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§1 ��z��~�P[>
i��:℄J!<�6<�
�6 RKDG ON�
ut + f(u)x = 0, in (0, 1) × (0, T ) (1)

u(x, 0) = u0(x), ∀x ∈ (0, 1) (2)�
_<<O)7tmH��
��
§1.1 ���
�-;: �$^��:�Y!<<�nx	JK (0, 1) <WB>ZGQ {xj+1/2}N

j=0, JK j =

1, 2, · · · , N ��:~ Ij = (xj−1/2, xj+1/2) � ∆j = xj+1/2 − xj−1/2 �/���:DC ∆x � max
1≤j≤N

∆j ��:<X:� u <>Z�}� uh �l;P9>Zi�� t ∈ [0, T ] � uh uKI%� �
Vh = V k

h ≡ {v ∈ L1(0, 1) : v|Ij
∈ P k(Ij), j = 1, · · · , N} (3)[% P k(I) �n I _0w�&g k <K*m ���-;:�}� uh ��:s".,O)<\/m�� (1) j (2) +��i(�>ZWB<
piw v ��PQ� Ij _wQ�

∫

Ij

∂tu(x, t)v(x)dx +

∫

Ij

f(u(x, t))xv(x)dx = 0,

∫

Ij

u(x, 0)v(x)dx =

∫

Ij

u0(x)v(x)dx&GQ�wQ_m
∫

Ij

f(u(x, t))xv(x)dx = f(u(x, t))v(x)|
x

j+ 1
2

x
j− 1

2

−
∫

Ij

f(u(x, t))∂xv(x)dx�; ∫

Ij

∂tu(x, t)v(x)dx −
∫

Ij

f(u(x, t))∂xv(x)dx

+f(u(xj+1/2, t))v(x
−
j+1/2) − f(u(xj−1/2, t))v(x

+
j+1/2) = 0,

(4)

∫

Ij

u(x, 0)v(x)dx =

∫

Ij

u0(x)v(x)dx (5)�!"��:�
piw v �r�uKI%L � Vh <q�iw vh �\� u G�}� uh �r�HKiw uh j v PÆ� xj+1/2 .o�I<��:�4�P&11Æ, f(u(xj+1/2, t)) �r�w
1Æ,�J
H� (xj+1/2, t) .<+Z uh <
"�D�=�oy�
h(u)j+1/2(t) = h(u(x−j+1/2, t), u(x

+
j+1/2, t)) (6)
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w
1Æ,<7R�47t>D<<P�pB:�6I%L �</mZk��:F��lG�>kw
1Æ,�DL�&G!<<\/m��;: DG <w
�
∀ j = 1, · · · , N, ∀ vh ∈ P k(Ij) :

∫

Ij

∂tuh(x, t)vh(x)dx −
∫

Ij

f(uh(x, t))∂xvh(x)dx

+h(uh)j+1/2(t)vh(x−j+1/2) − h(uh)j−1/2(t)vh(x+
j−1/2) = 0,

(7)

∫

Ij

uh(x, 0)vh(x)dx =

∫

Ij

u0(x)vh(x)dx (8)�-�'�}� uh <DC�$Pg!<�oDCw
1Æ, h ��:��`Q>kP6BYm_�bE�<Ym�v�{(oÆgJ6BYm<�bE����Ca;:>kX�GYm<�iÆ*Ym<r*1j�D1���>��:��8 k = 0 i�z8�}� uh o>ZQH%wi�DG o>k6BYm�8 k = 0 i�JK x ∈ Ij ��:��;:
uh(x, t) = u0

j(t)�:���\/m (7) j (8) .�
∀ j = 1, · · · , N :

∂tu
0
j(t) + {h(u0

j(t), u
0
j+1(t)) − h(u0

j−1(t), u
0
j (t))}/∆j = 0,

u0
j(0) =

1

∆j

∫

Ij

u0(x)dxl�mb�ZfDC<w
1Æ, h(a, b) 7t Lipschitz )6�'Y�6B�S_<<>�Ym�o>Z6BYm�zw
1Æ,<7t
(i) �� Lipschitz )6N'YK f(u) z h(u, u) = f(u)

(ii) ?>Z�,<P�iw
(iii) ?MZ�,<PTiw!<o>-�
o�<7t_<1h<w
1Æ,	
(i) The Godunov flux:

hG(u−, u+) =






min
u−≤u≤u+

f(u), if u− ≤ u+

max
u−≥u≥u+

f(u), if u− ≥ u+

(ii) The Engquist-Osher flux:

hEO(u−, u+) =

∫ u+

0

min(f ′(s), 0)ds+

∫ u−

0

max(f ′(s), 0)ds+ f(0)

(iii) The Lax-Friedrichs flux:

hLF (u−, u+) =
1

2
[f(u−) + f(u+) − α(u+ − u−)]

α = max
inf u0(x)≤u≤sup u0(x)

|f ′(u)|
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(iv) The local Lax-Friedrichs flux:

hLLF (u−, u+) =
1

2
[f(u−) + f(u+) − α(u+ − u−)]

α = max
min(u−,u+)≤u≤max(u−,u+)

|f ′(u)|

(v) The Roe flux with ’entropy fix’:

hR(u−, u+) =





f(u−), if f ′(u) ≥ 0 for u ∈ [min(u−, u+),max(u−, u+)]

f(u+), if f ′(u) ≤ 0 for u ∈ [min(u−, u+),max(u−, u+)]

f̂LLF (u−, u+), otherwiseJK1Æ, h ��:�� G Godunov 1Æ, hG �D��o#ev,V^U1<w
1Æ,�
local Lax-Friedrichs 1Æ,#e<V^U1
 Godunov 1Æ,K�7o�:1CP%'}�8U�Zf
f mSN��:Æ% G Lax-Friedrichs1Æ,�UL�w
q:�?��qI%L ��w k <T��w
1Æ,<7RJKw
�<F)��#o�!<� k = 2 �'�a Discontinous Galerkin Method <��|��n���7RZ!>uK*mviw (K*mviw/'<h,�^
�w
"�8 k 
3iE87R`�< Legendre viw) 	

ϕ0(x) = 1, ϕ1(x) =
x− xj

∆xj/2
, ϕ2(x) =

(
x− xj

∆xj/2

)2

− 1

3
, ∀j = 1, · · · , NJi ∆xj = xj+1/2 − xj−1/2 �w
� uh ��~�

uh(x, t) =

k∑

l=0

ul
j(t)ϕl(x), x ∈ Ij�viwj�}�4[\/m (7) j (8) ��;:

∀ j = 1, · · · , N and i = 0, · · · , k :
∫

Ij

∂t(

k∑

l=0

ul
j(t)ϕl(x))ϕi(x)dx −

∫

Ij

f(

k∑

l=0

ul
j(t)ϕl(x))∂xϕi(x)dx

+h(

k∑

l=0

ul
j(t)ϕl(x))j+1/2ϕi(x

−
j+1/2) − h(

k∑

l=0

ul
j(t)ϕl(x))j−1/2ϕi(x

+
j−1/2) = 0,

∫

Ij

k∑

l=0

ul
j(0)ϕl(x)ϕi(x)dx =

∫

Ij

u0(x)vi(x)dx~
v(x) = (ϕ0(x), ϕ1(x), ϕ2(x))

T

uj(t) = (u0
j(t), u

1
j(t), u

2
j (t))

TS
uh(x, t) = vT (x)uj(t), x ∈ Ij��\/m (7) j (8) �~�+,�n

∀ j = 1, · · · , N :∫

Ij

v(x)vT (x)
duj(t)

dt
dx−

∫

Ij

f(vT (x)uj(t))∂xv(x)dx

+h(vT (x)uj(t))j+1/2v(x−j+1/2) − h(vT (x)uj(t))j−1/2v(x+
j−1/2) = 0,

uj(|t=0)

∫

Ij

v(x)vT (x)dx =

∫

Ij

u0(x)v(x)dx.
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YA;:
∫

Ij

v(x)vT (x)dx = ∆xj




1 0 0

0 1/3 0

0 0 4/45




v(x−j+1/2) =




1

1

2/3


 v(x+

j−1/2) =




1

−1

2/3


?M*wQ�� Gw
wQ

∫ 1

−1

f(x)dx ≈ f(− 1√
3
) + f(

1√
3
)u ∫ 1

−1

f(x)dx ≈ 5

9
f

(
−
√

3

5

)
+

8

9
f(0) +

5

9
f

(√
3

5

)ÆgJO) (1) j (2) �0 Discontinous Galerkin Method ON<$^��:;:->ZQ,ZwjI%L �sHG'�< ODE:

d

dt
uj(t) = Lh(uj(t)), in (0, T ), ∀j = 1, · · · , N (9)

uj(|t=0) = u0j (≡ PVh
u0) ∀ j = 1, · · · , N (10)

§1.2 The TVD-Runge-Kutta time discretization�-P�%�QO)u��: G TVD Runge Kutta i�$^ON�D {tn}N
n=0 o [0, T ] <>ZGQ�~ ∆tn = tn+1 − tn, n = 0, ..., N − 1 �i�$^<�NZ!	

• R
 u0
h = u0h 


• JK n = 0, ..., N − 1 ��YZ!�nH un
h |� un+1

h 	
1. R
 u

(0)
h = un

h 

2. JKWB i = 1, ...,K �|�i�iw


u
(i)
h =

{
i−1∑

l=0

αilu
(l)
h + βil∆t

nLh(u
(l)
h )

}
;

3. R
 un+1
h = u

(K)
h �P Cockburn �i� K = k+ 1 �[y?�G< RK ON<��4�I%L�G�X>���H�D1�f��[kONP%O��)|��d3.>Z|� Lh(uh) <r)5z��>- Runge-Kutta i�$^!w!�!�	

Runge-Kutta discretization parameters

order αil βil max{βil/αil}

2
1
1
2

1
2

1

0 1
2

1

3

1
3
4

1
4

1
3 0 2

3

1

0 1
4

0 0 2
3

1
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§1.3 The generalized slope limiter (TVDM)

a. The MUSCL limiter8 GQH&1iw�}�i�=�o
vh|Ij

= vj + (x− xj)vx,j , j = 1, · · · , N��lG van Leer 	,< MUSCL %gK
ũh|Ij

= vj + (x− xj)m(vx,j ,
vj+1 − vj

∆j
,
vj − vj−1

∆j
)

b. The less restricitvie limiter=��lG℄`%g<%gK
ũh|Ij

= vj + (x− xj)m(vx,j ,
vj+1 − vj

∆j/2
,
vj − vj−1

∆j/2
)_m��.'Z!/m	

ũ−j+1/2 = vj +m(v−j+1/2 − vj , vj − vj−1, vj+1 − vj) (11)

ũ+
j−1/2 = vj −m(vj − v+

j−1/2, vj − vj−1, vj+1 − vj) (12)L<< m � minmod %giw�=�� G TVB %giw m̃:

m̃(a1, · · · , am) =

{
a1, if |a1| ≤M∆x2

m(a1, · · · , am), otherwise
(13)

c. The P k limiter8 G0w� k <K*m�}�i�=�oy
vh(x, t) =

k∑

l=0

vl
jϕl(x)�:G>k�6<ONDC>ZdC�G%gK��-DC%gK��:s"DC vh < P 1-part 	

v1(x, t) =

1∑

l=0

ϕl
jϕl(x)�:DC%gKZ!	

1) G%gK|� ũ−j+1/2 j ũ+
j−1/2,

2) Zf ũ−j+1/2 = v−j+1/2 j ũ+
j−1/2 = v+

j−1/2 �0 ũh|Ij
= vh|Ij

�
3) Zf�7t 2) �0 ũh|Ij

=K�%g P 1-part <
�j�|�i��%gKEG Runge-Kutta 9>�<i��,�
§2 The RKDG method for multi-dimensional systems

§2.1 Introduction[>
��:� RKDG ON�d:X�tn3O)u	
ut + ∇f(u) = 0 in Ω × (0, T ) (14)

u(x, 0) = u0(x), ∀x ∈ Ω (15)yJmH��
���-�6��:�
 Ω o6�(O��
5



§2.2 The general RKDG methodX�O)u< RKDG ONj>��,<tn4O)�I�;<P��n�=�oy
• 0 u0

h = ΛΠh PVh
(u0) (the L2-projection of u0(x) on the local space Vh and limiting) 


• JK n = 0, ..., N − 1 ��Y!<<�nH un
h |� un+1

h 	
1. 0 u

(0)
h = un

h 

2. JK i = 1, ...,K |�i�iw	

u
(i)
h = ΛΠh

{
i−1∑

l=0

αilu
(l)
h + βil∆t

nLh(u
(l)
h )

}
;

3. 0 un+1
h = u

(K)
h .!<�:�a DG  �$^<�r Lh ��y>�<%gK ΛΠh.

§2.2.1 The Discontinuous Galerkin space discretization

d

dt

∫

K

uh(t, x)vh(x)dx +

∫

K

divf(uh(t, x))vh(x)dx = 0, ∀vh ∈ Vh (16)&GQ�wQ��:;:
d

dt

∫

K

uh(t, x)vh(x)dx +
∑

e∈∂K

∫

e

f(uh(t, x)) · ne,Kvh(x)dΓ

−
∫

K

f(uh(t, x)) · ∇vh(x)dx = 0, ∀vh ∈ Vh[% ne,K o� e <6��N+k,�pB:D� uh P x ∈ e ∈ ∂K o�I<� f(uh(t, x)) · ne,K 8I�T<DC�DL�JK>�<O/��:� f(uh(t, x)) · ne,K G he,K(uh(t, xint(K)), uh(t, xext(K))) 5��iw he,K(·, ·) �GWk+L�,<�6B<� Lipschitz )6<Nj f(u) · ne,K 'Y<w
Æ,�&G[kOm��:;:
d

dt

∫

K

uh(t, x)vh(x)dx +
∑

e∈∂K

∫

e

he,K(t, x)vh(x)dΓ

−
∫

K

f(uh(t, x)) · ∇vh(x)dx = 0, ∀vh ∈ Vhvo��:GPwNS�0wQ��� G!<< Gauss wQ
∫

e

he,K(t, x)vh(x)dΓ ≈
L∑

l=1

ωlhe,K(t, xel)v(xel)|e| (17)

∫

K

f(uh(t, x)) · ∇vh(x)dx ≈
M∑

j=1

ωjf(uh(t, xKj
)) · ∇vh(xKj

)|K| (18)DL��:vj;:�J9>Z6L K ∈ Th �\/m�
d

dt

∫

K

uh(t, x)vh(x)dx +
∑

e∈∂K

L∑

l=1

ωlhe,K(t, xel)v(xel)|e|

−
M∑

j=1

ωjf(uh(t, xKj
)) · ∇vh(xKj

)|K| = 0, ∀vh ∈ Vh
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[-O)���.' ODE </m	 d
dtuh = Lh(uh) �[%DC<�r Lh(uh) �oJ −divf(u) <$^���

§2.3 Algorithm and implementation details[>,
�:[,�N<j$ 
�
!℄J℄	Lj�/L<QH&1jQHM0��<w
Æ,�wQeS�sHG�Æ,j%gK�
§2.3.1 Fluxesw
Æ, G�6< Lax-Friedrichs Æ,

he,K(a, b) =
1

2
[f(a) · ne,K + f(b) · ne,K − αe,K(b − a)]w
U1%w αe,K EUj� e '/6L_ Jacobian �^ ∂

∂u f(uh(x, t)) · en,K v3�_
<b|�
• JK℄	L��:&G�� Lax-Friedrichs ���0 αe,K o+Z'/6LivKF��,< Jacobian �^<v3�_
<
3Z�
• JK�/L��:= G�� Lax-Friedrichs ���#}�

§2.3.2 Quadrature rules\�Q��Zf G P k ON�JKL~��<wQ|���:�4�T7t 2k + 1 �K*m<wQ�JKL~B�<wQ��4�T7t 2k K*m<wQ�[%�:�6℄	Lj�/L_ P 1 j P 2ON<wQ�
§2.3.3 The rectangular elementsJK��_<wQ�JK P 1 ON��: G+�XzwQ

∫ 1

−1

g(x)dx ≈ g

(
− 1√

3

)
+ g

(
1√
3

)
, (19)JK P 2 ON��: G℄�XzwQ

∫ 1

−1

g(x)dx ≈ 5

9

[
g

(
−3

5

)
+ g

(
3

5

)]
+

8

9
g(0), ??? (20)JKL~B�<wQ�JK P 1 ON��: G (19) <W,w�[�lL~B�I|ZwQ��7o�-
f1- ���:� recycle ��O&G�L~��wQ�.?|�<1Æ,
�DL��-wQ ∫ 1

−1

∫ 1

−1
g(x, y)dxdy ��:&G!<<wQeS	

≈ 1

4

[
g

(
−1,

1√
3

)
+ g

(
−1,− 1√

3

)

g

(
1√
3
,−1

)
+ g

(
1√
3
,−1

)

g

(
1,− 1√

3

)
+ g

(
1,

1√
3

)

g

(
1√
3
, 1

)
+ g

(
− 1√

3
, 1

)]

+2g(0, 0)

7



§2.3.4 The triangular elementsJK��_<wQ��|�/6L
JKL~B�wQ� P 1 LG℄Zi�wQ	
≈ |K|

3

3∑

i=1

g(mi). (21)

P 2 LGIZ Gauss ���I 5 �K*m�T<wQ�
§2.3.5 Basis and degrees of freedom�:MBvjsHG<7R�tF)�N�F)�N<
!q� � V (h) <7R�w
1Æ,�wQeS�%gK�yi�$^<Om�UL�lp<vjsHG<7R���q�N<j$j|��
The rectangular elementsJK P 1 LO/��:&G!<<�2m=vP�/6L [xi− 1

2
, xi+ 1

2
] × [yj− 1

2
, yj+ 1

2
] B<�}�

uh(x, y, t):

uh(x, y, t) = u(t) + ux(t)φi(x) + uy(t)ψj(y) (22)[%
φi(x) =

x− xi

∆xi/2
, ψj(y) =

y − yj

∆yj/2
(23)[%

∆xi = xi+ 1
2
− xi− 1

2
, ∆yj = yj+ 1

2
− yj− 1

2�i���<sHG�
u(t), ux(t), uy(t).[%�:SA-[-sHGEU4I<!� ij �[-!�y?-�:uK6L [xi− 1

2
, xi+ 1

2
]×[yj− 1

2
, yj+ 1

2
].pB:viw

1, φi(x), ψj(y)o`�<�DL��<WG�^oJ	<	
M = ∆xi∆yjdiag

(
1,

1

3
,
1

3

)JK P 2 <O/�P�/6L [xi− 1
2
, xi+ 1

2
] × [yj− 1

2
, yj+ 1

2
] B�}� uh(x, y, t) <�2m�	

uh(x, y, t) = u(t) + ux(t)φi(x) + uy(t)ψj(y)

+uxy(t)φi(x)ψj(y)

+uxx(t)
(
φ2

i (x) − 1
3

)

+uyy(t)
(
ψ2

i (y) − 1
3

)
,

(24)[% φi(x) j ψj(y) <DC� (23) ��i�+L<sHG�
u(t), ux(t), uy(t), uxy(t), uxx(t), uyy(t),LNviw

1, φi(x), ψj(y), φx(x)ψj(y), φ2
i (x) −

1

3
, ψj(y) −

1

3
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=o`�<�DL��WG�^oJ	<
M = ∆xi∆yjdiag

(
1,

1

3
,
1

3
,
1

9
,

4

45
,

4

45

)

The triangular elements

P 1 LO/	
uh(x, y, t) =

3∑

i=1

ui(t)φi(x, y), (25)[%℄ZsHG ui(t) j�_�℄�i�<w
��viw�/iw� φi(x, y) �&1iw�WG�^�;�J	^
M = |K|diag(1

3
,
1

3
,
1

3
)

.

P 2 LO/	
uh(x, y, t) =

6∑

i=1

ui(t)ξi(x, y), (26)[%2ZsHG ui(t) �℄�i�j℄ZC�<w
��viw�M0iw�7WG�^�oJ	^-�
§2.3.6 LimitingÆy��P (22) iJK scaled �9w� (�oE9w�d)ux j uy <%gK��: G differences of the

means �JK�,O)� ux E8�%g�
m̃(ux, ui+1,j − uij , uij − ui−1,j), (27)[%iw m̃ o>Z TVB %gK�oJL<V
	,< minmod iw m <2`�[k TVB 2`o�-�;P
p<x
�T�<��<<%g�PA% ux j uy <,{Q�o

O(∆x2) j ∆(y2) �<�JK TVB %w M <b|�JEoiwM�9w*�>�>�w
ÆfJ M <7R��hQ>V���iÆ%7R M = 50 �#}<� uy �%g�
m̃(uy, ui,j+1 − uij , uij − ui,j−1).JKO)u��:�J���_�,x%g��:P6L ij _%g+, ux <ONZ!	

• X:�_�^ R j R−1 ��:���vK6L ij F�
� x O+< Jacobian J	q	
R−1 ∂f1(uij)

∂u
R = Λ[% Λ o>Z
h Jacobian �^<�I�_
<J	�^�pB: R <9>.Fo ∂f1(uij)

∂u <J�_+,�L R−1 <9>0Fo R−1 <w�_+,�
• ��I<%g<,�r:�_$�'Z��℄Z, uxij,ui+1,j − uij j uij − ui−1,j �r:�_$�d3�[℄Z+,w( R−1 �
• EG�,%gK (27) mK9Z�ro<Q,�
• Æf�sv+<�,�d4Ægw( R z��	���

(5�
9



§2.4 �����{�|�w
q:�?�G k 0L��4G k + 1 � Runge Kutta ON�/i
c∆t

∆x
≤ 1

2k + 1
(28)e��9Ya?�

§2.5 ����5��
§2.6 
��}�5��
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