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A Multi-Time-Step Finite Element Algorithm for
3-D Simulation of Coupled Drift-Diffusion Reaction

Process in Total Ionizing Dose Effect
Jingjie Xu , Zhaocan Ma, Hongliang Li, Yu Song, Linbo Zhang, and Benzhuo Lu

Abstract—In order to study the total ionizing dose degradation
and enhanced low dose rate sensitivity effect for semiconductor
devices in the space environment, we simulate the drift-diffusion-
reaction processes in a 3-dimensional SiO2–Si system. Since the
time scale of the drift-diffusion processes is much larger than that
of the chemical reaction processes, we use a multi-time-step algo-
rithm to calculate the two types of processes, respectively. In this
paper, partial differential equations used to describe the electrod-
iffusion processes are solved by a finite element method, while
the chemical reactions taking place independently in every mesh
node are solved as ordinary differential equations. We reproduce
qualitative properties of total ionizing dose effect and compare
our numerical results with experimental data and other simula-
tion results. This paper paves a way for 3-D simulation of total
ionizing dose and enhanced low dose rate sensitivity with high
efficiency and robustness.

Index Terms—Drift-diffusion reaction, ELDRS, finite element
method, multi-time-step algorithm, TID.

I. INTRODUCTION

THE DAMAGE induced by total ionizing dose (TID) effect
is extremely harmful to semiconductor devices in space.
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Oxide charge (Not) and interface traps (Nit) are produced dur-
ing the ionizing radiation period (defined as the ratio of the
total dose to the dose rate). Subsequent physical effects, such
as the changing of the base current IB and threshold voltage,
will disturb working state of the device. As found in 1991,
TID degradation of a bipolar device increases with lower dose
rates for a fixed total dose [1]. This phenomenon is referred as
enhanced low dose rate sensitivity (ELDRS). Due to ELDRS,
bipolar devices should be evaluated under the true dose rate,
which implies a rather long time for low dose rate. Numerical
simulations of TID and ELDRS provide a way to evaluate the
damage at low dose rate shortly and are helpful for exploring
the underlying mechanism determining the enhance factor and
stress dependence.

In conventional cases, only three unknowns, potential, elec-
tron and hole, are considered in semiconductor models, and
thus the basic Poisson-Nernst-Planck (PNP) equations, includ-
ing a Poisson and two Nernst-Planck (NP) equations, are
sufficient for describing the drift-diffusion (DD) processes.
However, TID and ELDRS processes are more complicated
than the conventional cases. We need to simulate radia-
tion induced electron-hole pairs (EHPs), passivation residual
H2 as well as oxygen vacancy defects and their charge
states. Besides the increasement of species, chemical reac-
tion processes between these species and the strongly coupled
DD process, named as DD reaction processes, lead to a rather
complex semiconductor system. In this framework, several dif-
ferent models have been proposed and studied using nonlinear
differential equations in view of computational mathemat-
ics [2]–[5]. In addition to the above remarkable features, the
time step of DD reaction processes is difficult to determine.
It is observed that the time scale of DD processes are thou-
sands times larger than that of chemical reactions, and thus it
is challenging to solve such a problem with high efficiency.

The DD reaction model has been implemented in numeri-
cal simulations in 1D [4] and 2D [5] using finite element and
finite volume methods, respectively. Although their numeri-
cal results fit with experiments, the simulations are shown
to be with low efficiency [4]. For practical devices rather
than a simple metal-insulator-semiconductor (MIS) structure,
3D simulations are natural and necessary, which are much
more time-consuming compared to 1D and 2D simulations,
especially for time-dependent systems. Advanced numerical
methods, such as multi-time-step algorithm and restricted addi-
tive Schwarz (RAS) preconditioner, have been applied in
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Fig. 1. An illustration showing ionizing dose in a SiO2-on-Si structure.
� between the upper boundary �u and the lower boundary �l denotes our
computational domain and is simply cuboid.

this work to carry out the numerical simulations with high
efficiency and robustness.

In this work, a 3D DD reaction model [5] is simulated with
the following special procedures: (1) TetGen Mesh is used
to generate high quality tetrahedral meshes suitable for finite
element methods. (2) A multi-time-step algorithm is used to
deal with different processes. (3) RAS preconditioner [6] is
applied to solve the linear systems generated by the finite
element method for diffusion-convection equations. The algo-
rithm is implemented based on the parallel finite element
toolbox Parallel Hierarchical Grid (PHG) [7]. This is the first
work on 3D parallel finite element simulations of ELDRS
problem, and the numerical results qualitatively agree with
experiments.

This paper is organized as follows. Features of the model
are analyzed in Section II. The PDEs and ODEs as well as the
multi-time-step algorithm are introduced in Section III. Trends
of Nit in different situations, the parallel efficiency and parallel
scalability are presented in Section IV. And finally the work
is summarized in Section V.

II. MODEL

In our simulations, the SiO2-on-Si structure is a cuboid
and the computational domain of SiO2 is a cube. Since the
geometry is simple, we only present a 2D illustration for
the SiO2-on-Si structure in Figure 1, where the computa-
tional domain is the SiO2 area. The gate is on the upper
boundary �u, and the interface traps are generated on the
interface �l between the SiO2 and Si areas. The DD reac-
tion model combines electrodiffusion processes and chemical
reaction processes for mobile species, while the non-mobile
species only participate in reaction processes. These processes
have different time scales, the multi-time-step algorithm used
to compute them is discussed in Section III. In this section,
we introduce the DD reaction model by discussing trap-
ping species, interface traps, chemical reactions, drift-diffusion

reaction equations and boundary conditions. Some details were
discussed in Rowsey’s work [8].

The trapping species simulated in our work are oxygen
vacancies (Voγ and Voδ), which are paradigmatic radiation-
induced defects in SiO2 [9]. The neutral oxygen vacancy
includes one Si-Si bond instead of two Si-O bonds. Positively
charged vacancies have different Si-Si bond situation. From
the observation of the defects with electron paramagnetic res-
onance (EPR) [10], it is found that there are two different
kinds of oxygen vacancy centers in amorphous SiO2, one is
a deep hole trap labelled Eγ , and the other is a shallow trap
labelled Eδ . The two defects are referred as V+

oδ and V+
oγ , while

the two neutral precursors are referred as Voδ and Voγ with
distinct energies. It is observed from associated energies that
V+

oδ is the shallow one, while V+
oγ is much deeper. These two

kinds of defects can be hydrogenated or doubly hydrogenated
to form VoγH, VoγH+, VoγH2, VoγH+

2 , VoδH, VoδH+, VoδH2
and VoδH

+
2 , respectively.

It is known that the accumulation of interface traps changes
the electrostatic potential and conductivity inside the semicon-
ductor, and it impairs the function of the insulated gate. The
interface traps in metal-oxide-semiconductor (MOS) struc-
tures are influenced by radiation-induced electron-hole pairs
(EHPs), which are emerged by radiation. In electric field,
the holes and electrons are steered and moving towards the
interface and metal gate, individually. Then neutral oxygen
vacancies become positively charged after capturing holes and
then be neutralized by electrons. Protons and hydrogenated
defects are created when molecular hydrogen recombines the
positively charged defects, and protons can also be cracked
by positively-charged hydrogenated defects directly. Finally,
interface traps are formed by the reactions of protons and the
Si-H bonds on the SiO2/Si interface. The reaction equation is
as follows:

H+ + Si-H ⇔ Nit + H2 (1)

In this model, 16 different species participate in 20 chem-
ical reactions (See Table I), and thus the reaction process is
extremely complicated and difficult to simulate. For conve-
nience, we use recombination and generation terms to stand
for chemical reactions in PNP equations, and these terms
are nonzero after irradiation. Consider two kinds of the bulk
reactions:

A + B ⇔ C (2)

and

A + L ⇔ M + N (3)

In non-equilibrium conditions, each species has recombi-
nation and generation terms. Species A, for example, has the
generation term GA and the recombination term RA as follows.

GA = k(A,B),(C)r [C] + k(A,L),(M,N)r [M][N] (4)

RA = k(A,B),(C)f [A][B] + k(A,L),(M,N)f [A][L] (5)

where kf and kr are forward and reverse reaction rates, respec-
tively. A, B, C, L, M and N stand for different species. [A]
stands for the concentration of species A. For other species,
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TABLE I
REACTION ENERGIES AND RESULTANT k VALUES [8]

the recombination and generation terms are defined in the
same way.

The forward and reverse reaction energies Ef and Er (eV),
obtained from first principles calculations employing density
functional theory [9], are listed in Table I as well as the reac-
tion rates kf and kr. Two different cases are considered: (1)
Three species participate in the reaction like Eq. (2). (2) Four
species participate in the reaction like Eq. (3). The dimension
of kf is cm3/s in either case, and dimensions of kr are different
in two cases: 1/s in case (1) and cm3/s in case (2).

The DD reaction process is mainly described by PNP
equations in our model. As all kinds of species participate
in chemical reactions, we use generation and recombina-
tion terms to simulate the reaction process. Among these
species, electrons, holes and H+ are charged and mobile, their
Nernst-Planck equations with G and R terms are shown as
follows:

∂[
[
e−]

∂t
= ∇ · De−

(∇[
e−] + ecβ

[
e−]�E)

+ Uradiation + Ge− − Re− , (6)
∂
[
h+]

∂t
= ∇ · Dh+

(∇[
h+] − ecβ[h+]�E)

+ Uradiation + Gh+ − Rh+ , (7)
∂
[
H+]

∂t
= ∇ · DH+

(∇[
H+] − ecβ

[
H+]�E) + GH+ − RH+ . (8)

�E is the electric field, ec is the elementary charge, D is the
diffusion coefficient, e− denotes the electron, h+ denotes the
hole, β = 1/kBT , where kB is the Boltzmann constant and T is
the temperature, and Uradiation is the EHP generation term [11],

Uradiation = Y ∗ g0 ∗ Rd (9)

where Y = 0.01 is the percent of electrons and holes surviving
initial recombination, Rd is the dose rate, the constant g0 is

set to 8.1 × 1012 EHP/rad/cm3. Hydrogen is mobile, but not
charged.

∂[H2]

∂t
= ∇ · DH2∇[H2] + GH2 − RH2 (10)

Voγ , V+
oγ , Voδ , V+

oδ , VoγH, VoγH+, VoδH, VoδH+, VoγH2,
VoγH+

2 , VoδH2, VoδH
+
2 are non-mobile defects but taking

part in reactions, and therefore the equations of these species
become ordinary differential equations (ODEs):

dTi

dt
= Gi − Ri (11)

which are solved by the forward Euler algorithm in time-
dependent simulations.

In a semiconductor, the 9 charged species and applied poten-
tial determine the electrostatic field, which is described by the
following Poisson equation:

− ε∇2φ = QSiO2 (12)

QSiO2 = ec
([

h+] + [
H+] + [

V+
oδ

] + [
VoδH

+] + [
VoδH

+
2

]

+
[
V+

oγ

]
+ [

VoγH+] + [
VoγH+

2

] − [
e−])

(13)

φ is the electrostatic potential function (−�E = ∇φ), and ε is
the dielectric coefficient function.

The boundary conditions for the 12 non-mobile species are
not needed, because their reaction processes are described by
ODEs. On the gate contact and SiO2/Si interface, the elec-
trons, holes and protons are allowed to move freely, and
thus Dirichlet boundary conditions are set for the 3 charged
species on these surface. For the H2 case, the concentration
on the gate is constant and equal to the ambient concentration,
thus Dirichlet boundary condition is used on the gate. Apart
from the mentioned situations, reflection boundary condition
is applied on other surfaces for all moving particles. On the
Si/SiO2 interface, H+ is involved in the key reaction generat-
ing interface traps, as shown in Eq. (1). The reverse reaction
is assumed to be negligible at room temperature. If we con-
sider the concentration densities of H+ and SiH on SiO2/Si
interface, the quantitative equation for the density of interface
traps is defined as:

dNit

dt
= k(σSiH − Nit)JH+ · �n (14)

where k is the reaction rate for rescaling the rate of the chem-
ical reaction, and JH+ = −DH+(∇[H+] − ecβ[H+]∇φ). σSiH
is the initial density of SiH on �l, the density of SiH on �l

decreases with the reaction process, and the current density of
SiH = σSiH − Nit.

III. METHOD

The tetrahedral mesh of the computational domain (SiO2) is
presented in Figure 2. It is a 1 μm3 cube subdivided into three
subregions, namely upper, middle and lower region, for mesh
generation, and the thickness of the three regions are 0.25,
0.5, 0.25 μm, respectively. The mesh density in both upper
region and lower region is high, while the mesh density in the
middle region is low. The mesh is generated by the widely
used software package TetGen [12], and the input parameter
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Fig. 2. A mesh including 168986 vertices and 977221 tetrahedra, produced
by ParaView [13].

“maximum tetrahedron volume constraint” is used to control
the mesh distribution in the subregions. The generated mesh
can be directly used in the finite element computations. A
good quality mesh is essential to achieve high accuracy and
efficiency of the simulations.

Before discussing the multi-time-step algorithm, we intro-
duce the finite element method (FEM) for solving the drift-
diffusion-reaction equations [14]. The Nernst-Planck equations
are rewritten in a general form.

∂ci

∂t
= ∇ · Di(∇ci + βqici∇φ)+ Fi, in � (15)

−∇ · ε∇φ = λ
∑

i

qici, in � (16)

where i stands for different kind of species, and for the i-th
species, ci is the density distribution function, qi = ziec is
the charge each particle carried. Fi = Uradiation + Gi − Ri for
e− and h+, while Fi = Gi − Ri for H+ and H2, where Gi

is the generation term, and Ri is the recombination term. The
terms Gi and Ri are nonlinear distribution functions of different
species.

For convenience, we nondimensionalize the function of
electrostatic potential by introducing a new variable u = ecβφ,
then the PNP equations become

∂ci

∂t
= ∇ · Di(∇ci + zici∇u)+ Fi, in � (17)

−∇ · ε∇u = λe2
cβ

∑

i

zici, in � (18)

In this work, the boundary conditions of the electrostatic
potential in semiconductor systems are set as

u = ecβφ = 4.1ecβ, in �u (19)

u = ecβφ = 0, in �l (20)
∂u

∂�n = ecβ
∂φ

∂�n = 0, otherwise (21)

All faces are set with reflection boundaries for H2, while for
e−, h+ and H+ they are Dirichlet boundaries. The variational

TABLE II
SEMICONDUCTOR WITH DIFFERENT DOPING [17], [18]

form of the dimensionless PNP equations are as follows,
∫

�

∂ci

∂t
ψdV = −

∫

�

Di(∇ci · ∇ψ + zici∇u · ∇ψ)dV

+
∫

�

FiψdV, (22)
∫

�

ε∇u · ∇ψdV = λe2
cβ

∑

i

zi

∫

�

ciψdV, (23)

where ψ is a test function.
For the 16 species, the initial concentrations are uniformly

distributed, and only 4 species are mobile. Nonzero initial bulk
concentration of the species are shown in Table II. For different
kinds of semiconductor, the doping situation changes, but the
simulations remain time-consuming and dependent on mesh.
The linear system for the high doping case is much more diffi-
cult to solve and the RAS preconditioner is required, which is
the cheaper and faster variant of the classical additive Schwarz
preconditioner (AS) [15], [16]. Since the computation time is
very long even using parallel computing, we have only com-
puted with the total dose of 0.1 krad, which is less than in the
experiment. The actual simulation time for each data point in
the H2 trend is about 3000 seconds, which is much faster than
the simulation time in Rowsey’s work [4].

If we only use the finite element method mentioned above,
it would take a long time (about 109 seconds) to finish the
simulation [4], since a very small time step is necessary for
the time scale of chemical reaction processes. The time scale
of generation and recombination terms are much smaller than
that of convection and diffusion terms. For example, if we
consider the VoγH+

2 :

∂[VoγH+
2 ]

∂t
= 1.03e-13

[
VoγH2

][
h+] + 1.03e-19

[
Voγ

][
H+]

+ 4.02e-21
[
V+

oγ

]
[H2] + 3.21e-138

[
VoγH2

]

− 5.75e+5
[
VoγH+

2

] − 2.06e-7
[
VoγH+

2

][
e−]

By rough estimate, the above equation is simplified as follows,

∂
[
VoγH+

2

]

∂t
= −C1(t)

[
VoγH+

2

] + C2(t), (24)

where C1(t) = 5.75e+5+2.06e-7[e−] > 5.75e+5,
C2(t) ∈ C2[0,T] and is bounded from above. To discretize the
equation, the time step should be much less than 10−5 sec-
ond, and it will take too much time to solve mobile species
by FEM using the same time step.
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Fig. 3. Distribution of H+ (a) with and (b) without multi-time-step methods.

In order to accelerate the simulation, a multi-time-step algo-
rithm is introduced. As the differences between the reaction
time scales of every two species are much smaller compared
with the differences between the time scales of DD and reac-
tion processes, we only use two time steps to simulate the
system, namely a macro time step h for DD processes and a
micro time step τ for reaction processes. It is assumed that
h = Kτ , where K is set to 1000 in our semiconductor model.
The multi-time-step algorithm is described below, where fi =
Uradiation for e− and h+ and fi = 0 for H+ and H2. Eq. (25)
and (26) indicate the central algorithms in this work. In addi-
tion, a preconditioned GMRES method is applied to solve the
linear system in the finite element method for efficiency.

S1. Set n = 0, t = 0, initialize the bulk concentration for
every species [c0

1, . . . , c0
16] with data in Table II (the

species not listed in Table are initialized with 0 mM)
and calculate potential u0 using Poisson Equation.

S2. Set n = n + 1, t = nh. If t ≤ T , then set
m = 0, [un,0, cn,0

1 , . . . , cn,0
16 ] = [un−1, cn−1

1 , . . . , cn−1
16 ];

otherwise stop the algorithm.
S3. Set m = m + 1, solve cn,m

i in Eq. (25) for 4 mobile
species using FEM.

∫

�

[
cn,m

i ψ + hDi

(
∇cn,m

i + zic
n,m
i ∇un,m−1

)
· ∇ψ

]
dV

=
∫

�

(
cn−1

i + hfi
)
ψdV, (25)

S4. Set k = 0, [cn,m,0
1 , . . . , cn,m,0

16 ] = [cn,m
1 , . . . , cn,m

16 ]
S5. Set k = k + 1. If k > K, then go to S6; otherwise solve

cn,m,k
i in Eq. (26) for every species and repeat S5.

cn,m,k
i − cn,m,k−1

i = τ
(

Gn,m,k−1
i − Rn,m,k−1

i

)
. (26)

S6. Solve un,m in Eq. (27)
∫

�

ε∇un,m · ∇ψ = λe2
cβ

∑

i

zi

∫

�

cn,m,K
i ψ, (27)

S7. If ||un,m − un,m−1|| < tol, set [un, cn
1, . . . , cn

16] =
[un,m, cn,m

1 , . . . , cn,m
16 ] and go to S2; otherwise go to S3.

To justify the necessity of the multi-time-step algorithm,
we compare the numerical results with and without the
muti-time-step algorithm, as shown in Figure 3. Reasonable
concentration results are obtained by using the multi-time-step

Fig. 4. Nit concentration as a function of H2 density with total dose of
0.1 krad at 10 rad/s in (a) low doping and (b) high doping.

algorithm with a macro time step h and a micro time step τ
(Figure 3(a)), and wrong results with negative concentration
are obtained if the same time step h is used for both the DD
and the reaction processes (Figure 3(b)).

Furthermore, the algorithm will be optimized as follows:
each species in the simulation has a special pair of macro time
step and micro time step according to its diffusion rate and
sensitivity to chemical reaction. For example, since H+ and
H2 have low diffusion rates and are not sensitive to chemical
reactions, the time scales of the DD and the reaction processes
for the two species are large (h and τ should be large). It is
believed that if more time steps are used for different species,
the simulation will be even faster, which will be studied in
our further work. In this work, we only use two time steps to
accelerate the simulation.

IV. NUMERICAL RESULTS

We have implemented a parallel program for the algorithm
described in the last section. The program is based on the
parallel FEM toolbox PHG [7], which is coded in C and
uses mesh partitioning and MPI for parallel computing. The
numerical simulations presented here were carried out on the
cluster LSSC-III of the State Key Laboratory of Scientific
and Engineering Computing of Chinese Academy of Sciences,
which consists of compute nodes with dual Intel Xeon X5550
quad-core CPUs, interconnected via DDR InfiniBand network.

Figure 4 shows the trend of Nit data in different H2 con-
centrations, which matches the data trend observed in the
experiments [2]. The high doping case has a swift change
despite the similar trend, which could be explained by the
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Fig. 5. Nit concentration as a function of dose rate with total dose of 0.1 krad
and the H2 density of 3 × 1014 cm−3.

higher chance of the direct release of double-hydrogenated
defects. Protons can be generated by coupling H2 cracking
mechanism and direct proton release mechanism. It has been
reported that the cracking mechanism takes the dominant place
at medium and high concentrations of H2, while the direct
release mechanism is dominant at low H2 concentrations [5].
However, the low doping case has a bigger gap (more than
60% up), and it could be explained by the different proportion
of defect concentration, like Voγ , which plays an important
role in TID and ELDRS simulations [8]. The initial con-
centrations difference may explain the difference in the two
subfigures. In experiments, the total dose is about 10 krad, and
if the dose rate is set to 10 rad/s, the simulation time is 1000
s, which costs too much time in numerical calculation with
micro step τ < 10−5 s and macro step h < 10−1 s. Therefore,
we only simulated the system with the total dose of 0.1 krad.

Figure 5 shows the influence of dose rate on Nit con-
centration, which matches the trend of experiment data and
the simulation result of 1D case [3], [19]. The quantities of
interface traps decrease with the increase of dose rate at a
given total dose.

It is found that the image of numerical results shifts right-
ward comparing with the experiment, and this phenomena also
occurs to the H2 trend. In fact, the parameter Y in Eq. (9),
chosen between 0.0 and 1.0, greatly influenced the profiles
of H2 trend. The larger the Y is, the trend shifts more left-
ward. Y is set to 0.01 according to previous work about MOS
devices [20]. Besides, the numerical results are influenced by
other parameters [19] and the density distributions of defects
in SiO2 [18], [21].

It is worth noting that though the simulations reproduce
similar trends as in experiments’ results and others’ compu-
tational predictions, however, it is found that the numerical
results of interface trap concentrations are influenced by lots
of facts, such as the size of the semiconductor, the mathe-
matical model, boundary conditions, different doping cases,
different concentrations of the defects and various parameters.
Due to those reasons, the order of numerical results may not
coincide well with experiment data. In next step, we will try to
explore the TID and ELDRS effect under various conditions

TABLE III
PARALLEL EXTENDABILITY

and study the mechanisms behind them in order to present
better characterizations in our future work.

In order to assess the parallel scalability of our program with
1024 processes, we simulate a much larger system with a mesh
containing 1418778 vertices and 8637254 tetrahedra. Table III
gives the wall-clock time and parallel efficiency for different
number of MPI processes. Because the memory requirement
is large, our tests start with 32 processes, whose parallel effi-
ciency is regarded as 100%, and the parallel efficiency for p
processes is defined as:

Ep = 32T32

pTp
(28)

where Tp denotes the time to solve the PNP equations using
p processes for irradiating 0.1 krad with the rate of 10 rad/s.
In most cases, our program has good parallel scalability.

There is a sharp drop in the parallel efficiency from 512
processes to 1024 processes, which has also been observed
on the cluster LSSC-III with some other programs. The
cause of this phenomenon is considered to be related to
the interconnection topology of the underlying InfiniBand
network.

V. CONCLUSION

We design an algorithm consisting of a FEM and a
multi-time-step algorithm for numerical simulations of the
time-dependent drift-diffusion-reaction processes for ELDRS
in semiconductor devices. This algorithm can give a better
description of the proton concentration than previous simula-
tions. A parallel program for this algorithm is implemented
based on the parallel finite element toolbox PHG. 3D numer-
ical simulations are carried out for the first time, and the
numerical results qualitatively match with experiments.
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