. Within any fixed time interval a two-stage explicit Runge—Kutta
method is constructed to advance the solution from the start to the end of that time interval. Let the
superscript / indicate the value at the end of the first stage. The solution procedure may be summarized
in the following steps.

(i) Integrate the vorticity transport equation (1) in time to constitute the first stage of the Runge—
Kutta method,

1
K| = At(V x (u" x @) +R—V2Lo"), (5a)
e
so that the vorticity «' in the interior of the domain Q is obtained from
o,)l =w" + K. (Sb)
(ii) Solve the Poisson equation
Vi = -V x o 6)

under the boundary condition (4a).

The intermediate solution &’ may not be solenoidal, since o’ is determined using u”. However, the
Helmholtz theorem allows us to project @i’ onto a solenoidal component and an irrotational component.
Details of the projection procedure will be given in Section 3.2. We call this solenoidal component g

(iii) Use equation (4b) to obtain the vorticity boundary condition for the second stage,

oh = (V x u). (7)

The normal component of w5 is known exactly if the velocity boundary condition is given as
equation (4a), but the tangential component is not known a priori. For the computation of viscous
terms in the second stage the vorticity on the boundary is taken directly as e, This might result in
O(Af) error on the boundary.
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(iv) Construct the second stage of the Runge—Kutta method,

1
K, = At(V x (0’ x @) +E;V2co’>, (8a)
to obtain the vorticity at the end of time step » or at the beginning of time step n+1 as
o't = 0’ +" =K+ +KO). (8b)
(v) Again solve the Poisson equation
VZﬁn+1 =—V x mn+l (9)

under the boundary condition (4a) and then project the computed velocity field onto a solenoidal
- component u"*'. We take this solenoidal component u"*! as the velocity solution at the new time
level.
(vi) Use the vorticity definition (4b) to obtain the vorticity on the boundary B for the new time
level. Go back to (i) to begin the computation for the next time step.

The solution pair (w, u) satisfies the vorticity—velocity formulation of the N-S equations (1)-(4),
but with a little time lagging in the vorticity boundary condition. Actually, only the tangential
component of wp is determined in terms of ug and u in the interior, which requires an approximation
to the normal derivative of the velocity on the boundary B. Since the tangential component of wp is

proportional to the shear stress, care must be taken in discretizing the vorticity boundary condition
(4b). In addition, the solenoidality of the velocity and vorticity fields requires appropriate location of
the variables on the grid, which will be discussed in the next section.

3. DISCRETIZED SCHEME

3.1. Spatial discretization

Since the problem to be solved involves flow in a spherical gap, spherical co-ordinates are suitable
for the computation. Let r be the radial co-ordinate and 6 be the circumferential angle. Because of
axisymmetry, we consider only the half-sphere shown in Figure 1. The domain  is partitioned into
quadrilateral cells according to co-ordinate lines. The location of the staggered variables is shown in
Figure 2, which is a 2D projection of the 3D version.” Non-staggered variable location is also used for
comparison with the staggered case.

The first- and second-order spatial derivatives are replaced with second-order central differences.
The location of variables on grids is an important factor, at least in determining how well the continuity
equation is satisfied in a discrete sense. In the present @—u formulation, mass conservation requires the
total flux to be zero across the cell sides. When the velocity components are located at the cell mid-
sides, mass conservation can be satisfied to round-off error level. The conservative form of the vorticity
transport equation will play an essential role in the satisfaction of mean vorticity conservation.® This
form also helps in satisfying the solenoidality of the vorticity field if the vorticity components are
staggered as shown in Figure 2. Furthermore, the staggered variable location guarantees the two-point
formula an accuracy of (Ax/2)* in the discretization of the first derivative instead of (Ax)* that can be
obtained using a non-staggered variable location. This is particularly clear in the computation of the
right-hand side of equation (2).

The vorticity is obtained explicitly from the discretized forms of equations (5a), (5b), (8a) and (8b).
The discretized Poisson equation (6) or (9) at P, connects five u; variables at four neighbouring u;
locations. On boundaries where u;_; or u;,; is exterior to the domain Q it is extrapolated from the
values on the boundary and at the first interior location, e.g. u; | = 2up — u;. This treatment results in
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Figure 1. Spherical co-ordinates and grid of solution domain

faster convergence in iterating the Poisson equation, as the numerical test indicated. The discretized

Poisson equation can be cast in the form

awui1,; + agtiyy, j + asuy j-1 + an, j+1 + aply j = Vi j, (10)
where aw; ag, as, ay and ap are constant coefficients related to co-ordinates and mesh sizes and
rij=rU;, vi j, Wi j, @) is the residual of the discretized form of equation (6) or (9). The three linear
equations are coupled, because the 7, ; depend on other components to be solved. A scalar type of point
SOR iteration method is applied for each of the three equations; vectorization of the code is obtainable
on the i+;=const. plane.

3.2. Divergence-free correction to the velocity field

The velocity obtained from equation (6) or (9) may not be solenoidal, though adoption of the
staggered grid may improve the results. This is particularly true when the transition is fast. We now
decompose the velocity @ into a solenoidal part u and an irrotational part —V¢,

a=u-— V¢, (11)
in domain Q.
wy
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Figure 2. Grid cell showing staggered location of flow variables. The reference point (i, ;) is marked with a solid circle
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A Poisson equation for the scalar ¢ is obtained by taking the divergence of equation (11),
Vip=—-Vi in Q, (12)
which is to be solved with the Neumann boundary condition
nu—na=0
or

%=0 on B. (125)
on

This condition comes from the fact that the normal component of @i on the boundary exactly equals
the specified value if the velocity boundary condition is given as equation (4a). To maintain second-
order accuracy, the variable ¢ is located at the centre of each cell. The discretized Poisson equation is
solved using a direct matrix solver, but it can also be solved by other methods such as line SOR. Once
¢ has been obtained, the solenoidal velocity is obtained as

3¢

U=1i+—, (13a)
or
<, 0P

3.3. Treatment of vorticity boundary condition

In describing the formulation of the N—S equations in Section 2.1, we assumed that the velocity was
specified on the boundary, then the vorticity was computed by definition (4b). According to the
vorticity definition, the normal derivatives of velocity need to be approximated. Usually N-point one-
sided differencing is used to evaluate du/8n on B. Generally speaking, the velocity might not be
specified on all boundary segments. However, equation (4b) does represent the condition on each
boundary segment. Because the most difficult yet most important portion is on the body surface,
proper treatment should be applied in approximating du,/3n on the wall. Other boundary segments
seem not so critical as the solid body surface.

There is a contradiction in approximating du,/0n on the non-staggered grid. On one hand, du,/on can
be evaluated by three-point one-sided differencing in order to obtain a second-order-accurate vorticity
boundary condition, but this often results in numerical instability as shown by Roache.!? In our
spherical Couette flow problem ow/dn is responsible for the numerical instability, since the azimuthal
flow (w-component) is dominant. On the other hand, a two-point formula can be numerically stable,
but it causes the boundary condition for the vorticity to be less accurate. A remedy might be to solve
equations (1) and (2) iteratively together with a second-order-accurate three-point formula for the
vorticity boundary condition, but a large number of iterations might be needed, making the method
impractical for simulating unsteady flow.

On the staggered grid the vorticity components are

_ 1 o(sin Ow)
=% @ |, (14a)
W, = —(BLV+Y) : (14b)
o r/i
1 fo(rv) Ou
@3 = ?( o %) . (140)




