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Abstract

In this paper, we propose a novel 3D adaptive upwind stabilized finite element method

(SUPG-IP), and perform a study to compare several parallel finite element methods for

semiconductor device simulations. Numerical results show that the stabilized finite element

methods are applicable to problems with large biases and high doping concentrations, while

* 2020 E 4 � 2 x3t.
1) �G'=: iHh&\b (TZ2016003), e"Q�P��� (2016YFB0201304), NSFC(11771435).
2) mLo-: ~zÆ, lihongliang@mtrc.ac.cn; (�0, zlb@lsec.cc.ac.cn;  �a, bzlu@lsec.cc.ac.cn.



86 ���K��K�px 2020 E
the classic Zlamal finite element method is more suitable for calculation of electrical charac-

teristics of devices. Based on the three-dimensional parallel adaptive finite element toolbox

PHG, a Drift-Diffusion model solver, DevSim, for semiconductor device simulations is de-

veloped. It is applied to simulating several typical semiconductor devices. The results are

consistent with those of the commercial software Sentaurus, which verifies the effectiveness

of the algorithms. A large-scale numerical experiment of PN diode, with 800 million ele-

ments and 2048 MPI processes, was carried out, demonstrating good parallel scalability of

the algorithms.

Keywords: semiconductor device; drift-diffusion model; finite element methods; par-

allel simulation; DevSim
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1. ℄��X�q℄*+�w�q7� ({a�.y) w\8�G\=ywM\	LAw�℄*. Nb{��<woI�#, ��q℄*w�<XiY�y�?. lh"Sw$�OH3w�q℄*�XPh\D��� -0H -;0 -?;�� -�0H�whP, 2�P7=EesDQwXi, -%{�fj%�+. k_, FN�qJd8B�℄*8B (TCAD)�*o���. �3℄*wOHhPK, DY TCAD�*�;Vw�G\=, jbggR�3℄*w��H�SV, 0{H�M�. t��9�d�w�q??+�Jn`g�?�+^gdvw�Z�*, <a TCAD �Z�*w�g\q+,+ SynopsysNDw Sentaurus [1]p Silvaco NDw Atlas [2], _H}Cd��+}\q07lww�q℄*8B�*.��q℄*K, ��^qgw+�pmIw_�, k_�pmI�oL}��.�.jblh.���w9�88y8B�q℄*w�G\=. l��$ww��9�88+ VanRoosbroeck � 1950 D`VwO_v�88 (Drift-Diffusion Model) [3], :88�u\D Poisson $Pp�D���E=$P. XK, Poisson $Pr	��*w+3, ��E=$P�4=���E�F�_�ynw�w��F�+3. lhiAO_v�88,�.jbvs�q℄*�2nLM�w��9�;}, a�vs��� - �M�\=m�.�O_v�88w
Y, �}\/H}7�w9�88, {���G88. V�u�\D
Poisson$P,�D�E=$P,�D�5x$Pp�DA5x$P.���G88AT1`sS�w “velocity overshoot” �), �)�=Bm8$PKw�/�). n+���G88wiA�+t?, <aG<C`VwJ�a2+�+w�. _v, �"��DpowK,℄*w		=��7sH�Jd��SyFNkHwt$,{�DhPK$ww�G0��?�℄7pu"Æ	��$whPKyeS|�Sw�{1�y, ℄j9f�dw�\K�' [4], /��.2�^=.O_v�88n}l��w��q℄*8Bw88, _Ha}��D�#. :88-w�{0�,w℄*8B, \=%[b�q℄*8BwWq}�. lU, u.lhA�w$��:88I;+�, /N$���\�w+�;<}-, n����	��w+�t?I;. 1964 D, Gummel [5] 4`$w??$�jeA�$�, b\��q??8Bw j. |�}�A+�f�"�w\=p}�Æ��5xw=J, /�N$��iAO_v�88K�^#ow [6], XKb Scharfetter-Gummel A' [7] l}X7. }�	$� [8] �A���pv�tgwML, n��q$PKq!5Æw. }�	$�}t���wz�, V��\|7�w�q:℄p$Ci*, -�R�?O�wA'b�-�I;e-o�Jy. _v, y



2 W xg z: ���rd^+P`w�99x.<~�
%�PX 87A�M�<p�*w�# [9–12] Yb$}�	$�M}iA�q$Pw}�J℄.t�, \�w}�	$�wt��\/�a. o℄*Kw�E�5	��F�&�!5^� , O_v�88Kw���E=$Pjbem�8w��%zw��v�$P. RSS;, _z$Pw0A�$C=	�6=, \�w}�	$�tyfD�)�|w??3p. }l5??3p, Fww$�+�??A'K$wr.�< [13] 	B?Br�< [14]. <aG<C}t�2���v��aw		�}�	$�, XK!5MLw$�<\Y+ Streamline-upwind/Petrov-Galerkin (SUPG) }�	 [15]. �v�}\z		�$�, �| Douglas p Dupont `Vw$		�$� [16], :$�lhf#l	$C�(q?wj�&y`?}�	Aw℄�=, eH??3p. 
�=�N		�$�, �����e-or.		�}�	$� (SUPG-IP). X_<v, �.jb
�O_v�$Pw\};=, ��[-2�Vw}�	{�A'. O_v�88K,����+|�E E = −∇ψ (ψ }R�*)o�w, ��F��m&KOB?+3. k_, B?Br�d�R��E=$Pw{�A' �+Fw. �{, � Scharfetter-Gummel A'wtqK, Y$�����yAl	w$}F?, vs���F��jB?&wA�*e', �
�/D*e'I;iq�J, I�vs���HOrw??{�A'. 1983 D, Zlamal [17] /B?Br�d�ws�2�O_v�88w}�	{�A'w��K. U$w+N�=
k?��E=$PI;}�	{�, -��J&+�aKwB�=8 , �w��1��E2l	�}F?w$�vs�Æ+�\HOrw��1�?. ���b�N}�	$��O_v�88Kwowp�#I;�"�E�, -lh�N�8w�q℄*w??8B"SyS8//$�w}-=. 
���-;e-o}�	�*RW Parallel Hierarchical Grid (PHG) [18], �."��bJ�, -OH����q℄*-;}�	iA℄ DevSim. n , DevSim Yb}s��,kb�w�q℄*�1)P	-o&0wow�*�o 3Ddevice K, "hj9f [19].����6+�I{�. �~ 2 <K, �."�E�iAO_v�88wFw�dp�N}�	$�w??{�A'. ~ 3 <#(�N�8�q℄*w??"S?f, S8//$�w"w=. ~ 4 <���wJnI;g?.

2. <'9\->4T
�naRd���iAl� Ω ⊂ R
3, P�wO_v�88 [3]�u\D Poisson $Pp�D���E=$P	

Poisson $P	−∇ · (ǫ∇ψ) = q(p− n+ND −NA) in Ω,mI�E=$P	∂p
∂t

= −∇ · Jp −Rp(ψ, p, n) in Ω,��E=$P	∂n
∂t

= −∇ · Jn −Rn(ψ, p, n) in Ω.XK,

Jp = −Dp∇p+ µpp

(

−∇ψ +
kBT

q
∇ lognie

)

,

Jn = −Dn∇n− µnn

(

−∇ψ −
kBT

q
∇ lognie

)

.kiAw&+R�* ψ�mIF� p p�F� n, Jp p Jn +,+mI��1�p���1�. Poisson$PK, ǫ +E�F?, q +l��n, NA +7W�J4��|��LA



88 ���K��K�px 2020 Ewi8�w{F�, ND +�W�JO�\D�|��LAwi7�w{F�. �E=$PK, Dp p Dn +,+mIp�wv��?, µp p µn +,+mIp�w`_%,

Rp p Rn +,+mIp�w7rD�&, kB + Boltzmann F?, T +��, nie +�q7�w�5F�.��q7�}nJ?f2f#Ai&!-o,� nie }F?, ∇ lognie = 0,f Einstein Y�
Dp =

kBT

q
µp, Dn =

kBT

q
µnM�. �.m}& u = qψ

kBT
�R�* ψ I;�>�, �$Pk&} (/�WXf#	Ywhr)	

−∇ · (ǫ∇u) =
q2

kBT
(p− n+ND −NA), in Ω, (2.1)

∇ · Jp = −Rp(ψ, p, n), in Ω, (2.2)

∇ · Jn = −Rn(ψ, p, n), in Ω. (2.3)XK
Jp = −Dp(∇p+ p∇u),

Jn = −Dn(∇n− n∇u).�$C, }
u|∂ΩD,ψ = uD, (2.4)

p|∂ΩD,c = pD, (2.5)

n|∂ΩD,c = nD, (2.6)

∇u · n|∂ΩN,ψ = 0, (2.7)

Jp · n|∂ΩN,c = Jn · n|∂ΩN,c = 0. (2.8)XK n}$Cl�v�(, ∂ΩD,ψ, ∂ΩD,c p ∂ΩN,ψ, ∂ΩN,c+,+�*p��F�w Dirich-

let 8p Neumann 8$C, f} ∂Ω = ∂ΩD,ψ
⋃

∂ΩN,ψ = ∂ΩD,c
⋃

∂ΩN,c.4�, �.m}�|+�p�JFww& φp p φn, V.L}_*0*, ��*p��F�}{�Y�	
p = niee

φp−u, n = niee
u−φn ._*0*�|EH;8[$Cw\|K/�$w.X`,�.m}?G+�Fww Slotboom& Φp p Φn {�	

Φp = peu, Φn = ne−u.&e�|, jv Jp p Jn }	
Jp = −Dp(∇p+ p∇u) = −Dpp∇φp = −Dpe

−u∇Φp,

Jn = −Dn(∇n− n∇u) = Dnn∇φn = −Dne
u∇Φn.� 2.3 <K, �./
� Slotboom &m}iAO_v�88w Zlamal }�	$�.



2 W xg z: ���rd^+P`w�99x.<~�
%�PX 89

2.1. |p_Pb���/\,<, �./"�E�O_v�88w(_}�	$�w??{�A'. 1964 D,

Gummel 4`$wAx�jJ� [5] �\�	YB�=L[w�\=I;+�, |_b\��q??8Bw j. Gummel �jJ�wo5C#+/$PkAx|+,iA, lh�jJ�$vlD$PwAV- K6$PkwA, XWX5U}, �,D�j5K^`iAFDlÆw$P, -/<aivwAn}a;j}�/iAw$PK.Ax|, Poisson $Pp�D�E=$P+,lÆiA. 4�f# Poisson $Pw??{�A'. 	j H1(Ω) wm& H1
u(Ω) = {v ∈ H1(Ω) : v|∂ΩD,ψ = 0}, Poisson $P (2.1) w�:'}	i u ∈ H1(Ω) )j$Ci* (2.4) $v

∫

Ω

ǫ∇u · ∇vdΩ =
q2

kBT

∫

Ω

(p− n+ND −NA)vdΩ, ∀v ∈ H1
u(Ω).���E=$P, $PKw7r& Rp(ψ, p, n) p Rn(ψ, p, n) lF+Y� p p n w)�=k?, �X�XI;\	w�=�\|, jb8w�'	�n'w$�. }C=(>, /��.8w�'$�, ��iA�E=$P �

Rp(ψ, p, n) = Rp(ψ
∗, p∗, n∗), Rn(ψ, p, n) = Rn(ψ

∗, p∗, n∗),XK (ψ∗, p∗, n∗) +\�j5w�J?f. �+XiAw$P}
−∇ ·Dp(∇p+ p∇u) = −Rp(ψ

∗, p∗, n∗), in Ω,

−∇ ·Dn(∇n− n∇u) = −Rn(ψ
∗, p∗, n∗), in Ω.	j H1(Ω) wm& H1

c (Ω) = {w ∈ H1(Ω) : w|∂ΩD,c = 0}, �mI�E=$Pw�:'}	i p ∈ H1(Ω) )j$Ci* (2.5) $v
Ap(p, w) :=

∫

Ω

Dp(∇p+ p∇u) · ∇wdΩ = −

∫

Ω

RpwdΩ, ∀w ∈ H1
c (Ω), (2.9)b���E=$Pw�:'}	i n ∈ H1(Ω) )j$Ci* (2.6) $v

An(n,w) :=

∫

Ω

Dn(∇n− n∇u) · ∇wdΩ = −

∫

Ω

RnwdΩ, ∀w ∈ H1
c (Ω). (2.10)� Th +l� Ω w0�E2yAT+, Pm +�� m 9�&', 	j H1(Ω) w}�	m& H1

h(Ω) {�	
H1
h(Ω) := {fh ∈ C(Ω) : fh|T ∈ Pm, ∀T ∈ Th}.	j H1

u p H1
c wm& Vh p Wh }}�	;0k?m&,

Vh := {vh ∈ C(Ω) : vh|∂ΩD,ψ = 0, vh|T ∈ Pm, ∀T ∈ Th},

Wh := {wh ∈ C(Ω) : wh|∂ΩD,c = 0, wh|T ∈ Pm, ∀T ∈ Th}.	j}�	k? uD,h, pD,h, nD,h ∈ H1
h, $v�}�	m& H1

h KwS}>?<� xh )j
uD,h(xh) =







uD(xh), xh ∈ ∂ΩD,ψ

0, xh /∈ ∂ΩD,ψ

pD,h(xh) =







pD(xh), xh ∈ ∂ΩD,c

0, xh /∈ ∂ΩD,c
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nD,h(xh) =







nD(xh), xh ∈ ∂ΩD,c

0, xh /∈ ∂ΩD,c� Poisson $Pw{��:'}	i uh ∈ uD,h + Vh $v
∫

Ω

ǫ∇uh · ∇vhdΩ =
q2

kBT

∫

Ω

(ph − nh +ND −NA)vhdΩ, ∀vh ∈ Vh. (2.11)XK ph ∈ pD,h +Wh p nh ∈ nD,h +Wh n}a;\|. mI�E=$Pw{��:'}	i ph ∈ pD,h +Wh $v
Ap(ph, wh) :=

∫

Ω

Dp(∇ph + ph∇uh) · ∇whdΩ = −

∫

Ω

RpwhdΩ, ∀wh ∈Wh,b���E=$Pw{��:'}	i nh ∈ nD,h +Wh $v
An(nh, wh) :=

∫

Ω

Dn(∇nh − nh∇uh) · ∇whdΩ = −

∫

Ω

RnwhdΩ, ∀wh ∈Wh.XK uh Yn}a;\|.� {vj}
N
j=1 +}�	m& Vh w\k
, {wj}

Ñ
j=1 + Wh w\k
, ���vhw uh ∈

uD,h + Vh, Xjb*(}{�:'	
uh = uD,h +

N
∑

j=1

ujvj/ uh j}{��:' (2.11), -p vh ∈ {vj}
N
j=1 jv	

N
∑

j=1

uj

∫

Ω

ǫ∇vj · ∇vidΩ =
q2

kBT

∫

Ω

(ph − nh +ND −NA)vidΩ

−

∫

Ω

ǫ∇uD,h · ∇vidΩ, i = 1, . . . , N.�+, Poisson $Pw{�A'jb1MZ4:' MU = F , XK M = [Mij ] ∈ R
N×N f

Mij =

∫

Ω

ǫ∇vj · ∇vidΩ,

F = [Fi] ∈ R
N f

Fi =
q2

kBT

∫

Ω

(ph − nh +ND −NA)vidΩ−

∫

Ω

ǫ∇uD,h · ∇vidΩ.XKo vi ��j$C ∂ΩD,ψ wl	�p?)� , Æ+ ∫

Ω ǫ∇uD,h · ∇vidΩ )�.zG}, �.jb/vhw ph ∈ pD,h +Wh p nh ∈ nD,h +Wh *(}	
ph = pD,h +

Ñ
∑

j=1

pjwj ,

nh = nD,h +

Ñ
∑

j=1

njwj ,
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Ñ
∑

j=1

pj

∫

Ω

Dp(∇wj · ∇wi + wj∇uh · ∇wi)dΩ

=−

∫

Ω

Rpwi −

∫

Ω

Dp(∇pD,h · ∇wi + pD,h∇uh · ∇wi)dΩ, i = 1, . . . , Ñ ,

Ñ
∑

j=1

nj

∫

Ω

Dn(∇wj · ∇wi − wj∇uh · ∇wi)dΩ

=−

∫

Ω

Rnwi −

∫

Ω

Dn(∇nD,h · ∇wi − nD,h∇uh · ∇wi)dΩ, i = 1, . . . , Ñ .!owZ4:'} MU = F , M = [Mij ] ∈ R
Ñ×Ñ , F = [Fi] ∈ R

Ñ . ��mI�E=$P,

Mij =

∫

Ω

Dp(∇wj · ∇wi + wj∇uh · ∇wi)dΩ,

Fi = −

∫

Ω

Rpwi −

∫

Ω

Dp(∇pD,h · ∇wi + pD,h∇uh · ∇wi)dΩ.����E=$P,

Mij =

∫

Ω

Dn(∇wj · ∇wi − wj∇uh · ∇wi)dΩ,

Fi = −

∫

Ω

Rnwi −

∫

Ω

Dn(∇nD,h · ∇wi − nD,h∇uh · ∇wi)dΩ.XK, o wi ��j$C ∂ΩD,c wl	�p?)� , Æ+ ∫

Ω
Dp(∇pD,h · ∇wi + pD,h∇uh ·

∇wi)dΩ p ∫

ΩDn(∇nD,h · ∇wi − nD,h∇uh · ∇wi)dΩ )�.

2.2. KÆ�_Pb���O_v�88K, Nb��w�MpB�F�w2�`?, $PK��&w�V-�, O_v�$PV-&}��%z, _z$Pw0A���$C=	�6=, k_(_}�	$�tyfD�)�|w??3p, a�qF2	swA2TOr�E?b2	. }�l5��%zw�a, �.m}�℄}r.;=w SUPG $�. �v, �.�Z[�\z2		�$�, lhf#l	$C�(q?wj�&y`?}�	Aw℄�=, eHC2p$Cw??3p. �2�./"�E�/�N		�$�w??{�A'.

2.2.1. Streamline-upwind/Petrov-Galerkin(SUPG) ���/\,<K, �./E� SUPG 		�$� [15] w??A'. |�		�+nw��E=$Pw, �.bmI�E=$P (2.2) }�,

−∇ ·Dp(∇p+ p∇u) = −Rp.	j Peclet ? Pe n}���wB(	
PeT =

||bp||2hT
2Dp

,XK hT }l	 T w=T, bp = −Dp∇u +!owI�E. PeT *( Pe �l	 T w?. lF, o Pe g� 1  , $P&}��%z, _ 		�+#Xw [15]. SUPG $���E=$P
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Sp(p, w) :=

∑

T

∫

T

(−∇ ·Dp(∇p+ p∇u)) · wsupgdT,

Lp(w) :=
∑

T

∫

T

−RpwsupgdT,XK wsupg = σT bp · ∇w. 		�9? σT 	j{�	
σT =

hT
2||bp||2

ξ(PeT ), ξ(PeT ) =







PeT /3, 0 ≤ PeT ≤ 3,

1, P eT > 3.�mI�E=$Pw SUPG 		��:'}	i p ∈ H1(Ω) f)j$Ci* (2.5) $v
Ap(p, w) + Sp(p, w) =

∫

Ω

−RpwdΩ + Lp(w), ∀w ∈ H1
c (Ω).zG}jv��E=$Pw SUPG 		�&}	

Sn(n,w) :=
∑

T

∫

T

(−∇ ·Dn(∇n− n∇u)) · wsupgdT,

Ln(w) :=
∑

T

∫

T

−RnwsupgdT.XK, wsupg = σT bn · ∇w, bn = −Dn∇u. 		�9? σT 	j}	
σT =

hT
2||bn||2

ξ(PeT )���E=$Pw SUPG 		��:'}	i n ∈ H1(Ω) f)j$Ci* (2.6) $v
An(n,w) + Sn(n,w) =

∫

Ω

−RnwdΩ + Ln(w), ∀w ∈ H1
c (Ω).

2.2.2. Interior penalty(IP) ��
IP$�+\zlhf#l	$C�(q?wj�&y`?}�	Aw℄�=w		�$�. :$�lU| Douglasp Dupont`V [16],w�iAu�pJ�$P.|y, Burman [20]yu�Bm��p�&�S�AU��85�Vw		=. � F int

h *(�6l	$Cw�r,wbmI�E=$P (2.2) }�, IP $��X�:'f#�{�wj�&	
Bp(p, w) :=

∑

F∈F int
h

αh2F

∫

F

[∇p · n][∇w · n]dF.XK n +2 F wl�v�(, hF + F w=T, α +\D7wF?. �mI�E=$Pw IP		��:'}	i p ∈ H1(Ω) f)j$Ci* (2.5) $v
Ap(p, w) +Bp(p, w) =

∫

Ω

−RpwdΩ, ∀w ∈ H1
c (Ω).zG}, ����E=$P}	

Bn(n,w) :=
∑

F∈F int
h

αh2F

∫

F

[∇n · n][∇w · n]dF.���E=$Pw IP 		��:'}	i n ∈ H1(Ω) f)j$Ci* (2.6) $v
An(n,w) +Bn(n,w) =

∫

Ω

−RnwdΩ, ∀w ∈ H1
c (Ω).
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2.2.3. SUPG-IP ��}�?r SUPG $�wr.;=p IP $�??Aw℄�=, �.`V\N3w/Æ+�2Æ+!?rw		�$�, L} SUPG-IP $�. wbmI�E=$�}�, :$��X�:'f#{�		�&	
Cp(p, w) =

∑

T

∫

T

(−∇ ·Dp(∇p+ p∇u)) · wsupgdT +
∑

F∈F int
h

ζτ intF

∫

F

[∇p · n][∇w · n]dF.!ow��&}	
Lp(w) =

∑

T

∫

T

−RpwsupgdT.XK, ζ +\D7wF?. 		�9? τ intF 	j{� [21]	
τ intF =

h3F ||bp||
2
L2(F )

||bp||L2(F )hF +Dp

.�mI�E=$Pw SUPG-IP 		��:'}	i p ∈ H1(Ω) f)j$Ci* (2.5) $v
Ap(p, w) + Cp(p, w) =

∫

Ω

−RpwdΩ + Lp(w), ∀w ∈ H1
c (Ω).zG}, ����E=$P}	

Cn(n,w) :=
∑

T

∫

T

(−∇ ·Dn(∇n− n∇u)) · wsupgdT +
∑

F∈F int
h

ζτ intF

∫

F

[∇n · n][∇w · n]dF,

Ln(w) :=
∑

T

∫

T

−RnwsupgdT.XK,

τ intF =
h3F ||bn||

2
L2(F )

||bn||L2(F )hF +Dn

,���E=$Pw SUPG-IP 		��:'}	i n ∈ H1(Ω) f)j$Ci* (2.6) $v
An(n,w) + Cn(n,w) =

∫

Ω

−RnwdΩ + Ln(w), ∀w ∈ H1
c (Ω).

2.3. Zlamal _Pb��\<KE�w�N		�$�WX
� SUPG $�, lh$wr.�<yl5??3p. X_<v, �.�jb
�O_v�88w\};=, $wB?Br�<��[-2�Vw}�	{�A'. ��<K, �./P�E�
�B?BrC#w Zlamal }�	$� [17],:$�$w+N�=
k?�O_v�88I;}�	{�.8w Slotboom &y*=�E=$P	mI�E=$P	∇ · Jp = −Rp,��E=$P	∇ · Jn = −Rn.XK, Jp = −Dpe
−u∇Φp, Jn = −Dne

u∇Φn. /�, �.f#{�wZ`$Ci*,

Φp|∂ΩD,c = 0, Φn|∂ΩD,c = 0,

(Dpe
−u∇Φp) · n|∂ΩN,c = 0, (Dne

u∇Φn) · n|∂ΩN,c = 0.



94 ���K��K�px 2020 E� H1
c (Ω) = {w ∈ H1(Ω) : w|∂ΩD,c = 0}, ��E=$Pw�:'}	i Φp ∈ H1

c (Ω) p
Φn ∈ H1

c (Ω) $v
Ap(Φp, w) := −

∫

Ω

Jp · ∇wdΩ = −

∫

Ω

RpwdΩ, ∀w ∈ H1
c (Ω),

An(Φn, w) := −

∫

Ω

Jn · ∇wdΩ = −

∫

Ω

RnwdΩ, ∀w ∈ H1
c (Ω).� Th +l� Ω w0�E2yAT+, {xi}Ñi=1 }yAw���r. $���1� Jpp Jn �l	 T ∈ Th �}F?, f� Jp p Jn �l	 T w K+,}F( jp p jn, �

jp = −Dpe
−u∇Φp, jn = −Dne

u∇Φn.�l	 T w��} x1, x2, x3, x4, T̂ }9fl	, X��} (0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1).	j{� T̂ s T wu�,

x = x(ξ) = x1φ1(ξ) + x2φ2(ξ) + x3φ3(ξ) + x4φ4(ξ), ξ = (ξ1, ξ2, ξ3) ∈ T̂ , (2.12)XK,

φ1(ξ) = 1− ξ1 − ξ2 − ξ3, φ2(ξ) = ξ1, φ3(ξ) = ξ2, φ4(ξ) = ξ3.� û(ξ) = u(x(ξ)), Φ̂p(ξ) = Φp(x(ξ)), Φ̂n(ξ) = Φn(x(ξ)), � ∇Φ̂p = JT∇Φp, ∇Φ̂n = JT∇Φn,XK J +a T̂ s T wu�w Jacobian Z4,

J =
∂(x1, x2, x3)

∂(ξ1, ξ2, ξ3)
.�+,

eûJT jp = −Dp∇Φ̂p, e
−ûJT jn = −Dn∇Φ̂n. (2.13)� Φp1,Φp2,Φp3,Φp4 } Φp ��� x1, x2, x3, x4 \w?, Φn1,Φn2,Φn3,Φn4 } Φn ���

x1, x2, x3, x4 \w?. �' (2.13) w~ j (j = 1, 2, 3) D+Rb ξj Tw [0, 1] l&I;Æ+, }
−Dp(Φp,j+1 − Φp1) =

∫ 1

0

eûjdξj(J
T jp)j ,

−Dn(Φn,j+1 − Φn1) =

∫ 1

0

e−ûjdξj(J
T jn)j .XK, û1 = û(ξ1, 0, 0), û2 = û(0, ξ2, 0), û3 = û(0, 0, ξ3), (J

T jp)j p (JT jn)j +,*( JT jp p
JT jn w~ j D+. |�iA Poisson $P $ww+�=	, �E� E = −∇ψ �l	�+F(, >* ∇u Y+F(. � u1, u2, u3, u4 } u ��� x1, x2, x3, x4 \w?,

∇u =







u2 − u1

u3 − u1

u4 − u1






,�'wÆ+jbA�}ÆV,

∫ 1

0

eûjdξj =
1

uj+1 − u1

∫ 1

0

dûj
dξj

eûjdξj =
euj+1 − eu1

uj+1 − u1
∫ 1

0

e−ûjdξj =
1

uj+1 − u1

∫ 1

0

dûj
dξj

e−ûjdξj = −
e−uj+1 − e−u1

uj+1 − u1
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jp = −Dpe

−u1(JT )−1B̃T∇Φ̂p = −Dpe
−u1(JT )−1B̃TJ

T∇Φp,

jn = −Dne
u1(JT )−1BT∇Φ̂n = −Dne

u1(JT )−1BT J
T∇Φn.XK, BT = diag(B(u1−u2), B(u1−u3), B(u1−u4)), B̃T = diag(B(u2−u1), B(u3−u1), B(u4−

u1)), B(ξ) = ξ(eξ − 1)−1.	j}�	k?m&
Wh := {wh ∈ C(Ω) : wh|∂ΩD,c = 0, wh|T ∈ P1, ∀T ∈ Th},XK P1 }��\9�&', � Wh ++N�=�&'m&. � {wj}

Ñ
j=1 + Wh w\k
,

wk +�o��� xk w
k?, � wk(x
j) = δjk, j, k = 1, . . . , Ñ . 	ju� (2.12) $v�� xk u�s9fl	 T̂ w�� (0, 0, 0), � Sk +S}�j�� xk wl	�r, �vhw

wh =
∑Ñ

k=1 w̃kwk(x) ∈ Wh, 	j
Aph(Φp, wh) :=

Ñ
∑

k=1

w̃kAph(Φp, wk),

Anh(Φn, wh) :=
Ñ
∑

k=1

w̃kAnh(Φn, wk).XK,

Aph(Φp, wk) :=
∑

T∈Sk

−

∫

T

jp · ∇wkdT =
∑

T∈Sk

Dpe
−uk

∫

T

(JT )
−1
B̃TJ

T∇Φp · ∇wkdT ,

Anh(Φn, wk) :=
∑

T∈Sk

−

∫

T

jn · ∇wkdT =
∑

T∈Sk

Dne
uk

∫

T

(JT )
−1
BTJ

T∇Φn · ∇wkdT .� Aph p Anh +Y� Φp, wh p Φn, wh w�LB�=8. �.	j�E=$Pw}�	{��:'{�	i Φph ∈Wh p Φnh ∈Wh, $v
Aph(Φph, wh) = −

∫

Ω

RpwhdΩ, ∀wh ∈Wh,

Anh(Φnh, wh) = −

∫

Ω

RnwhdΩ, ∀wh ∈Wh.�\DE2T+K, {fS}E2w2 3�,� π/2, L/DT+}�3T+. o
Th +�3T+yA , =�aSvsw=�Z4+ M - Z4, :=J�8� Φph p Φnh )8.

SUPG$�8w�r.�<,lhm}uJv�&yl5|��%zm[w??3p,G[l	�*w&��<uJv�&wg,; � SUPG-IP $�� SUPG r.;=w
Y,f#�l	$C�(q?wj�&y`?}�	Aw℄�=, I\5��J�eH??3pwA�. Zlamal }�	$��+
�B?Br�d, lh$���1��l	�}F?,vsÆ+�\HOrw��1�?, +\Ne-owB?8r.A'. ��\<K, �./lh??"S�/�N}�	$�I;!5.

3. Ek?Y
���-;e-o}�	�*RW Parallel Hierarchical Grid (PHG) [18],�.%1�=�N}�	$�wPD, -OH�!ow���q℄*-;}�	iA℄ DevSim. :i



96 ���K��K�px 2020 EA℄$w C�Qb�, 8w MPIlK�<, :Rg_8-;. w~D�q}�q℄*wyA�*��"!o$Ci*w$C(��*p�j��`_%y�|7�w�7��*, Yjb�w=v\$��℄*w�G\=I;8B. G[w~wF�, DevSim jb��J?>|9Vj}�*p��F�+3w VTK�*b�F��w��y7�. <a, DevSimaPb}s��,kb�w�q℄*�1)P	-o&0wow�*�o 3Ddevice K, "hj9f [19].�8�yw??"SK, �./4��/�N}�	$�I;�!OW, t|��N�8w�q℄*I;8B, -/ DevSim w�J?f��Z�* Sentaurus I;!5, l|�J�w-;=AI;;0.S}w??"S�+��hG�JP�Jd!P�"S/�LSSC-IV�sI;w. LSSC-IV�s
��#�^ 8810�oR., �jHJpg?[�J�6+. �J�sW6+gPv} 14688 D\|℄o, |'-?=A} 1081 TFlops, "; LINPACK=A 703 TFlops.�2�.�E�\�"��q℄*??8BKFwsw�N$Ci* [22]. �"��q℄*8BK, Fwsb�EN$Ci*	
1. 85#�	H;8[+ Dirichlet 8$C, �q7�mVwF;���n}_z$C\|. �$C, �pÆw_*0*�nw���wLM!y, � φp = φn = Vapp.�*p��F��$Cwp?{�	

p =
1

2

(

NA −ND +
√

(NA −ND)2 + 4n2
ie

)

,

n =
1

2

(

ND −NA +
√

(ND −NA)2 + 4n2
ie

)

,

ψ = φp −
kBT

q
ln

(

p

nie

)

= φn +
kBT

q
ln

(

n

nie

)

.

2. Z�M - y�G(1	W��+`�=, �6+}���h, k_���C2wv�(+}�, �
Jp · n = Jn · n = 0.XK, n +C2B(�q7�v6wl��(. �*�)jb�i*	
ǫs
∂ψ

∂n
− ǫo

∂ψ

∂n
= σ.XK, ǫs p ǫo +,}�qpW��wE�F?, σ }C2�n1�.

3. f��	���|W�=mV, �*�XYn} Dirichlet 8$C\|, p?{�	
ψ = Vapp − Vms.XK, Vms }F;��qw8[�*A. |�W�=�2���, �E=$P�X+}	j.

4. q^{(	F;��bvw$Ca}e|$C, �*p����)j{�i*	
∂ψ

∂n
= 0 b� Jp · n = Jn · n = 0
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3.1. �l_Pb���z"�./lh� PN ?w??�J, a�M!|�B�F�p��		=�D$2�=�N}�	$�I;!5. Y� PN ?wJn�|, �./��\,<K"�E�. "SK$ww PN ?w�rphT2?Rr{r 1 S(, P lb} N 8K|K. P l�6� N l|6+,lhH;8[m}��.

(a) (b)s 1 PN ��Ss
(a) ve3�s; (b) iU3�S)is.}�Hl};0�N}�	$�w		=, �.�??"SK8w\`=�Mw$', �=8/��wLM�sB	w3?. �~\k"SK, �.;02nLM�w2	hr. p
a = 0.1 µm, b = 0.03 µm, P lp N lwB�F�a} 5.0× 1018 cm−3, +,\`=/��wLM�E 0.5 V�1 V�1.5 V p 2 V. �~�k"SK,�.;02nB�F��w2	hr.p a = 1 µm, b = 0.3 µm, LMW	} 1 V, w8w\`=�Mw$'. P lp N lwB�F�!n, +,p} 1.0× 1017 cm−3�5.0× 1017 cm−3 p 1.0× 1018 cm−3. l|, �.Z��k"SK�N}�	$��JVw��. G[�5x	$, U�pl�w��g,o:!y."Sw?f{* 1 S(. ”X” *(2		��5x, ”×” *(��	��25x.} 1 =m`Q��e�IH!N	B/;+�0L�WMN (V) C�G� (cm−3) ��,06y

0.5 1 1.5 2 1.0× 1017 5.0× 1017 1.0 × 1018

SUPG X X X X X X X ×

SUPG-IP X X X X X X X ×

Zlamal X X X × X X × X??"S*5,�z		�}�	$�aA}-`?}�	$�w		=. SUPG��$�wz*��X�5gwLM	5?wB�F��H}	,, n|�uJv�&wm}, �Jvsw??A!0"AX℄�, f???f�7sJ�K		�9?Fpwt$; Zlamal }�	$��Jvsw��H}		, n Zlamal $��yAXiH?, \�Xi}�3T+yA. ��3yAwi*�, Zlamal }�	jb�8�JSvwF�)8. �8�yw??"



98 ���K��K�px 2020 ESK, �./8B�N�8w�q℄*w�G\=, -��Z�* Sentaurus w?fI;!5. f#s��w		=,�./WX8w Zlamal}�	$�,n $w�E�Mw$'I\5� Zlamal $�w		=.

3.2. �S: 26��,<K, �./8B�N�8w�q℄* [23] w��� - �M�\=m�, -�!
DevSim ��Z�* Sentaurus w8B?f. Sentaurus +<ad���w�q℄*8Bw�Z�*, ℄�yA�M�℄*8B�|\|y�DLA, XK℄*8B8nWX8ww+}�Æ�.

3.2.1. PN $�.8B�\Dp 20µm�? 10µm�{ 10µm w PN ?℄*. P lp 6µm�� 3µm�{
3µm, b} N 8K|K. P l��8U� (Anode), ��}$G 4µm w7$:, N l|68l� (Cathode). P lp N lwB�F�a} 1017cm−3. |�L=, �.F� PN ?wE+<\l�I;�J. XK, U�pl�n}H;8[$C\|, X�a}e|$C. �JyA{r 2 S(, yA| Sentaurus �M, P�j 25066 Dl	.

s 2 PN �F3dzBs
PN ?+l�8w�q℄*, Æ\n P 8�qp\n N 8�q?r�\[, ��,w1C2\Y:M�S�w PN ?. |�V.<&���F�_�, qFmIa P lv�s N l��a N lv�s P l, +,� P lp N l���i8�w�{7Wpi7�w�{�W, :Mm&�nl. //�nD��a N lB( P lw�E, L}�.�E. ��.�Ewnw�, ��mO_��, X��$(�v���! . �+}v#�M , Nbv���wI;, �.�EV-�, lM��wv���pO_��/es�YRw,_ PN ?�V��}�.o PN ?�#7(LM, � P l8�7�, N l8�8�, �7(LM/D���.�E$(! w�E, *���.�Ew�, v���HhO_��, v���%Wq}�. _ �/2�}a N lv�s P l, mIa P lv�s N l, M})Rw��,
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%�PX 99/N�)L} PN ?w7(Z}. |� N lw�p P lwmIa}�, k_�7(LM�, PN ?�w��N�M�Gto. �.+,w DevSim Kw Zlamal }�	$�p�Z�* Sentaurus �= PN ?I;�8B�J, r 3 }=3p(p�?p(� PN ?w��� -�M�\=m�. 4�, rK?f*5 Zlamal }�	�JVw?fp Sentaurus w8B?f)FkK. t|, |��� - �M�\=m�jbes PN ?7(qlw\=, \��M�}
0.7 V, \�aw����MOB?Y�, \�|����MO�=Y�.

(a) (b)s 3 PN ���� - �N�℄>n 
(a) >4q); (b) ��q)
3.2.2. MOSFET

MOSFET +\N�qE-o℄*. |�VJd5(l, f"��M�, k_�g_8�M�!Kvs�^#wow. MOSFET w�rphT2?Rr{r 4 S(, XK�r�wlt6+}F;��. rK} N 8 MOSFET ℄*, � P 8K|, }�D N+ 8v�l, +,7 (Source) p� (Drain). p�<&w P 8a}\=�W�a=, 7�W�=. W�=}\=F;, Yjw�Laje, L}� (Gate). o��v#�M} 0  , lp�l�K&w P 8aCb, !o��D�g�w PN ?, �$�p�<&#\	w�M, Y+}5�w��. no��#-ow7�M VG > 0  , � P 8aw*2}jA:M 8= (� N 8=).  8=/lp�lQl, :M N 8Qu. _ ��p�<&#\	w�M, Y�}
(a) (b)s 4 MOSFET �Ss
(a) ve3�s; (b) iU3�Ss.



100 ���K��K�px 2020 E5�w���h. o��S#�M VD 5, , ���� ID ����MM7!, L}�=l. Nb���Mw2��g, ����p���MwY���=Y�wL{Y�y�g. o���Mes:\s? , Qu���9K� �, ����2�N�M�#, L}�pl.??8Bw℄*Sd{�: a = 3 µm, b = 2 µm, c = 0.5 µm, d = 0.2 µm, f = 2.4 µm, W�={�} e = 0.025 µm, QuG�} g = 2 µm. lp�lB�F�a} 1018 cm−3, K|B�F�} 1016 cm−3. �p��n}H;8[$C\|, P 8K|pW�=<&wC2�8wW�� -�qC2wi*,��w�*8w���$Ci*,X�a}e|$C. �JyA{r 5 S(, yA| Sentaurus �M, P�j 163961 Dl	.

s 5 MOSFET F3dzBs�.W	��w�M} VD = 1 V, lh�J���� ID N���M VG w&�jbtqV℄*wb\s?�M. {r 6(a) S(, o���M VG ≤ 1 V, |�lp�l�K&w P 8aCb, _ �}+}���h. o VG g� 1 V |, ��b&}5�w���h, fo VG 2��g, ID YN<�g. �.W	���M} VG = 4 V, Z����� ID N���M VD w&�, r 6(b) }�JVw����� - �M�\=m�. Nb���Mw�g, ����Y|�=�GV-k��p, �|'?f+�rw. r 7 K#(� VG +,} 0.5 V p
4 V  MOSFET w\Dh:2w�F�+3, jbes VG = 4 V  � P 8aw*2:M� 8=, /lp�lQl, :M� N 8Qu.

3.2.3. BJT Ci26$�
BJT (Bipolar Junction Transistor) FL}B�=?8L[, (LL[	��[. ��[+|�D!�w PN ?kM, �z8+}�N	NPN 8p PNP 8, �Nz8w BJT ℄}�}ynw\=. �2b PNP 8L[}�, E� BJT wJn�|. r 8 } PNP 8L[w�rphT2?Rr. Vw
�?R+�D P 8=K& b\Dt�w N 8=, /D

N 8=7
l, �D P 8=+,7��lp��l, :M�D!�w PN ?, +,7��?p��?. ��Dl�+,mV�G��m�, L}��� (Emitter)�
� (Base) p���
(Collector).
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(a) (b)s 6 N-MOSFET �H%p℄>n 
(a) Æ�MNX
~ VD = 1 V, ����O ��N'�n 
ID − VG; (b)  NX
~ 4 V, ����OÆ�MN'�n ID − VD.

(a) (b)s 7 N-MOSFET i;3�dG�,4
(a)VG = 0.5 V; (b)VG = 4 V

(a) (b)s 8 BJT Md\�Ss
(a) ve3�s; (b) iU3�Ss.lF���8}, �
�p���<&#\5,w�M VBE (< 0), $��?\�7(.����p���<&#\5gw�M VCE (< 0), |����w�*!
�{, _ ��?\� (. o�!8l , |���?\�7(, ��lwmIZ}
l, �
lw�Y�Z}��l. �v�hPK, mI��
lKw�7r, :M
��� IB. }�)Æ7r,FÆ
lmvt�, f$
lB�wF�5{, k�Z}s
lwmIg6+����?wT



102 ���K��K�px 2020 Epnwxs���. _ ��?Mt\� (, q�htgw��. ;&
��� IB wg,,�������� IC /�) IB wtgw�?&�, /Y+��[w��(gnw.�.8B:u( PNP (LPNP) L[w9}\=m�. 9}\=+Bo���p���<&w�M VCE }F? , 
��� IB �#�
�p���<&w�M VBE <&wY�m�, wk?Y�*(}
IB = f(VBE)

∣

∣

VCE=const
.��lwB�F�} 5.0 × 1015 cm−3, ��lwB�F�} 1.0 × 1015 cm−3, 
lwB�F�} 5.0× 1013 cm−3. ����
�p���n}H;8[$C\|, X�}e|$C. �JyA{r 9 S(, yA| Sentaurus �M, P�j 74140 Dl	.

LPNP L[w9}\=m�{r 10 S(, o VCE  (�g , |���?\� (,_ ��?w (TpA��, $va��lZ}
lwmIH�}�(��l, k_��!nw VBE, 
��� IB !o}),, V�\=m��_.

s 9 LPNP Md\F3dzBs

s 10 LPNP Md\:~℄>n 
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3.3. ��2~U��
PHG�*RWK`M�-;w��E2yAw[|,:Rg_8-;-f℄}
lwjv#=. /\,<�./b PN ?}�, �J�w-;=AI;;0. �`8B8ww PN??R� 3.2 ,<!n, P lp N lwB�F�a} 1016 cm−3. � PHG K� PN ?wE2yAI;\F#1, #1|wyAP�j 821,362,688DyAl	, 137,701,745D��.�GLM} 0.05 V, �.;02n_8wyA�2nIP?�w Gummel �j5?piA\` Gummel �jRaSww &. ???f*5, 2n_8wyA�2nIP?�w

Gummel �j5?)F		, a} 3 5, iA\` Gummel �jRaSww &�-;-%{* 2 S(. XK, ~\�p~��w-;-%b 32 IPw�; &}
_; ~��K, |�IP?} 32�64 	 128  �J�2T, -;-%b 256 IPw�; &}
_. a*Kjbes, �~\�K, 2048 IPw�; & �! 1024 IPwXG, /+k}�aw�J_82Tg, � 2048 IPwlK7���#, _ vg-;_8S)Æw�J &��6<�#wlKb+, qF�; &�#; !!<�, ~�����a_8vg, $w 2048 IPw�; &!!� 1024IPY!o}�)Æ.{X+~��w�; &,� 1024IP !!)Æ�/K\�, #(VJ�
lw-;jv#=.} 2 PN %Dj37�V*,hW�AJQ� m
� 12,833,792 102,670,336 821,362,688!' (s) .<.& !' (s) .<.& !' (s) .<.&
32 212.0 – 2046.8 – – –

64 103.8 102.2% 1085.3 94.3% – –

128 56.7 93.4% 495.5 103.3% – –

256 32.9 80.6% 256.8 99.6% 2248.5 –

512 21.7 61.1% 133.3 96.0% 1118.8 100.5%

1024 18.9 35.1% 81.4 78.5% 606.8 92.6%

2048 23.6 14.0% 67.5 47.4% 334.5 84.0%

4. r��&��
�O_v�88, 8w}�	{�, -m}��N		�w�d, ��N�8w�q℄*w�G\=I;���??8B. �J?f��Z�* Sentaurus\F, S8�J�w}-=.� PN ?wg_8??8B"S#(�J�
lw-;jv#=.�ywOWJn�u
�O_v�88�H7�℄*w8B��#H#?-		w??$�b��XU�J88{���G88�?788yw??iA.� ) J O
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