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We study a reduced Poisson-Nernst-Planck (PNP) system for a charged spherical solute
immersed in a solvent with multiple ionic or molecular species that are electrostatically
neutralized in the far field. Some of these species are assumed to be in equilibrium.
The concentrations of such species are described by the Boltzmann distributions that are
further linearized. Others are assumed to be reactive, meaning that their concentrations
vanish when in contact with the charged solute. We present both semi-analytical solutions
and numerical iterative solutions to the underlying reduced PNP system, and calculate the
reaction rate for the reactive species. We give a rigorous analysis on the convergence of
our simple iteration algorithm. Our numerical results show the strong dependence of the
reaction rates of the reactive species on the magnitude of its far field concentration as
well as on the ionic strength of all the chemical species. We also find non-monotonicity
of electrostatic potential in certain parameter regimes. The results for the reactive system
and those for the non-reactive system are compared to show the significant differences
between the two cases. Our approach provides a means of solving a PNP system which in
general does not have a closed-form solution even with a special geometrical symmetry.
Our findings can also be used to test other numerical methods in large-scale computational
modeling of electro-diffusion in biological systems.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

Concentrations of ionic and molecular species are key quantities in the description of biomolecular processes at
nanometer to submicron scales. For instance, the concentrations of ligands (substrates), receptors (enzymes), and ions
regulate almost all biomolecular and cellular activities. Variations in such concentrations often result from molecular
diffusion, reaction, and production or depletion. As the random motion arising from thermal fluctuations, molecular
diffusion causes the spread of localized signals for intracellular and intercellular communications. Chemical reaction and
enzymatic regulation are also associated with the diffusion, production, and depletion of molecular species. This way,
molecular diffusion and enzyme reaction form a coupled system which is often associated with signal transduction, gene

expression, and metabolism networking.
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Biomolecular diffusion is often driven by an electric field. In such electro-diffusion, the electrostatics can strongly affect
the diffusion which in turn affects the rate of association between molecules such as the binding of a ligand to a receptor;
cf. e.g., Refs. [1,2]. The electric field in a charged biomolecular system is determined not only by target macromolecules but
also by the concentrations of all the charged species, including diffusive ions and small charged molecules.

Mean-field approximations of diffusive molecules or ions are often given by the system of Poisson-Nernst-Planck (PNP)
equations. Such a system describes properly the coupling of electrostatics and diffusion of charged chemical species. The
PNP system is a combination of Nernst-Planck equations and Poisson equation. The Nernst-Planck equations describe the
time evolution of concentrations of chemical species. They are of the form

8c,»

rvie V- [Di(Vei + BaiciVy)] = 0,
where ¢; = ¢;(x, t) is the local concentration of the ith charged molecular or ionic species with charge g; at the spatial point
x at time t, D; the diffusion constant, and 8 the inverse thermal energy. The Poisson equation, given by

VeV = —p,

relates the electrostatic potential ¢ and the charge density p that consists of both fixed and mobile charges, the latter being a
linear combination of all the concentrations c;. Here ¢ is the product of the dielectric coefficient and the vacuum permittivity
&o. (More details of these equations are given in the next section.)

In case of no chemical reaction, the steady-state Nernst-Planck equations lead to the Boltzmann distributions of
concentrations in terms of the electrostatic potential [3]. The Poisson equation then becomes the Poisson-Boltzmann
equation [4-10]. For reactive chemical species, the non-equilibrium charge distributions deviate from the Boltzmann
distribution, and the Poisson equation is needed to determine the electrostatic field. In this case, the PNP system can
then be used to calculate the reaction rate. Such calculations are important, as recent studies have shown that substrate
concentrations affect the reaction rates, a fact that is ignored in the usual Debye-Hiickel limiting law [3,11].

The PNP system can be hardly solved analytically, even for the steady-state system with a very simple geometry. The main
difficulty arises from the nonlinear coupling of the electrostatic potential and concentrations of chemical species. Numerical
methods for PNP systems have been developed for simple one-dimensional settings and complex three-dimensional models,
and have been combined with the Brownian dynamics simulations; cf. Refs. [12-21].

In this work, we consider a reduced PNP system for diffusion of ionic or molecular species in a solution in an electric
field induced by charged molecules. The modification from the full PNP system is made by assuming that the concentration
of each non-reactive molecular species is given by the Boltzmann distribution. Such distributions are linearized, mimicking
the Debye-Hiickel approximation. The concentration fields to be determined are those of reactive species. We focus on
a spherical, uniformly charged solute particle in a solvent with multiple molecular or ionic species, and only consider the
steady-state of the system. We first derive semi-analytical solutions of the underlying, reduced PNP system. We then present
a simple iteration method for numerically solving the system using our semi-analytical solution formula. The convergence of
our numerical method is proved. We further calculate numerically the equilibrium concentrations, electrostatic potential,
and the reaction rates of reactive species. We finally compare our result with that of the case of no reactive species. Our
work provides a means of solving a PNP system which in general does not have a closed-form solution even with a special
geometrical symmetry. Our findings can also be used to test other numerical methods in large-scale computational modeling
of electro-diffusion in biological systems.

In Section 2, we describe our reduced PNP system. In Section 3, we derive the semi-analytical solution formula and present
our numerical scheme for obtaining the solution. In Section 4, we use our formula and scheme to calculate the electrostatic
potential, the molecular or ionic concentrations, and the reaction rates of reactive species. In Section 5, we compare our
results with the case that all the chemical species are non-reactive. Finally, in Section 6, we draw conclusions. In Appendix A,
we give details of our derivation of our semi-analytical solution formulas; in Appendix B, we prove the convergence of our
numerical scheme.

2. Model description

We first describe our reduced Poisson-Nernst-Planck (PNP) system for a general case in which some charged solutes are
immersed in a solvent. There are multiple, diffusive ionic or molecular species in the solvent. Some of them are reactive and
some are not. We then describe our reduced PNP system for a uniformly charged spherical solute in a solvent with multiple
ionic or molecular species.

2.1. The general case

Let £2 denote the entire region of an underlying solvation system. Let £2,;, and §2; denote the solute region and solvent
region, respectively. Let also I" denote the interface that separates £2; and £2,,, cf. Fig. 2.1. We shall use the interface I" as
the dielectric boundary. Let &, and &; denote the dielectric constant of the solute region £2,;, and that of the solvent region
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Fig. 2.1. The entire region of a solvation system §2 is divided into the solute region 2, and the solvent region £2; by the dielectric boundary I".

£2;, respectively. We define

_Jemeo ifx € 2,
£(x) = {esso ifx € £2;.

We assume that the solutes are charged with a fixed charge density p; = o5 (x) distributed over the solute region £2,,.
We also assume that there are M ionic or molecular species in the solvent. We denote by c;(x) the local concentration of the
ith such chemical species at a spatial point x in the solvent region §2;. The mobile local charge density in the solvent region
is given by

M
pi(x) = qucj(x) forany x € £,
=1

where q; = zje with z; the valence of jth species and e the elementary charge. We recall for any region D in the space that
the characteristic function xp = xp(x) is defined by xp(x) = 1ifx € D and xp(x) = 0if x & D. With the characteristic
functions xg,, and xg,, the total charge density p = p(x) of the entire system region is then given by

PX) = XenX)pr(X) + xo,®)pi(x) ifx e 2
_ o) ifx € 2y,
T i) ifx e £2.

The full Poisson-Nernst-Planck (PNP) system that models the diffusive ionic or molecular species consists of the
following equations:

ac;

a—t‘ = V- [Di(Vc; + BqiciVy)] forx e 2,andt >0,i=1,..., M, (2.1)

V.eVyy =—p forxe 2andt > 0, (2.2)
together with some initial and boundary conditions. Here, 1 is the electrostatic potential. All the concentrations cy, ..., Cy
and the potential y can depend on time t. The parameters D+, . . ., Dy are diffusion constants. We shall only consider steady-

state solutions to this PNP system. Therefore, we set the time-derivative terms to zero and assume that all the concentrations
and the electrostatic potential are independent on time.
We assume that the boundary conditions for the entire system are given by
c(oo) =¢*, i=1,...,M,
¥ (c0) =0,
in the case that £2 = R? is the entire space, and by
ci(x) =c¢* forxeodR,i=1,...,M,
Y(x) =0 forx e o0s2,
in the case that £2 is not the entire space but rather has a nonempty boundary 92, where c{°, ..., c5y are given positive
numbers that represent the bulk concentrations.

We assume that the first m species (1 < m < M) are reactive and the others are non-reactive. These are defined through
the boundary conditions for the concentrations on the interface I" as follows:

=0 onl,i=1,...,m, (2.3)
ac; 0
—l—l—ﬂqic,-—l//:O onl,i=m+1,...,M, (2.4)
on on

where d/dn denotes the normal derivative with the unit normal n pointing from the solute region £2,, to the solvent region
£2;, cf. Fig. 2.1. The condition (2.3) means that when an ion or molecule of the ith species hits the boundary I', it disappears
due to chemical reaction. Notice that the flux of the ith species is defined by

Ji = =Di(Vci + Bqici V).
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Consequently, the diffusion equation and the no-flux boundary condition are given respectively by

8c,»
E—i—V-J,-:O and J;-n=0,
which are exactly (2.1) and (2.4), respectively.
For the non-reactive species (m < i < M), the steady-state diffusion equations, the boundary conditions, and the

corresponding no-flux boundary conditions on I" in fact lead to the Boltzmann distributions c¢;(x) = cf"e*ﬁ‘“‘“") for any

X € 2;andalli = m+ 1, ..., M. This means that ¢;,11, .. ., ¢y are all in equilibrium. Therefore, the only concentrations
that are unknown variables are those of reactive species cy, . . ., c;;. Our steady-state PNP system becomes
V.- (V¢ + BqiciVy) =0 inf2,i=1,...,m,
¢=0 onl,i=1,...,m,
c=c¢* ondfR,i=1,...,m,
M m
VeV = —Xouh — Xoo D 4ice P — xo Y qici in g2, (2.5)
i=m+1 i=1
Y =0 onds2.

We now assume the electrostatic neutrality in the far field of the solvent: Y"1 | q;c® = 0. With this assumption, we
obtain the small potential approximation

M M m

Dooace P A Y g (1 fay) = — )4 — ey,
i=m+1 i=m+1 i=1

where
LA
B 4_2 1‘11 i
o= | = (2.6)
Es

This can be viewed as a parameter of partial ionic strength. The Poisson equation (2.5) for the electrostatic potential ¥ can
now be approximated by

m
VeV — X bk Y = —Xonfr — X2, Y _4i (G —¢°) in£2.

i=1

To summarize, our reduced PNP system is

V.- (Ve + BqiciVy) =0 inf2,i=1,...,m, (2.7)
¢=0 onl',i=1,...,m, (2.8)
c=c¢” ondf2, i=1,...,m,
m
VeV — Xo,ek® Y = —Xanpy — Xoy p_4i (G —¢F) ing, (2.10)
i=1
Y =0 onoas2. (2.11)

2.2. The case of a spherical solute

We assume now that the solute region £2,, is a sphere centered at the origin with radius g, cf. Fig. 2.2, Thus, the solute
region, the solvent region, and the solute-solvent interface are given respectively by

Q2n={x:x| <a}, .Qsz{xeR3:|x|>a}, F={xeR3:|x|=a}.

We assume that the fixed charge density is a constant: pf (x) = Q in £2,,. We also assume as before that only the first m
species are reactive and the others are not. From (2.7)-(2.11), we have

V.- (Ve + BqiciVy) =0 if|x| >a,i=1,...,m, (2.12)

¢=0 ifjx=a,i=1,...,m, (2.13)

ci(oo) =c¢®, i=1,...,m, (2.14)
m

VeV — Xobk Y = —X2,Q — X, »_qi (6 —¢F) ink’, (2.15)

i=1
Y (c0) = 0. (2.16)
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Fig. 2.2. The geometry of a spherical solute.

We observe that Eq. (2.15) for the potential ¥ is equivalent to the following equations and jump conditions [9]

Ay = _82 if x| < a, (2.17)
— Ky = — Y G (. _ A

AY — k%Y = ; . (ci—c®) if|x| > a, (2.18)

[¥1=1[0eVy -n] =0 onrl, (2.19)

where the jump [[u]] across I" for any function u is defined by [u]l = u|g, — ule, onI".

3. Semi-analytical and numerical solutions

In this section, we solve semi-analytically and numerically the boundary-value problem (2.12)-(2.16).

3.1. Semi-analytical solutions

Our system (2.12)-(2.16) is radially symmetric. Hence all the concentrations cq, . . ., ¢y and the potential ¢ are functions
of r = |x|. With a series of calculations presented in Appendix A, we obtain the following semi-analytical solution
—Esir2 + K, ifr <a,
v(r) =19 . e%rn . e kT kr o pr R KT T R (3.1)
Ci—+G — / se”**d(s)ds + / se“*d(s)ds ifr > a,
r rJa 2kr J,
00 -1 r
ci(r) =c® (/ sze’sqi‘”(s)d5> eﬁ‘“'/’(r)/ s2ePiVO s ifr >a, i=1,...,m, (3.2)
a a
where
m q
~ 1
d = —[am =], (3.3)
i s

and the integration constants are

~ 1 o0 ~

C = —/ se *d(s)ds, (3.4)
2k J,

R a3e/(a eZ/ca a—1 o0 R

6= f e waz D / se5d(s)ds, (3.5)
3es(ka+ 1) 2k(ka+1) J,
Qaz Qa2 eKa /oo A

Ky = — se " d(s)ds. 3.6

2 66m+355(/<a+1)+/ca+1 . ) (3.6)

Notice that all these integration constants depend on the function d= a(r) which in turn depends on all the unknown
functions ¢; = ¢1(r), ..., cm = cu(r). In(3.1), ¥ (r) is given as a functional of ¢{(r), ..., ¢y (r) through d(r) that is defined
in (3.3).In(3.2), ¢1(1r), ..., cm(r) are presented through the potential ¥ (r).

3.2. Numerical solutions

We use the semi-analytical solution formulas (3.1)-(3.6) to find numerical solutions of ¢y, ..., ¢, and . To do so, we
first construct initial concentrations (cio), ey C,(n0 )). We then use (3.1) with ¢; replaced by ci(o)(i = 1,...,m) to compute
(. Next, we use (3.2) with ¢ replaced by (" to compute ¢*’, . .., c”’. We repeat this process until an error tolerance is

reached. In practice, we choose a finite interval to replace [a, 00).
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Table 3.1

The L*° errors in the convergence test.
Ar L* error of ¢; Order L*error of Y Order
1 28.3950 - 0.0070 -
1/2 20.9970 0.4355 0.0036 0.9768
1/4 11.9072 0.8183 0.0018 1.0011
1/8 6.0658 0.9731 0.0009 1.0251
1/16 2.9848 1.0231 0.0004 1.0513
1/32 1.4072 1.0848 0.0002 1.1024
1/64 0.6056 1.2164 0.0001 1.2241
1/128 0.2023 1.5820 0.0000 1.5859

Algorithm.

Step 1. Choose a number A > a and discretize the interval [a, A] with a uniform grid size Ar. Choose an error tolerance
8 > 0. Construct an initial guess:

cC(r—a)

() = -

ifa<r<A i=1,...,m.
Setn =0.

Step 2. Calculate ™ = ™ (r) (a < r < A), using (3.1) (the part r > a) with ¢ replacing ¢; (1 < i < m) and A replacing
o0, respectively.

Step 3. Calculate ¢V = ¢V (r) (@ < r < A)fori = 1,..., m using (3.2) with ¢"*" replacing ¢; (1 < i < m), Y™
replacing v, and A replacing oo, respectively.

Step 4. If

n+1 n
mﬂax ”Ci( ) - C,'( )||L°°(a,A)
1<i<m

< 4,

n
max Jlc{™ [lioo(a )
1<i<m

then stop. Otherwise set n := n + 1 and go to Step 2.

In all of our numerical calculations, we choose our parameters the same as or close to those in Ref. [3], mimicking some
real systems. Our main parameters are:

M = 3, m=1, a=1A,  A=100A, &m = 2, g5 = 80, B = 1/0.59 mol/cal, (3.7)

where the temperature T = 300 K. Our tests indicate that the value A we choose is large enough so that the underlying
problem on the infinite interval (a, co) is well approximated by that on the finite interval (a, A). Other parameters are
Q, q1, ¢{°, and k. They will be specified later. As in Ref. [3], we introduce the parameter

1 - 2 .00
I.=§Zq,-ci .

Notice that the summation is taken over all the species, rather than those of non-reactive ones as in the definition of
k (cf. (2.6)). Clearly, when other parameters are given, the parameters I and « determine each other. The units for the
electrostatic potential ¥ is kcal/mol e with e being the elementary charge.

We have performed a convergence test on our numerical algorithm. In this test, we choose our parameters as in (3.7) and

Q =3/(4m) eA”, q; = —e, g, = e, q; = —e, c® = 50 mM, I = 100 mM.

In Table 3.1, we show the L* error and order of convergence of our numerical scheme. The L* error is defined to be
the ratio of the discrete maximum norm of the difference of our numerical solution and that of a reference solution
which is obtained using the same numerical method but with a very fine mesh. The order of convergence is defined to
be log,(ey~ (Ar) /e~ (Ar/2)), where e(Ar) and e(Ar/2) are the L* error corresponding to the step size Ar and that to
Ar /2, respectively. In Fig. 3.1, we show the log-log plot of the error for both the concentration c; and the electrostatic
potential ¥r. From these, we find that our numerical algorithm converges with the order of convergence close to 1 for both
the concentration c; and the potential .

We now give a convergence analysis for the general case. For convenience, let us denote ¢ = (cy, ..., Cyn) and write the
solutions (3.1) and (3.2), in the interval (a, c0), in the following operator forms, respectively:

Y = P[c], (3.8)

¢ =T[Y] = MYl.... Tl D). 3.9



B. Li et al. / Physica A 389 (2010) 1329-1345 1335

-7

log, (e, ~(¥))
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Fig. 3.1. The log-log plot of the error e;~ (c1) and e;~ () vs. 1/ Ar. The slope of the solid line on left is 1.10 and that on right is 1.14.

This means that P[c] is the function of r > a given by (3.1) (the part for r > a), and T;[y] is the function of r > a given by
(3.2). With these notations, our algorithm is then as follows: Choose ¢© e (L*(a, c0))™. Compute

y® =P[c®] and MV =T[y¥], k=0,1,.... (3.10)
The following lemma shows that P and Ty, . . ., T;, define continuous operators from respective spaces; its proof is given
in Appendix B.
Lemma3.1. (1) If c = (cq,...,cm) € (L*(a, 00))™ then P[c] € L*(a, o0). Moreover, P : (L*°(a, 0c0))™ — L®(a, o0) is
continuous.

(2) If ¥ € L*°(a, oo) then Ti[Y] € L*°(a, co) foralli = 1, ..., m. Moreover, T[{] = (T[], ..., Tn[¥]) defines a continuous
mapping T : L*°(a, co) — (L*°(a, co))™.

To state and prove our main convergence result, we need the following:

Lemma 3.2. Let @ > 0 and b > 0 be such that ab < e~1. Let f(x) = deb forx e R

(1) There exist exactly two distinct fixed points of f in R, both being positive.
(2) Let x* = x*(a, b) be the smaller fixed point of f. Then f(x) < x* for any x € [0, x*].

Proof. (1) Let g(x) = f(x) — x (x € R). Then g’'(x) = abe® — 1 and g'(x) = ab2eb*. Clearly, g’(x) has a unique zero
Xxm = —(1/b) In(ab) > 0, and g(x) attains its minimum at x,, with the minimum value g(x,;) = (1 + In(ab))/b < 0, since
b < e~!. Note that g(0) = @ > O and g(x) — 400 asx — +o0. Thus the continuous function g(x) has at least one zero

in (0, x;,) and another zero in (x,;, +00). These are in fact the only zeros, since g”(x) > 0 for all x € R. These two zeros of
g(x) are the two fixed points of f (x), both positive.

(2)If0 < x < x* then f(x) = ae?™ < geP" = f(x*) = x*. O

We define
N <iem 't s (ka K>a = J
a= (max cf"’) e V= 2 i=1 , (3.11)
1<i<m
m
A lka— 1|4+ 2(ka+ 1)
h— o0 . . , 3.12
<@?§1 G ) (gg; qu|> (; qul) YR (3.12)
A= 3ab (3.13)
 Kk2e5 max ¢’ )
1<i<m
B= b (3.14)
~ max ¢®’ ’
1<i<m

Let x* = x*(a, B) > 0 be the smaller fixed point of f (x) = Geb* as defined in Lemma 3.2.
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Proposition 3.1. Assume that Ae®" @D < 1. Assume also that ¢ e (1°°(a, 0o))™ satisfies [|c©@ ||« < x*. Then the sequences
{y®12°, and {cW}22, defined in (3.10) converge in L>° (a, 0o) and (L (a, 00))™ to the solution of (3.1) and (3.2), respectively.

The proof of this main convergence result is given in Appendix B. Here we make some remarks.

(1) In our numerical calculations that are reported in the next section, we use parameters that are compatible with those
used in Ref. [3]. For such parameters, the condition of convergence is much simplified.

(2) Our convergence condition is only sufficient. Our extensive numerical tests suggest that our iteration algorithm
converges if Y I, g2 < Yon L qAce.

(3) If our condition of convergence is not satisfied, then our algorithm may not converge. For instance, using the
parameters (3.7) and

Q=1/n eA”, qi = 2e, G = q3 = —e, ¢ = c3° = ¢ = 100 mM,

we find that the sequence {c](")} produced by our algorithm does not converge.

4. Numerical results of concentrations, potential, and reaction rates

We now report our results of numerical calculations. We use the parameters in (3.7) and
c7° =50 mM, g = —e, g, =e, gz = —e, I = 100 mM. (4.1)

Several different values of the constant charge density Q are chosen for our calculations.

4.1. Concentrations and potential

Fig. 4.1 shows our numerical solution of the electrostatic potential v (r) and the concentration c;(r) with Q =

3/(4m) e A and Q=-3/4m)e A73, respectively. The change of the sign of Q does not affect the concentration ¢ (r) but
changes the sign of the electrostatic potential i (r). Notice that the potential is monotonic in these cases.
We now keep the same set of parameters except changing Q so that its magnitude is very small. Fig. 4.2 shows the

numerical solution of the potential i/ (r) and concentration c;(r) with Q = 0.0025 e A~ and Q = —-0.0025e A73,
respectively. We see clearly that the potential is no longer monotonic.

The non-monotonicity of potential can be seen from our semi-analytic solution formula (3.1) for the case of M = 3 (three
ionic or molecular species) and m = 1 (one reactive species). If Q and g, have the same sign, then there exists a range of Q
values such that the potential is non-monotonic. In fact, let us assume for example that g; < 0and Q < 0.By(3.1) and (3.6)
we have

=& / ~ se5d(s)ds (4.2)

C 3eka+1)  ka+1J, ’ '
Here for the case m = 1 we have Ei(r) = (q1/&)[ci(r) — c{°]. In general, we have ¢;(r) < ¢ forallr > a. If this is so,
then we have from (4.2) that ¥(a) > 0if Q > 0is small enough. On the other hand, we have from (3.1) and the continuity
condition (2.19) that ¥/'(a+) > 0. This means that the potential increases near a+. But ¢ (+00) = 0 by (2.16). Therefore,
the potential is not monotonic.

4.2. Reaction rates

We define the reaction rate for the ith (1 < i < m) reactive species to be R; = ¢/(a)/c. By (3.2) and a straightforward
calculation, we have R; = (a* |, aoo s‘zeﬁqi‘/’(s)ds)_1.

We fix again the parameters as in (3.7) and (4.1),and setQ = 3/(4m) e A7 we plot in Fig. 4.3 the reaction rate vs. ionic
strengthl = (1/2) Z?:] q?c?® for different values of the bulk concentration ¢{°. We also plot the reaction rate Ry vs. the bulk
concentration c{° in Fig. 4.4 at different levels of ionic strength. It is clear from these plots that the reaction rate decreases as
the ionic strength increases for each fixed bulk concentration ¢{°. The rate also increases with c7* increases for each fixed I.

5. Comparison with the case of no reaction

We now consider the case that all the chemical species are non-reactive, and compare the related results with those
presented in the previous section on reactive species. Non-reactive diffusive species are characterized by the non-reactive
boundary condition. In this case, the concentration of each of the species satisfies the Boltzmann distribution. Therefore, the
system reduces to partial differential equation for the electrostatic potential only, together with some side conditions. To
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Fig. 4.1. Numerical solution of the electrostatic potential and the concentration c¢; (r). Top: Q = 3/(4x) e A_3. Bottom: Q = —3/(4m) e A_g.

make our comparison more reasonable, we linearize the concentrations ¢;(r) = c{’oe‘ﬂw fori=m+1,...,M, as before.
The resulting equation and side conditions are

AY = —83 if x| < a, (5.1)

AY — k2 = — Z qic™ (e7P4V —1) if|x| > a, (5.2)
i=1 s

[vI=0eVy -n] =0 onr, (5.3)

where « is defined in (2.6). These should be compared with (2.17)-(2.19).
As before, we obtain exactly the same formula (3.1) with constants C;, Cy, K; given by (3.4)-(3.6) but the quantity d(r)
should be replaced by

m
dry = _qic® (e79 —1).
i=1

This and (3.1) can be used to numerically compute the potential.

We test the example in Section 4 with the parameters given in (3.7) and (4.1). Fig. 5.1 shows our numerical results for
Q = —3/(4m) e A™>. We find that for both of the reactive and non-reactive systems the potential v (r) is similar and
also the concentration c(r) is similar. Here for the non-reactive case the concentration c;(r) is defined by the Boltzmann
distribution.

If we change Q from —3/(4rw) e A to 3/(4m) e A_g. then the potential also changes sign, as seen in Figure Fig. 5.2. It is
clear that the potential for the reactive case is different from that for the non-reactive case. Moreover, the concentration ¢ (1)
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Fig. 4.3. Reaction rates R; vs. the ionic strength I for different bulk concentrations c{°.

is quite different for these two cases. For the non-reactive case the concentration is very large near the dielectric boundary
r=a.
. - .3 . . .
Finally in Fig. 5.3 we plot our results for Q = 0.0025 e A . We see the non-monotonic behavior of the potential for the
reactive system, as predicted before, but the monotonic behavior of the non-reactive system.
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Fig. 5.2. Comparison of the reactive and non-reactive systems withQ = 3/(4x) e A,
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6. Conclusions and discussions

We have studied a reduced PNP system for a spherical, uniformly charged solute immersed in a solvent. We have obtained
a semi-analytical solution formula which is in the form of a system of integral equations. Our simple iteration scheme based
on this formulation is shown to be convergent.
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The widely used PNP system, even in its reduced form, is hard to solve analytically or numerically. Our work, though
focused on the spherical geometry, has provided some solution method to such a system. Our analytical and numerical
results can be used to test other methods for large-scale calculations. Our convergence analysis can also be possibly
generalized to systems with a more complicated geometry.

We have numerically calculated equilibrium concentrations, electrostatic potential, and the reaction rate. Our numerical
results agree with those reported in Ref. [3]. Moreover, we have discovered a new property: when the charge Q is very small
in magnitude, the potential i» can be non-monotonic. We have offered some explanation for this using our semi-analytical
solution formula. We also confirmed numerically that such non-monotonicity does not exist in the case for non-reactive
chemical species.

We emphasize that our detailed studies on a special case can be used to investigate other physical properties of charged
solvation systems. These include the effect of substrate concentrations to reaction that is ignored in the usual Debye-Hiickel
limiting law [3,11], the effect of solvent excluded volume in a charged solvation system [8], and ionic distributions around
charged solutes that has been studied by transformed Poisson-Boltzmann relations [22]. Our approach can be also used to
study the dynamical PNP system [3].
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Appendix A

We present in this appendix details of the derivation of the semi-analytical solution formulas (3.1)-(3.6) to the system
(2.12)-(2.16). We recall the following formulas for a smooth, radially symmetric function u = u(r) withr = |x| > 0 and
x e R3:

_1d(Ldu)),
Au(r) = 2ar (r i ) (A1)
du(r) ?_
Vu(r) = e (A.2)
v'(“0>5>==du“)+-2u“), (A3)
r dr r

where 7 denotes the position vector at a point x € R? with |x| =r.
Using (A.1), we obtain from (2.17) that

1d0ﬂwm)=_2 ifr < a.

r2dr dr Em
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This leads to

v = —&r2 —Kir 24K ifr <a,
6enm
where K7 and K; are two constants. Since the spherical solute has a uniform (constant) charge density, the potential ¢ should
be continuous inside the spherical solute region. Thus v/ (0) < oo and hence K; = 0. Therefore,

V() = —%rz +K, ifr <a. (A4)

m

By our notation a(r) (cf. (3.3)) and (A.1), Eq. (2.18) becomes

1d ( L dyr(r)
— — r —

5 A
aar o ) — kY () =—d(r), r>a. (A.5)

It is easy to verify that the corresponding homogeneous equation (i.e., the equation with —a(r) replaced by 0) has two
linearly independent solutions e*"/r and e *"/r. Therefore, using the method of variation of parameters, we obtain a
particular solution to the inhomogeneous equation (A.5)

KT

_ e
Ys(r) = — KT

e*KT

.
/ se~*5d(s)ds +
a 2

.
/se’“d(s)ds, r>a.
kr Jq

Hence the general solution to (A.5) is

e KT

.
f se %d(s)ds +
a 2

KT —KT KT
e

A € ~
Y(r)=C0—+G
r r 2kr

.
/ se’d(s)ds, r > a, (A.6)

KT Ja

where C; and C, are two integration constants. Notice that (3.1) is just the combination of (A.4) and (A.6).
By the boundary conditions (2.13) and (2.14), each concentration field ¢; = ¢;(r) (1 < i < m) is bounded on [a, c0). Thus

the function d = a(r) is also continuous and bounded on [a, c0). Using (B.1), we find that the last term in (A.6) is bounded.
Therefore, from the boundary condition v (co) = 0 (cf. (2.16)) and the first and third terms in (A.6), we must have

A 1 r ~
lim (C1 — —/ se_"sd(s)ds> =0.
r—o00 2K a

This implies (3.4). By the solution formulas (A.4) and (A.6), and the jump conditions (2.19) and (A.2), we have

N Ka N e*l{'ﬂ
L SN S S
6em a a
Qa . eka . eka
—— =&Ci—(ka—1) — &G, (ka+1).
3 a a

Solving these two equations for C, and K, we obtain (3.5)and (3.6).
Now we solve the boundary-value problem of diffusion equation (2.12)-(2.14). Fix i with 1 < i < m. By (A.2), Eq. (2.12)
becomes

' | ( i(r) ﬁqui(T) 1/I(r)) ri| . ( ' )
dr dr r
DEIIOtillg
“i(r) - i(r) ,BQiCi(r) (r) ’ (1 \8)
dr dr

we have by (A.7) and (A.3) that hi(r) + 2h;(r)/r = 0. Solving this linear first-order ordinary differential equation, we obtain
hi(r) = K3r 2, with K3 a constant. Therefore, this and (A.8) lead to

dci(r dyr(r
dar) + Bai LA )ci = Ksr 2.
dr dr
This is also a linear first-order ordinary differential equation for ¢; = c;(r), and can be solved. The result is
r
ci(r) = <I<3/ s 2ePiV ) ds K4) e Pav®, (A.9)
a
The boundary condition ci(a) = O implies K4 = 0. The boundary condition cj(c0) = ¢ leads to K3 =

o (> r‘zeﬁq“/’(r)dr)_l. This and (A.9) lead to (3.2).

1
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Appendix B
In this appendix, we prove Lemma 3.1 and Proposition 3.1. For convenience, we shall denote by || - ||o the norm of
L% (a, 00) or (L*(a, 00))™. We recall for any nonzero o € R that
os—1
/se‘”ds: 5 e, (B.1)
o
Proof of Lemma 3.1. (1) Letcq, ..., ¢y € L*(a, 00). By our definition (3.8),
~ eKT N e—KT eKr r R e—l(r r n
Plci,...,cul(n) =C— + G — / se **d(s)ds + / se“*d(s)ds, r > a. (B.2)
r r 2kt Jg 2kt Jq

By (3.3), we have del® (a, 00). It follows from (3.5) and (B.1), together with simple calculations, that

. KT |Q|026Ka |K(1 _ 1|e/(a R
G < ldllcoc VYr > a.
r 3es(ka+ 1) 2ka’
For the last term in (B.2) we have
—KT r R R eflcl’ r a a
/ se“*d(s)ds| < ||dlco / e“’ds = I lloe [1—e] < 1900 Vr>a
2kr J, 2k Jq 2K? 2K?

Now consider the sum of the first and third terms in (B.2). By (3.4) and (B.1), we have

elcr o0 R a 1
= f se *d(s)ds| < ldlloo (1 +x) Vr>a
2kr J, 23 \a

R eKT‘ KT

11— —

r 2KT

.
/ se~“5d(s)ds
a

Therefore, P[cq, ..., cn] € L*(a, 00).
To prove the continuity of P : (L*°(a, 00))™ — L*°(a, c0), we observe that P is in fact an affine operator. Therefore,
similar calculations lead to

IP[c] = P[C]lloc < lic = Clloe Ve, € € (L% (a, 00)™,

where i > 0is a constant independent of ¢ and ¢. Hence P is continuous.
(2) Let ¢ € L*°(a, 00). Fix an index i with 1 < i < m. We have by our definition (3.9) and (3.2) that

%) -1 T
Tily1(r) = ¢ (/ s‘zeﬂq"‘”(s)ds> e_ﬂQf‘/’(r)/ s72ef1VOds vr > a.
a a

Clearly,
T[] = Ti[y](r) < ceflallVie wr > g

Therefore T;[v/] € L*(a, 00).
To prove the continuity of T; : L*°(a, 00) — L*°(a, 00), we need only to prove that each part of T; is continuous. Let
¢, ¥ € L*®(a, 00). It follows from the mean-value theorem that

|e*ﬁ4i¢(f) _ e*ﬂqn's//(r)| < /3|q,.|e/3|qn'|maX{Hd’lIoo,IW/Hoo}||¢ — VYl Vr>a.

Similarly,
r r r
/ s—zeﬁqicb(r)dr_/ s 2Pt gy | < 13|qi|e,3‘1i|max{||¢||oc,‘//”oo}”qs_w.”m/ o 2ds
a a a
< 'qui|eﬁIQiImax{\|¢||oo=|\'//\|oo}||¢ — VYl Vr>a.
a

The upper limit r can be replaced by oo in these integrals. All these together imply that
ITilp] — Tily 1l < 'l — ¥ oo
where p’/ > 0 is a constant independent of ¢ and . Therefore, each T; : L°(a, 00) — L*(a, o) is continuous. O

To prove Proposition 3.1, we first prove a lemma. Recall that a and b are given in (3.11) and (3.12), respectively. Recall

also that x* = x*(a, B) > 0 is the smaller fixed point of f(x) = aeb* as defined in Lemma 3.2. For any ¢©@ e (L®(a, c0))™,
we define by (3.10) that

D =1[P[c¥]]=ToP)[c®], k=0,1,.... (B:3)

LemmaB.1. If [|c©Q], < x* then ||c® | <x*forallk=1,2,....
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Proof. By induction, it suffices to show that, for any ¢ € (L*°(a, 0c0))™, |[(T o P)[c]|lco < Xx*if ||C||oo < x*.Let ¥ = P[c]. The
definition of P : (L*°(a, 00))™ — L*°(a, 0o) (cf. (3.8)) and the solution formula (3.1) imply that
¥ (r) = Plcl(r)

n e/(r el(r T R R efl(r efl(r r R
= (Cl— — f se"“d(s)ds) + G + 5 / se**d(s)ds
r
a

r 2kr KT Jq

KT e8] R 3 k0 2xa -1 e8] . —KT
_ ¢ / se " *d(s)ds + ( Qae + e ka1 se_“d(s)ds) ¢
r r

2kT 3e5(ka+ 1) 2k(ka+1) J,
e kT r R

+ / se*d(s)ds Vr > a,
2kr Jq

where a(r) is defined in (3.3). By (B.1) we have

ekt [ A exr o 1 1 A 1+«ka -
se " d(s)ds| < d seds = — 4+ — ) ld]lec < d| so-
fr ) 1l f (ZKZ 2K3r)|| oo = 5 o3 il

2kr = 2kr

Similarly, we have

a3eK(1 e21<a a—1 ] R e—«T a2 a—1| =
Q (a= b [ ssiisyas) | < 12 K13,
3es(ka+ 1) 2k(ka+1) J, r 3es(ka+ 1) 2i3a
and
e " [T N kr—1 ka—1 A ka+1 «
seSd(s)ds| < — e ) 1d|ls < d| so-
2kt /a ()ds) = ( 213 213 oo < 2K3a o
Combining all these and using (3.3), we obtain
|Q|a? ka—1]+2ka+1) & o
N T(lle ). B.4
VOIS 3 55 > laddlcl + ) (B.4)

Now the solution formula (3.2) and the definition of T : L*°(a, co) — (L*°(a, 00))™ (3.9) imply that
IT[W1(r)| = Tily]r) < ceflallVie vr > q i=1,...,m
This and (B.4) lead to

ITIPIeNlloo < max ITi[P[cT]lloc < max coePlillVlo < gePlele < g = x*.
1<i<m 1<i<m

The proof is complete. O

Proof of Proposition 3.1. By (3.10) and Lemma 3.1, it suffices to prove that the sequence {c®¥'} produced by (B.3) converges.
For eachj > 1 we have by the mean-value theorem for operators that

e+ — D), < Gllc? — V7V,
where

6 = [ID(T o P)(ED) || 2o (a.00))™. (2% (a,00)™) (B.5)

with £ a convex combination of ¢ and cU*V. Here and below D denotes the Fréchet derivative of the corresponding
operators and J£(X, Y) denotes the space of all bounded linear operators from a Banach space X to another Banach space Y.
The existence of the Fréchet derivative for the corresponding operator is shown automatically when estimates of the norm
of such derivatives are given.

We shall prove below that the assumptions of the proposition imply that there exists a constant 8§ with 0 < 6 < 1 such
that6; < 6 forallj =1, 2, .. .. Suppose so, we then have

R T N (LS N R R

Consequently,

||C(k+P) —c® ”
o0

IA

ZP: [t — cteti=n)|
=

( - 9k+j—1> ¢V = c©|
j=1 ”

IA
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A (1 (0)
< ——|c"V —c , k,p=1,2,....
=15l [ ke
Hence {c®¥} is a Cauchy sequence in (L*(a, 00))™ and thus it converges in (L°(a, 00))™ to some ¢*®. By (3.10) and
Lemma 3.1, {t/®¥} then converges in L(a, co) to some ¥, Now it follows from (3.10) that ' = P[c*] and
¢ = T[] as desired.

We now estimate the norm ;. Let ¢ € (L*°(a, 00))™. By the Chain Rule for Fréchet derivatives, we have

ID(T o P)[c]ll £ (a,00pm, 1= (@00pm) = IIDT[P[c]] o DP[c]|| £(wo(a,00))™, (L% (a,00))™)

< |IDT[P[c]l £z (a,00), (1% (a,00)ym) IDPLC ] £ (1% (a,00))™ 1% (a, 00)) - (B.6)
Recall that
I (DP[cD[ulll
IDPLc]]l cca@ooymi®@ooy = SUP (B.7)
0+ ue(l® (a,00))™ 1]l oo
Letu = (Uy,...,uy) € (L°°(a, o0))™. Then (DP[c])[u] = %L:OP[C + tu]. This is a function of r > a. Notice that

P : (L*°(a, 00))™ — L*°(a, 00) is an affine mapping. Denote by xg(r) the characteristic function of a setE, i.e., xz(r) = 1if
r € Eand xg(r) = 0if r € E. We then obtain from all (3.1), (3.3)-(3.5) and (B.1), and a series of calculations that

1 [*® qi e*Uka—1)s
DP[cD[ul(r)| = |— =u(s) || =™ T f ——— L e
|(DP[c])[u](r)]| sza [;8 m][r Py
S —k(s—r) S K(s—r)
- x(a,n(s);e +x<a,r>(5);e ds
m 2ka
|qi /Oo _ e“(ka—1)s _ S e(s—
< u 1— e —K (s r)_f_—_e K(S+T)+ s _e/((s r) ds
< (; 2ce, ) Ml [ xmr)) Py xw,r)()r
m 2/((1
| OO 7;((5 ) |Ka 1| / — —
< u ds + — "“*”ds—l— S e gs
< (; L ||oo P ;
m
= (Y ||u||oo 4 lea = 1) = Gea - ”]ew@}
= K& 2kr
m
|qi] lka—1] — (ka—1)
< 1+ u Vr > a.
< (; ey o lullo Vr >
This and (B.7) lead to
= qil lka—1] — (ka—1)
DP[c 0o m [oo < —/ 11 ) B.8
IDPLc]l £ (a,000)m 1% (a,000) < <; K2€s> |: + ca :| (B.8)
Let now » = P[c] € L*°(a, co). We estimate
(DT DI
IDT [ 11| (19 (a,00), (1° (a,00))m) = — (B.9)
0 f €L (a,00) IIf lloo
Let f € L*°(a, 00). We have
DT DIl = —| Tl¥ +tf]
dt|,_
I R s I R W
AT U de |y "

= (DT [Y]If], - ... DTu[¥1IfD) -

Straight forward calculations using the definition of T; : L°°(a, co) — L°°(a, co) for each i (cf. (3.9)) leads to

S_2e/3QIW(S)f(S)dS .far s_zeﬁQi‘//(s)f(s)ds}

Je
BaiTi[y1(r) |: f —2aB4iV () ds +f) - far s—2eBaiv () ds

IDTI[Y1If1(N] =
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OOS_ZeIgQi‘//(S) (S)ds rs_ze/sqi]/f(s) (S)dS
j;]foo s—zeﬂQi‘/f{;)ds +IFOI+ j;]fr Szeﬂ‘h‘/f{s)ds

a a
GBIaTY 1T D NIf llo
(3Blailce™ D) If | ¥r > a,

< BlaillTi[y1(r)|

IA

IA

where in the last step we used the fact that |T;[¥](r)| < c;"’e_qfﬁ‘“r) for all r > a, which follows from the definition of
T; : L*°(a, o0) — L*°(a, o0) (cf. (3.9)) and (3.2). Consequently, we have by (B.9) that

r>a

IDT [ 1| 212 (a, 00), (1° (g, 00))™) =< max <3,3|Qi|Ci°° sup eq"ﬁwr)) )

This and (B.4), together with the fact that ¢ = P[c], imply

Qe | [ka—1+2(a+1) § | 1o 0o
TeswarD T 20302 jZ:]WJ'(”CJHOO""Cj )

qu‘\/3|:
IDT[PcTTl £to° (a,00), (1 (a,000)™m) < max 3Blqgilci"e (B.10)

Since &; in (B.5) is a convex combination, we have by Lemma B.1 that

Therefore, combining (B.5), (B.6), (B.8) and (B.10), we conclude that

I1ED oo < max (€]l 19TV |o) < X*(@, b).

6 < Aeb @b _ q,
where A and B are given by (3.13) and (3.14), respectively. O
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