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§1 KB'7>-8s~^���6M�N=O�8?�=�xE5��H RKDG SR�
ut + f(u)x = 0, in (0, 1)× (0, T ) (1)

u(x, 0) = u0(x), ∀x ∈ (0, 1) (2)ÆwsO?S*I��[��"��
§1.1 2.4<.>>=/�5r�6M�|=O?��#	Nl (0, 1) ?j
^bZW {xj+1/2}Nj=0, Nl j =

1, 2, · · · , N �6M� Ij = (xj−1/2, xj+1/2) � ∆j = xj+1/2 − xj−1/2 �0(�6MHd ∆x . max
1≤j≤N

∆j �6M\{=� u ?^b#�� uh ��>sL^b|�� t ∈ [0, T ] � uh 
ljA//�
Vh = V k

h ≡ {v ∈ L1(0, 1) : v|Ij ∈ P k(Ij), j = 1, · · · , N} (3)~6 P k(I) �� I s1��'o k ?OF�/��.>>=#�� uh �6M�>L-S*?pN��� (1) t (2) <�$|)a^bj
?k{q� v ��sd� Ij s�W�
∫

Ij

∂tu(x, t)v(x)dx +

∫

Ij

f(u(x, t))xv(x)dx = 0,

∫

Ij

u(x, 0)v(x)dx =

∫

Ij

u0(x)v(x)dx7hW �Wg�
∫

Ij

f(u(x, t))xv(x)dx = f(u(x, t))v(x)|
x
j+ 1

2
x
j− 1

2

−
∫

Ij

f(u(x, t))∂xv(x)dx.> ∫

Ij

∂tu(x, t)v(x)dx −
∫

Ij

f(u(x, t))∂xv(x)dx

+f(u(xj+1/2, t))v(x
−
j+1/2)− f(u(xj−1/2, t))v(x

+
j+1/2) = 0,

(4)

∫

Ij

u(x, 0)v(x)dx =

∫

Ij

u0(x)v(x)dx (5)�=2�6M�k{q� v !~.
ljAm/� Vh ?��q� vh ��� u h#�� uh !~�ilq� uh t v s�D xj+1/2 /��M?�6M�S�VBPC#= f(u(xj+1/2, t)) !~.�	C#=�℄	iD (xj+1/2, t) /?<b uh ?	2+H�℄&�Æ�
h(u)j+1/2(t) = h(u(x−j+1/2, t), u(x

+
j+1/2, t)) (6)
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�	C#=?Ve�SI�^H?\
��
=7HjAm/�?N�nu�6MJ.a�h$^��	C#=�eP�7h=O?pN�.a>= DG ?�	�
∀ j = 1, · · · , N, ∀ vh ∈ P k(Ij) :

∫

Ij

∂tuh(x, t)vh(x)dx −
∫

Ij

f(uh(x, t))∂xvh(x)dx

+h(uh)j+1/2(t)vh(x
−
j+1/2)− h(uh)j−1/2(t)vh(x

+
j−1/2) = 0,

(7)

∫

Ij

uh(x, 0)vh(x)dx =

∫

Ij

u0(x)vh(x)dx (8).>)(#�� uh ?Hd��sz=?&�Hd�	C#= h �6M:+ht^�s8Fa�s�vI�?a�����D�#oN8Fa�?�vI��:+Vi>=^�`$Ka�?$|�+a�?�;Pt4HP���B�6M:+: k = 0 |��:#�� uh �^bWL&�|�DG �^�8Fa��: k = 0 |�Nl x ∈ Ij �6M.a>=
uh(x, t) = u0j(t)6M.a�pN� (7) t (8) L.

∀ j = 1, · · · , N :

∂tu
0
j(t) + {h(u0j(t), u0j+1(t)) − h(u0j−1(t), u

0
j (t))}/∆j = 0,

u0j(0) =
1

∆j

∫

Ij

u0(x)dx�����nnHd?�	C#= h(a, b) I� Lipschitz :U�Cm�8F�vsO?^�a�&�^b8Fa����	C#=\I�
(i) ' Lipschitz :UaCml f(u) � h(u, u) = f(u)

(ii) C^b�=?V�q�
(iii) CQb�=?Vwq�=O�^J���S?I�sOP�?�	C#=	
(i) The Godunov flux:

hG(u−, u+) =






min
u−≤u≤u+

f(u), if u− ≤ u+

max
u−≥u≥u+

f(u), if u− ≥ u+

(ii) The Engquist-Osher flux:

hEO(u−, u+) =

∫ u+

0

min(f ′(s), 0)ds+

∫ u−

0

max(f ′(s), 0)ds+ f(0)

(iii) The Lax-Friedrichs flux:

hLF (u−, u+) =
1

2
[f(u−) + f(u+)− α(u+ − u−)]

α = max
inf u0(x)≤u≤supu0(x)

|f ′(u)|
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(iv) The local Lax-Friedrichs flux:

hLLF (u−, u+) =
1

2
[f(u−) + f(u+)− α(u+ − u−)]

α = max
min(u−,u+)≤u≤max(u−,u+)

|f ′(u)|

(v) The Roe flux with ’entropy fix’:

hR(u−, u+) =





f(u−), if f ′(u) ≥ 0 for u ∈ [min(u−, u+),max(u−, u+)]

f(u+), if f ′(u) ≤ 0 for u ∈ [min(u−, u+),max(u−, u+)]

f̂LLF (u−, u+), otherwiseNlC#= h �6M.a!h Godunov C#= hG �e.��$x!HifxP?�	C#=�
local Lax-Friedrichs C#=$x?ifxP� Godunov C#=O�9��MPVV&C��:h�nn
f wZq�6M#&!h Lax-FriedrichsC#=�hP��	�Z�R���jAm/�/� k ?w
��	C#=?VeNl�	�?gE��?��=Oa k = 2 .8 u Discontinous Galerkin Method ?* 	����.aVen=^ OF��q� (OF��q�N(?�=(�"���#�: k �5|f:Ve��? Legendre �q�) 	

ϕ0(x) = 1, ϕ1(x) =
x− xj
∆xj/2

, ϕ2(x) =

(
x− xj
∆xj/2

)2

− 1

3
, ∀j = 1, · · · , N℄� ∆xj = xj+1/2 − xj−1/2 ��	� uh .a�.

uh(x, t) =

k∑

l=0

ulj(t)ϕl(x), x ∈ Ij��q�t#��6opN� (7) t (8) .a>=
∀ j = 1, · · · , N and i = 0, · · · , k :
∫

Ij

∂t(

k∑

l=0

ulj(t)ϕl(x))ϕi(x)dx −
∫

Ij

f(

k∑

l=0

ulj(t)ϕl(x))∂xϕi(x)dx

+h(

k∑

l=0

ulj(t)ϕl(x))j+1/2ϕi(x
−
j+1/2)− h(

k∑

l=0

ulj(t)ϕl(x))j−1/2ϕi(x
+
j−1/2) = 0,

∫

Ij

k∑

l=0

ulj(0)ϕl(x)ϕi(x)dx =

∫

Ij

u0(x)vi(x)dx�
v(x) = (ϕ0(x), ϕ1(x), ϕ2(x))

T

uj(t) = (u0j(t), u
1
j(t), u

2
j (t))

Tv
uh(x, t) = vT (x)uj(t), x ∈ Ij�apN� (7) t (8) .�.G=��

∀ j = 1, · · · , N :∫

Ij

v(x)vT (x)
duj(t)

dt
dx−

∫

Ij

f(vT (x)uj(t))∂xv(x)dx

+h(vT (x)uj(t))j+1/2v(x
−
j+1/2)− h(vT (x)uj(t))j−1/2v(x

+
j−1/2) = 0,

uj(|t=0)

∫

Ij

v(x)vT (x)dx =

∫

Ij

u0(x)v(x)dx.
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mb>= URTSVW M =

∫

Ij

v(x)vT (x)dx = ∆xj




1 0 0

0 1/3 0

0 0 4/45


 ,

v(x−j+1/2) =




1

1

2/3


 , v(x+j−1/2) =




1

−1

2/3


CQF�W.a!h�	�W

∫ 1

−1

f(x)dx ≈ f(− 1√
3
) + f(

1√
3
)� ∫ 1

−1

f(x)dx ≈ 5

9
f

(
−
√

3

5

)
+

8

9
f(0) +

5

9
f

(√
3

5

)#oNS* (1) t (2) "O Discontinous Galerkin Method SR?5r�6M>=>^bW=b�tjAm/��iKC$? ODE:

d

dt
uj(t) = Lh(uj(t)), in (0, T ), ∀j = 1, · · · , N (9)

uj(|t=0) = u0j (≡ PVh
u0) ∀ j = 1, · · · , N (10)

§1.2 The TVD-Runge-Kutta time discretization.>
�&,WS* �6M!h TVD Runge Kutta |�5rSRÆH {tn}Nn=0 � [0, T ] ?^bZW�� ∆tn = tn+1 − tn, n = 0, ..., N − 1 �|�5r?�Rn=	
• Y	 u0h = u0h 

• Nl n = 0, ..., N − 1 ��|n=��i unh 	� un+1

h 	
1. Y	 u

(0)
h = unh 


2. Nl i = 1, ...,K �	���q�	
u
(i)
h =

i−1∑

l=0

[
αilu

(l)
h + βil∆t

nLh(u
(l)
h )
]
;

3. Y	 un+1
h = u

(K)
h �s Cockburn 3�� K = k + 1 �~�� RK SR?$KtjAm$KJ� k + 1 ���A^SO�!h k + 1 �? RK SRa��4HP��~�SRV&S��*	���RL^b	� Lh(uh) ?�*T�.�^J Runge-Kutta |�5r"�"�=�	

Runge-Kutta discretization parameters

order αil βil max{βil/αil}

2
1
1
2

1
2

1

0 1
2

1

3

1
3
4

1
4

1
3 0 2

3

1

0 1
4

0 0 2
3

1

4



§1.3 The generalized slope limiter (TVDM)

a. The MUSCL limiter:!hWLBPq�#��|�℄&�
vh|Ij = vj + (x− xj)vx,j , j = 1, · · · , N.a�h van Leer �-? MUSCL AÆ^

ũh|Ij = vj + (x− xj)m

(
vx,j ,

vj+1 − vj
∆j

,
vj − vj−1

∆j

)~6 m . minmod AÆq�	
m(a1, a2, a3) =

{
smin(|a1|, |a2|, |a3|) if s = sign(a1) = sign(a2) = sign(a3)

0 otherwise

b. The less restricitvie limiter℄.a�hetAÆ? Osher AÆ^
ũh|Ij = vj + (x− xj)m

(
vx,j ,

vj+1 − vj
∆j/2

,
vj − vj−1

∆j/2

)s�.aL(n=N� (AÆ�. ũh = ΛΠ1
hvh �s� 1 ��$hl^1#��) 	

ũ−j+1/2 = vj +m(v−j+1/2 − vj , vj − vj−1, vj+1 − vj) (11)

ũ+j−1/2 = vj −m(vj − v+j−1/2, vj − vj−1, vj+1 − vj) (12)s��℄.a!h TVB AÆq� m̃ aT
s�	D$K�A	
m̃(a1, · · · , am) =

{
a1, if |a1| ≤M∆x2

m(a1, · · · , am), otherwise
(13)

M ��	DQ�<�?=�j	?sA� M oH� TVB o�# TVD AÆ^� M o5�sroH�9℄omb�	�;�
c. The P k limiter:!h1�. k ?OF�#��|�℄&�Æ

vh(x, t) =

k∑

l=0

vljϕl(x)6Mh^��8?SRHd^bld�KAÆ^�.0�6M�>Hd vh ? P 1-part 	
v1(x, t) =

1∑

l=0

vljϕl(x)6MHdAÆ^n=	
1) hp|AÆ^ ΛΠ1

h 	� ũ−j+1/2 t ũ+j−1/2,

2) nn ũ−j+1/2 = v−j+1/2 t ũ+j−1/2 = v+j−1/2 �B ũh|Ij = vh|Ij �
3) nn�I� 2) �vB ũh|Ij �lh ΛΠ1

h AÆ P 1-part ?	�}�	����AÆ^fh Runge-Kutta L^�?���=�
5



§2 The RKDG method for multi-dimensional systems

§2.1 Introduction~^��6M� RKDG SR'l=`/�xES* 	
ut +∇ · f(u) = 0 in Ω× (0, T ) (14)

u(0, x) = u0(x), ∀x ∈ Ω (15)�℄�[��"��.>�8�6MÆw Ω �829S �
§2.2 The general RKDG method`/S* ? RKDG SRt^/�=?�xFS**j$[?
����℄&�Æ

• B u0h = ΛΠh PVh
(u0) (the L2-projection of u0(x) on the local polynominal space Vh and limiting)


• Nl n = 0, ..., N − 1 ��|=O?��i unh 	� un+1
h 	

1. B u
(0)
h = unh 


2. Nl i = 1, ...,K 	���q�	
u
(i)
h = ΛΠh

i−1∑

l=0

[
αilu

(l)
h + βil∆t

nLh(u
(l)
h )
]
;

3. B un+1
h = u

(K)
h .=O6M u DG /�5r?�� Lh �a�^
?AÆ^ ΛΠh.

§2.2.1 The Discontinuous Galerkin space discretization

∫

K

duh(t, x)

dt
vh(x)dx +

∫

K

∇ · f(uh(t, x))vh(x)dx = 0, ∀vh ∈ Vh (16)7hW �W�6M>=
d

dt

∫

K

uh(t, x)vh(x)dx +
∑

e∈∂K

∫

e

f(uh(t, x)) · ne,Kvh(x)dΓ

−
∫

K

f(uh(t, x)) · ∇vh(x)dx = 0, ∀vh ∈ Vh~6 ne,K �� e ?82(RG~=��
=e. uh s x ∈ e ∈ ∂K ��M?� f(uh(t, x)) · ne,K Kj$g?Hd�eP�Nl^/?bN�6M� f(uh(t, x)) · ne,K hq� he,K(uh(t, x
int(K)), uh(t, x

ext(K))) 7!�q� he,K(·, ·) .hju<m�=?�8F?� Lipschitz :U?at f(u) · ne,K Cm?�	#=�7h~�S��6M>=
d

dt

∫

K

uh(t, x)vh(x)dx +
∑

e∈∂K

∫

e

he,K(t, x)vh(x)dΓ

−
∫

K

f(uh(t, x)) · ∇vh(x)dx = 0, ∀vh ∈ Vh
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!y�6Mh
�Rv"O�W�.a!h=O? Gauss �W
∫

e

he,K(t, x)vh(x)dΓ ≈
L∑

l=1

ωlhe,K(t, xel)v(xel)|e| (17)

∫

K

f(uh(t, x)) · ∇vh(x)dx ≈
M∑

j=1

ωjf(uh(t, xKj
)) · ∇vh(xKj

)|K| (18)eP�6M!�>=�NL^b8m K ∈ Th �pN�.
d

dt

∫

K

uh(t, x)vh(x)dx +
∑

e∈∂K

L∑

l=1

ωlhe,K(t, xel)v(xel)|e|

−
M∑

j=1

ωjf(uh(t, xKj
)) · ∇vh(xKj

)|K| = 0, ∀vh ∈ Vh~JS*!�.a�L( ODE ?N�	 d
dtUh = Lh(Uh) �~6Hd?�� Lh(Uh) ��\�N

−div f(u) ?5r�#�
§2.3 Algorithm and implementation details~^H�6M
-�R?}�<��Æ1�Nq�mt(Nm?WLBPtWLQ1�#?�	#=��Wmv��iK�#=tAÆ^�
§2.3.1 Fluxes�	#=!h�8? Lax-Friedrichs #=

he,K(a, b) =
1

2
[f(a) · ne,K + f(b) · ne,K − αe,K(b− a)]�	xP;� αe,K f℄�t� e C�8ms Jacobian (� ∂

∂u f(uh(x, t)) · ne,K ?!5,N	��	s
[a, b] s?j	�

• Nlq�m�6M7h' Lax-Friedrichs &%�B αe,K �<bC�8m��lY-�=? Jacobian (�?!5��	?�5}�
• Nl(Nm�6M℄!h' Lax-Friedrichs &%�4��

§2.3.2 Quadrature rulesd)W9�nn!h P k SR�Nlm���?�W	��6M�S$gI� 2k + 1 �OF�?�W�Nlm�U ?�W��S$gI� 2k OF�?�W�~66M�Hq�mt(Nms P 1 t P 2SR?�W�
§2.3.3 The rectangular elementsNl��s?�W�Nl P 1 SR�6M!h<D`��W

∫ 1

−1

g(x)dx ≈ g

(
− 1√

3

)
+ g

(
1√
3

)
, (19)
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Nl P 2 SR�6M!hqD`��W
∫ 1

−1

g(x)dx ≈ 5

9

[
g

(
−3

5

)
+ g

(
3

5

)]
+

8

9
g(0), (20)Nlm�U ?�W�Nl P 1 SR�6M!h (19) ?z=��~��m�U j�b�WD�9�.>�y2./��6M� recycle ��r7h�m����WD/`	�?C#=	�eP�.>�W ∫ 1

−1

∫ 1

−1 g(x, y)dxdy �6M7h=O?�Wmv	
∫ 1

−1

∫ 1

−1
g(x, y)dxdy ≈ 1

4

[
g

(
−1,

1√
3

)
+ g

(
−1,− 1√

3

)

+ g

(
1√
3
,−1

)
+ g

(
1√
3
,−1

)

+ g

(
1,− 1√

3

)
+ g

(
1,

1√
3

)

+ g

(
1√
3
, 1

)
+ g

(
− 1√

3
, 1

)]

+ 2g(0, 0)

§2.3.4 The triangular elementsNl��s?�W�$��N8m
Nlm�U �W� P 1 mhqb�D�W	
∫

K

g(x)dxdy ≈ |K|
3

3∑

i=1

g(mi). (21)

P 2 mh\b Gauss D�*j 5 �OF�$g?�W�h a0 ���M� ai ��GD� aij ��:� ai t
aj ?�?�D�O�Wmv.

∫

K

g(x)dxdy ≈ |K|
20

3∑

i=1

g(ai) +
2|K|
15

3∑

1≤i<j≤3

g(aij) +
9|K|
20

g(a0) (22)

§2.3.5 Basis and degrees of freedom6M`F�t�iK?Vu��gE�R�gE�R?Æ1��/� V (h) ?Vu��	C#=��Wmv�AÆ^a�|�5r?S��hP�v�?�t�iK?Vu.a�|�R?}�t	��
a. The rectangular elementsNl P 1 mbN�6M7h=O?�4�P�s(N8m [xi− 1

2
, xi+ 1

2
] × [yj− 1

2
, yj+ 1

2
] U?#��

uh(x, y, t):

uh(x, y, t) = u(t) + ux(t)φi(x) + uy(t)ψj(y) (23)~6
φi(x) =

x− xi
∆xi/2

, ψj(y) =
y − yj
∆yj/2

(24)~6
∆xi = xi+ 1

2
− xi− 1

2
, ∆yj = yj+ 1

2
− yj− 1

2�|�'"?�iK.
u(t), ux(t), uy(t).
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~66MfE>~J�iKf℄6j?=� ij �~J=�ÆR>�M
l8m [xi− 1
2
, xi+ 1

2
]×[yj− 1

2
, yj+ 1

2
].�
=�q�

1, φi(x), ψj(y)���?�eP' ?_K(��N�?	
M = ∆xi∆yjdiag

(
1,

1

3
,
1

3

)Nl P 2 ?bN�s(N8m [xi− 1
2
, xi+ 1

2
]× [yj− 1

2
, yj+ 1

2
] U#�� uh(x, y, t) ?�4�.	

uh(x, y, t) = u(t) + ux(t)φi(x) + uy(t)ψj(y)

+uxy(t)φi(x)ψj(y)

+uxx(t)
(
φ2i (x) − 1

3

)

+uyy(t)
(
ψ2
i (y)− 1

3

)
,

(25)~6 φi(x) t ψj(y) ?Hd$ (24) ��|�G_?�iK.
u(t), ux(t), uy(t), uxy(t), uxx(t), uyy(t),Pa�q�

1, φi(x), ψj(y), φx(x)ψj(y), φ2i (x)−
1

3
, ψj(y)−

1

3℄���?�eP' _K(��N�?
M = ∆xi∆yjdiag

(
1,

1

3
,
1

3
,
1

9
,
4

45
,
4

45

)

b. The triangular elements

P 1 mbN	
uh(x, y, t) =

3∑

i=1

ui(t)φi(x, y), (26)~6qb�iK ui(t) }�s.q��D?�	���q��Nq�� φi(x, y) .BPq��_K(�$[.N��
M = |K|diag(1

3
,
1

3
,
1

3
)

.

P 2 mbN	
uh(x, y, t) =

6∑

i=1

ui(t)ξi(x, y), (27)~6Db�iK ui(t) .q��DtqbGD?�	���q�.Q1q��9_K(���N��>�
§2.3.6 Limiting6M:+h�? slope limiting �� ΛΠh $hlWLBPq� uh sI�=O?�v	

1. $gP�nn uh �BP?�TJ ΛΠhuh = uh �ÆRj3��
2. 8��xP	NL^b8m K �AÆ_y?8mY-	���
3. KF	A	AÆyq�?KF�5l0AÆ�q�?KF�
Cockburn-Shu Æw	�	�;�-�sBP#� W�~
1� v1h 6= ΛΠ1

h(v
1
h) �AÆ?^
o*n=	
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(i) 	� rh|K = ΛΠ1
h(v

1
h|K),

(ii) if rh|K = v1h|K �4� 1D �?�� 2 �9 v−
j+ 1

2

\e�sY-	PVD	�� set ũh|K = vh|K ,

(iii) if rh|K 6= v1h|K , set ũh|K = rh|K .

a. �%HLs (23) �Nl ux t uy� =KF× ∆x
2 �?AÆ^�6M!h differences of the means �Nl�=S*� ux f:�AÆ.

m̃(ux, ui+1,j − uij , uij − ui−1,j), (28)~6q� m̃ �^b TVB AÆ^��N_Oy��-? minmod q� m ?Q��~� TVB Q��.>�Nsk{?�	D\#?��\?AÆ�sT6 ux t uy ?=�W��
O(∆x2) t ∆(y2) �?�Nl TVB &� M ?j	�℄f�q�Q�<�F�^
B��	�nN M ?Vu��{WQ^��3�#&Ve M = 50 �4�?� uy �AÆ.

m̃(uy, ui,j+1 − uij , uij − ui,j−1).NlS* �6M�N' ���=#AÆ�6Ms8m ij sAÆG= ux ?SRn=	
• {=��(� R t R−1 ��M.a��l8m ij Y-	� x SG? Jacobian N�|	

R−1 ∂f1(uij)

∂u
R = Λ~6 Λ�^bÆp Jacobian(� ∂f1(uij)

∂u ?�j��	?N�(���
= R?L^?J� Jacobian(�?k��G=�P R−1 ?L^OJ�"��G=�
• ��j\AÆ?=�~=��%�8n��qb= uxij,ui+1,j − uij t uij − ui−1,j �~=��%��R�~qbG=") R−1 �
• fh�=KFAÆ^ (28) �lLb�~y?W=�
• �n��!,?�=��S#o") R �.�

b. ;/HLw mi, i = 1, 2, 3 .q�N8m K0 ?q"��D��su"�=�n30Æ�vj
m1 − b0 = α1(b1 − b0) + α2(b2 − b0) (29)℄� α1, α2 .<b_3l m1 t�b8m�u?V[;��NljuBPq� uh, ��D/t�M/?	�#.��(<b�M/	�#�℄�l*aY-	�#�?% v	

ũh(m1,K0) ≡ uh(m1)− uh(b0) = α1(uK1
− uK0

) + α2(uK2
− uK0

) ≡ ∆u(m1,K0)s�� ũh ��8m��D?	t�M?	�#� ∆u .C�8msY-	�#?% v�NlQ1asOF�q��kh�l�M/	�#?% v��=OP�NBP W?AÆ^�NlWXBPq�
uh(x, y) =

3∑

i=1

(uh(mi)− uK0
+ uK0

)ϕi(x, y) = uK0
+

3∑

i=1

ũh(mi,K0)ϕi(x, y) (30)
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.	� ΛΠhuh, >	�
∆i = m (ũh(mi,K0), ν∆u(mi,K0)) (31)℄� m�Q�? TVBAÆ^q� (�_O u? m̃�7Cqb�=��ν �X�"��6Me. 2��	�z� Osher AÆ^}p��nn ∑3

i=1 ∆i = 0 �v

ΛΠhuh(x, y) = uK0

+

3∑

i=1

∆iϕi(x, y). (32): ν > 1 |� ∆i = ũh(mi,K0), C:lKjAÆ��+>$K�nn ∑3
i=1 ∆i 6= 0 �6M	�

pos =

3∑

i=1

max(0,∆i), neg =

3∑

i=1

max(0,−∆i)B
θ+ = min

(
1,
neg

pos

)
, θ− = min

(
1,
pos

neg

)hy6M

ΛΠhuh(x, y) = uK0

+

3∑

i=1

∆̂iϕi(x, y), (33)℄� ∆̂i = θ+ max(0,∆i)− θ− max(0,−∆i) .NS* �U|(N8m?b0�N���=#AÆ�e.~�NW=#AÆ?	�Inr��#Rs-^�$?��~6? Jacobian (��Y��M=��D?SG	
J =

∂f(uK0
)

∂u
· mi − b0

|mi − b0|	�℄"k��(��) R−1 )a~JG=�� ũh(mi,K0) t ∆u(mi,K0) �=��%�h (31) #AÆ�hy)k��G=(� R ���n��=%�� &6O:QG(O�+F:JQG - %P)+F(AN1M��
§2.4 EI93D(C*I�	�Z�R�h k 1m��Sh k + 1 � Runge Kutta SRa��C$? k + 1 �$K�a���A1m?4HP (9 RK ��`= 3 &V��j
�$KjAm?n=4HPAÆ��0|

c∆t

∆x
≤ 1

2k + 1
(34)N k ≥ 2 �!7Xa�R�

§2.5 =5I�G��
§2.6 ?O0,�G��
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