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SUMMARY

This paper reports numerical convergence study for simulations of steady shock-induced combustion
problems with high-resolution shock-capturing schemes. Five typical schemes are used: the Roe flux-
based monotone upstream-centered scheme for conservation laws (MUSCL) and weighted essentially
non-oscillatory (WENO) schemes, the Lax—Friedrichs splitting-based non-oscillatory no-free parameter dis-
sipative (NND) and WENO schemes, and the Harten—Yee upwind total variation diminishing (TVD) scheme.
These schemes are implemented with the finite volume discretization on structured quadrilateral meshes in
dimension-by-dimension way and the lower—upper symmetric Gauss—Seidel (LU-SGS) relaxation method
for solving the axisymmetric multispecies reactive Navier—Stokes equations. Comparison of iterative con-
vergence between different schemes has been made using supersonic combustion flows around a spherical
projectile with Mach numbers M = 3.55 and 6.46 and a ram accelerator with M = 6.7. These test cases
were regarded as steady combustion problems in literature. Calculations on gradually refined meshes show
that the second-order NND, MUSCL, and TVD schemes can converge well to steady states from coarse
through fine meshes for M = 3.55 case in which shock and combustion fronts are separate, whereas the
(nominally) fifth-order WENO schemes can only converge to some residual level. More interestingly, the
numerical results show that all the schemes do not converge to steady-state solutions for M = 6.46 in the
spherical projectile and M = 6.7 in the ram accelerator cases on fine meshes although they all converge
on coarser meshes or on fine meshes without chemical reactions. The result is based on the particular pre-
conditioner of LU-SGS scheme. Possible reasons for the nonconvergence in reactive flow simulation are
discussed. Copyright © 2012 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The shock-induced combustion is caused by the shock wave compressing the fuel-oxidant mix-
ture. It has great technological interest in aerospace and other industry fields as it frequently occurs
in scramjet engines, pulse detonation engines [1], and explosion of energetic materials and coal
gas [2]. Numerical simulation of shock-induced combustion is confronted with many difficulties
common to chemically reacting flow simulation, such as stiffness because of different character-
istic scales, complex hydrodynamic—chemical interactions, a great amount of computational cost,
and the particular difficulty that detonation waves occurring in some situations are very sensitive to
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modeling setups and numerical errors [3]. Therefore, reliable numerical methods for shock-induced
combustion problems are required for practical applications.

Although shock-induced combustion may occur in many different configurations and exhibit
unsteady states, the focus in this paper is on the steady-state problems of supersonic premixed
hydrogen/oxygen (air) flows past axisymmetric projectiles in a free stream or in a pipe, where a
bow shock or oblique shock is formed to induce combustion. This type of shock-induced combus-
tion problems has been studied over the years, including both experiments [4, 5] and numerical
simulations [6—9] to mention but a few contributions. The steady-state solutions serve to test the
convergence property of high-resolution schemes before they can be used to simulate engineering
combustion reliably.

High-resolution shock-capturing schemes for hyperbolic conservation laws are widely used
for numerical simulation of compressible inviscid and viscous flows. Most of them have been
directly applied to solve combustion problems, including total variation diminishing (TVD) schemes
[10, 11], monotone upstream-centered schemes for conservation laws (MUSCL) [12, 13], non-
oscillatory no-free parameter dissipative (NND) [14, 15], essentially non-oscillatory (ENO) and
weighted ENO (WENO) schemes [16-20], advection upstream splitting method (AUSM) [21,22],
space-time conservation element and solution element method [23,24], and discontinuous Galerkin
methods [25-27] to mention but some work. Although these schemes have been well tested in con-
servation laws and nonreacting flows, they are worthwhile to be further checked and developed for
computing steady shock-induced combustion problems. Recent developments of high-resolution
schemes have emphasized on high-order accuracy [28] and subcell resolution [20]. Although these
new methods are shown to be good at modeling reaction and diffusion zones [20,29], it is also mean-
ingful to see whether they converge well in computing steady shock-induced combustion problems,
which is important for engineering design.

In this paper, we study convergence-to-steady state issues encountered when using high-resolution
schemes to compute steady shock-induced combustion problems. In [9], we have shown that TVD
scheme does not converge to steady state on fine meshes for the shock-induced combusting flow
around a spherical projectile with Mach number of 6.46 even though it converges on medium-
sized meshes. To show that this convergence difficulty is not specific with one specific scheme,
five widely used high-resolution schemes are studied in this work. The first and second schemes
are based on the Roe approximate Riemann solver [30], with second-order MUSCL [12] and fifth-
order WENO reconstructions [31] respectively for characteristic variables (hereafter referred to as
MUSCL-Roe and WENO-Roe), the third and fourth schemes are based on the local Lax—Friedrichs
(LF) splitting in characteristic decomposition, with second-order NND [14] and fifth-order WENO
reconstructions [32] respectively for the split fluxes (NND-LF and WENO-LF), and the fifth scheme
is the Harten—Yee second-order upwind TVD scheme [33] already tested in [9]. We use finite
volume discretization for these schemes on structured quadrilateral meshes. As a genuinely two-
dimensional finite volume WENO scheme is complicated to construct, we simply implement the
WENO scheme similar to the finite difference version, that is, in dimension-by-dimension way.
This will not generally give fifth-order accuracy on general quadrilateral meshes even if we use
the fifth-order WENO reconstruction in each direction. However, we believe that this implementa-
tion will represent the convergence-to-steady state behavior of genuinely fifth-order accurate finite
volume WENO schemes. Time derivatives are discretized with backward difference, and the lin-
earized algebraic equations are solved with the lower—upper symmetric Gauss—Seidel (LU-SGS)
relaxation scheme [34,35]. Numerical results for supersonic premixed hydrogen/oxygen (air) flows
past a spherical projectile [4] and a ram accelerator [6] are presented. The selected cases correspond
to steady-state ones in [4,6]. As there were a few numerical simulations of these steady-state cases
[6-9], we take a further step in which we hope to obtain grid-independent solutions with each of
the five schemes. The mesh resolutions are varied from 2562 to 10242, Contrary to our expecta-
tion, the numerical results show that all the five schemes have convergence difficulties in computing
some steady shock-induced combustion problems on fine meshes. We then discuss possible reasons
behind this numerical behavior.

This paper is organized as follows. In Section 2, we present the governing equations and reac-
tion mechanisms for supersonic chemically reacting viscous flows. Five high-resolution schemes
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1424 B.LI AND L. YUAN

are described in Section 3. Numerical simulations of steady shock-induced combustion problems
are given with some discussions in Section 4. Conclusions are presented in Section 5.

2. GOVERNING EQUATIONS
The governing equations for axisymmetric chemically reacting viscous flows are the compressible

Navier—Stokes equations with chemical source terms for a mixture of N gas species, which can be
written in nondimensional form in cylindrical coordinates as
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Here, pr is the partial density of the kth species, p is the total density of the gas mixture, Yy is
the mass fraction of the kth species, u and v are velocity components in the axial x and radial y
directions, respectively, p is the pressure, 7" is the temperature, E is the total energy per unit mass,
hy is the specific enthalpy and @y is the mass production rate of the kth species, Dy is the effec-
tive mass diffusivity of the kth species in the mixture, and p and « are the viscosity and thermal
conductivity of the mixture. The governing equations are nondimensionalized by a reference length
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L and the free-stream velocity U, density pso, and viscosity [to. The Reynolds number is defined
as Re = poolloo L/ Jheo. However, for clarity, dimensional forms are used in Sections 2.1-2.3.

2.1. Thermodynamic properties

In the present chemical nonequilibrium system, it is assumed that every species is a thermally per-
fect gas, so that all species have the same temperature. The system is closed with the equation of
state of the ideal gas mixture,

N Y,
= T —_— 16
pR ];Mk (16)

where R is the universal gas constant and My is the molecular mass of the kth species. The molar
heat capacity C,, of the kth species at constant pressure is a given function of temperature in
polynomial fit

5
Cpe =R ay T, (17)
i=1

where the coefficients a;; can be found from the thermodynamic data file of the chemical kinetics
package [36] or from NASA thermochemical polynomial data [37]. Given C),,, the specific heat
and the enthalpy of the kth species can be computed from

C T :
=g @)= /T Cp (T T' + B, (18)
ref

where h}ff is the heat of formation at the reference temperature 7;.; usually taken as 298.15 K. The
specific heat and enthalpy of the gas mixture are then given by

N N
cp= Yicp.  h=) Yih. (19)
k=1 k=1

The temperature 7" can be computed from the thermodynamic relationship

1
PE = 2o (u*+v?) Zpkhk— (20)

As hy is a segmented quintic polynomial of temperature, evaluation of temperature can be obtained
by linear interpolation of a precalculated 7' — & (T') table instead of implicit iteration for simplicity.
The frozen speed of sound of the gas mixture is

YRT 1)

with the specific heat ratio y = ¢, /(c, — R) and the mixture gas constant R = R Z,?’:l Yi /M.

2.2. Transport properties

The viscosity p of the gas mixture is given by Wilke formula as

X
= Z ( k Mk ) (22)

Z _1X ¢k]

where ju is the viscosity and Xy is the mole fraction of the kth species, and the allocation function

is
1/2 1/472 172771
=11 — — 811+ — . 23
P [ +(Mj) (Mk } [I T u 29
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1426 B.LI AND L. YUAN

The individual viscosity py in International System of Units is given by an empirical fit
pk =0.1exp (Au, In>T + By, InT + Cy,) (24)

with the curve-fit coefficients A, , By, , C, found from NASA thermodynamic data [37,38].
The thermal conductivity « of the gas mixture is obtained from the viscosity by assuming a
constant Prandtl number for the gas mixture,

HCp
= , 25
== (25)

where Pr is the Prandtl number that is set to 0.71 in this study. The mass diffusivity Dy is computed
using an effective diffusivity by neglecting pressure diffusion and Soret effect and assuming equal
binary diffusivity among all component pairs. For simplicity, its value is obtained by assuming a
constant Schmidt number Sc = u/pDy = 0.5.

2.3. Chemical kinetics

Consider a chemical reaction system involving N species and / elementary reactions represented
as

N N
ZvllciXk\__\ZV]ZiXk’ =11, (26)
k=1 k=1

where v; . and v}, are the forward and reverse stoichiometric coefficients of the kth species yx in
the i th reaction, respectively. The mass production rate of the kth species can be expressed as

1
o =M Y (v —vii)gi» k=1,---.N. 27)

i=1
The rate of progress variable g; for the i th reaction is given by

N

a Pk o al Pk ki Pk Vi
q':(,;(“k”(m)) ("ﬁ}](m) o T1(57) ) 8

1

ay; is the contribution factor of the kth species as a third body, and L; is equal to one when a third
body appears in the i th reaction; otherwise, L; is equal to zero. By using the Arrhenius law

) C;
ki = A; T® exp (——’) , (29)
T
we can obtain the forward and reverse reaction rate constants k . and k,, for the ith reaction.

3. NUMERICAL METHOD

Let U denote the cell average of U over a control volume

— 1
U:—[ udv. 30)
12| Jo

By integrating the governing equations (1) over €2 and using the Stokes formula, one can obtain
dU . 1
|sz|—+9§ (f-n)dS:/ H+ —H,+S)|dv, 31)
dt 90 Q Re
= 1 . 1 . -, .
where f= | F— —F, i+ | G— —G, | j and 7 is the unit outer normal.
Re Re
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Assuming that €2 is a quadrilateral mesh, the surface integration in (31) is approximated by some
numerical fluxes, and the volume integration is approximated by values at the cell center, we can
obtain the semidiscretized form

(m g_ﬁ) F(Ey—Fy) + (610 -6,0), = (Fuy ),
i.j

A A 1
+(Gyyuy—Guyy) + [|52| (H +ooHo+ s)]
By applying the backward time difference and approximate linearization treatment as in [9, 34, 35],
we obtain the fully discretized incremental form
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Equation (33) can be solved with the conventional LU-SGS relaxation scheme.

The central difference is used to approximate the diffusive flux F v (év), and five high-resolution
schemes are used respectively to approximate the inviscid flux ﬁ‘(é) in RHS", which are described
in the following.

3.1. Schemes based on Roe approximate Riemann solver

A numerical flux across the cell interface may be determined by solving exactly or approximately a
Riemann problem. We choose the numerical flux because of Roe approximate Riemann solver

N 1 1 —
Roe __ 1 R 1 L R L
Fi+%—2(F( i+%>+F<Ui+%))_2’A<Ui+%’Ui+%) (U. —U.+%), (35)

l+% i
where F denotes the physical flux normal to the cell interface, and matrix A is the inviscid
Jacobian matrix A = dF/dU evaluated at Roe average of the left and right states of the cell interface
i +1/2. It is well known that this flux admits nonphysical expansion shock. This can be mitigated
by modifying the magnitude of the eigenvalue A; 4/, of A as the following [10]:

Aivi2], |Aigy2] =6,
¥ (Aig12) = Al.2+1/2+82 (36)
Bty <.

where § is the entropy correction parameter, the choice of which is critical for calculating steady-
state problems containing strong shocks. We have used two choices. One is so-called H-type
correction due to Sanders [39]

§ =S, max ('EH—%,/" €ijtd 6i+1,j:|:%> ; (37
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where Si 41 is the surface area and
2
€yl = [Hit1j —“i.j| + |ai+1.j —dijls €4l = Ui+l _ui,j| + |ai,j+1 —dij|-

Here, # is the velocity component normal to the respective interface. The other is adopted from the
code LAURA user’s manual [40]

max (0.02 (|ﬁi+%| 154 |) ,o.oozai%) Ca=d, -

5=,
€0 (ai-i-% + |ﬁi+%| + |ﬁi+%|) ) otherwise

+

where € is a user-defined constant that generally varies from 0.02 to 0.6 [40], and #;4/, and
V;+1/2 are the normal and tangential velocity components at the interface i + 1/2, respectively. The
first line of (38) is used only for the multiple eigenvalues A = 141/, in the normal-to-body ()
direction. Equation (38) is used only for M = 3.55 flow around the spherical projectile to better
cure the carbuncle-like abnormality of the combustion front, whereas the H-type correction is used
for all other cases.

For MUSCL-Roe scheme, we employ the second-order MUSCL reconstruction [12] from the cell
averaged values

L
Ui+%

I
R _uy,
UR L = Uit = 5RY, 9 (AW, 1 AW, 4).

1 *
= Uit 3Ry 0 (AW AW, ). 9

The limiter function ¢ (a, b) is a minmod function, and the differences of the characteristic variables
are

AWkJr%:R;:i Uk —Up), i—1<k<i+]1. (40)

Unlike simple average between U; and U; 4+ as in previous literature [31], we use Roe average of

Lx R . . * *—1 s el
U5 /2 and U;T7| /2 to compute eigenvector matrices RY /2 and R /2 needed for characteristic

decomposition. The ‘x’ states are computed using component-by-component reconstruction of
conservative variables

1 1
L R
UL, = Uit 56 (AUp AUy ) URS = Uiy =56 (AU AU ) @D
Numerical tests with M = 6.46 indicate that this choice can prevent residuals flattening for

MUSCL-Roe scheme on coarse meshes.
For WENO-Roe scheme, we employ the one-dimensional fifth-order WENO reconstruction for
the left and right states of the interface according to [32,41]:

1
U,-LJr% =1 (—Ui—1 +7U; +7U; 41 — Uig) —

2

R 10 (AW, 3. AW, AW, 1 AW, 5)),

1 (42)
Uﬁ% =0 (=Uj—1 + 7U; + 7U; 41 — Uig2)+
R, 10 (AW, 5 AW, 3 AW, 1 AW, ).
The nonlinear function ¢ is defined as
p(a,b,c,d) = %a)o(a —2b+c)+ é (a)z — %) (b—2c+4d), (43)
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with the nonlinear weights given by

Qo (%%

wp=——, wpy=— 44
0 oo + o1 +az 2 oo + o1 +az )

1 6 3
o)y ————F—F=,01 = —————=, 0 = 5 45
T 1802 T @482 T (e +1S,y)2 )
ISo = 13(a — b)? +3(a —3b)2, I1S; = 13(b —¢)?> + 3(b + ¢)?, 46)

1S, = 13(c —d)? + 3(3c — d)>2.

Remark on e. The numerical effect of this parameter has been discussed in [42]. Because the
left eigenvectors are differently scaled so as to affect smoothness indicator ISk, € is tuned in
1076 ~ 107 in the present work.

3.2. Schemes based on local Lax—Friedrichs splitting

Let ll $1/2 denote the sth left eigenvector of the Jacobian matrix A; /> and ry +1/2 that denote
the sth right eigenvector. The left eigenvector is a row vector, and the right eigenvector is a
column vector. The eigenvectors can be evaluated using simple average between U; and U;; [31].
Givenl; 11/, the inviscid flux and conservative variables can be projected into the eigenvector space
as follows:

fks—ll+1 Fy, wy = l+1 Ug, 1<s<m, i—1<k<i+2, 47)

where m is the number of components of vector U. The local Lax—Friedrichs splitting of the
characteristic component flux is

1
KE=5 (B Ev ) wp), (48)
where /(A1) is the entropy fix function (36) and A® = max;_j<g<i+2 Mi| is the sth maximum
eigenvalue over the relevant stencil of NND scheme [14]. After the characteristic numerical fluxes

are constructed with MUSCL formula (41), they are transformed back to the physical space to obtain
NND-LF scheme

F?f? = (Fi + Fit1)
1 Z[( sharm)—e(anmpans ) -rae, e,

where A fksfl 2 = s +1 f , I —1<k < i+ I Similarly, one can obtain WENO-LF
scheme [32]

(49)

R R R LIS o [ (Y RV RV RY)

o (arparsyarany) |y

where A* = max; _,<r<i+3 |Ai’
The fifth scheme used in this paper is the well-known Harten—Yee second-order upwind TVD
scheme [33]. For details, see [33] or [9].

(50)
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3.3. Boundary treatment

To compute the numerical flux on boundaries, ghost cells outside the computational domain are
used. The values of ghost cells depend on specific boundary conditions. On the supersonic inflow
boundary, the ghost values are set to free-stream values, whereas on the supersonic outflow bound-
ary, they are constantly extrapolated. On the body wall, nonslip, isothermal or adiabatic, and non-
catalytic conditions are used to determine the first ghost cell for evaluating the viscous flux and the
physical flux on the boundary, but reflection boundary conditions are utilized to obtain ghost values
for evaluating dissipation terms in all schemes. Reflection conditions are used on the symmetry axis
to determine ghost cells. Geometric metrics of all ghost cells are determined according to reflection
from corresponding inner cells.

4. NUMERICAL RESULTS

Two shock-induced combustion problems for a spherical projectile and a ram accelerator are con-
sidered in this study. Five different mesh sizes, which are 2562, 3842, 5122, 7682, and 10242, are
used. We call mesh size = 5122 as fine meshes, < 2562 as coarse meshes, and in between as
medium meshes. Computation is assumed to reach steady state when residuals drop by three orders
of magnitude.

4.1. External flows past a spherical projectile

A spherical projectile with 15 mm diameter was shot into the explosive gas mixtures of H/O;
(2H, + O,) at the speed of 1892 m/s and of Hy /air(2H; + O, + 3.76N,) at the speed of 2605 m/s
respectively corresponding to Figures 1 and 5 in Lehr’s benchmark experiments [4]. For simplicity,
the computational domain covers only the hemisphere. The incoming flow conditions for the two
cases are summarized in Table I. The inlet boundary conditions are free-stream states, whereas the
supersonic outflow boundary conditions are zero derivative for flow variables. Nonslip, adiabatic,
and noncatalytic boundary conditions are enforced on the body surface. Symmetric flow condi-
tions are applied at the symmetric axis. Both of the two cases are initialized from the free-stream
condition. We adopt Evans’ seven-species 16-reactions model for H, /O, mixture combustion and
eight-species 16-reactions model for H, /air mixture combustion [43] in our simulation. The reaction
model is processed with the chemical kinetics package chemical kinetics.

Figure 1(a) shows comparison of convergence history of the five schemes for M = 3.55 case on
the 2562 mesh. For all schemes, equation (38) is used with €y = 0.4 to suppress the carbuncle-like
phenomenon on the combustion front. It can be seen that NND-LF, MUSCL-Roe, and TVD schemes
converge well. WENO-LF converges a little bit slower, whereas WENO-Roe is slowest and halts
above 107> after dropping by three orders of magnitude. Figure 1(b) shows convergence histories
on the 5122 mesh. It is seen that WENO-LF can converge to small residual, whereas WENO-Roe
can only halt at 107> Although not shown here, all schemes have similar convergence behavior as
Figure 1(a) on the 7682 mesh. Anyway, they all converge to steady state.

Figure 2 shows comparison of the temperature distributions along the front symmetry axis for
M = 3.55 case as computed with different schemes. As the analytical solution is not available, we
use the result computed by NND-LF scheme on the 10242 mesh as the ‘exact’ reference solution.
One can see that the positions of the shock and deflagration fronts are different for different schemes.
The shock and deflagration fronts of NND-LF, MUSCL-Roe, and TVD schemes are in turn close to
the reference solution. The shocks of WENO-LF and WENO-Roe schemes are in better agreement
with the reference solution, but the deflagrations by them are worse than the other three schemes.

Table I. Two typical inflow conditions in Lehr’s benchmark experiments.

M U @m/s) a(m/s) Dcy(@m/s) T (K) p(mmHg) Gasmixture

3.55 1892 533 2550 293 186 H/0,
6.46 2605 403 2055 293 320 Hp /air
Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2013; 71:1422-1437
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Figure 1. Convergence histories of various schemes for M = 3.55 flow past the spherical projectile on two
different meshes, CFL = 1.
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Figure 2. Axial distribution of temperature for M = 3.55 case on the 256> mesh.

This deterioration of accuracy in the combustion front is also visible in density contours shown
in Figure 3. Figure 3(a—c) shows that the combustion front is normal to the symmetric axis, but
Figure 3(d and e) shows that it is slightly oblique to the symmetric axis, whereas the enlarged
Figure 3(f) shows that it is more abnormal for WENO-Roe with H-type fix (37). The obliqueness
is a reminder of the carbuncle-like abnormality on the combustion front. WENO schemes have
less dissipation than the other schemes so that they are more severely plagued by the carbuncle-
like abnormality. Furthermore, certain degree of numerical oscillations occurs after the shock in
the WENO results, which may further amplify combustion instability, resulting in convergence
difficulty in the following M = 6.46 case.

Figure 4(a) shows the convergence histories for M = 6.46 case on the coarse 256> mesh. The
entropy fix (37) is applied to NND-LF, MUSCL, and TVD, whereas the entropy fix (38) with €y = 1
is applied to both WENO schemes. One can observe that NND-LF, MUSCL, and TVD schemes can
converge to steady states, but both WENO schemes can only drop two to three orders of magnitude
even with this larger entropy correction. Their residuals always oscillate around 10~ on further
finer meshes and do not converge at all. However, Figure 4(b) shows that WENO schemes can con-
verge well on the 7682 mesh for the nonreactive case. Figure 4(c) shows that NND-LF, MUSCL, and
TVD schemes can converge for the reactive case on the 5122 mesh. On the 7682 mesh as shown in
Figure 4(d), even the most robust NND-LF scheme cannot converge irrespective of viscous, inviscid,
or smaller Courant, Friedrichs and Lewy (CFL) number options.

Figure 5 shows the comparison of density contours for M = 6.46 case on 2562 and 5122 meshes.
One can see that the shock and combustion locations at the outlet plane for NND-LF, MUSCL, TVD,
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Figure 3. Density contours for M = 3.55 case on 2562 mesh. Symbols are experimental [4].

WENO-LF, and WENO-Roe are in turn closer to the experimental symbols, which is in accordance
with our expectation. WENO schemes have better resolution than the former three schemes on 2562
meshes even though they have used larger entropy correction. The density contours on 5122 meshes
as computed by NND-LF, MUSCL-Roe, and TVD are much improved over those on 2562 meshes,
and differences between them are indiscernible. We show only MUSCL-Roe results in Figure 5(f).

The M = 6.46 case with detonation waves shows that all the five schemes do not converge on
7682 meshes. The following case of the supersonic ram accelerator will also show that convergence
difficulty occurs above 5122 meshes.

4.2. Internal flow past a ram accelerator

The configuration of the ram accelerator [6] is composed of a tube and a projectile with diameters
of 3.0 and 1.95 cm, respectively. The length of the projectile is 15 cm, and its half cone angle is
14°. The gas mixture is composed of 2H, + O, 4 3.76N,. The boundary conditions of the inlet
are the free-stream conditions: M = 6.7, poo = 1 atm, Txxc = 300 K. The nonslip, zero normal
pressure gradient, isothermal, and noncatalytic boundary conditions are applied on the projectile’s
and tube’s surfaces with 7, = 600 K. The tube wall moves at the speed of the free-stream velocity.
The symmetric conditions are applied along the symmetry axis, and the zero-derivative extrapola-
tion conditions are used for flow states at the outlet that is located 8 tube diameters downstream of
the projectile.

Figure 6 shows the comparison of convergence history on different meshes. It is seen that NND-
LF, MUSCL, and TVD schemes employing the H-type correction can converge on 2562 and 3842
meshes. However, WENO-LF and WENO-Roe schemes must employ larger entropy correction to
ensure convergence on 2562 meshes. The residual of WENO-Roe blows up on 3842 meshes, and
all the schemes are either oscillatory or diverge on 5122 meshes. This numerical divergence may be
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Figure 4. Convergence histories on different mesh sizes for M = 6.46 case, CFL = 1.

related to a physical phenomenon called ‘unstart’ for supersonic ram accelerator flow, in which a
detonation wave is formed in front of the projectile and the projectile is retarded instead of thrusted.
When the detonation moves upstream of the inlet boundary, computation always overflows because
of inappropriate boundary conditions applied.

Figure 7 shows the comparison of pressure contours between various schemes on three mesh
sizes. The converged results on 2562 and 3842 meshes for NND-LF, MUSCL-Roe, and TVD
schemes are close to one another, which illustrate that there is a detonation wave at the start of the
throat, whereas the converged WENO results on 2562 meshes and the unconverged MUSCL-Roe
results on 5122 meshes all show a detonation wave at further upstream position. The convergence
on coarse to medium meshes but nonconvergence on finer meshes reflects that there are special
difficulties in calculating some steady-state shock-induced combustion problems.

4.3. Discussions

Failure to converge to steady states on fine meshes is not scarce in flow simulation, but it needs
attention. There are two categories of mechanisms for this, one is physical, another is numerical.
The benchmark problem of M = 3 supersonic flow past a forward step in a channel that belongs to
the first category, where transitions from steady state to unsteadiness can be triggered by instability
of the contact discontinuity. This results in failure to converge for a steady solver, as finer and finer
vortices occur on gradually refined meshes in previous simulation [44]. But present M = 6.46 case
seems to be of the second category, as experimental picture [4] shows that there is no observable
unsteadiness for the shock and the combustion fronts, whereas our unconverged density contours
have false unsteady patterns (not shown in this paper). We are not sure whether M = 6.7 case is
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Figure 5. Density contours for M = 6.46 flow past a hemisphere on 2562 and 5122 meshes. Symbols are
experimental [4].
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Figure 6. Convergence histories on different meshes for M = 6.7 ram accelerator flow. CFL numbers vary
from 0.2 to 0.5 for different schemes.

steady or not. The two cases were thought to be steady-state flows based on coarse to medium mesh
simulation in quite a few papers [6, 7, 9].

We have conducted both viscous and inviscid simulations and used different CFL numbers as
demonstrated in Figure 4(d), but results on the 768 fine mesh are still not converged. It is noted
that we also used Jachiomowski’s reaction mechanism, yet the residuals did not converge just on
a finer mesh like 1024%. This means that the bad convergence on fine meshes may come from the

Copyright © 2012 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2013; 71:1422-1437
DOI: 10.1002/fid



CONVERGENCE ISSUES FOR STEADY SHOCK-INDUCED COMBUSTION PROBLEMS

0.015
0.01+4
[Te}
Y
0.005
0 T
0.35
(a) NND-LF, 2562 mesh
0.015 VUVUU I L
0.01+4
Te}
<
o ﬂ/\ /W (W
0
0 5
(b) MUSCL- Roe, 256% mesh
0.015 L ‘
o 0014 \/’J
S
N, ﬁ ﬂ
0l ; : N
0 0.05 0.1 0.15
(c) TVD, 2562 mesh
0.015 L L
L/ U
0.01
[Te}
5 )
\ ol Dl dp [1 [}
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
X
(d) MUSCL-Roe, 384 mesh
0015\ n L L Il L L
i P TTTTUTTTU
o 0.01
R
0.0054 rﬁ? m
0l ‘ ‘ ‘ “ﬂ ‘ : ; ;
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

(e) MUSCL-Roe, 512 mesh, unconverged

Uw/\m 1)

0. 25 0.35

(f) WENO—LF, 2567 mesh

\ A WU U
.15(\

(2) WENO-Roe, 256% mesh

Q

Figure 7. Pressure contours for M = 6.7 flow in a ram accelerator.
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poor numerical treatment of the stiff nonlinear chemical source terms, particularly the coupling of
shock and deflagration as in M = 6.46 and 6.7 cases. However, we have not tested other numerical
remedies like a robust preconditioned solver that is capable of overcoming matrix stiffness rather
than the LU-SGS scheme and a new scheme that can reflect the mechanism of the hydrodynamic—
chemical interactions correctly. Finally, if these optional remedies do not work for M = 6.46 and
6.7 reactive cases, then one must use a DNS solver with very dense meshes to resolve detonation,
shock, combustion, and diffusion zones to obtain statistically converged results.

5. CONCLUSIONS

We have compared numerical performance of five high-resolution schemes for computing pre-
sumedly steady-state shock-induced combustion problems using gradually refined meshes. It is
concluded that all these schemes can converge to steady-state solutions for nonreacting flows
and simple reacting flows without shock—deflagration interactions using as fine as 7682 meshes.
The robustness of convergence in descending order are NND-LF, MUSCL-Roe, Harten—Yee TVD,
WENO-LF, and WENO-Roe. For cases where shock and deflagration fronts have coupling and sep-
aration, even if the robust NND, MUSCL, and TVD schemes can obtain steady-state solutions on
coarse to medium meshes, they cannot converge to steady states on even finer meshes. Obtain-
ing grid-independent steady solutions for such cases is very difficult if not impossible. Before
more sophisticate DNS approach is invoked to obtain statistically converged results, we wish to
use a more robust preconditioned solver than the LU-SGS scheme, which may overcome matrix
stiffness on fine meshes, and develop new scheme that can model the intricate mechanism of
hydrodynamic—chemical interactions correctly. These will be for future work.
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