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6.1 (ENO Essentially Non-Oscillatory )�WENO (Weighted
Essentially Non-Oscillatory)�{{0

1. k�NÈ.ENO/WENO
�Ä��IþÅðÆ�§

∂u

∂t
+

∂f (u)

∂x
= 0, (1)

9Xe��¿©.

Ij−1 Ij Ij+1

xj− 3

2

xj− 1

2

xj+ 1

2

xj+ 3

2
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uj =
1

∆x

∫ x
j+ 1

2

x
j− 1

2

u(x)dx (2)

ò(1)3��ü�Ijþ�È©²þ, ���lÑ/ª

∂uj

∂t
+

f (u)|x
j+ 1

2

− f (u)|x
j− 1

2

∆x
= 0 (3)
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^ê�Ïþf̂ (u−, u+)�O(3)¥�ý¢Ïþf (u)|x
j+ 1

2

, B��Xe�lÑ�§

duj

dt
+

1

∆x

[
f̂ (u−

j+ 1
2
, u+

j+ 1
2
)− f̂ (u−

j− 1
2
, u+

j− 1
2
)
]

= 0 (4)

ùp�{u±
j+ 1

2

}�¼êu3���.:xj+ 1
2
?��, Ù¥�“±”L«ulØÓ��

ªu���.:�4��.
�¦f̂ (u−

j+ 1
2

, u+

j+ 1
2

)´Lipschitz ëY�§÷v�N5^�f̂ (u, u) = f (u)§��

��A���²þ��¼ê"ENO/WENO���ê�Ïþ§XJ�

u−
j+ 1

2
= uj , (5)

u+

j+ 1
2

= uj+1, (6)

K¤���ª7Lòz�üN�ª"
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e¡�?ÖÒ´XÛÏL��²þ�{uj}¼��.:?��{u±
j+ 1

2

}, ù�L§
¡�­�µ

uj+ 1
2

= u(xj+ 1
2
) + O(∆x r )

ENO/WENO­�üÑÒ´Ù¥ü«�{.
Äk, �
¦�:?����r�°Ý, 7L¦^r���þ�²þ���5|
Ü. ±��°Ýr = 2�~, �ÄXeã¤«���.

Ij−1 Ij Ij+1 Ij+2

xj+ 1

2

e­�xj+ 1
2
?��, �±kXen|���øÀJ, ¡��­���À��.

��1 {Ij−1, Ij} (7)

��2 {Ij , Ij+1} (8)

��3 {Ij+1, Ij+2} (9)
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Harten, Engquist, Osher, and Chakravarthy u1987cJÑ�ENO�{Jø

�«ÀJ���üÑ, =ÀJ�1w���, 
1w5�ÝþK¦^Newton
�û. é��
ó, Ò´O���Sü���þ�²þ��divided �, À
Jdivided ��ýé������5?1­�. ,	, �
Ny�m4
�(=“±”)�«O, 3­��4��, ¦^��1Ú2���À��(Ï��
�3éux−

j+ 1
2


ó´	�), 
3­�m4��, ¦^��2Ú3���À��.

~X, eu 3þão���¥�²þ�©O�1, 4, 2, 1, Kéu−
j+ 1

2

, ¦^��2,

éu+

j+ 1
2

, ¦^��3.

r = 3�°Ý­�Þ~§5¿�m4����ØÓ"
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WENO�{KJø
,�«üÑ. �ENOØÓ, §Ø=¦^Ù¥������,

´¦^n����,«à|Ü, ¦�, 3u1w�«�, ��2r − 1�°Ý, 

3umä�«�, qªCuENOüÑ.

I�5¿�´, DÚ�k�NÈ�{Ï~æ^k3�½��þ­�, 
�é­
�Ñ��?1���üÑ. TüÑÏLÀJÜ·���ì, �±¦lÑ�§�
)÷vTVD5�, �nØ©ÛL², äkTVD5����lÑ�ª�õ�U�
���°Ý§�31w«�4�:=���°Ý"
ENO/WENOüÑKâ»

ù���, �,8cEvkéÐ�nØy²ENO/WENOüÑäka
qTVD5��,«­½5, ��þ�~®²L², ENO/WENO�ªØ=U

éÐ/³�ê���£ENOê������O(∆x r )) , 
�U
é1w)�
�3�±þ�p°Ý%C.
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1. 1D reconstruction of function value from cell averages

step 1 �½��²þ�v j§�­����«mIi§9­��°Ý
�k"ÀJdk���²þ�|¤�����

S(i) = {i − r , · · · , i + s} , where r + s + 1 = k

"

step 2 �E�¼êV (x)�õ�ª%CPi (x)"

step 3 é�E��¼êõ�ª¦�§��¼êv(x)�õ�ª%C:
pi (x) = P ′

i (x).

step 4 O���.¡�­��£éu�å���1-7�­�§�
dShu ICASE 97-65Ø©�L2.1 �Ñ¤

�Shu ICASE 97, L2.1"



18Ù V
­ÅðÆ�
Ù¦p©E
Ç�{

¥I�Æ�
O�êÆ�
�Æó§O
�ïÄ¤

ENO�{

2. 1D reconstruction of flux function from point values
�½¼ê�:�

vi ≡ v(xi ) (10)

­��Ïþ.¼êv̂(x), ¦�§p�/%C:�ê

1

∆xi

(
v̂i+ 1

2
− v̂i− 1

2

)
= v ′(xi ) + O(∆xk). (11)

����A(J§±eb�∆xi = ∆x . XJUé�¼êh(x) ¦�

v(x) =
1

∆x

∫ x−∆x
2

x−∆x
2

h(ξ)dξ (12)

K

v ′(x) =
1

∆x

[
h(x +

∆x

2
)− h(x − ∆x

2
)

]
(13)

¤±h(x)Ò´·��¦�Ïþ.¼ê§h(xi+ 1
2
) Úh(xi− 1

2
) Ò´(11)¥F"

�v̂i+ 1
2
Úv̂i− 1

2
§=¦h(x) éuv̂(x)kO(∆xk)%C�1"£1w

�h(xi+ 1
2
)− h(xi− 1

2
) = O(∆x),¤±�ê%Ckk�°Ý¤
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Ï�v(x) ´h(x)�cell averages, k
cell averages {vi} §Ò�±aquk�
NÈ{@�­�%Cuh(x)�õ�ªpi (x)"

dr + s + 1 = k�ëY:�¤|¤��xi−r , · · · , xi+s 3i + 1
2
?�ENO­��

v̂i+ 1
2

=
k−1∑
j=0

crjvi−r+j (14)
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3. Newton �û
g·A��: ÀØ¹mä!�1w���5�ïõ�ª"
X´�1w�: dNewton��õ�ª�divided �ûVgû½"
�¼êV (x)�0��û:

V [xi− 1
2
] ≡ V (xi− 1

2
)

j ≥ 1 ?�ûµ

V [xi− 1
2
, · · · , xi+j− 1

2
] ≡

V [xi+ 1
2
, · · · , xi+j− 1

2
]− V [xi− 1

2
, · · · , xi+j− 3

2
]

xi+j− 1
2
− xi+j− 1

2

(15)

�¼ê�1?�ûµ

V [xi− 1
2
, xi+ 1

2
] =

V [xi+ 1
2
]− V [xi− 1

2
]

xi+ 1
2
− xi− 1

2

= v i = v [xi ] (16)

Ïd§

V p[xi− 1
2
, · · · , xi+p− 1

2
] = vp−1[xi , · · · , xi+p−1] (17)
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ENO �{

�ûÝþ1w5µ
1w�§

V [xi− 1
2
, · · · , xi+j− 1

2
] =

V (j)(ξ)

j!
, xi− 1

2
≤ ξ ≤ xi+j− 1

2
(18)

kmä�§

V [xi− 1
2
, · · · , xi+j− 1

2
] = O

(
1

∆x j

)
(19)

algorithm (ICASE 97 ©)
v�k�°Ý­�§I��ïV�k�õ�ª§ùI�V�k?�û"
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6.2 WENO �{

ENO �":µ

1 Ï�round offØ�¬UCStencil

2 Ï�1§Ïþ.­�¼ê¬Ø1w

3 ��k�°Ý­��¤kÿÀ�����92k − 1��§ùv±�
E(2k − 1)�°Ý�õ�ª"

WENOµ¦^¤kÿÀ����5|Ü"3¤kÿÀ��

Sr (i) = {xi−r , · · · , xi−r+k−1}, r = 0, · · · , k − 1

év(xi+ 1
2
)�­��{v (r)

i+ 1
2

}Ä:þ§���à|Ü±�p°Ý/%Cv(xi+ 1
2
):

vi+ 1
2

=
k−1∑
r=0

ωrv
(r)

i+ 1
2

(20)

�ωr��¦1: ­½59�N5�¦

ωr ≥ 0,

k−1∑
r=0

ωr = 1 (21)
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WENO �{

`z�dr :

vi+ 1
2

=
k−1∑
r=0

drv
(r)

i+ 1
2

= v(xi+ 1
2
) + O(∆x2k−1) (22)

XJ�÷v�¦2µ
ωr = dr + O(∆xk−1)

Kk

vW
i+ 1

2
=

k−1∑
r=0

ωrv
(r)

i+ 1
2

= v(xi+ 1
2
) + O(∆x2k−1) (23)

��÷v�13��¦´?Û�¹mä���Ñ�D�A��"��­§
=ωr ≈ 0.
Jiang ÚShu À�ÎÜþ¡n�^��XêXeµ

ωr =
αr∑k−1

r=0 αr

, αr =
dr

(ε + βr )
p , r = 0, · · · , k − 1 (24)

ε´���þ§���10−6 £�¯Kk�'§K�°Ý¤§p = 2 if k ≤ 5.
βr ¡����1w5ÝþÏf§������Srþ­�õ�ªpr (x)��?�
ê�rescaled L2�²��Úµ

βr =
k−1∑
m=1

∆x2m−1

∫ x
i+ 1

2

x
i− 1

2

(
∂mpr (x)

∂xm

)2

dx , (25)

βl =
r−1∑
m=1

∆x2m−1

∫ x
i+ 1

2

x
i− 1

2

(
∂mpl(x)

∂mx

)2

dx , (26)
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WENO �{

1D WENO ­���{
�½cell averages {v j}, éuz�ü�Ii , F"¼�é>.�v+

i− 1
2

, v−
i+ 1

2

�Hº

 ��äk(2k − 1)�°Ý�­�"
äNÚ½�ICASE ©"
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1DÅðÆENO ÚWENO�{

1. IþÅðÆ
k�NÈ�WENO �{£�lÑ�ª¤

dui (t)

dt
= − 1

∆xi

(
f̂i+ 1

2
− f̂i− 1

2

)
(27)

Ùê�Ïþ¼ê�

f̂i+ 1
2

= h
(
u−

i+ 1
2
, u+

i+ 1
2

)
(28)

Ù¥u−
i+ 1

2

, u+

i+ 1
2

dENO½WENO­�¼�"

ê�Ïþ¼êh÷v

1. h(a, b) is a Lipschitz continuous function in both arguments;

2. h(a, b) is is a nondecreasing function in a and a nonincreasing function in
b. Symbolically h(↑, ↓)¶

3. h(a, b) is consistent with the physical flux f , that is, h(a, a) = f (a).

O�ê�Ïþ�^Godunov Ïþ§CqRiemann)��«Ïþ(HLL, Roe, EO,
LF)
Shu í�éuk ≥ 3§^O�þ�{ü�LFÏþ.
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WENO �{

éuk��©{§I�­����:�ê�Ïþ"kü«�{"

���{{{1 ENO-Roe: �v i = f (ui ). �â-Å�Ýai+ 1
2

=
f (ui+1)−f (ui )

ui+1−ui
��KÒ§

û½´�f̂i+ 1
2

= v−
i+ 1

2

�´f̂i+ 1
2

= v+

i+ 1
2

.

���{{{2 ENO-FVS: kòÏþ©���KüÜ©

f = f + + f −,
df +

du
≥ 0,

df −

du
≤ 0

,�½Â/��²þ0v i = f +(ui )Úv i = f −(ui )§©O­�f +

i+ 1
2

Úf −
i+ 1

2

§��

f̂i+ 1
2

= f +

i+ 1
2

+ f −
i+ 1

2

��Shu ICASE 97 Procedure 2.3(FVM), 2.4 (FD-Roe), 2.5 (FD-FVS)
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WENO �{

2. ÅðÆ|
(1) Component-wise å»
(2) Characteristics-wise å»(í�)
e¡�ÑCharacteristics-wise å»��{"
�R = R(ûi+ 1

2
)§ûi+ 1

2
���Roe²þ"kC�A�©þ

v j = R−1uj (29)

v j = R−1f (uj) (30)

g j = R−1 f ±(uj) (31)

,���A�©þ©O�ENO/WENO­�§��C£�5Cþ.

u±
i+ 1

2
= Rv±

i+ 1
2

(32)

f̂i+ 1
2

= Rv−
i+ 1

2
or Rv+

i+ 1
2

(33)

f ±
i+ 1

2
= Rg±

i+ 1
2

(34)

�Shu ICASE procedure 2.8, 2.9, 2.10
þ¡�úªéAkn«�ªµ(1)k�NÈ§­��mCþ; (2) k��
©-Roe§�âA��Ý��KÀJ�­�½m­��ê�Ïþ¶(3) k��
©-FVS§kò�5CþÚÔnÏþC��A�©þ§�X�z�A�©þ
�ENO/WENO-FVS.­�§,�¦mA�Ý
§���5Ïþ"
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6.3 DG (Discontinuous Galerkin) �{

©u1973c§kNõ«µRunge-Kutta DG (RKDG) for hyperbolic CLs, Local
DG (LDG) for convection-diffusion and elliptic equations, STDG, ...
`:µ

1. p°Ý

2. discontinuous element → �ÛfÝÝ
é�z§�¿1O�
3. U?nmä

4. >.?n{ü

5. £�?nE,AÛ«�¤
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1DIþÅðÆ�DG�{

·��ée¡{ü�¯K?ØRKDG�{"

ut + f (u)x = 0, in (0, 1)× (0, T ) (35)

u(x , 0) = u0(x), ∀x ∈ (0, 1) (36)

b�þã�§÷v±Ï>.^�"


