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Ionic finite size can impose considerable effects to both the equilibrium and non-equilibrium prop-
erties of a solvated molecular system, such as the solvation energy, ionic concentration, and trans-
port in a channel. As discussed in our former work [B. Lu and Y. C. Zhou, Biophys. J. 100, 2475
(2011)], a class of size-modified Poisson-Boltzmann (PB)/Poisson-Nernst-Planck (PNP) models can
be uniformly studied through the general nonuniform size-modified PNP (SMPNP) equations de-
duced from the extended free energy functional of Borukhov et al. [I. Borukhov, D. Andelman, and
H. Orland, Phys. Rev. Lett. 79, 435 (1997)] This work focuses on the nonuniform size effects to
molecular solvation energy and to ion current across a channel for real biomolecular systems. The
main contributions are: (1) we prove that for solvation energy calculation with nonuniform size ef-
fects (through equilibrium SMPNP simulation), there exists a simplified approximation formulation
which is the same as the widely used one in PB community. This approximate form avoids integration
over the whole domain and makes energy calculations convenient. (2) Numerical calculations show
that ionic size effects tend to negate the solvation effects, which indicates that a higher molecular
solvation energy (lower absolute value) is to be predicted when ionic size effects are considered. For
both calculations on a protein and a DNA fragment systems in a 0.5M 1:1 ionic solution, a difference
about 10 kcal/mol in solvation energies is found between the PB and the SMPNP predictions. More-
over, it is observed that the solvation energy decreases as ionic strength increases, which behavior
is similar as those predicted by the traditional PB equation (without size effect) and by the uniform
size-modified Poisson-Boltzmann equation. (3) Nonequilibrium SMPNP simulations of ion perme-
ation through a gramicidin A channel show that the ionic size effects lead to reduced ion current
inside the channel compared with the results without considering size effects. As a component of
the current, the drift term is the main contribution to the total current. The ionic size effects to the
total current almost come through the drift term, and have little influence on the diffusion terms in
SMPNP. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4872330]

I. INTRODUCTION

Among the theoretical approaches to understand molec-
ular solvation properties, the implicit continuum model rep-
resented by the Poisson-Boltzmann (PB) equation is a rather
widely used method, due to its simplicity of computation and
successful application to many systems.3–6 In spite of its wide
application in describing the equilibrium state of aqueous salt
solution around a molecule, the usual PB equation neglects
ionic finite size effects (volume exclusion) and other ion-
ion correlations7–12 which can lead to unreasonably high, i.e.,
oversaturated concentrations of counter ions in the vicinity of
molecular surface.1, 2

Size effects can be incorporated to the continuum model
to cope with this problem to some extent, and within a mean-
field framework, the numerical tractability for 3D compu-
tations can be maintained as well. Borukhov et al.2, 13 pre-
sented a uniform size-modified Poisson-Boltzmann (SMPB)

a)Author to whom correspondence should be addressed. Electronic mail:
bzlu@lsec.cc.ac.cn

equation through variation of an electrostatic free energy. In
contrast with traditional energy form derived by Sharp et al.,14

an additional solvent entropy term, representing the unfavor-
able energy modeling the over-packing or crowding of ions
and solvent molecules, is introduced to form a new energy
functional. The new functional leads to a result that in equi-
librium condition, ion concentrations can be expressed explic-
itly by potentials, bulk concentration, and ionic sizes, which
thereby leads to the uniform SMPB. Numerical results show
a great decrease of counter ions for a planar surface model
when uniform ion size is applied. Using the same SMPB,
Silalahi et al.15 have compared predictions of the equation and
that of the nonlinear Poisson-Boltzmann equation (NPB) for
a low-dielectric charged spherical cavity in an aqueous salt
solution. Chu et al.16 extended the above uniform size model
to include two different sizes of ion species and gave an ex-
plicit SMPB form and used it to study ion binding to DNA
duplexes. Their results show good agreement with experimen-
tal data for monovalent ion when concentration is lower than
150 mM. However, when three or more sizes appear in the
model, explicit form of ionic concentration as function of
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potential and ionic size does not exist. To avoid the dif-
ficulty, one of our authors1 considered the more general
electro-diffusion process by deriving a set of size-modified
Poisson-Nernst-Planck (SMPNP) equations from a gener-
alized energy functional of Borukhov et al. with nonuni-
form sizes. The SMPNP naturally treats arbitrary number of
nonuniform sizes, and can be applied to describe both equilib-
rium state and non-equilibrium process of ionic solution.1 The
equilibrium solution of SMPNP has been proved and demon-
strated to be exactly reduced to the SMPB situation.1 The
paper also provided a concrete instruction on how to obtain
SMPB results from solution of SMPNP and studied the size
effects to ion concentrations and diffusion reaction rate for a
spherical cavity case. Boschitsch et al.17 derived an approach
to study the nonuniform SMPB through simple statistical me-
chanics principles, and investigated ionic concentrations, po-
tentials, and electrostatic free energy for a spherical cavity and
a DNA structure cases. The dependence of energy over loga-
rithm of bulk ionic concentration (SK) was originally derived
by Sharp et al. for PB equation.18, 19 This salt dependence has
also been extended to SMPB model with uniform ion size
case in the works by Fenley et al.15, 20 They recently also con-
ducted a parameterization study on molecular surface defini-
tion for the uniform SMPB model.21 Li et al.22–26 presented
some mathematical analysis on the energy functional for both
uniform and nonuniform SMPB and implemented numerical
calculations on a sphere model.

We noticed that for this class of ion size-modified model,
almost all of the above mentioned recent works were per-
formed on spherical cavity cases, and most of the conclusions
are derived under conditions of uniform ionic size. This pa-
per, by using the SMPNP, will treat the general nonuniform
size case, and investigate the size effects to solvation energy
for protein and DNA systems. By mathematical analysis of
the energy functional with general nonuniform sizes, we find
that an approximate energy formulation exists, which is ex-
actly the same form as practically used in almost all the PB
softwares in the community. The approximation form greatly
simplifies the energy calculations. However, we will show that
the traditional PB calculation is a third-order approximation,
whereas the same form for SMPNP/SMPB energy calculation
is a (at least) second order approximation. Solvation energy
calculations will be performed and studied on a sphere cavity,
a DNA fragment, and an acetylcholinesterase (AChE) system
by solving the equilibrium SMPNP using the technique men-
tioned in our previous work.1

As aforementioned, since SMPNP also has advantage to
be able to describe the non-equilibrium electro-diffusion pro-
cess, we will also use it to study the ion current in an ion
channel. In particular, the size effects embedded in this model
will be investigated in detail. Ion channel is a kind of pro-
tein on the membrane controlling many crucial processes in
cells by allowing ions, such as sodium, potassium, and cal-
cium, passing through the membrane from one side to the
other side. Many experimental and computational techniques
are developed to investigate the structures and ionic conduc-
tances of ion channels.27–37 Among these, the PNP equations
which couple the electrostatics with the diffusion process, is
one of the popular theoretical methods used to simulate 3D

ion channel systems.37–40 However, neglecting the discrete
particle effects is a drawback of PNP model in modeling real
channel systems. Size effects have long been studied and in-
corporated into the electro-diffusion process.1, 11, 41–44 Here,
we will employ the SMPNP to simulate ion transport through
an ion channel, and dissect the size effects into different con-
tributions as compared with the PNP predictions.

The paper is organized as follows. In Sec. II, a brief de-
scription about the nonuniform size model is given at first and
then we deduce the solvation energy, its approximate formula,
and salt dependence. At last, numerical calculation is briefly
introduced. In Sec. III, we will compare the accurate and ap-
proximate solvation energies calculated from PB and nonuni-
form SMPNP for a spherical cavity, a DNA fragment, and an
AChE system. In the second part of the results section, the
ion current, as well as its different components are plotted
against membrane potentials with and without size effects for
a gramicidin A (gA) channel. Conclusions are summarized in
Sec. IV.

II. METHOD

A. Model description

For molecular solvation study, the computational region
� is divided into two parts, the molecular region �m and the
solvent region �s surrounding the molecule. The molecule is
constituted of N atoms and the solvent contains K ion species.
The Nernst-Planck equations are defined only in the solvent
region, while the Poisson equation in the whole region. The
concrete form of SMPNP is1

∂ci(r)

∂t
= −∇ · Ji(r), in �s, i = 1, . . . , K, (1)

∇ · ε(r)∇φ(r) + ρf + ρion(r) = 0, in �, (2)

where

Ji(r) = −Di(r)(∇ci(r) + kici(r)

1 − ∑
l a

3
l cl(r)

∑
l

a3
l ∇cl(r)

+βci(r)qi∇φ(r)), (3)

ρf =
N∑

i=1

Qiδ(r − ri), (4)

ρion(r) =
K∑

i=1

ci(r)qi, (5)

ki = a3
i

a3
0

, (6)

ci and φ represent ionic concentration and potential to be
solved, Di is the diffusion coefficient of the ith ion species,
ai and a0 denote the sizes of the ith ion species and water
molecule, respectively, β is defined as 1

kBT
, where kB is the

Boltzmann constant and T is the absolute temperature, qi is
the ionic charge of the ith ion species in the solvent, Qi is the
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ith atom’s charge in the molecule, and ε = εrε0 represents the
dielectric permittivity in which εr is the relative permittivity
and ε0 is the vacuum permittivity. In this work, the relative
permittivities are 2 in the molecular region and 78 in the sol-
vent region. The temperature is 298 K. Here we only study
the steady state ∂ci (r)

∂t
= 0. When the second term of Ji(r) is

removed, SMPNP become PNP equations. It is not difficult to
find that for equilibrium state (Ji = 0 everywhere), PNP can
be reduced to NPB in symmetric 1:1 salt solution,

−∇ · (ε(r)∇φ(r)) + κ̄2

(
kBT ε0

ec

)
sinh

(
ecφ(r)

kBT

)

=
N∑

i=1

Qiδ(r − ri), in �, (7)

where ec is the elementary charge, κ̄2 = εsκ
2,

κ2 = 8.48 Is

εs
Å−2, Is is the ionic strength defined by

1
2

∑K
i=1 ciz

2
i (zi is the valence of the ith ion species) and is

measured in unit of mol/l, and εs is the relative dielectric
constant of the solvent.

It is clear that arbitrarily nonuniform ionic sizes can
be naturally treated in above SMPNP model. When general
nonuniform size effects are incorporated in the continuum
model, the explicit form of ionic concentration as a func-
tion of potential cannot be found. Thus we cannot derive an
explicit SMPB by simply substituting the ionic concentra-
tion expressions in a Poisson equation. Using the relation of
SMPB and SMPNP discussed in paper,1 we can get SMPB re-
sults from the solution of SMPNP by making sure no ion flux
across the interface between molecule and solvent. We denote
the interface by 
m and the boundary condition for SMPB is

Ji · n = 0, on 
m, i = 1, . . . , K, (8)

where n is the outward unit normal vector of the molecular
surface. For SMPB calculation, the other boundary conditions
are set the same as in PB calculation.

In ion channel simulating, there is an additional part,
represented by the membrane, in the computational region.
The PNP and SMPNP simulations, including the treatment of
these regions, the boundary conditions and related coefficient
settings, can be referred to the paper of Tu et al.38

B. Electrostatic energies and their approximate
computations

Electrostatic solvation energy �Gele is one of the proper-
ties that we care most about for biomolecular electrostatics.3–5

For a molecule solvated in ionic solution, the electrostatic sol-
vation energy can be defined as

�Gele = Gsys − Gref , (9)

where Gsys is the electrostatic free energy of the biomolecular
system in the solvated state, and Gref is the sum of biomolec-
ular electrostatic energy in vacuum (with a homogenous rela-
tive dielectric constant εm) and the energy of the ionic solution
with existing cavity formed by the biomolecule (the second
part is taken as a reference state and incorporated into the Gsys

component in following analysis). The solvation procedure is

FIG. 1. Solvation energy of a biomolecular system. The final state is
the biomolecule in ionic solution and the primitive state is constituted of
biomolecule in vacuum and the ionic solution with existing of a cavity formed
by the biomolecule.

illustrated in Figure 1. In the following part of this subsec-
tion, we will study the accurate and approximate expressions
of electrostatic free energy and solvation energy in PB model
in the first place. For the SMPNP, we will first discuss the ac-
curate expressions of electrostatic free energy and solvation
energy, and then deduce the approximate calculations by re-
placing the concentrations with their Taylor expansions.

In PB model, Sharp and Honig gave the following ex-
pression of electrostatic free energy through the calculus of
variation:14

Gsys =
∫

�

{
ρf φ − 1

2
ε|∇φ|2

−β−1cb[2 cosh(−ecβφ) − 2]

}
dV, (10)

where cb is the bulk concentration. It is constituted of three
parts, with the first one representing the contribution of point
charges in the molecule, the second representing the con-
tribution of electrostatics, and the last representing the os-
motic pressure (��). This energy is widely studied in many
researches.6, 18, 19 For general ionic distributions, the electro-
static free energy of the biomolecular system is

Gsys =
∫ {

1

2
ρφ + β−1

K∑
i=1

ci[ln(3ci) − 1] −
K∑

i=1

ciμi

}
dV

(11)
or

Gsys =
∫ {

1

2
ε|∇φ|2 + β−1

K∑
i=1

ci[ln(3ci) − 1]

−
K∑

i=1

ciμi

}
dV, (12)

where ρ = ρ f + ρ ion,  is the thermal de Broglie wavelength,
and μi is the chemical potential for the ith ion species. Equa-
tion (12) can be derived from Eq. (11) through integration by
parts. The following will show that Eq. (11) can be reduced to
Eq. (10) for 1:1 symmetric ionic solution in equilibrium state.

Using equilibrium condition δGsys

δci
= 0 for the energy

form defined in Eq. (11), we can obtain the following expres-
sion of ci:

ci = −3eβμi e−βqiφ = cbie
−βqiφ, (13)

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

125.39.179.1 On: Fri, 02 May 2014 15:14:56



174102-4 Qiao, Tu, and Lu J. Chem. Phys. 140, 174102 (2014)

where cbi is the bulk concentration of the ith ion species.
The second equivalent holds considering the condition that ci

approaches its bulk concentration at infinity where the poten-
tial vanishes. Substituting ci with this expression in Eq. (11),
we get

Gsys =
∫ {

ρf φ + ρionφ − 1

2
ε|∇φ|2

+β−1
K∑

i=1

ci(βμi − βqiφ − 1) −
k∑

i=1

ciμi

}
dV

=
∫ {

ρf φ − 1

2
ε|∇φ|2 − β−1

K∑
i=1

cbie
−βqiφ

}
dV.

(14)

Take φ = 0 as a reference state and hence,

Gsys =
∫ {

ρf φ − 1

2
ε|∇φ|2 −β−1

K∑
i=1

cbi(e
−βqiφ − 1)

}
dV.

(15)

This equation is the same one as given by Sharp et al. for the
NPB equation.

Electrostatic solvation energy can then be calculated as

�Gele = −
∫ {

1

2
ρionφsys + β−1

K∑
i=1

cbi(e
−βqiφ

sys − 1)

}
dV

+1

2

N∑
i=1

Qi(φ
sys(ri) − φref (ri)), (16)

where φsys and φref are the potential in the solvated and vac-
uum state, respectively. Nevertheless, a simplified and ap-
proximate formula of �Gele, denoted as

�G
appr

ele = 1

2

N∑
i=1

Qi(φ
sys(ri) − φref (ri)), (17)

is widely used in PB solvers and program packages, such as
DelPhi,45 PBEQ,46 and APBS47 in biophysical and computa-
tional chemistry communities. This is because when ion con-
centrations obey Boltzmann distribution, the electrostatic free
energy can be approximated by

Gappr
sys = 1

2

∫
ρf φdV = 1

2

N∑
i=1

Qiφ(ri). (18)

The reasonableness of Eq. (18) can be seen in following
derivation:

Gsys =
∫ {

ρf φ − 1

2
ε|∇φ|2 − β−1

K∑
i=1

cbi(e
−βqiφ − 1)

}
dV

=
∫ {

ρf φ − 1

2
(ρf + ρion)φ

−β−1
K∑

i=1

cbi(e
−βqiφ − 1)

}
dV

=
∫ {

1

2
ρf φ − 1

2

K∑
i=1

qiciφ

−β−1
K∑

i=1

cbi(e
−βqiφ − 1)

}
dV

=
∫ {

1

2
ρf φ − 1

2

K∑
i=1

qicbi[1 − βqiφ + O(φ2)]φ

−β−1
K∑

i=1

cbi

[
1 − βqiφ + 1

2
(βqiφ)2

+ O(φ3) − 1

]}
dV

=
∫ {

1

2
ρf φ + 1

2

K∑
i=1

qicbiφ + O(φ3)

}
dV

= Gappr
sys +

∫
O(φ3)dV. (19)

The neutrality condition
∑K

i=1 qicbi = 0 is applied to the sec-
ond term in the integral. Eq. (19) indicates that the traditional
energy calculation formula in usual PB solvers is an approxi-
mation neglecting the third order terms in the energy integral.
Based on this approximate electrostatic free energy expres-
sion, we can obtain the approximate solvation energy formu-
lation in Eq. (17). In accurate energy calculation, integration
over the whole domain has to be preformed, while the approx-
imate one is only performed on finite points, which makes it
much easier and more convenient to realize the solvation en-
ergy computing.

For an ionic size-modified model by extending the work
of Borukhov et al.,2 an additional entropy term is added to
make a modification to the electrostatic free energy,1, 2, 13, 15, 25

Gsys =
∫ {

1

2
ρφ + β−1

K∑
i=1

ci

[
ln

(
cia

3
i

) − 1
] −

K∑
i=1

ciμi

+ β−1

a3
0

(
1−

K∑
i=1

cia
3
i

)[
ln

(
1−

K∑
i=1

cia
3
i

)
−1

]}
dV,

(20)

where a0 stands for the size of water molecule and ai for
the ith ion species. In equilibrium condition, the following
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equation holds:

δGsys

δci

= 0. (21)

Hence,

qiφ + β−1

[
ln

(
cia

3
i

) − a3
i

a3
0

ln

(
1 −

K∑
i=1

cia
3
i

)]
− μi = 0.

(22)
From above equations, we have the expression of μi and plug
it into electrostatic free energy and obtain

Gsys =
∫ {

−1

2
ε|∇φ|2 + ρf φ +

K∑
i=1

ciqiφ

+β−1
K∑

i=1

ci ln
(
cia

3
i

) − β−1
K∑

i=1

ci −
K∑

i=1

ciqiφ

+ β−1

a3
0

ln

(
1 −

K∑
i=1

cia
3
i

)
− β−1

K∑
i=1

ci

×
[

ln
(
cia

3
i

) − a3
i

a3
0

ln

(
1 −

K∑
i=1

cia
3
i

)]

−β−1
K∑

i=1

ci

a3
i

a3
0

ln

(
1 −

K∑
i=1

cia
3
i

)
− β−1

a3
0

+β−1
K∑

i=1

ci

a3
i

a3
0

}
dV

=
∫ {

−1

2
ε|∇φ|2 + ρf φ + β−1

a3
0

ln

(
1 −

K∑
i=1

cia
3
i

)

+β−1
K∑

i=1

ci

(
a3

i

a3
0

− 1

)
− β−1

a3
0

}
dV. (23)

Taking φ = 0 as a reference state, we have the final form of
electrostatic free energy

Gsys =
∫ {

− 1

2
ε|∇φ|2 + ρf φ + β−1

a3
0

ln
1 − C

1 − C0

+β−1
K∑

i=1

(ci − cbi)

(
a3

i

a3
0

− 1

)}
dV, (24)

where

C =
K∑

i=1

cia
3
i , (25)

C0 =
K∑

i=1

cbia
3
i . (26)

When all sizes are taken to be the same value, the above form
is the same as that in Ref. 15 for the uniform SMPB,

Gsys =
∫ {

−1

2
ε|∇φ|2 + ρf φ + β−1

a3
ln

1 − C

1 − C0

}
dV.

(27)
Though quite different from that of PB, Eq. (27) can be re-
duced to Eq. (15) when a → 0. In general nonuniform SMPB
case, the electrostatic solvation energy is calculated by

�Gele = 1

2

∫ {
− ρionφsys + β−1

a3
0

ln
1 − C

1 − C0

+β−1
K∑

i=1

(ci − cbi)

(
a3

i

a3
0

− 1

)}
dV

+ 1

2

N∑
i=1

Qi(φ
sys(ri) − φref (ri)). (28)

In the following, we will prove that a similar approximation
form as in PB model exists for calculation of above general
nonuniform size-modified solvation free energy.

The approximate electrostatic free energy calculation
with size effects can be derived by substituting concentration
ci in Eq. (24) with its Taylor expansion with respect to poten-
tial φ at zero point. First define

c0a
3
0 = 1 − C. (29)

According to our former study,1 when ionic size effects are
considered in the SMPNP, the modified ion chemical poten-
tial becomes Vi = qiφ − ki

β
ln(1 − ∑K

i=1 cia
3
i ). In this sense,

ionic concentration can be expressed by C̃ie
−βVi where C̃i is

a constant needed to be determined. Using the boundary con-
dition ci(φ)|
s

= ci(0) = cbi (
s is the boundary of the com-
putational region), we can obtain an implicit concentration re-
lation with size effects

ci = cbie
−ki ln(1−C0)e−βqiφ+ki ln(1−C). (30)

This general ion distribution formulation was also implied in
the general Slotboom transformation for SMPNP.1 Assuming
the Taylor expansion of ln (1−C) with respect to φ at zero
point is

ln(1 − C) = ln(1 − C0) + Aφ + O(φ2), (31)

where the unknown A is to be determined, we can then have
the expansion ci to order 2

ci = cbi(1 − βqiφ + kiAφ + O(φ2)). (32)

Based upon this expansion, ln (1−C) can be written as

ln(1 − C) = ln(1 − C0) + 1

1 − C0

×
(
βφ

K∑
i=1

cbia
3
i qi − Aφ

K∑
i=1

cbia
3
i ki

)
+ O(φ2).

(33)

Comparing the coefficient of φ in Eqs. (31) and (33), we can
get the expression of A and then the Taylor expansions of
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ln (1−C) and ci with respect to φ

ln(1 − C) = ln(1 − C0) + βa3
0

∑K
i=1 cbia

3
i qi∑K

i=0 cbia
6
i

φ + O(φ2),

(34)

ci = cbi + βcbi

(
a3

i

∑K
j=1 cbj a

3
j qj∑K

j=0 cbja
6
j

− qi

)
φ + O(φ2).

(35)

These expansions can also be concluded from the recent work
of Li et al.26 in exploring the modified Debye length due to
ionic size effects. Denote B1 = − 1

2ρionφ = − 1
2

∑K
i=1 ciqiφ,

then Eq. (35) leads to

B1 = −1

2

K∑
i=1

(
cbiqiφ − βcbiq

2
i φ

2

+βcbia
3
i qiφ

2

∑K
j=1 cbj a

3
j qj∑K

j=0 cbja
6
j

)
+ O(φ2)

= −1

2
β

(
K∑

i=1

cbiq
2
i −

(∑K
i=1 cbia

3
i qi

)2∑K
i=0 cbia

6
i

)
φ2 + O(φ2)

= O(φ2). (36)

Denote B2 = β−1

a3
0

ln 1−C
1−C0

, Eq. (34) then leads to

B2 = β−1

a3
0

(ln(1 − C) − ln(1 − C0))

= β−1

a3
0

(
βa3

0

∑K
i=1 cbia

3
i qi∑K

i=0 cbia
6
i

)
φ + O(φ2)

=
∑K

i=1 cbia
3
i qi∑K

i=0 cbia
6
i

φ + O(φ2). (37)

Denote B3 = β−1 ∑K
i=1(ci − cbi)(

a3
i

a3
0

− 1), then we have

B3 = β−1
K∑

i=1

βcbi

((
a3

i

∑K
j=1 cbja

3
j qj∑K

j=0 cbj a
6
j

− qi

)
φ + O(φ2)

)

×
(

a3
i

a3
0

− 1

)

=
K∑

i=1

(
−cbiqiφ

a3
i

a3
0

+ cbiqiφ + cbia
6
i

∑K
j=1 cbj a

3
j qj

a3
0

∑K
j=0 cbja

6
j

φ

− cbia
3
i

∑K
j=1 cbj a

3
j qj∑K

j=0 cbja
6
j

φ

)
+ O(φ2)

= −
∑K

i=1 cbia
3
i qi∑K

i=0 cbia
6
i

φ + O(φ2). (38)

Using Eqs. (36)–(38), and (24), we can deduce the following
expression of Gsys with size effects:

Gsys =
∫ {

−1

2
ε|∇φ|2 + ρf φ + B2 + B3

}
dV

=
∫ {

−1

2
(ρf + ρion)φ + ρf φ +

∑K
i=1 cbia

3
i qi∑K

i=0 cbia
6
i

φ

−
∑K

i=1 cbia
3
i qi∑K

i=0 cbia
6
i

φ + O(φ2)

}
dV

=
∫ {

1

2
ρf φ + B1 + O(φ2)

}
dV

= Gappr
sys +

∫
{O(φ2)}dV. (39)

It is straightforward that G
appr
sys = 1

2

∑N
i=1 Qiφ(ri) can be a

good approximate electrostatic free energy expression for
both PB and SMPNP/SMPB models. Therefore, the approxi-
mate solvation energy defined by Eq. (17) can hold for the two
models. However, it is worth noting that we can only prove
here the simplified energy calculation form is (at least) a sec-
ond order approximation for SMPNP, whereas for PB it is on
the third order. The derivation indicates that when the poten-
tial is very high, the approximate energy calculation form may
cause considerable error.

C. Salt dependence

In this subsection, the salt dependence, the derivative of
electrostatic free energy with respect to the bulk ionic concen-
tration is reviewed for the traditional PB and uniform SMPB
equation. For symmetric 1:1 salt solution described by PB,
Sharp et al. have shown18

dGsys

dκ
= − 2

κ
��, (40)

where �� represents the osmotic pressure in electrostatic
free energy. Silalahi et al.15 have given the derivative of elec-
trostatic free energy with respect to log cb:

dGsys

d log cb

= −�� (41)

for PB and

dGsys

d log cb

= −β−1

a3

∫
ξ

1 + ξ
dV (42)

for uniform SMPB, where ξ = a3 ∑K
i=1 cbi(e−βqiφ − 1).

From above equations, we notice that electrostatic free ener-
gies in PB and uniform SMPB decrease as bulk ionic concen-
tration increases. However, in nonuniform size case, the elec-
trostatic free energy and its salt dependence are much more
complicated, and it seems difficult for us to arrive at a similar
and an explicit conclusion. Here, we just consider a simple
case, symmetric 1:1 salt solution, and give the following salt
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dependence:

dGsys

d log cb

=
∫ {

cb

[
−ρion + 1

M

(
a3

1

a3
0

c1q1 + c2q2

)]
dφ

dcb

+ cb

(
1 − 1

M

)
q2

a3
2

dφ

dcb

−β−1

a3
2

[(
1 − 1 − C

1 − C0

1

M

(
1 −

(
1 − a3

2

a3
0

) k∑
i=1

cbia
3
i

))

− 1

M

a3
2

a3
0

cba
3
1R

(
c2

cb2

)v

(1 − v)

]
+ 1

M
cbc2q2P

v−1QR(1 − v)

}
dV, (43)

where v = a3
1

a3
2
, P = c2a

3
2 , Q = cb1a

3
1

(cb2a
3
2 )v

, R = e−β(q1−vq2)φ , and

M = 1 − (1 − a3
1

a3
0
)c1a

3
1 − (1 − a3

2

a3
0
)c2a

3
2 . It is clear that this

equation can be reduced to Eq. (42) when uniform size is ap-
plied. Unlike expressions for PB and uniform SMPB, this for-
mula is constituted of more terms and it is hard to determine
whether it is positive or negative. Nevertheless, in numerical
computations as shown in Sec. III, a decrease of solvation en-
ergy from nonuniform SMPB results is observed as the bulk
concentration increases.

D. Numerical calculation

To solve the partial differential equations, a finite ele-
ment method is used to get numerical results of concentra-
tion and potential distributions that are involved in the sol-
vation energy and current calculations. The algorithms are
implemented with the parallel adaptive finite element pack-
age PHG.48 The molecular surface mesh generating software
TMSmesh49, 50 which can handle large systems successfully
is used to generate a manifold surface mesh. The program
Tetgen51 is applied to generate the tetrahedral volume mesh.
During numerical calculation, there are two main problems
needed to be solved. The first one is the singular part repre-
senting biomolecule charge density in the Poisson equation of
the SMPNP equations. A decomposition method52–54 is em-
ployed by resolving φ into three parts,

φ = G + H + φr . (44)

G is the solution of equation −εm�G = ρ f confined to the
molecular region �m and H satisfies

�H = 0, in �m, (45)

H = −G, on 
m. (46)

According to the Poisson equation, we can deduce the equa-
tion that φr satisfies. In addition, with this decomposition the

electrostatic solvation energies become

�Gele = −1

2

∫ {
ρionφr + β−1

K∑
i=1

cbi(e
−βqiφr − 1)

}
dV

+1

2

N∑
i=1

Qi

(
Hi + φi

r

)
(47)

for PB model,

�Gele =
∫ {

−1

2
ρionφr + β−1

a3
0

ln
1 − C

1 − C0

+β−1
K∑

i=1

(ci − cbi)

(
a3

i

a3
0

− 1

)}
dV

+1

2

N∑
i=1

Qi

(
Hi + φi

r

)
(48)

for SMPNP/SMPB model, and

�G
appr

ele = 1

2

N∑
i=1

Qi

(
Hi + φi

r

)
(49)

for both above models, where Hi and φi
r are the values of

H and φr at the position of the ith atom in the biomolecule.
Another difficulty in calculation is the nonlinearity resulting
from size effects in the Nernst-Planck (NP) equations. We use
Newton method to solve nonlinear problems, and use relax-
ation during the iteration between the coupled NP equations
and the Poisson equation to guarantee the convergence of the
algorithm.

III. RESULTS

In the following, the equilibrium SMPNP calculations
are performed on a spherical cavity, a DNA fragment, and an
acetylcholinesterase system to study the size effects to solva-
tion energy in the first place. We then present nonequilibrium
SMPNP simulation results on a gramicidin A channel system
to investigate the size effects to ion current across the chan-
nel, with different components of the current studied explic-
itly. In ionic solution surrounding the biomolecule, only two
ion species are considered in our calculation, one with charge
q+ = ec and the other with charge q− = −ec. To estimate the
water molecule size a0 involved in the size effects calcula-
tions, we can consider 1 l pure water completely filled with
water molecule and every molecule is regarded as a cubic box
of a0 × a0 × a0. Then a0 has the following value:

a0 ≈
(

1027Å3

103g

18g/mol
× 6.02 × 1023mol−1

) 1
3

=
(

180

6.02

) 1
3

Å ≈ 3.1Å. (50)

It is worth noting that the ionic sizes in SMPB/SMPNP mod-
els are not simply the values derived from a force field, in-
stead, they should be obtained from an extensive fitting pro-
cedure, which is outside the scope of this work. For numerical
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tests, if not specified, ionic sizes are chosen to be a+ = 2.3 Å
and a− = 2.4 Å. Considering the existence of hydration shell,
a couple of hydrated ionic sizes, a+ = 4.8Å and a− = 6.4Å,
are also tested in the solvation calculations.

A. Size effects to solvation energy

In this subsection, we will show numerical results of the
influence of size effects to solvation energy in a spherical
model system, a DNA fragment, and an AChE protein system.
A unit sphere carrying a charge ec at the origin simulates the
molecule in the sphere model with the solvent domain simu-
lated in a spherical cavity of radius 200 Å. There are 12 003
unknowns in the whole domain. The DNA fragment applied
here contains a total charge of −22ec and is constituted of 778
atoms. The radius of solvent domain has the same as that of
the sphere model, while the volume mesh has a total of 99 093
vertices. The AChE molecule is made up of 8362 atoms with
its total charge amount being −7.16ec. The total calculation
region is a spherical region of radius 400 Å, with 176 673
vertices in it.

When size effects are considered, ionic concentration un-
der equilibrium state does not obey the Boltzmann distribu-
tion satisfied in PB any more. Denote ionic concentration in
PB as

cPB
i = cbie

−βqiφ. (51)

In uniform SMPB, Borukhov et al. have given the following
expression of ionic concentration:2

cSMPB
i = cPB

i

1 + ξ
. (52)

Nevertheless, for nonuniform SMPB we can only get the im-
plicit relation of concentration defined in Eq. (30). Physi-
cally, ionic size effects avoid counter ions overcrowding in the
vicinity of biomolecule. On the other hand, with less counter
ions, less charges inside the molecule are neutralized and the
electric field strength becomes stronger, which indicates more
counter ions will be attracted and accumulated around the
surface. These two opposite and balancing factors affect
the final ionic concentration together. Figure 2(a) illus-
trates the counter-ion concentrations around the spherical
cavity. The counter-ion concentration decreases significantly
from 48.9M to 11.4M near the spherical surface when size
effects are considered at 0.5M. Potential around the surface
is then influenced by the change of counter-ion concentration
when size effects are involved, see Figure 2(b). The poten-
tials in SMPB as shown in Figure 2(b) are higher than those
in PB. These differences will lead to different solvation en-
ergies which can be calculated through expressions of ionic
concentrations and potentials.

First, we will compare the accurate and approximate sol-
vation energy calculations described in Sec. II. The solvation
energies are calculated under a series of bulk concentrations,
from 0.01M to 0.09M (with a step size of 0.01M) and from
0.1M to 1.0M (with a step size of 0.1M). For the spherical
cavity the results are plotted in Figure 3. It is clearly seen
that the approximate solvation energy calculation usually re-
sults in lower values than the accurate calculations in PB and

(a)

(b)
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FIG. 2. (a) Counter-ion concentrations and (b) potential profiles around the
unit spherical cavity at bulk concentrations 0.05M (solid line) and 0.5M
(dashed line). In SMPB1, the ion sizes are a+ = 2.3 Å and a− = 2.4 Å.

SMPB models in the cases of low ionic strength or small ionic
sizes. Nevertheless, a noticeable phenomenon that the approx-
imate energies are higher than the accurate ones is observed
when larger (hydrated) ionic sizes are considered at bulk con-
centrations larger than 0.2M, as shown in SMPB3 case in the
figure. This also indicates that ionic sizes can impose signif-
icant influence on the biomolecular systems. In the spherical
model, the difference between these two calculations for PB
is no larger than 0.08 kcal/mol when bulk concentration is un-
der 1M. When size exclusion is considered, the difference is
within a similar level, 0.09 kcal/mol. It is worth noting that
though the integration region has a sufficiently large radius
(200 Å) of the outer boundary compared with the spherical
cavity, the finite size of the computational domain � and the
boundary conditions used in the simulations have little nu-
merical influence to our energy computations and relevant
conclusions. But for DNA system, it is found the difference
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FIG. 3. Accurate and approximate solvation energies of the spherical cavity
in SMPB and PB models. The solid lines stand for the accurate energy results
(using Eqs. (47) and (48)), while the dashed for the approximate ones (using
Eq. (49)). Three different pairs of ionic sizes are considered: (1) SMPB1: a+
= 2.3 Å, a− = 2.4 Å (star); (2) SMPB2: a+ = 3.5 Å, a− = 4.0 Å (diamond);
and (3) SMPB3: a+ = 4.8 Å, a− = 6.4 Å (square).

between the accurate and approximate energy calculations is
within 5.42 kcal/mol and 9.59 kcal/mol for PB and SMPB,
respectively (see Figure 4(a)). In addition, the difference be-
comes larger when ionic size effects are incorporated into the
model. This may be due to the lower order of the energy
approximation in SMPB model than that in PB model. For
AChE system, the differences between accurate and approxi-
mate energy calculations are found to be within 2.61 kcal/mol
and 3.99 kcal/mol in PB and SMPB, respectively (see
Figure 4(b)). As implied by Eqs. (19) and (39), the ap-
proximation error in solvation energy computation for PB is
smaller than that for SMPB. In addition, as shown in Figure 3
for spherical case and Figure 4 for DNA and AChE systems,
larger ionic sizes (within a reasonable range) in SMPB more
likely lead to higher solvation energies, hence result in more
significant effects to solvation.

From these two figures, two additional phenomena are
observed. One is that a similar trend of salt dependencies
of the solvation energies (no matter approximate or accurate
computations) is observed in all the sphere, DNA and AChE
systems: the solvation energy decreases as the bulk ionic con-
centration increases. In the uniform size and zero size (with-
out size effect) cases, Eqs. (41) and (42) already give a clearly
theoretical prediction of such a phenomenon. However, simi-
lar conclusion seems cannot be reached straightforward from
the salt dependence expression of Eq. (43) for the general
nonuniform size case, though Eqs. (41) and (42) are special
cases of Eq. (43). Therefore, we can only support by numer-
ical experiments (and also from more other tests with differ-
ent nonuniform size sets, not listed here) that it seems to be
general to find a decreasing solvation energy along with the
increasing ionic strength in the nonuniform SMPNP/SMPB
model.

Another phenomenon is that the SMPB solvation en-
ergy is apparently higher than the PB one under a same con-

(a)

(b)

FIG. 4. Solvation energies in a symmetric 1:1 salt solution for (a) DNA and
(b) AChE systems in various bulk concentrations. The solid and dashed lines
have the similar meanings as in Figure 3. Two different pairs of ionic sizes
are considered: (1) SMPB1: a+ = 2.3 Å, a− = 2.4 Å (star); (2) SMPB3: a+
= 4.8 Å, a− = 6.4 Å (square).

dition. At 0.5M, the difference is about 0.20 kcal/mol for
sphere case, and about 10.64 kcal/mol and 10.31 kcal/mol for
the DNA and AChE systems, respectively. When steric ef-
fects are incorporated, counter-ion concentration near molec-
ular surface becomes smaller than that without size effect
considered. As a result, this leads to a reduced screening
(thereby stronger electric field) for the electrostatic interaction
between biomolecule and ionic solution, which implies that
the molecular solvation state with less concentrated counter-
ion atmosphere becomes closer to the state in vacuum where
screening vanishes. The solvation energy is usually negative.
Therefore, in SMPB, the solvation energy (as definition, it
is the energy difference between the solvated state and the
vacuum state) becomes larger than in PB. This also means
the absolute value of solvation energy with size effects con-
sidered becomes smaller than that without size effects con-
sidered, which are shown in Figures 3 and 4. The above
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physical phenomenon can also be explained by the increase
of Debye length (a measure of screening effect) in the SMPB
model, which is proved in a recent work of Li et al.26 They
have derived the size-modified Debye length

λ̃−2
D = β

ε

[∑
i

q2
i cbi −

(∑
i qicbia

3
i

)2∑
i cbia

6
i

]
. (53)

Compared to the classical Debye length λD that satisfies
λ−2

D = β

ε

∑
i cbiq

2
i , the size-modified Debye length λ̃−2

D is
longer, but as calculated in Ref. 26, the modifications are not
much significant in normal situations. This directly indicates
an attenuation of screen effect, hence leads to stronger electric
field as we declared above. However, we noticed an issue of
this formulation, which may indicate a drawback of the theory
or improperness of linearization of the SMPB/SMPNP model
for uniform size case. When a special case of uniform size is
considered, it is found that the size-modified Debye length λ̃D

is equal to the classical Debye length λD, which means there is
no any size effects included in the Debye length. This can be
deduced from Eq. (53) by employing charge neutrality con-
dition

∑
iqicbi = 0. This means in Eq. (53), the uniform size

effects do not make any change to the Debye length, which in-
dicates that Eq. (53) cannot capture the influence of uniform
ionic size effects, and the influence of ionic size effects is
only observed when the ionic sizes are not identical. However,
as shown by our previous physical explanations and numeri-
cal results, both uniform size and nonuniform sizes impose
similar influences to ion concentrations, electrostatic screen-
ing, and solvation energy at a wide range of systems and
settings.

B. Size effects to ion current across a channel

In this subsection, we concentrate on ionic size effects
to the ion current-voltage characteristic of a channel system
by adopting the same SMPNP model, but for nonequilibrium
process simulation. Gramicidin A (gA) channel is simulated
by solving the SMPNP equations. Unlike the above systems
modeled in a spherical domain, gA is placed in a box of 30 Å
× 30 Å × 45 Å with a total number of 22 793 vertices in the
volume mesh discretization. The channel is aligned with the z
direction.

In the method section, it is found that ion flux Ji with size
effects has an additional diffusion component, compared to
that without size effect. The current across a certain cut plane
is subsequently calculated as

Iz = −
K∑

i=1

qi

∫
Di

×
(

∂ci

∂z
+ kici

1 − ∑
l a

3
l cl

∑
l

a3
l

∂cl

∂z
+ qi

kBT
ci

∂φ

∂z

)
dxdy

(54)

FIG. 5. Ion current through a gramicidin A channel without size effect and
with size effects a0 = 3.1 Å, a1 = 2.3 Å, and a2 = 2.4 Å under three differ-
ent bulk concentrations: 2.0M (triangle), 0.5M (star), and 0.1M (circle). The
three solid lines show the results with ionic size effects while the dashed lines
show results without ionic size effects.

for SMPNP model and

Iz = −
K∑

i=1

qi

∫
Di

(
∂ci

∂z
+ qi

kBT
ci

∂φ

∂z

)
dxdy (55)

for PNP model, where ci and φ are the unknowns we need
to solve from SMPNP or PNP equations. The integration
is taken over a given plane at z-position and perpendicu-
lar to the pore axis and shows slight differences for differ-
ent z values.38 Here, gA channel is simulated under a vari-
ety of membrane voltages (0 mV, 50 mV, 100 mV, 150 mV,
and 200 mV) and bulk ionic concentrations (0.1M, 0.5M, and
2.0M) using SMPNP and PNP. The current across z = 0 plane
is calculated.

Figure 5 illustrates the currents across the gA channel
versus voltages in different bulk concentrations. For both
models, the I -V curves show the same upward tendency as
voltage increases. The current values obtained with SMPNP
model are apparently smaller than those obtained from PNP
model under same conditions. Around 10% decrease of cur-
rent is observed from the figure for the given boundary condi-
tions.

To further investigate ion current across channel, we plot
the current of positive and negative ion (denoted by I+ and
I−) in Figure 6. The attenuation of current can also be seen
in both subfigures when size effects are incorporated. At low
bulk ionic concentration (e.g., 0.1M), the negative ion flux is
much smaller compared to the positive ion flux. This is be-
cause gA channel is selective for potassium (positive) ions.
Besides, the percentage of negative ion flux in the whole cur-
rent increases as bulk concentration increases, but the positive
ion flux still plays a leading role.
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(a)

(b)

FIG. 6. Current contribution of (a) positive ion and (b) negative ion in PNP
and SMPNP models.

From the current formula defined by Eq. (54), we define
diffusion component in SMPNP model

Idiff = −
K∑

i=1

qi

∫
Di

(
∂ci

∂z
+ kici

1 − ∑
l a

3
l cl

∑
l

a3
l

∂cl

∂z

)
dxdy

(56)
and the drift term

Idrif t = −
K∑

i=1

qi

∫
Di

qi

kBT
ci

∂φ

∂z
dxdy. (57)

For PNP, the diffusion term is

Idiff = −
K∑

i=1

qi

∫
Di

∂ci

∂z
dxdy, (58)

and the drift term is defined as the same as in Eq. (57). The
ion currents calculated from diffusion term and drift term are
plotted in Figure 7. Figure 7(a) shows that the diffusion term
has a negative contribution to the total currents, and ionic

(a)

(b)

FIG. 7. Current contribution of (a) diffusion term and (b) drift term in PNP
and SMPNP models.

size effects impose little influence on current from diffusion.
In addition, with increase of the applied voltage, the current
from diffusion term does not change much. Whereas the con-
tribution of drift term to current illustrated in Figure 7(b)
is observed to have a leading role in the whole current.
This subfigure has nearly the same shapes of the total I -V
curves.

At last, the additional diffusion components of Eq. (54)
for SMPNP model can be extracted and denoted as

Isize = −
K∑

i=1

qi

∫
Di

kici

1 − ∑
l a

3
l cl

∑
l

a3
l

∂cl

∂z
dxdy. (59)

The current Isize are plotted in Figure 8. With increase of the
applied voltage, the absolute value of Isize gradually increases,
but keeps tiny negative values (∼−10−3 pA in current simula-
tions) compared to the total current. From above observations,
it is indicated that the ionic size effects to the total current in
a channel from SMPNP model are mainly conveyed through
the drift term.
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FIG. 8. Current contribution of the additional diffusion terms appeared in
SMPNP (the second term in Eq. (54)).

IV. CONCLUSION

We have investigated the ionic size effects to biomolec-
ular solvation energy and ion current across a channel by us-
ing the nonuniform SMPNP. We paid special attentions on
the nonuniform size model and numerical calculations on real
protein systems, which is rarely explored in literatures for a
class of recently studied size-modified PB and PNP models.

The electrostatic free energy is studied in the first place,
as well as the widely used approximation form in PB commu-
nity. By using Taylor expansions of the concentrations with
respect to potential, a convenient approximate formulation is
found for the general nonuniform size-modified PNP/PB sol-
vation energy calculation. The formulation is similar as in
usual PB energy calculations, but with a lower order approxi-
mation. Numerical calculations on spherical cavity, DNA, and
AChE systems demonstrate that the approximate energy cal-
culations result in small differences from the accurate ones,
indicating that the approximate form is also effective as well
for the SMPNP/SMPB models. Besides, the salt dependence
of solvation energy with size effects is given for the 1:1 sym-
metric solution, and when all ionic sizes are identical, it can
be reduced to the known relation. Though a decay of solvation
energy with increasing of the ionic strength cannot be proved
rigorously for the general nonuniform size model, all of our
numerical calculations seem to support the phenomenon. In
addition, solvation energy calculated from SMPB is higher
than the PB one, which can be physically explained by the
reduced screening effect resulted from the ionic size effects.

In ion channel simulating, the size effects to ion current
across a channel are investigated in detail. Numerical tests are
implemented on gA channel in different bulk concentrations
and voltages. It is observed that ion current calculated from
SMPNP is smaller than that from PNP. Numerical experi-
ments show that the drift term has a leading contribution to
the total current in both PNP and SMPNP simulations, and the
size effects to the current are also mainly conveyed through
the drift term.
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