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CONVERGENCE ANALYSIS OF PSEUDOSPECTRAL METHOD WITH
RESTRAINT OPERATOR FOR FLUID FLOW WITH LOW MACH
NUMBER

ABDUR RASHIDTAND LI YUAN{

ABSTRACT. In this paper, we propose a three level Pseudospectral scheme with restraint
operator to solve the periodic problem of fluid flow with low Mach number. The gen-
eralized stability of the scheme is analyzed and the convergence is proved. Numerical
results are presented.

INTRODUCTION

The fluid flow with low Mach number is governed by the following partial differential
equations:

aa—[t](x, t)+ (U(z,t)-V)U (z,t) + VP(x,t) — vV2U(2,t) = f(x,1),
9 (z,t) + (U(z,t)-V)P(z,t) =0, (2,t) € Qx (0,T], (1)
U(z,0) = Uy(x), P(z,0) = Py(x), x€Q,

where Q = (0,27)%, v > 0, is the viscosity coefficient. The speed vector and the pressure
are denoted by U = (Uy,Us) and P respectively. The functions Uy, Py and f are given
with period 27 for all the space variables.

Spectral methods are classical and largely used technique to solve differential equations,
both theoretically and numerically. In recent years, spectral and pseudospectral methods
have become very popular with their applications to computational fluid dynamics [1-
4.,7]. The pseudospectral methods are easier to implement for nonlinear partial differential
equations. But they are not stable as the spectral ones due to ”aliasing” especially for the
flows with low Mach number. Therefore some authors proposed the filtering technique
[6,9] to remedy the deficiency of instability.

The aim of this paper is to consider the periodic boundary value problem of fluid flow
with low Mach number. A three-level pseudospectral scheme with restraint operator in
combination with second order time differencing technique is constructed for fluid flow
with low Mach number. The rate of convergence of the resulting scheme is O(72 + N~%),
where s depends only on the smoothness of the exact solution.
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1. THE SCHEME

Let ) -
(u,v) = (47r)2/ﬂu(x)v(x)dx
flf = () lul = | 5

Let Z be the set of integers. For k = (ki, ky) € Z2, k-x = ki-x1 + koo,

bl = max([fal + hal), K] = (ky + k)"
For any positive integer N, we define
Viy = span{e**|keZ?, |k| <N},
Wy = span{e®*|keZ?, |k|<N},
let h = 5 ]\2,11 be the mesh size in the variable x and
Qn = {(ih,jh) 14,7 =0,1,2,....2N},

The discrete inner product and norm are defined respectively by
noo2
1/2
(u,0)y = m;m)v(m I = (u,0) 7,

Py : L*(Q)—Vy be the orthogonal projection operator, i.e.,

(Pyu,v) = (u,v), YoeVy,
P.: C(2)—Vy be the interpolation operator,i.e.,
Pau(x;) = u(x;), Vo, €Qy.
Now, we define the restraint operator R,, for a > 1, that is, if

u(z) = Z ugexp(tk-x).

[k|<N

&m@y:§:<1-H%

|[k|<N
Let 7 be the mesh size of the variable t and

R, = {t|t = kr, 1<k< [Z] } ,
-

we denote u(x, t) by u(t) or u sometime. Let

Then

} ) ug exp(2mik-x),

up= oolult +7) — ult — 7)), 2

mozému+ﬂ+uu—ﬂL (3)

let u and p be the approximation to U and P respectively. To approach the non linear
term (U - /) U suitably, we define

0 0
J (u,v) = 8—:L’1PC (v(l)u) + 8—362PC (v(z)u) : (4)
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where v, v are the components of v.
The pseudospectral scheme for solving (1) is to find u(¢) € Viy and p(t) € Wy, for t € R,
such that

o (5)
u(0) = P.Uy, u(t) = P. (Uo + 7%(0)),
p(O) _PCP07 p(T) :Pc (PO_I'T%_f(O))a

2. MAIN THEORETICAL RESULTS

For error estimations, we need some notations, let

1r(5) = {u| lul=( [ |u<x>|pdx)1/p<oo},

In particular, the inner product and norm are denoted by (-,-) and || - || respectively for

p = 2. For any positive integer, let | u |u = ‘ %H )

m
H"(Q) = {Ul lull = Juls < OO},
k=1
For any positive constant pu, H*(Q) is the complex interpolation space between H"(Q)
and H*1(Q). Define
HIQ) = {u|u € H*(Q),u(x) = u(x + 27)},

Let C3°(€2) be the set of all infinity differentiable functions with period 27 for xy, zs.
Clearly H}/(€2) be the closure of C3°(€2) in H*(€2).Let B be a Banach space. Define

L*(0,T;B) = {u|u :[0,T] — B, uis strongly measurable and [ul| 2 7.5 < oo} ,

C(0,T;B) = {u|u :[0,T] — B, u is strongly measurable and |[ul|¢7.p) < oo} :

where

T 1/2
2
ullr20,7.8) = (/0 Jullz dt) s lullerp = max [[u®)]p

0<t<T

Moreover for any integer S > 0, let

H5(0,T; B) = {u(:zs) € L*(0.T; B), Jull ys oz < oo} ,

9\ 1/2
B)

we now consider the generalized stability of scheme (5). Suppose that the initial values

equipped with the norm

s

lull 750 7,5 = (Z

k=0

o
ok
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second equation have errors f and § respectively. Then the error @(t), p(t) of u(t) and
p(t) satisfy

Ur(t) + Rad (Rou(t), (t)) + RoJ (Rati(t), u(t) +i(t)) + Vp(t)
—vV2u(t) = f(1),
pilt) + Rad (Rap(t), ult)) + RaJ (Rap(t), u(t) + u(t)) = g(t), (6)
u(0) =up,  u(r) =1,
| P(0) = Do, p(T) = D1,

For describing the error, we introduce that ¢t € R,

t—1

B() = [T + 152 + 207 3 [fr)

t/_

p(t) = [EO)I* + PO + l[a()I* + 1P + TZ H(t

t/_
H(t) = [If®)° + llg@)]*
Here after ¢ is positive constant independent of N, 7 and any function, which could be
different in different cases

Theorem 2.1. Let 7 be suitably small, then there exit positive constants A and A* de-
pending only on v, |||u|||w and |||p|||s, such that iffor somet € R,

p(t1) exp(2At;) < 4=,
then for allt € R, and t < t1, we have
E(t) < p(t)e*
Next we consider the convergence. Define
UY =PyU, PN=PyU, U=U"-U P=P"—p,
we derived from (1) and (5) that
(U:(t) + RoJ (Raz?(t), UN 4+ ﬁ(t)) +R,J (RC,UN, (7) _ V(1) = VD(1) =
"B, — By — Fy — vAE, — VE;,
P 4+ RoJ(Ro P(t),UN + U(t)) + RyJ(RPN,U) = —E¢ — 7 — E, (7)
U0) = (P.— Px)Us,  U(r) = (Pe= Px)(Uy + 70,U(0) = U(7)),
(P(0) = (P — Pv)h, P(r) = (P — Py)(Po + 70,P(0) — P(7)),

Where

N
Ey(t) = (R,P. —PN)f
Es(t) = Ry J(RUN,UN) — Py[(UV)U],
Eit)=UN-UV,
Es(t) = PN — PV,
PN

Eg(t) = PY —W(t%
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Eq(t) = Ry J(R PN, UN) — Py[(UV)P],
We have the following result

Theorem 2.2. Assume that the exact solution (U,P) of (1) satisfied the following smooth-
ness, U € H3(0,T;L*(Q)) N\ H*0,T; H'(Q)) N C(0,T; H*Y), P € H3(0,T; L*())

N HY(0, 75 HY(Q)) C(0, T: H+), f € L2(0,T; H*).

Then for all t <T,

IU(t) = u(®)]]® < B*(r* + N79),
Where B* is positive constant depending only on v and the norm of U and P in the spaces
mentioned above.

3. THE PROOF OF THEOREMS

We now prove Theorem 2.1. By taking the inner product of the first equation of (5)
with 25(1&) and second equation with 2P(t) and combining, we get

() + 15() )z + 2v () + ZF] < |[a®)|? + [B)1° + H(t) (8)

Where
Fy = 2(RaJ(Ra(t), (t), u(t))),
Fy = 2(RaJ(Rau(t), u(t)) + RoJ (Rati(t), U(t), ult)),
Fy = 2((Vp(t), a(t)), p(2)),
Fy = 2(RaJ(Rap(t), 0(1)), B(t)),
Fs = 2(RoJ (Rap(t), u(t) + U(t)), p(t)),
H(t) = [IF )] + 3@

Now we are going to estimate |F}]

. By using equations (9.1.10), (9.1.15) of [3] and the
embedding theorem, we get

IRl < PR+ o)
1) < SRR + il
Bl < SRR + 507,
IBx] < ST + S Pl 1501,

V= cN ~ =
B3] < S+ —lul ISP + [IPO1°)
By substituting the above estimations in (8), we get

(O] +1BI)e+vIal: < AGON+ 1)1+ [T + B + BlIE®)|* + H() (9)

cN
A=1+- (N+1)IIIUIII2 —|||p|||§o B=—
In fact

Y

[0 < GO+ 7)I? + e — ),
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B < S5+ DI+ 13— 7)),

Summing up (9) for ¢’ = 7,27, ........... t — 7, we have
t—T1
E(t) < p(t)+ 27 Y _[AE(Y) + BE*(t)],
t'=T1

Where E(t) and p(t) are defined in section 2. Finally by applying Lemma 3.2, page 97 of
[5], we complete the proof of Theorem 2.1
We now turn to proving Theorem 2.2. we have to estimate the right term in (7)

TZ | B (' ||2 < c7‘4||UN||H3 (0,T;L2(Q))>

=1

TZHE2 H2 <cN™ 2H||fN||L2 (0,T;H~(Q))?

t/_

TZIIEs WP < eNT2NU N g

=1

TZ |E(t)]} < CT4||UNHH2(0TH1)

t/_

TZ IEsI1* < 7 1 PY 2 0,2:22),
t/_

t—1

Y )P < erIIPY a0z,

tl_

TZIIE7 ? < eNT2 Uy + N2 U]
t/_
Finally, we can prove that

1U()||? < UM a2 0,11 ()
||15(7)||2 < CT4||PN||.2H2(0T-H1(Q))>
ITO)[IF < N> (|ToI3 41,
IPO)[I < eN (| Py,
Thus by the argument similar to that in the proof of Theorem 2.1, we get

UTOPHIBOP)TOR < ANTOIHIPOIPHIT@ P2+ BT [+ Ha(#)

(10)
C C
A1=1+;(N+1)|||U|||?,oo+;|||P|||?,oo B, = B,
Hl(t) :A2(74+N_2S)
t—1

E(t) = [[U®)* + | POI +20m Y U],

tr=1
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WP+ 7 Z Hi (
t/_

Where A; and By are positive constants depending on v and the norm of U and P in the

spaces mentioned above. Finally by summing up (10) for ¢ € R., and applying Lemma

3.2 page 97 of [5], we complete the proof of Theorem 2.2.

p(t) = 1T O)* + | PO)* + | T(7)|* + | P(r) ) < Bo(r! + N7%),

4. NUMERICAL RESULTS

The test functions are
Ui (1, z2,t) = — cos(xy) sin(zs) exp(wt)
Us (1, z2,t) = sin(xy) cos(z) exp(wt)
P(x1,x9) = cos(zy) sin(zz)

and
Uy(z1,x9,t) = —Acos(xy) exp(sin(zy) + sin(zs) + wt)
Us(x1,x9,t) = Acos(zy) exp(sin(zy) + sin(zy) + wt) (12)
P(x1,15) = Aexp(sin(zy) + sin(z3))
where A and w are parameters. For describing the errors, we define
1/2
Ui t) — U; t 2
B = | Zeaal MO ~12 (13
ZZ‘EQN‘Ui(t)P
1/2
P(t)— P(t))?
2 ey P2

where u; and p are the solution of scheme (15). For comparison, we consider also two
level pseudospectral scheme of (1) (see [9]). The calculation is carried out for 7 = 0.01.
We first consider test function (11), the results shows that the computation is quite
accurate, even with small N (N=4). Besides the three-level scheme gives better results
than the two-level one and the effect of the restraint operator is not very clear (see Table
1 and Table 2).

Secondly, we examine the effect of R, on the computation by test function (12), if the
vibration of the genuine solution of (1) is small (e.g A=0.1), the effect of R, is not clear
(see Table 3 and 4).

If the vibration of genuine solution is big with small viscosity, (e.g., A=1.0, v=.001),
then the effect of R, is very clear (see Table 5).
The value of « in the restraint operator must be suitably chosen. if « is too small, the
approximation accuracy is lowered. The best vale of « is different in different cases. In
this computation suitable choice of « is about 5 as in [8].

TABLE 1. N=4, v=0.001, w=-0.02 t=1.0
Three-Level Scheme(5) Two-Level Scheme
a=2>5 a=10 a=00 | a=25H a=10 a = 00
E(uy,t) | 11277E-5| .16131E-5 .17347E-5 | .62866E-4] .61588E-4] .61590E-4
E(ug,t) | .11265E-5| .15695E-5 .16654E-5 | .60811E-4] .63040E-4 .63014E-4
E(p,t) | .97947E-6| .92526E-6| .16099E-5|.10042E-3 .11388E-4| .65148E-4




142 APPL. COMPUT. MATH., VOL. 2, NO. 2, DECEMBER 2003
TABLE 2. N =4, v=20.00001, w=1.00, t=1.0
Three-Level Scheme(5) Two-Level Scheme
a=95 a=10 o = 00 a=95 a=10 o = 00
E(uq,t) | .40200E-3 39606E-3 | .39669E-3 | .40614E-2 | .39749E-2 .39815E-2
E(ug,t) | .[40200E-3 | .39605E-3| .39668E-3 |.40608E-2 | .39743E-2 .39805E-2
E(p,t) | .17225E-3 A7687E-3 | 17929E-3 | .17459E-2 | 1TT7T7E-2 18108E-2
TABLE 3. N=8 v=001, A=01 w=01 t=1.0
Three-Level Scheme(5) Two-Level Scheme
a=95 a=10 o = 00 a=95 a=10 o =00
E(uq,t) | .38458E-4 | .36323E-4| .36323E-4 | .58680E-4 | .55130E-4| .55094E-4
E(ug,t) | .38410E-4 | .36323E-4| .36331E-4 | .57759E-4 | .54549E-4| .54512E-4
E(p,t) | .20745E-4| .15669E-4| .15626E-5 | .86585E-5| .79643E-5| .79752E-5
TABLE 4. N=8 v=01, A=01 w=01 t=1.0
Three-Level Scheme(5) Two-Level Scheme
a=95 a =10 o =00 a=95 a=10 o = 00
E(uy,t) | .26178E-3 | .27205E-3| .28229E-3 | .30902E-3 | .31767E-3| .32872E-3
E(ug,t) | .26186E-3 | .27047E-3| .28199E-3 | .30910E-3 | .31717E-3| .32925E-3
E(p,t) | .19092E-3 | .20182E-3| .21099E-3 | .21319E-3 | .22309E-3| .23246E-3
TABLE 5.  N=8, v=0001, A=10 w=01, t=10
Three-Level Scheme(5) Two-Level Scheme
a=5] a=10 a =00 a=5 a=10 a =00
E(uy,t) | 49588E-3 | .36755E-2 | .26314E-1 | .56969E-3 | .35156E-2 .12100E+0
E(ug,t) | .45328E-3 | .27603E-2 | .26202E-1 | .52023E-3 | .28866E-2 13685E+0
E(p,t) | .32006E-3 | .22852E-2 | .19102E-1 | .37414E-3 ‘ 22331E-2 ‘ 72320E-1
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