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H I G H L I G H T S

• Classical density functional theory is used to study ion selectivity.

• A neutral pore selects large ions, regardless of the pore size and ion composition.

• A large charged pore prefers adsorption of small counterions.

• A small charged pore selects large counterions.
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A B S T R A C T

Ion selectivity by cylindrical pores has been investigated using the primitive model of electrolytes and the
classical density functional theory. It is found that a neutral pore always exhibits the preferential adsorption of
large ions, regardless of the pore size and the bulk electrolyte composition. For a charged nanopore, however,
the pore selectivity depends not only on the ion size but also on the pore radius as well as the surface electrical
potential. While a nanopore prefers adsorption of small counterions when its radius is sufficiently large, it can be
large-ion selective when its size becomes comparable to the ion diameters.

1. Introduction

Ion selectivity plays an important role in diverse electrochemical
and biomolecular systems [1,2]. One outstanding example is the se-
lective transport of ionic species through protein channels, which
control a large number of physiological processes such as regulation of
cytoplasmic calcium concentration and acidification of specific sub-
cellular compartments [3]. Understanding ion transport under con-
finement is crucial to fulfill the great potential of nanofluidic devices as
well as to design and optimize various porous electrodes for energy
storage and conversion, new electrochemical devices for DNA sequen-
cing, and nanofiltration membranes for novel separation and purifica-
tion processes [4,5].

While the types of ion channels in living cells are numerous, a
common feature is their unique capability to manipulate ion transport
with high selectivity and passage rate. A wide range of molecular
models have been proposed to unveil the thermodynamic behavior and
kinetic mechanisms underlying the selective permeation of ions
through different channels [6]. The theoretical investigations are

mostly based on different forms of molecular dynamics (MD) [7],
Monte Carlo (MC) simulations [8] and the classical density functional
theory (DFT) [9]. The theoretical and simulation methods are com-
plementary to each other. While MD/MC simulations are able to ac-
count for the atomic details of biomacromolecular systems, classical
DFT studies are able to provide the essential physics of ion transport in
nanopores by using simple coarse-grained models. In addition to dras-
tically reducing the computational cost, the classical DFT is valuable to
bridge the gap between experiment, simulation and the continuous
equations of transport phenomena. For example, the fundamental
measure theory (FMT) [10] is now commonly used to account for the
ionic excluded volume effects neglected in the Poisson-Nerst-Planck
(PNP) equation [11,12]. It has been shown that the modified PNP
equation provides a more faithful description of ion stratification near a
charged surface [13].

A number of previous investigations indicate that ion selectivity by
a micropore is mainly determined by the relative size of ionic species,
the pore radius, and electrostatic interactions [14–17]. The generic
trends can be captured by relatively simple models of micropores and
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ionic solutions. To mimic ion channels, the cylindrical pore model has
been most widely used in both theoretical and simulation studies of ion
selectivity. For example, Goulding et al. [14,15] used the classical DFT
to investigate ion selectivity using a cylindrical pore of infinite length.
They discovered that strong size selectivity is purely related to the pore
size effects and that inclusion of electrostatic interactions shows no
significant changes to the adsorption behavior. By investigating the
distribution of uncharged particles in an infinite cylinder, Roth and
Gillespie [16] found that a channel with strong surface attraction is
always small-ion selective while a water-repelling pore favors the pre-
ferential adsorption of large ions. It was shown that, surprisingly, ion
selectivity may be understood even without an explicit consideration of
the confining geometry of the microchannels [16]. The classical DFT
method was also used to study ion selectivity of a calcium channel
modeled as a charged cylindrical pore [18]. Using the primitive model
for confined ionic mixtures, Busath et al. indciated that the micropore
shows selective absorption of calcium ions over sodium ions even if
they have the same radius [18]. Similar models were used by Vlachy
et al. to investigate ionic properties in charged cylinders based on the
Poisson-Boltzmann (PB) equation and the grand canonical Monte Carlo
(GCMC) simulation [19,20]. Good agreements between these two
methods were observed for micropores with a moderate surface charge
density. Figueroa et al. [21] and Malijevsky [22] used the FMT to study
the selective adsorption of uncharged particles by cylindrical pores.
Both groups found that the theoretical predictions were quite close to
the GCMC results.

The aforementioned applications of classical DFT were mostly
concerned either with uncharged systems or with spherical ions of the
same size but different valences. However, ion adsorption and se-
lectivity in realistic micropores reflect the coupled effects of electro-
static correlations and ionic excluded volume. In this work, we consider
a more general case by incorporating excluded volume and electrostatic
interactions within a single theoretical framework. Similar to previous
publications, microchannels are represented by charged cylindrical
pores of infinite length and the ionic mixtures are described as charged
hard spheres in a continuous dielectric medium(e.g. aqueous solutions
of alkali salts). Approximately, systems considered in this work mimic
sodium and potassium channels as studied in previous investigations
[18,23,11]. By investigating ion adsorption and selectivity for two
positive ionic species in cylindrical pores of different radii and surface
electrical potentials, we hope that the classical DFT predictions would
shed new light on the joint effects of ionic size and electrostatic cor-
relations.

2. Method

In this section, we recapitulate the coarse-grained model and the
main equations for calculating the ionic density profiles and the local
electrical potential in a cylindrical pore. Similar models have been used
before for studying ion selectivity in nanochannels [14–17].

Consider a cylindrical pore of diameter =D R2 in contact with a
bulk electrolyte solution that consists of two types of cations and one
type of anions in a dielectric medium. For simplicity, all ionic species
are represented by charged hard spheres, and a hard-wall potential is
used to describe short-range ion-surface interactions. In addition, we
assume that the pore length is infinite, corresponding to conditions
where the entrance effects are negligible. Fig. 1 schematically illustrates
the geometric constraints for a spherical ion of radius Ri in such a cy-
lindrical pore.

Because of the cylindrical symmetry, the ionic density profiles de-
pend only on the radial distance to the central axis of the micropore, r.
Assuming that the dielectric constant is uniform throughout space, we
can apply the Poisson equation to relate the mean electrostatic poten-
tial, ψ r( ), and the ionic density profiles inside the pore, ρ r( )i ,

∑∂
∂

⎛
⎝

∂
∂

⎞
⎠

= −
∊ ∊r r
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ψ r
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e Z ρ r1 ( )
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i

i i
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where e represents the elementary charge, ∊0 is the absolute vacuum
permittivity, ∊ is the solvent dielectric constant, Zi and ρi are the va-
lence and concentration of the ith ion species, respectively. Throughout
this work, we fix the electrical potential at the surface of the cylindrical
wall. Thus the Neumann boundary conditions for Eq. (1) are:

′ = =ψ ψ R ψ(0) 0 ( ) .0

According to the Gauss theorem, charge neutrality is satisfied for the
entire system, i.e., summation of the electrolyte charge and the surface
charge is zero.

The ion distributions inside the pore can be predicted from the
classical density functional theory (DFT) [24]

= − −ρ r ρ βZ eψ r β μ r( ) exp{ ( ) Δ ( )},i i i i
ex0 (2)

where =β k T k1/( ),B B is the Boltzmann constant, T is the absolute
temperature, ρi

0 is the ion concentration in the bulk solution, and
= −μ r μ r μΔ ( ) ( )i

ex
i
ex

b
ex is the difference between the local excess che-

mical potential of ion i and that in the bulk. Eq. (2) is in principle exact
and implemented with the grand canonical ensemble [24]. If

=μ rΔ ( ) 0i
ex , Eqs. (1) and (2) reduce to the conventional Poisson-

Boltzmann (PB) equation. Apparently, the PB equation neglects all in-
teractions among ionic species except the mean electrostatic potential.

Within the coarse-grained model considered in this work, the excess
chemical potential is composed of two parts, corresponding to con-
tributions due to the hard-sphere (HS) repulsion and electrostatic cor-
relation (EL),

= +r r rμ μ μ( ) ( ) ( ).i
ex

i
HS

i
EL (3)

An accurate expression for the HS excess chemical potential can be
obtained from the modified fundamental measure theory [25,26],

∫∑= ′ ′ − ′r r r r rβμ d φ ω( ) ( ) ( ).i
HS

α
α i

α

(4)

where the summation is taken over six local coefficients, rφ ( )α , af-
filiated with corresponding weight functions ωi

α introduced in the ori-
ginal FMT [10]. In Appendix A, we reproduce explicit expressions for
the HS chemical potential in the cylindrical geometry.

We approximate the excess chemical potential due to the electro-
static correlation with that from a quadratic expansion of the excess
Helmholtz energy with respect to the local density inhomogeneity [24]

Fig. 1. Spherical ions in a cylindrical pore of radius R. Here r stands for the
radial distance from the ion center to the central axis of the pore. The closest
distance from the ion center to the pore surface is the same as the hard-sphere
radius Ri.
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where = −r rρ ρ ρΔ ( ) ( )j j j
0, c r( )ij

EL is the direct correlation function (DCF)
due to electrostatic interactions, and the summation is taken over all
ionic species. An analytic expression of DCF is available from the mean-
spherical approximation (MSA) for bulk electrolytes[27,28].

To get the numerical results, we take integrations over the cylind-
rical pore on both sides of Eq. (1):
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Eq. (6) can be further reduced to:
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. After a second integration on
both side of Eq. (7), we have
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The concentration ρ r( )i can be obtained from Eq. (2) with the explicit
formulas given in Appendix A. Eqs. (2) and (8) allow us to solve for
both ionic concentrations and the electrostatic potential self-con-
sistently. Specially, the Picard iteration is implemented to get the nu-
merical results. The iteration is considered converged when the L2
-norm of ̂ρΔ i is smaller than −10 6 for all ion species, in which

̂ ̂ ̂= − −ρ ρ ρΔ i i i 1 and ̂ρ i is the reduced concentration values in the ith
iteration.

3. Results and discussion

3.1. Validation of the DFT calculations

The free-energy functional used in our DFT calculations have been
validated before with simulation data for ion distributions in slit pores
or near planar/spherical surfaces [29]. However, much less has been
studied for applications of the classical DFT to cylindrical systems,
which is numerically more demanding. To validate the numerical
procedure established in this work, we first consider a cylindrical pore
containing a binary mixture of hard spheres with equal packing frac-
tions but different radii, =R σ/21 and =R σ2 . The total packaging
fraction of the system in the bulk is = + =η π ρ R ρ R4 ( )/3 0.41

0
1
3

2
0

2
3 . Be-

cause the diameter of large particles is twice that of the smaller ones,
we have different reduced number densities for these particles in the
bulk, ρ σ1

0 3 = 0.382 and =ρ σ 0.04772
0 3 . Similar calculations had been

reported before by Malijevsky but using the original fundamental
measure theory (FMT) [22].

Fig. 2 shows the density profiles predicted by MFMT in comparison
with GCMC simulations [22]. It is clear that the theoretical and simu-
lation results are close to each other, affirming not only the accuracy of
the classical DFT method but the correctness of our numerical proce-
dure for implementation of MFMT in cylindrical coordinates. As ex-
pected, particle stratification inside the pore is noticeable with a rapid
increase of the particle density near the cylindrical surface. At the
center of the cylindrical pore, the reduced particle densities are close to
their bulk values, 0.382 and 0.0477, respectively.

We have also calibrated the numerical procedure for charged sys-
tems. Fig. 3 shows the density profiles for an asymmetric electrolyte in a
cylindrical pore with a positive surface charge. In this case, cations and
anions have the same diameter σ but different valences, =+Z 2 and

= −−Z 1. For comparison with simulation data, we fixed the surface

electrical potential in the DFT calculations and calculated the surface
charge density of the cylindrical pore according to the neutrality con-
dition for the entire system:

∫∑= −Q e
R

Z ρ r rdr( ) .
i

i
R

i0 (9)

Fig. 3 shows that the DFT predictions agree well with the GCMC data,
furthering validating our computer program for predicting ionic dis-
tributions.

Although only two systems are considered in the above comparison,
it is clear that our numerical procedure is accurate and that the classical
DFT is able to reproduce simulation results reasonably well. Recently,
Yu and coworkers reported more extensive calibration of the same
version of the classical DFT with simulation results for cylindrical sys-
tems [30]. In the next subsection, we thus focus on ion selectivity in

Fig. 2. The reduced densities of large and small particles inside a cylindrical
pore containing a binary mixture of hard spheres of radii =R σ/21 (upper panel)
and =R R22 1 (lower panel), in which r is the radial distance from the central
axis of the cylinder. The total packing fraction is =η 0.4, equally divided into
those for small and large spheres, = =η η 0.21 2 . The lines are from MFMT
predictions and symbols are simulation results by Malijevsky [22].

Fig. 3. Ionic density profiles for a 2:1 electrolyte solution in a cylindrical pore.
Here cations and anions have the same diameter = = =+ −σ σ σ 0.42 nm, and the
radius of the cylindrical pore is =R 2.21 nm. The electrolyte concentration in
the bulk is 0.1099M. The surface charge density of the cylindrical pore is

=Q 0.0712 C/m2. The solid lines are from the classical DFT predictions while
the symbols are from GCMC simulation [20].
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charged cylindrical pores by using only the classical DFT calculations.

3.2. Local ionic densities and electrical potential in cylindrical pores

For studying ion selectivity by cylindrical pores of different radii
and surface charge densities, we consider mixed electrolyte solutions
containing two types of cations at equal concentration but only one
type of anions. Approximately, these systems represent Na+, K+, and
Cl− ions dissolved in an aqueous solution (∊ = 78 for the background
dielectric constant). Following a previous study [23], we assume that
the diameters of these ions are = =+ +σ σ1.94 Å, 2.66 ÅNa K , and

=−σ 3.62 ÅCl . Two bulk concentrations are chosen for the positive ions
in the reservoir. The total molar concentration for the dilute electrolyte
solution is =C 0.05 M, which is close to that at the physiological con-
dition [14,15]; and an electrolyte of higher total concentration,

=C 0.5 M, is used as a reference. According to the neutrality condition
in the reservoir, the Cl− concentration is 0.1 M for the low concentra-
tion electrolyte and 1M for the reference. Throughout this work, the
cylindrical pore is assumed to have an infinite length and a uniform
charge density. The condition of charge neutrality is aways satisfied for
the whole system.

We consider first ion distributions in cylindrical pores of different
radii under a fixed surface electrical potential. Fig. 4 presents the
density profiles in a narrow pore that may accommodate at most a
single layer of ions. At the low ion concentration ( =C 0.05 M), the
classical DFT predicts that the ionic density profile for each species is
nearly constant along the radial direction. Although a weakly charged
pore enriches small cations (Na+) in terms of the total number of
particles inside the pore, the local concentration of big cations (K+)
exceeds that for small cations at positions where both ions are acces-
sible. The elevated concentration inside the pore means that K+ ions
are more strongly adsorbed than Na+ ions, even though the total
number of particles inside the pore is smaller due to its larger excluded
volume. The size effect on ion partitioning remains the same as the
absolute value of the surface charge density increases [31,32]. In the
latter case, the contact density for each counterion is significantly
higher than that in the center.

The assumption of uniform ion densities inside the pore was
adopted in a previous work [16] for investigating the size selectivity of
cylindrical pores. The same assumption was also used by Goulding et al.
to study size selectivity by neutral micropores [14,15]. It is worth
noting that the uniform density assumption is valid only for ions in a
weakly charged pore at relatively low bulk electrolyte concentrations
(e.g., near physiological conditions). It breaks down when the surface
charge density is sufficiently high or, as shown in Fig. 4(b), when the
micropore coexists with a bulk electrolyte at high concentrations. In the

latter case, we see a monotonic increase of the local densities for both
positive ions while the local density for the negative ions is still near
uniform. Because the surface potential is the same for the two cases
shown in Fig. 4, we may attribute the enhanced contact density at high
concentration to the ionic excluded volume effects.

We find that the counterion concentration inside the pore is larger
than that for coions when the electrolyte concentration in the bulk is
low (Fig. 4a), whereas an opposite trend is observed at high bulk
concentration (Fig. 4b). In the former case, a small local concentration
of coions is intuitive because the electrostatic interaction plays a
leading role; counterions accumulated inside the cylindrical pore de-
presses the local coion density. In the latter case, the increased coun-
terion concentration leads to stronger screening effects and thus a re-
duced electric field caused by the surface charge and ionic interactions.
Because of the reduced electric field and stronger excluded-volume
effects, the coion concentration becomes higher than that of individual
counterion species (but still lower than 1M, the total counterion con-
centration in the bulk).

Fig. 5 presents the density profiles of the ionic species in a larger
cylindrical pore, =R 10 Å. Here the ion concentrations in the bulk are
fixed at = =+ +C C 0.05Na K

0 0 M and =−C 0.1Cl
0 M. In subfigure (a), the

surface electrical potential of the cylindrical pore is the same as that in
Fig. 4(a), i.e., ψ0 =−0.01 V; in subfigure (b), all particles are un-
charged and the surface potential is set to zero. Different from near
uniform distributions of cations and anions in a narrow pore, we see a
gradual decline of the local coion concentration near the weakly
charged surface, concomitant to a smooth increase of counterion con-
centrations. The inhomogeneous distributions of ionic species resemble
those in a planar electric double layer (EDL). Similar to that in a narrow
pore, the concentration of K+ ions in the larger pore is uniformly higher
than that for Na+ ions. The contact value of Na+ concentration exceeds
that for K+ because the former is closer to the surface (thus experiences
a stronger electrostatic attraction).

Fig. 5 (b) compares the ionic density profiles discussed above with
those corresponding to a hard-sphere system, i.e., a binary mixture of
Na+ and K+ ions at the same bulk densities but without electrostatic
interactions (and the Cl− concentration is zero). Similar to the ionic
system, we see a gradual increase of the local densities corresponding to
Na+ and K+ ions near the surface. While the local concentration of K+

particles is larger than that of Na+ particles as in the charged case, such
difference disappears quickly away from the surface (viz., when the
radial distance is smaller than 5 Å). Without electrostatic interactions,
the local densities of small and large particles at the pore center are
virtually indistinguishable from their bulk values.

Fig. 4. Local ion densities in a cylindrical pore with a negative electrical potential at the surface, = −ψ 0.010 V. Here the cation concentrations in the bulk are (a)
= =+ +C C 0.05

Na K
0 0 M and (b) = =+ +C C 0.5

Na K
0 0 M, respectively. The pore radius is 2 Å, and the ion diameters are 1.94 Å, 2.66 Å, 3.62 Å for Na+, K+ and Cl−,

respectively.
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3.3. Ion partitioning and selectivity by nanopores of different electrical
potentials and radii

To study the partitioning coefficients of ionic species between a
cylindrical pore and the bulk solution, we define the mean density of
each ionic species in terms of its accessible volume inside the cylind-
rical pore:

∫=
−

−
ρ

R σ
ρ r rdr2

( /2)
( ) .α

α

R σ
α2 0

/2α

(10)

The pore to bulk partitioning coefficient is given by

=ζ ρ ρ/α α α
0 (11)

where ρα
0 is the bulk concentration for species α. It should be noted that

the accessible volume, which is used here to define the average ion
density (Eq. (10)), is different for ions of different sizes.

Fig. 6 presents the partitioning coefficients for the three ionic spe-
cies in a cylindrical pore of radius 2 Å over a range of surface electrical
potentials. Here the total electrolyte concentration in the bulk is fixed at
0.1 M. As expected, the partitioning coefficients for both cations fall
monotonically as the absolute value of the surface potential is reduced,
while an opposite trend is observed for anions. At zero electrical po-
tential, the partitioning coefficients for all ion species are around unity,
meaning that the average concentrations inside the pore are nearly the
same as the bulk concentrations. When the surface potential is below
−0.1 V, however, the partitioning coefficients for cations are greater
than 50, while the value for anions nearly vanishes. In this case, the

cylindrical pore is crowded with Na+ and K+, virtually no Cl− ions can
be found in the pore. Surprisingly, the classical DFT predicts that the
difference between the partitioning coefficients of the two positive ions
is negligible at all surface potentials (Fig. 6(a)). The value for K+ is only
slightly higher that for Na+, indicating that the preferential adsorption
of K+ by the cylindrical pore is hardly noticeable when both electro-
static correlation and hard sphere repulsion are incorporated into the
traditional DFT.

For most practical applications, the quantity of central interest is ion
selectivity, which is defined as = + +ζ ζ ζ/Na K for the two cations con-
sidered in this work. Apparently, ion selectivity is different if the
average density inside the pore is defined in terms of the total geometric
volume. Fig. 7(a)–(d) illustrates the effect of surface electrical potential
ψ0 on the selectivity of Na+ over K+ by cylindrical pores of different
radii. As shown in Fig. 7(a), the selectivity of Na+ over K+ is always
smaller than 1 when the pore radius is 2 Å, meaning more favorable
adsorption of K+ ions. The preferential adsorption of larger cations is
consistent with the density profiles shown in Fig. 4. The selectivity is
appreciably enhanced at a higher electrolyte concentration in the bulk
because of the increased excluded volume effects. Surprisingly, the pore
becomes more selective to K+ ions as the absolute value of the surface
potential increases, even though that the contact energy for Na+ ions is
appreciably larger. The non-intuitive result may be attributed to near
uniform distributions of ionic species in a narrow pore.

When the pore radius is 3 Å, the selectivity of the cylindrical pore is
still below 1, indicating that the pore remains favorable for the ad-
sorption of K+ ions. At the low bulk concentration, an increase of the

Fig. 5. (a) Ionic density profiles in a cylindrical pore of radius =R 10 Å . Here the cation concentrations in the bulk are = =+ +C C 0.05
Na K
0 0 M, and the surface

electrical potential is = −ψ 0.010 V. (b) The same as (a) but for a uncharged system, i.e., a system that consists of neutral hard spheres with the number densities and
the particle diameters the same as those for K+ and Na+ ions.

Fig. 6. Pore to bulk partitioning coefficients, ζα, for three types of ions, Na+, K+ and Cl−, versus the surface electrical potential, ψ0, of a cylindrical pore. Here the
pore radius is =R 2 Å, and the ion concentrations in the bulk are 0.05M, 0.05M and 0.1M, respectively, for Na+, K+ and Cl− ions.
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absolute value of the surface potential enhances ion selectivity.
However, the trend is opposite at high bulk concentrations. In the latter
case, the selectivity does not change monotonically with the surface
electric potential; the minimum selectivity occurs at an intermediate
value, suggesting a competition between surface attraction (in favor of
Na+ ions) and excluded volume effects (in favor of K+ ions).

As the pore radius is increased to 4 Å, the variation of the selectivity
ζ with the surface potential ψ0 is similar to that for the pore radius of
3 Å. When the surface potential is below −0.1 V, the pore favors the
adsorption of Na+ ions at high bulk concentration and K+ ions at low
bulk concentration. In other words, we can change the ion selectivity of
a cylindrical pore by adjusting the bulk electrolyte concentration. Again
the concentration dependence of the ion selectivity reflects the com-
peting contributions due to electrostatic and excluded volume interac-
tions. At the high bulk concentration, Fig. 7(c) suggests that an optimal
surface potential can be identified to enhance the selective adsorption
of K+ ions.

Fig. 7(d) shows the ion selectivity for a cylindrical pore of radius
=R 10 Å. In this case, the selectivity is larger than one and falls

monotonically as the surface potential increases, indicating that a large
pore of negative surface charge is always small ion (Na+) selective. The
trends are opposite to those for a small pore (Fig. 7(a)) because the
ionic distribution is near uniform in a small pore but a large pore allows
for the full development of the electric double layer near the charged
surface. It is interesting to observe that a small pore selects larger ions
while a large pore selects small ions. In both cases, the selectivity is
enhanced as the bulk concentration increases. The selection of different
ions by small and large pores reflects the complex interplay among
electrostatic correlations and excluded volume effects.

Fig. 8 shows the partitioning coefficients for Na+ and K+ in a
neutral pore. The partitioning coefficient falls sharply as the pore radius
increases and approaches unity when the radius is beyond about

=R 5 Å. The reduction in partitioning coefficient as the pore size

increases can be attributed to less confinement effect. For ions in a large
neutral pore, the average concentration for each ionic species is nearly
the same as its bulk value. It is noticed that the partitioning coefficient
at high bulk concentration is larger than that at low concentration when
the radius is small ( =R 5 Å). However, opposite trends are observed
when the pore radius is large because of the competition between
electrostatic correlation (favors ions in the bulk) and excluded volume
effects (favors ion adsorption).

Fig. 9 shows that the selectivity value is always smaller than 1 for
neutral cylindrical pores, indicating that a neutral pore favors the se-
lective adsorption of larger ions (K+). As aforementioned in the dis-
cussion for Fig. 5(b), the ion distribution inside a neutral pore is mainly
determined by the excluded volume effects. Similar to a system of
neutral hard spheres, the local concentration of potassium ions is aways
larger than that of sodium ions, explaining why the relative selectivity
value is smaller than 1. The influence of the hard-sphere repulsion
becomes more significant as the electrolyte concentration increases or
as the pore radius falls. In both cases, we observe a higher relative
selectivity.

Fig. 10 illustrates the selectivity of Na+ over K+ versus the radius of
a cylindrical pore at two representative surface potentials, = −ψ 0.010 V
and −0.1 V, respectively. It is noticed that the ζ values are close to one
according to our model, which accounts only electrostatic and hard-
sphere interaction in a dielectric medium. The low selectivity may also
be attributed to the condition settings of the bulk ion concentrations
and applied voltages. Nevertheless, the slight difference helps to shed
light on the mysterious phenomena of ion selectivity in biological sys-
tems. In both subfigures, the selectivity value is below unity in small
pores and larger than one when the radius is sufficiently large. The
selectivity becomes more sensitive to the pore radius as the electrolyte
concentration or the surface potential increases. As mentioned above, a
charged cylindrical pore is large-ion selective when the pore radius is
small and turns into small-ion selective as the radius increases. A large

Fig. 7. The selectivity of Na+ over K+ for a cylindrical pore of radius: (a) =R 2 Å, (b) =R 3 Å, (c) =R 4 Å and (d) =R 10 Å .
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cylindrical pore becomes more favorable for the adsorption of smaller
counterions when the absolute value of the surface potential increases.
The enhanced selectivity can be attributed to the rise in the difference
between the surface energies of small and large ions. In this case, one
may intuitively assert that the smaller ions neutralize the surface charge
more efficiently than the bigger ions. For small cylinders, however, the
excluded-volume effects play a leading role, favoring adsorption of
more potassium ions in the pore.

4. Conclusions

Ion selectivity in cylindrical pores has been investigated by using
the primitive model of aqueous electrolytes and the classical density
functional theory (DFT). Whereas the coarse-grained model lacks che-
mical details, it accounts for electrostatic correlations and ionic ex-
cluded volume effects important for ion partitioning between a bulk
solution and small pores. In comparison with molecular simulations,

the ionic excluded volume effect can be accurately described by the
modified fundamental measure theory and the mean-spherical ap-
proximation (MSA) provides an adequate description of the electro-
static correlations.

Following previous investigations [23], we adopt a mixed electro-
lyte solution containing an equal amount of potassium and sodium ions
as the model system. While earlier studies of ion selectivity for similar
systems were focused on hard-sphere repulsion or ions with the same
diameter, this work provides a more comprehensive theoretical analysis
by considering cylindrical pores of different surface charge densities
and diameters. We find that ion distribution in a narrow cylindrical
pore is nearly uniform regardless the bulk concentration or the surface
potential. The electric double layer is fully developed only when the
pore size is sufficiently large to accommodate multiple layers of ionic
species. Whereas small counterions always have a more favorable
contact energy, the local density of large counterions may surpass that
of small counterions due to excluded volume effects. When the surface
potential is zero, a cylindrical pore is always large-ion selective, and the
selectivity is enhanced as the ion concentration in the bulk increases.
However, the selectivity of charged cylinders is much more compli-
cated. In systems with a small pore radius, it is observed that the cy-
linder favors preferential adsorption of large ions over small ions. While
in systems with a large pore radius, the trend can be opposite. In both
cases, the selectivity is enhanced as the bulk concentration increases.
The selection of different ions at small and large pores is resulted from
complex interplay among electrostatic correlations and excluded vo-
lume effects.

As observed in this work, it seems that only small selectivity can be
anticipated in this type of models for ion channels over a wide range of
conditions. In biology, both strong selective and weak/non selective ion
channels exit. Some important factors which may play important roles
in selectivity are missed in the current coarse-grained model, e.g. the

Fig. 8. The partition coefficients, ζα, versus the cylindrical radius R for (a) Na+ and (b) K+ when the surface potential is zero.

Fig. 9. The selectivity of Na+ over K+ when the surface electrical potential is
zero.

Fig. 10. The selectivity of Na+ over K+ when the surface potential is: (a) = −ψ 0.01 V0 and (b) = −ψ 0.1 V0 .
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flexibility of the pore and surface heterogeneity, atomic polarizability,
the variable dielectric and diffusion coefficients in the channel, exact
electric correlation, dynamic (or time-dependent) properties of ion
flow, and so on. Another important factor is the hydration effect, which
may associates with desolvation processes during ion permeation in
certain ion channels [33,34]. All these factors can be incorporated into
future considerations to make the coarse-grained model more realistic.
We hope that the results discussed in this work would provide useful
insights for the development of novel porous materials to describe ion
separation and energy storage and/or better understanding of ion se-
lectivity in natural systems.
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Appendix A

In this appendix, we provide the explicit formulas of the excess chemical potential in the modified FMT in the special case of cylindrical cylinder.
For the general case, the local HS excess chemical potential is given by

∫∑ ∑= = ′ ′ − ′r r r r rβμ βμ d φ ω( ) ( ) ( ).i
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α i
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in the summation, the coefficient ′rφ ( )α is related to the definition of hard sphere Helmholtz free energy and ωi
α is the weighted function originated

from Rosenfeld’s FMT [10], which is expressed as follows:
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and s is the radial distance to the center of the cylinder at the given point r .
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