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Abstract
We study the multiple steady and unsteady flow modes in a medium-gap spherical Couette flow (SCF) by solving the 
three-dimensional incompressible Navier–Stokes equations. We have used an artificial compressibility method with an 
implicit line Gauss–Seidel scheme. The simulations are performed in SCF with only the inner sphere rotating. A medium-
gap clearance ratio, � =

(

R2 − R1

)

∕R1 = 0.25, has been used to investigate various flow states in a range of Reynolds 
numbers, Re ∈ [400, 6500] . First, we compute the 0-vortex basic flow directly from the Stokes flow as an initial condition. 
This flow exists up to Re = 4900 after which it evolves into spiral 0-vortex flows with wavenumber sp = 3, 4 in the range 
Re ∈ [4900, 6000] , and then the flows become turbulent when Re > 6000 . Second, we obtain the steady 1-vortex flow by 
using the 1-vortex flow at Re = 700 for � = 0.18 as the initial conditions and found that it exists for Re ∈ [480, 4300] . The 
1-vortex flow becomes wavy 1-vortex in the range Re ∈ [4400, 5000] . Further increasing the Reynolds number, we obtain 
new spiral waves of wavenumber sp = 3 for Re ∈ [5000, 6000] . The flow becomes turbulent when Re > 6000 . Third, we 
obtain the steady 2-vortex flow by using the 2-vortex flow at Re = 900 for � = 0.18 as the initial conditions and found that 
it exists for Re ∈ [700, 1900] . With increasing Reynolds number the 2-vortex flow becomes partially wavy 2-vortex in the 
small range Re ∈ [1900, 2100] . We obtain distorted spiral wavy 2-vortex in the range Re ∈ [4000, 5000] . when Re > 6000 
the flow evolves into spiral 0-vortex flow and becomes turbulent. The present flow scenarios with increasing Re agree well 
with the experimental results and further we obtain new flow states for the 1-vortex and 2-vortex flows.

Keywords Incompressible Navier–Stokes equation · WENO scheme · Line Gauss–Seidel scheme · Spherical Couette flow · 
Spiral wavy Taylor vortex
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1 Introduction

In many engineering applications such as hydraulic 
machinery and ship industry, numerical solution of the 
three-dimensional (3D) incompressible Navier–Stokes 
equations is required. A key issue in numerical solution 
of the incompressible Navier–Stokes equations is how to 
satisfy the continuity equation. In the past, two kinds of 
methods have been commonly used for incompressible 
flow simulations: The first kind is based on fractional step 
method [1–7] and the second is on artificial compress-
ibility method [8, 9]. The fractional step method needs 
to solve the Poisson equation for pressure/pressure cor-
rection, which becomes complicated in 3D curvilinear 
grids [10]. The artificial compressibility method [2, 8, 9] 
avoids to solve the pressure Poisson equation. Rather, it 
introduces a pseudo-time derivative of the pressure term 
into the continuity equation so that the elliptic–parabolic 
type governing equations are transformed into the hyper-
bolic–parabolic type. The continuity equation is satis-
fied (approximately) when the pseudo-time derivative is 
marched toward zero (small tolerance in real computa-
tion). The main advantage of the artificial compressibility 
method is that it can reuse a large number of numerical 
techniques originally developed for compressible flow 
simulations. The disadvantage is that the convergence rate 
of the continuity equation may be slow and dependent on 
the artificial compressibility factor.

In the development of the artificial compressibility 
method, many investigators have used different upwind 
schemes to discretize the convective terms, e.g., flux dif-
ference splitting, MUSCL, WENO and DG schemes [7, 
10–16]. To solve the discretized algebraic equations effi-
ciently, many established algorithms like Beam-Warming 
approximate factorization schemes [17, 18], lower–upper 
symmetric Gauss–Seidel (LU-SGS) schemes [15, 19], 
point and line relaxation schemes [10, 20, 21], as well 
as GMRES and multigrid methods [10, 20, 21] were 
employed. In most cases, implicit algorithms were pre-
ferred due to their superior efficiency.

In this study, we use the line Gauss–Seidel (LGS) 
relaxation method [9, 21] along with a fifth-order finite 
difference WENO scheme [14, 15] for solving the artificial 
compressibility form of 3D incompressible Navier–Stokes 
equations in a generalized curvilinear coordinate system. 
We simulate different flow states in the spherical Couette 
flow (SCF) between two concentric spheres with the inner 
sphere rotating and the outer one fixed. The spherical gap 
is filled with a Newtonian fluid. This flow has two con-
trol parameters: a Reynolds number Re = ΩR2

1
∕� , and a 

clearance ratio � =
(

R2 − R1

)

∕R1 , where Ω is the angular 
velocity of the inner sphere, � is the kinematic viscosity 

of the fluid, and R1 , R2 are the radii of the inner and outer 
spheres, respectively. The two control parameters, plus the 
initial conditions, completely determine the flow regimes 
consisting of different types of disturbances (e.g., different 
number of Taylor vortices, spiral waves, ring vortices). 
Owing to the simple geometry and the diversity of insta-
bilities, SCF is an ideal template for studying the laminar-
turbulent transition.

We simulate different flow states and transitions of SCF 
with increasing Reynolds number for a case of � = 0.25 in 
the medium gap regime ( 0.13 < 𝜎 <≈ 0.30 [22]). Although 
many researchers have studied medium-gap clearance ratios 
[23–35], but there is only one experimental study [28] for 
� = 0.25 . The authors [28] obtained steady 1-vortex flow 
by counter-rotating the outer sphere for a short time in the 
range 420 ≤ Re ≤ 4200 . With increasing Reynolds number 
the flow becomes wavy at Re ≈ 4350 , and this wavy 1-vortex 
flow exists only to Re ≈ 4700 , after that the flow becomes 
turbulent. They obtained steady 2-vortex flow in the same 
way in the range 900 ≤ Re ≤ 1000 . With increasing Reyn-
olds number the flow becomes spiral at Re ≈ 2000 . They 
also obtained spiral 0-vortex flow at higher Reynolds num-
bers from the 0-vortex basic flow that exists in the range 
0 < Re ≤ 3800 . A summary of different flow modes was 
given in figure 6 in Ref. [28].

We investigate the flow modes in the wider range 
Re ∈ [400, 6500] for � = 0.25 . We obtain steady 1- and 
2-vortex flows, wavy 1-vortex flow and partially wavy 2-vor-
tex flow, and spiral 0-, 1-, and 2-vortex flows in respective 
ranges of the Reynolds number, which basically agree with 
figure 6 in Ref. [28] and we further obtain new flow modes 
and transition paths.

The paper is organized as follows. In Sect. 2, we describe 
the governing equations and numerical methods. Section 3 
represents the computational setup. Section 4 describes the 
numerical results and discussions of different flow modes 
and Sect. 5 concludes this paper.

2  Governing equations and numerical 
methods

2.1  Governing equations

We consider the artificial compressibility form of the incom-
pressible 3D Navier–Stokes equations. In a fixed orthogonal 
generalized curvilinear coordinate system ( �, �, � ), the equa-
tions can be written in a strong conservative form [10],

(1)

𝜕�̂

𝜕𝜏

+ �m
𝜕�̂

𝜕t
+

𝜕

(

�̂ − �̂v

)

𝜕𝜉

+
𝜕

(

�̂ − �̂v

)

𝜕𝜂

+
𝜕

(

�̂ − �̂v

)

𝜕𝜁

= �,
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Here, u, v, w are Cartesian velocity components, p is the 
pressure, � = (p, u, v,w) is the solution vector, t is the physi-
cal time, � is the pseudo-time, � is the artificial compress-
ibility factor, U,  V and W are the contra-variant velocity 
components in the � , � and � directions respectively. �x, �y, �z 
etc are metric terms and J is the Jacobian of coordinate 
transformation.

2.2  Numerical methods

For spatial discretizations of Eq. (1), we apply a version of the 
fifth-order finite difference weighted non-oscillatory (WENO) 
scheme [14, 15] for the convective terms and a second-order 
central finite difference scheme for the viscous terms. For tem-
poral discretizations, an implicit backward finite difference 
scheme is used for the pseudo-time derivative and a second-
order, three-point backward difference scheme is used for the 
physical time derivatives, which give

(2)

�m = diag(0, 1, 1, 1), �̂ =
�

J
=

1

J

⎡

⎢

⎢

⎢

⎣

p

u

v

w

⎤

⎥

⎥

⎥

⎦

, �̂ =
1

J

⎡

⎢

⎢

⎢

⎣

𝛽U

Uu + 𝜉xp

Uv + 𝜉yp

Uw + 𝜉zp

⎤

⎥

⎥

⎥

⎦

,

�̂ =
1

J

⎡

⎢

⎢

⎢

⎣

𝛽V

Vu + 𝜂xp

Vv + 𝜂yp

Vw + 𝜂zp

⎤

⎥

⎥

⎥

⎦

, �̂ =
1

J

⎡

⎢

⎢

⎢

⎣

𝛽W

Wu + 𝜁xp

Wv + 𝜁yp

Ww + 𝜁zp

⎤

⎥

⎥

⎥

⎦

, �̂v =
1

ReJ
(∇𝜉 ⋅ ∇𝜉)�m

𝜕�

𝜕𝜉

,

�̂v =
1

ReJ
(∇𝜂 ⋅ ∇𝜂)�m

𝜕�

𝜕𝜂

, �̂v =
1

ReJ
(∇𝜁 ⋅ ∇𝜁)�m

𝜕�

𝜕𝜁

,

U = 𝜉xu + 𝜉yv + 𝜉zw, V = 𝜂xu + 𝜂yv + 𝜂zw, W = 𝜁xu + 𝜁yv + 𝜁zw.

where n is the physical time level and m is the pseudo-time 
level. We linearize the terms at (m + 1) th level with respect 
to the mth level by using Taylor series expansion,

where  ��m = �n+1,m+1 −�n+1,m  ,  � = (𝜕�̂∕𝜕�)m  i s 
the Jacobian matrix of the convective flux vector, and 
�1 = (𝜕�̂v∕𝜕�)m =

1

ReJ
(∇𝜉 ⋅ ∇𝜉)�m𝜕𝜉 is the Jacobian matrix 

(operator) of the viscous flux vector. Similar linearizations 
are made for �̂m+1, �̂m+1

v
, �̂m+1 and �̂m+1

v
 . The superscript 

n + 1 on each variable in (4)–(5) has been suppressed for 
simple notation. Substituting (4)–(5) and similar expressions 
into (3), we obtain the delta form,

(4)�̂m+1 ≈�̂m+

(

𝜕�̂

𝜕�

)m
(

�m+1 −�m
)

= �̂m + �𝛥�m,

(5)�̂m+1
v

≈�̂m
v
+

(

𝜕�̂v

𝜕�

)m
(

�m+1 −�m
)

= �̂m
v
+ �1𝛥�

m,

(6)

�

�
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+ 1.5

�m
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+

�

𝜕

�

� − �1

�
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𝜕

�
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�

𝜕𝜂

+
𝜕

�

� − �3

�
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��

𝛥�m =

−

⎡

⎢

⎢

⎢

⎣

𝜕

�
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�

𝜕𝜉

+
𝜕

�

�̂ − �̂v

�

𝜕𝜂

+
𝜕

�

�̂ − �̂v

�

𝜕𝜁

⎤

⎥

⎥

⎥

⎦

m

−
�m

J𝛥t

�

1.5�m − 2�n + 0.5�n−1
�

≡ �m,

(3)

�n+1,m+1 −�n+1,m

J𝛥𝜏
+ �m

1.5�n+1,m+1 − 2�n + 0.5�n−1

J𝛥t

+

⎡

⎢

⎢

⎢

⎣

𝜕

�
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�

𝜕𝜉

+
𝜕

�
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�

𝜕𝜂

+
𝜕

�

�̂ − �̂v

�

𝜕𝜁

⎤

⎥

⎥

⎥

⎦

n+1,m+1

= �,

where � is the identity matrix.
The Jacobian matrices � = 𝜕�̂∕𝜕�,� = 𝜕�̂∕𝜕� and 

� = 𝜕�̂∕𝜕� can be computed as

(7)�i =
1

J

⎡

⎢

⎢

⎢

⎣

0 kx� ky� kz�

kx kxu + � kyu kzu

ky kxv kyv + � kzv

kz kxw kyw kzw + �,

⎤

⎥

⎥

⎥

⎦

,
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where �i = �, �, � for i = 1, 2, 3 respectively, and 
� = kxu + kyv + kzw, kx =

��i

�x
, ky =

��i

�y
, kz =

��i

�z
, with 

�i = �, �, � for i = 1, 2, 3 , respectively.
The matrices � , � , � can be diagonalized by using the simi-

larity transformation

along a grid line in this direction are solved for simultane-
ously, while all other LHS terms from points off this grid 
line are multiplied by the most recently calculated �� and 
moved to the RHS. For example, if we take the � direction 
as the implicit direction while doing GS sweep in the � − � 
plane, then Eq. (10) is written as a block-tridiagonal system:

We solve Eq. (11) by using a block tridiagonal solver for all 
��m

i,j,k
 along a �-grid line at indices (j, k), and update the 

solution at (m + 1) th level using �n+1,m+1

i,j,k
= �

n+1,m

i,j,k
+ ��

m,(l)

i,j,k
 

as well as �,� , � , �m after l GS sweeps (a forward and 
backward sweep counts one GS sweep) in the �-� plane. We 
set ��m,(0) = 0 as initialization for the sweep. The boundary 
conditions are treated implicitly. After some experiments we 
find that l = 1 is optimal for unsteady computations. The 
forward or backward sweep is parallelized with a pipeline 
method using OpenMP.

3  Computational setup

The computational domain of the spherical gap is 
divided into a number of grid points along the radial 
(r), meridional (�) and azimuthal (�) directions, respec-
tively. The grid points are clustered near the walls along 
the r direction and are uniform along the � and � direc-
tions as shown in Fig. 1. The grid point number used is 
41(r) × 361(�) × 153(�).

The no-slip boundary conditions are applied to the 
velocities on the inner and outer spheres. The pressure 
on the walls is obtained from the radial component of the 
momentum equations written in the spherical coordinate 
system, and the numerical polar boundary is treated by 
letting the flow variables on the polar axis equal to aver-
ages of the grid points next to the polar axis. A reference 
pressure is taken at a fixed interior point of the computa-
tional domain and the solved pressure at each grid point 
is subtracted by this value.

The non-dimensional physical time step �t = 0.025 and 
Newton iteration for the pseudo-time marching are used. 
The sub-iteration (pseudo-time marching) is carried out 

(11)

−
(

�+ + �1

)

i−
1

2

��m
i−1,j,k

+

[

1

J

(

�

��

+
1.5�m

�t

)

+
(

�+ + �1

)

i−
1

2

−
(

�− − �1

)

i+
1

2

+
(

�+ + �2

)

j−
1

2

−
(

�− − �2

)

j+
1

2

+
(

�+ + �3

)

k−
1

2

−
(

�− − �3

)

k+
1

2

]

��m
i,j,k

+
(

�− − �1

)

i+
1

2

��m
i+1,j,k

= �m +
(

�+ + �2

)

j−
1

2

��m
i,j−1,k

−
(

�− − �2

)

j+
1

2

��m
i,j+1,k

+
(

�+ + �3

)

k−
1

2

��m
i,j,k−1

−
(

�− − �3

)

k+
1

2

��m
i,j,k+1

.

so that

where �±
i
=

1

2

(

�i ± |�i|

)

 is a diagonal matrix. Further 
details can be found in [7, 21, 36].

To reduce the bandwidth of the discretized matrix equa-
tions, the convective terms in the LHS of Eq. (6) are approxi-
mated with the first-order upwind scheme and the viscous 
terms in the LHS are approximated with the traditional cen-
tral difference. The convective terms in the RHS are still 
discretized with the fifth-order WENO scheme. The fully 
discretized equations can be written as

which constitute a sparse seven diagonal linear system of 
equations. In this study, we use a line Gauss–Seidel scheme 
(LGS) to solve (10).

2.2.1  Line Gauss–Seidel scheme

We use the line Gauss–Seidel scheme as in Rogers and Kwak 
[8] and Yuan [21]. In this scheme, an implicit direction is 
chosen such that the LHS terms of Eq. (10) from points 

(8)�i = �i�i�
−1
i

(9)�±
i
= �i�

±
i
�−1
i
,

(10)

[

1

J

(

�

��

+
1.5�m

�t

)

+
(

�+ + �1

)

i−
1

2

−
(

�− − �1

)
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1

2

+
(

�+ + �2

)
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1

2

−
(

�− − �2

)

j+1∕2
+
(
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1

2

−
(

�− − �3
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2
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+
(

�− − �2
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��m
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until the L2-norm of the residual �m is reduced by 2–3 
orders of magnitude or a maximum iteration number is 
reached. An artificial compressibility factor � = 1 has been 
used.

4  Numerical results and discussions

For the clearance ratio � = 0.25 , figure 6 of Ref. [28] gave 
existence regimes and critical Reynolds numbers for differ-
ent kinds of flow modes including Taylor vortices, disturbed 
Taylor vortices, wavy Taylor vortices, spiral Taylor vortices, 
and spiral waves. Based on that figure, we study the range 
Re ∈ [400, 6500] to cover all the flow modes mentioned 
above. To resolve critical Reynolds numbers, we use a step 

of �Re = 10 . The present numerical results are compared 
with the experimental results [28]. Newly found flow dis-
turbances are described in Sects. 4.2 and 4.3.

4.1  Taylor vortex flow

First, we compute the 0-vortex flow at Re = 400 directly by 
using Stokes flow as the initial conditions. Then with incre-
ments of �Re = 100 and �Re = 10 , we have found that the 
0-vortex flow can exist from very small Re up to Re = 4900 . 
Figure 2 shows computed contours of meridional stream-
lines, angular velocity u

�
∕r sin(�) and azimuthal vorticity 

�
�
 for the 0-vortex flow at Re = 700.
The critical Reynolds number Rec for the occurrence 

of the 1-vortex flow is a function of the clearance ratio 

Fig. 1  Computational mesh 
for clearance ratio � = 0.25 in 
a meridional plane (left) and a 
close view of zone A (right)

Fig. 2  Steady 0-vortex flow 
for � = 0.25 at Re = 700 . a 
streamlines; b angular velocity 
u
�
∕r sin(�) ; c azimuthal vorti-

city �
�
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� . Yavorskaya et  al. [23] found an empirical formula 
Rec = 41.3(1 + �)�−3∕2 for the range 0.08 ≤ � ≤ 0.25 and an 
experimental fit for the maximum number i of Taylor vortex 
pairs as i = 0.21�−4∕3 . For � = 0.25 the two formulas give 
Rec = 413 and i = 1.33 . According to previous studies and 
our own trial, it is not possible to obtain the 1-vortex flow 
from the Stokes flow initial conditions. We obtain the 1-vor-
tex flow by using the 1-vortex flow for � = 0.18 at Re = 700 
as the initial conditions and increasing � suddenly from 
0.18 to 0.25 [37, 38]. The computed streamlines, angular 
velocity u

�
∕r sin(�) and azimuthal vorticity �

�
 for the steady 

1-vortex flow at Re = 700 are shown in Fig. 3. By increas-
ing and decreasing the Reynolds number with �Re = 100 
and 10, we have determined Rec = 480 and the existence of 
the steady 1-vortex flow is 480 ≤ Re ≤ 4300 , close to the 
experimental regime 420 ≤ Re ≤ 4200 [28].

Similarly, we can obtain the steady 2-vortex flow [39, 
40] for � = 0.25 by using the 2-vortex flow for � = 0.18 
at Re = 900 as the initial conditions and increasing � 
from 0.18 to 0.25 suddenly. We find this flow exists in the 
range of 700 ≤ Re ≤ 1900 , which is larger than the experi-
mental range 900 ≤ Re ≤ 1000 of Junk and Egbers [28]. 

Fig. 3  Steady 1-vortex flow 
for � = 0.25 at Re = 700 , a 
streamlines; b angular velocity 
u
�
∕r sin(�) ; c azimuthal vorti-

city �
�

Fig. 4  Steady 2-vortex flow 
for � = 0.25 at Re = 700 , a 
streamlines; b angular velocity 
u
�
∕r sin(�) ; c azimuthal vorti-

city �
�
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Figure 4 shows the computed streamlines, angular velocity 
u
�
∕r sin(�) and azimuthal vorticity �

�
 of the steady 2-vortex 

flow at Re = 700 . It is remarked that the above three steady 
flows are axially and equatorially symmetric.

4.2  Wavy Taylor vortex flow

In order to obtain the wavy 1-vortex flow, we use the steady 
1-vortex flow at Re = 4300 as the initial conditions, and 
increase the Reynolds number with increments of �Re = 100 

and 10. The flow becomes wavy Taylor vortex flow with 
m = 7 traveling waves imposed on the toroidal 1-pair of 
Taylor vortices at Rec ≈ 4400 that is slightly larger than 
Re ≈ 4350 in the experiment [28]. This wavy 1-vortex flow 
remains up to Re = 5000 , then it evolves into the spiral wavy 
flow to be described in Sect. 4.3 when Re > 5000 . Figure 5 
shows the wavy 1-vortex flow at Re = 4800.

Similarly, we obtain the wavy 2-vortex flow by using the 
steady 2-vortex flow at Re = 1100 as the initial conditions 
and increasing Re with steps of �Re = 100 and 10. Up to 

Fig. 5  Wavy 1-vortex flow with wavenumber m = 7 at Re = 4800 , a 
flooded contours of the azimuthal angular velocity � = v

�
∕r sin(�) 

on the unwrapped middle spherical surface r = 1 + 0.5� , 0 ≤ � ≤ �, 
0 ≤ � ≤ 2� on the left, and the right graph shows the meridional 

velocity vectors (vr , v�) in the meridional plane � = 2� . b The front 
view of iso-surfaces of positive and negative azimuthal vorticity com-
ponents of levels ±0.9

Fig. 6  Partially wavy 2-vortex flow with wavenumber m = 3 
at Re = 2000 . a Contours of the azimuthal angular veloc-
ity � = v

�
∕r sin(�) on the unwrapped middle spherical surface 

r = 1 + 0.5� , 0 ≤ � ≤ �, 0 ≤ � ≤ 2� on the left, and the right graph 

shows the meridional velocity vectors (vr , v�) in the meridional plane 
� = 2� . b The front view of iso-surfaces of positive and negative azi-
muthal vorticity components of levels ±0.9
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Fig. 7  Time history of the meridional velocity component u
�
 at a point (r, �,�) = (1 + �∕2,�∕2, 0) : a wavy 1-vortex flow at Re = 4800 ; b wavy 

2-vortex flow at Re = 2000

Fig. 8  North pole view of 
colored contours of the azi-
muthal vorticity component �

�
 

of different spiral waves with 
zero vortex at four different 
Reynolds numbers. The inner 
sphere rotates counterclockwise
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Re < 1900 we obtain stable 2-vortex flow. However, we 
obtain a new partially wavy 2-vortex flow with m = 3 trave-
ling waves imposed on the outer one of the two vortices in 
the range of Re ∈ [1900, 2100] . Figure 6 shows the partially 
wavy 2-vortex flow at Re = 2000 . The experimental results 
(figure 6 in Ref. [28]) shown that there is only “spiral Taylor 
vortices” at Re = 2000 , but they did not give the existence 
range and the flow visualization. We have found that it is 
the partially wavy 2-vortex flow and this flow exists within 
the range of Reynolds number Re ∈ [1900, 2100] . After 
Re>2100 it again evolves into the 0-vortex basic flow, and 
this basic flow remains stable till we get some spirals at 
higher Reynolds number which we will explain in the next 
section.

Figure  7 shows the velocity-time series at a point 
(r, �,�) = (1 + �∕2,�∕2, 0) for the wavy 1-vortex and wavy 
2-vortex flows at Re = 4800 and Re = 2000, respectively. 

The fluctuations in the velocity-time series clearly show the 
wavy nature of the flow.

4.3  Spiral wavy flow

Spiral waves appear in high latitude regions in each hemi-
sphere at high Reynolds numbers [41]. We can obtain spi-
ral wavy flows by using the supercritical 0-vortex flow and 
wavy 1- and 2-vortex flows as the initial conditions.

First, we use the supercritical 0-vortex flow at Re = 4900 
as the initial conditions and increasing the Reynolds num-
ber with �Re = 100 . We obtain spiral waves of wavenumber 
sp = 3 with 0-vortex at Re = 5000 as shown in Fig. 8a. Fur-
ther increasing the Reynolds number, we get spiral waves of 
wavenumber sp = 4 at Re = 5400 as shown in Fig. 8b. Still 
further increasing the Reynolds number to 6000, the four 
spiral waves evolve into sp = 3 spiral waves again as shown 

Fig. 9  Contours of the azimuthal angular velocity � = v
�
∕r sin(�) 

of spiral 0-vortex flow at four different Reynolds numbers on the 
unwrapped middle spherical surface r = 1 + 0.5� , 0 ≤ � ≤ �, 

0 ≤ � ≤ 2� on the left graph for each subfigure, while the right nar-
row graph shows streamlines in the meridional plane at � = 2� . The 
flows are same as in Fig. 8
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Fig. 10  Time history of the meridional velocity component u
�
 of spiral wavy 0-vortex flow at a point (r, �,�) = (1 + �∕2,�∕2, 0) : a Re = 5000 ; 

b Re = 5400 ; c Re = 6000 ; and d Re = 6200

Fig. 11  North pole view of the 
colored contours of the azi-
muthal vorticity component �

�
 

of spiral waves imposed on the 
1-vortex flow at two different 
Reynolds numbers. The inner 
sphere is rotating counterclock-
wise
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in Fig. 8c. The spiral flow becomes segmented and finally 
becomes turbulent when Re ≥ 6200 as shown in Fig. 8d. 
It can be seen that the spiral waves have clockwise spirals 
extending from the high latitude to the equatorial regions. 
The inner sphere rotates in the counterclockwise direction.

Figure  9a–d shows the azimuthal angular velocity 
(� = v

�
∕r sin(�)) in the (�,�)-plane in spherical surface 

r = 1 + 0.5� , 0 ≤ � ≤ �, 0 ≤ � ≤ 2� corresponding to 
Fig. 8. It can be observed that the spiral waves close to the 
equator have clockwise spirals from the middle latitude to 
the equatorial sides, while there are small spirals close to 

the pole which have counterclockwise spirals from the high 
latitude to low latitude regions. The outflow boundary at the 
equator of the zero vortex flow is parallel to the equator for 
Re < 6000 . But for the turbulent case in Fig. 9d, the outflow 
boundary becomes wavy in the � direction due to the pen-
etration of the turbulent spiral zones towards the equator.

Figure  10 shows the velocity-time series at a point 
(r, �,�) = (1 + �∕2,�∕2, 0) for the spiral wavy 0-vortex flow 
at Re = 5000 , 5400, 6000 and 6200 respectively.

Second, we simulate the spiral wavy 1-vortex flow at 
higher Reynolds numbers by using the wavy 1-vortex flow at 

Fig. 12  Contours of the azimuthal angular velocity � = v
�
∕r sin(�) of 

the spiral wavy 1-vortex flow at different Reynolds numbers on the 
middle spherical surface r = 1 + 0.5� , 0 ≤ � ≤ �, 0 ≤ � ≤ 2� on the 

left frame for each figure, while the right graph shows the streamlines 
in the meridional plane at � = 2�

Fig. 13  Time history of the meridional velocity component u
�
 of spiral wavy 1-vortex flow at a point (r, �,�) = (1 + �∕2,�∕2, 0) : a Re = 5500 ; 

b Re = 6200
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Re = 5000 as the initial conditions and increasing the Reyn-
olds number with the increments. Figure 11a shows the com-
puted spiral wavy 1-vortex flow with spiral number sp = 3 at 
Re = 5500 . The spiral arms are clockwise from the high lati-
tude to the equatorial regions. Figure 11b shows the three spi-
ral waves remain but are distorted by counter-direction spread-
ing spirals at Re = 6000 . We see that for Re > 6000 the spiral 
flows become distorted and irregular flow structures occur.

Figure  12a, b shows the azimuthal angular veloc-
ity (� = v

�
∕r sin(�)) in (�,�)-plane in spherical surface 

r = 1 + 0.5� , 0 ≤ � ≤ �, 0 ≤ � ≤ 2� for the same flows in 
Fig. 11. It can be seen that the spiral waves have clockwise 
spirals from the high to low latitude regions. There are also 
small irregular spirals in the high latitude regions. The Tay-
lor vortices keep m = 7 waveforms in the equatorial region.

Figure  13 shows the velocity-time series at a point 
(r, �,�) = (1 + �∕2,�∕2, 0) for the spiral wavy 1-vortex at 
Re = 5500 and Re = 6200 respectively.

Third, to obtain the spiral waves for the 2-vortex flow, 
we increase the Reynolds number with an increment of 
�Re = 100 from Re = 2100 , where have obtained partially 
wavy 2-vortex flow. At Re = 4000 we obtain the spiral 
waves of wavenumber m = 6 in the middle latitudes. Fur-
ther increasing Re, we obtain spiral waves of wavenumber 
m = 7 at Re = 5000 . The colored contours of the spiral 
waves at Re = 4000 and Re = 5000 are shown in Figs. 14a, 
b respectively. These spiral waves are counterclockwise spi-
rals when viewed from high to low latitude regions. They are 
not reported in the literature.

Figure  15 shows the azimuthal angular velocity 
(� = v

�
∕r sin(�)) of spiral wavy 2-vortex flow in (�,�)-plane 

in spherical surface r = 1 + 0.5� , 0 ≤ � ≤ �, 0 ≤ � ≤ 2� . 
The spiral waves are counterclockwise spirals spreading 
from high to low latitude regions. The direction is different 
from the clockwise direction for the cases of spiral 0- and 
1-vortex flows. The boundaries between the outer and the 

Fig. 14  North pole view of 
the colored contours of the 
azimuthal vorticity component 
�
�
 of spiral wavy 2-vortex flow 

at two different Reynolds num-
bers. The inner sphere rotates 
counterclockwise

Fig. 15  Contours of the azimuthal angular velocity � = v
�
∕r sin(�) of 

the spiral wavy 2-vortex flow at two different Reynolds numbers on 
the middle spherical surface r = 1 + 0.5� , 0 ≤ � ≤ �, 0 ≤ � ≤ 2� on 

the left frame for each figure, while the right graph shows the stream-
lines in the meridional plane at � = 2�
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inner vortices are wavy because of the influence of the spi-
ral waves. The flow are not completely periodic as there 
are some non-periodic fluctuations in the high latitude and 
polar regions. When we further increase the Reynolds num-
ber above 6000 the flow evolves into turbulent 0-vortex flow.

Figure  16 shows the velocity-time series at a point 
(r, �,�) = (1 + �∕2,�∕2, 0) for the spiral wavy 2-vortex at 
Re = 4000 and Re = 5000 respectively.

As a summary, Fig. 17 shows a sketch of the computed 
flow modes and transition paths with increasing Reynolds 
number for the clearance ratio � = 0.25 . This is a modified 

figure of figure 6 in [28] with some new spiral wavy distur-
bances. Figure 6 of [28] did not explain the flow modes after 
the wavy 2-vortex flow at Re = 2000 , In present work, we 
have explained the flow pattern with the increasing Reynolds 
number. We have also simulated the flow modes at higher 
Reynolds number up to the turbulence for 0-, 1-, and 2-vor-
tex flows, which is also missing in figure 6 of [28].

5  Conclusions

We have studied the multiple steady and unsteady flow 
modes in a medium-gap spherical Couette flow with only 
the inner sphere rotating and outer one fixed. An implicit 
line Gauss–Seidel scheme (LGS) has been used for numeri-
cal simulations of spherical Couette flow. This schemes 
is implemented along with a fifth-order finite difference 
WENO scheme in the artificial compressibility method.

By using these numerical schemes different flow modes 
for a medium-gap clearance ratio � = 0.25 have been simu-
lated in detail in the range Re ∈ [400, 6500] with steps of 
�Re = 100 and 10. It is found that steady 0-, 1-, and 2-vortex 
flows coexist in the range 700 ≤ Re ≤ 1900 . Wavy 1-vortex 
and 2-vortex flows are obtained in different narrow ranges 
of Reynolds numbers. With increasing Reynolds number, 
we obtain spiral waves of different wavenumbers for 0-, 1-, 
and 2-vortex flows at higher Reynolds numbers. The present 
critical Reynolds numbers for flow transitions are compa-
rable to the existing experimental results. Further, we have 
first time simulated the spiral wavy 1-vortex flow, partially 

Fig. 16  Time history of the meridional velocity component u
�
 of spiral wavy 2-vortex flow at a point (r, �,�) = (1 + �∕2,�∕2, 0) : a Re = 4000 ; 

b Re = 5000

Fig. 17  Different flow modes and transitions in the clearance ratio 
� = 0.25
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wavy 2-vortex flow and spiral wavy 2-vortex flow for this 
medium-gap clearance ratio.
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