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Numerical Methods for Special Nonlinear Least Squares
Problems and L1 Norm Minimization Problems

Liu Xin (majored in compuational mathematics)

Directed by Prof. Yuan Ya-xiang

Nonlinear least squares problem is a class of important optimization problem.

Many practical problems in engineer computation can be reduced to nonlinear parameter-

estimation or data-fitting problems, both of which exactly belong to nonlinear least

squares problems. Since the nonlinear least squares problems derived from different

practical problems are usually of special properties, considering and analyzing nonlinear

least squares problems with special properties can be beneficial for us to design efficient,

accurate and robust computational methods. And these results can be meaningful for

both the theory development of optimization and practical engineer computation.

Firstly, we consider nonlinear least squares problems with separable variables.

Most existing algorithms for this kind of problems are derived from the variable pro-

jection method, which utilizes the separability under a separate framework. We bring

forward a new unseparated framework, based on which we proposed three algorithms.

Our method maintains all the advantages of variable projection based methods, and

moreover it can be combined with trust region methods easily and can be applied to

general constrained separable nonlinear problems.

Secondly, We consider the global minimization of quadratic least squares(QLS)

problems, which is a widely used model appearing in various areas such as communi-

cation engineering, computational biology and so on. For those QLS problems with

a large number of variables, there may exist quite a few local optima, and stochastic

method is the only possible choice in such cases. Here we propose a subspace sampling

technique which is superior to general multistart methods for QLS problems and tested

to be very efficient in solving distance geometry problems.

Taking the errors as Gaussian random variables, as we usually do for sake of

simplicity, can be false in certain practical problems, in which cases the least square

models can be problematic. Thus sometimes it is necessary to take other norm min-

imization models other than least squares model(L2 norm minimization model). L1

norm minimization can be a proper model. However, due to its non-convexity and

non-smoothness, feasible algorithms which can solve L1 minimization problems with

ii
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efficiency, accuracy, and stability are almost absent, which partly leads to the situation

that nonlinear L1 norm minimization method is rarely applied to engineer area.

Considering that trust region based method take an important role in solving L1

norm minimization problem. We focus our research on the trust region subproblem

for nonlinear L1 norm minimization problem. We prove this kind of nonsmooth trust

region subproblem is NP-hard. Special direct algorithms for one dimensional and two

dimensional cases are introduced, which are of polynomial time complexity. A sequen-

tial 2-dimensional subspace minimization method are proposed for the trust region

subproblem. We give the convergence analysis to the algorithm in the case of the trust

region subspace.

In addition, we construct the relationship between least square estimation and

the observation number; propose a infeasible prime-dual active set approach for convex

quadratic programming; put forward the convergence analysis of sequential two di-

mensional minimization method; and discuss some random methods for unconstrained

optimization problems.

Keywords: nonlinear least squares problem, L1 norm minimization problem,

variable projection method, global descent direction, stochastic multistart method, se-

quential two dimensional subspace method, trust region method
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3ó§A^+�¥k�þ�¯K�±8(�ëê�O½öêâ[Ü¯Kµ

h(x, ti) = 0; ∀i = 1, 2, ...,m. (1.0.1)

ùph : Rn+l 7→ R¶ti ∈ Rl´*ÿêâ¶x ∈ Rn´�½ëê"·�I�ÏLmg*

ÿ���ti(i = 1, 2, ...,m)§5(½x"̄ K(1.0.1)2��3uÔn!zÆ!)Ô!²

L!&E�Æ���ó§A^+�S"du¢S�*ÿÑ¬�3Ø�§�
�y

U
����O(�ëêx§��*ÿgêmÑ¬�un"

XJ·�Pµ

fi(x) = h(x, ti); ∀i = 1, 2, ...,m. (1.0.2)

¿-µ

f(x) = (f1(x), f2(x), ..., fm(x))T . (1.0.3)

K�±ÏL¦)�du(1.0.1)�`z¯Kµ

min
x∈Rn

F (x) = ||f(x)||p (1.0.4)

5(½x"ùp|| · ||p(p ≥ 1)´,«�ê"

Ï~5`§·�Ñ¦^L2�ê(p = 2)§�=Ù�����¦�."ù´Ï�

�fi(x)(i = 1, 2, ...,m)Ñ´�5�§�*ÿØ�´xD(§=*ÿêâ�Ø�ei =

ti−treali ´Ñlpd©Ù�§K���¦�O´Ã �O [7]§[129]§�Ò´`(1.0.4)

��`)x∗Úý¢ëêxreal÷vµ

E(x∗ − xreal) = 0. (1.0.5)

�fi(x)(i = 1, 2, ...,m)´��5��ÿ§ó§þ���¦^���¦�.§

ù´Ï�¦)���¦¯K®²k�@¤Ù��{ÚnØNX§ë�Levenberg

[52]§Marquadt [69]§NocedalÚWright [76]§SunÚYuan [124]§9Yuan [166]�©z"

�´¢SA^¯K¥§��3*ÿDÑÚxD(��$���/§ù��

ÿL2�ê4�z�.ÒÃ{÷v¦)(1.0.1)�I�
"u´L1�ê4�z�.Ò

A$)"

du��5L1�ê4�z¯K´�~(J�§Ïd�8�vk�~k�¤Ù

��{"

��Ø©ò©ª�7X`z¯K(1.0.4)�¦)"�Ä�¢S¯K  äkA

Ï5§|^¯K�AÏ5�O�äk�é5��{  k'��@^���{

k�§·�?ØäkAÏ5���5���¦¯KÚL1�ê4�z¯K"

1
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§1.1 �©��5���¦¯K

�©��5���¦¯K�JÑ´u�fO�¥�ëê�O(êâ[Ü)¯

K"1972c§GolubÚPereyra3�fÔn¥âf�PÏúª�ëê�O¥uyù

a¯KÑäkXe/ªµ

φ(a, α; t) = a1 + a2e
−α1t + a3e

−α2t. (1.1.1)

ùpa ∈ R3§α ∈ R2Ñ´�½ëê§�âØÓ��ti(i = 1, 2, ...,m)�*ÿ§Ò�±

��Xe��ê[Ü¯Kµ

min
a∈R3,α∈R2

1
2

m∑
i=1

[yi − φ(a, α; ti)]2. (1.1.2)

�Ä�*ÿ�φäk'u�Ü©Cþa´�5�§'u,�Ü°Cþα´��5�

ù�AÏ5§GolubÚPereyra [37]JÑ
CþÝK�{§ÙÌ�g�´|^�5�

��¦�w«L�ª§r�5Ü©Cþ^��5Ü©CþLÑ§¿¦ü����

5���¦¯K"RuheÚWedin [113]y²
CþÝK�{�ìCÂñ�Ý'��

¦^���CþØ©l�{�¯"

[38]¥J�äkù«A5�ëê�O(êâ[Ü)¯K´¢Só§O�¥éõ

¯K�êÆ�.§Xµ�¯K!&Ò?n!�ÆÚ)Ô¤�! ²�ä!Åì<9

�Àz!Ï&!>í�>fó§!�©�§ÄåXÚ�"��¢Só§A^+�

éùa¯K�p��{´äk�½I¦�"

ØLl [37]��§'u�©��5���¦¯K�ïÄ?Ð§Ñ´ÄuCþ

ÝKg�"'X§Böckmann [9]0�
Äuk��©�{5CqO�ü����5

���¦¯K�FÝ§¿¦^&6��{¦)ü�¯K"KaufmanÚPereyra [40]ò

CþÝK�{í2��åäkÚ8I¼ê�Ó��©lCþ/ª���å�©

��5���¦¯K"

,3¢Só§O�¥§�©��5���¦¯KØ�½äkCþ�©l�

�å"'X`µ.�å½ö¥�åÑ´é~��"�´3ù«�åe§ÃØwª

CþÝK�{½ÛªCþÝK�{ÑØN´¢y"̄ ¢þ§CþÝKg�´éJ

í2�¦)�åØäkÚ8I¼ê�Ó��©lCþ/ª��å�©��5�

��¦¯Kþ��"

·��ó�´ÏLJÑü«é�©��5���¦¯KHessianÝ
�Cq

Ý
��E�{§JÑ
ü|(�.CþØ©l��{µe"ù�µe�±��

í2����å`z¯K¥�"Äuù«(�.CþØ©l�{µe§·�JÑ
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A«�ª��{"ê�¢�ÚnØ©ÛÑL²·�JÑ�(�.CþØ©l�

{äkÚCþÝK�{���ìCÂñ�Ý"

§1.2 �g���¦¯K��Û`z�{

�g���¦¯K´(1.0.2)¥z�fi(x)Ñ´x��g¼ê"Ï~�¹e§�g

���¦¯K´�à�§�¦)Ù�Û�`)´�~(J�(ë� [47]§[78])"·

�N´y²�g���¦¯K´NP-J¯K"

·�ïÄ�g���¦¯K��Û4�¯K§��¡´Ï�§´îAp�

ålAÛ¯K�í2§�ö3Ã�ÏÕ�ä!O�)ÔÆ�+�kX2��A

^¶,��¡´Ï�§´�a/ª�{ü���5���¦¯K§ïÄ§��Û

4�z�{é�OÙ§��5���¦¯K��Û4��{k�½���¿Â"

�g���¦¯K�±w��AÏ�õ�ª`z¯K"õ�ª`z¯K´C

c5'�9��ïÄ�K§éõÍ¶�Æö®²JÑ
Ø�¤Ù�(½5½�(

½5�{5¦)õ�ª`z¯K��Û4�:"õ�ª`z�Ì�E|kµ�ê

AÛ�{ [18]¶ÓÔ�{ [53]§ [54]§ [55]¶SOS(²�Ú)tµz�{ [116]§ [121]§

[79]§ [81]§ [75]�"Qi [109]JÑ
�«¦)�½�ogõ�ª�Û4���{"

,Ï~5`þ¡0��õ�ª`z�{�ÇÑé$§Ø
SOStµz�{

	§Ù§�{Ñ´�U¦)é�5��¯K§Ä�þÑ´áunØ�{"SOS�

{§�¿Ø´é¤k¯KÑk�§��{�Ç�Ø´ép"

XJ�Ä�g���¦¯K�A~µîAp�ålAÛ¯K§�â¯K5

�ØÓ�µ§Ye [132, 122]9MoréÚWu [74]©OJÑ
�½5ytµz�{Ú�

N1wz�{"

·�uÐ
 [109]¥�Ûeü���Vg§�é�g���¦¯K�AÏ5§

JÑ
�Ûeü��f�m�Vg"¿�M#/JÑ
�Å��f�m|¢�

{"ê�¢�L²·��O��{3¦)5uÃ�Daì�ä¯K�ålA

Û¯K�§̀ u�½5ytµz�{!�N1wz�{ÚSOStµz�{"

§1.3 L1�ê4�z¯K

L1�ê4�z¯K�=´(1.0.4)¥p�1�`z¯K"ÄkL1�ê4�z¯K

áu�1w`z¯K [11,12]§�1w`z¯K´`z¥�aéJ�é���

K"8cÌ���{kgFÝ(subgradient)�{(Shor [114,115,116]§Eremin [31]§

Polyak [82,83,84]�)¶�ÝgFÝ�{(Wolfe [130]�)¶'8(bundle){(Lemaréchal
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[49, 50, 51]§Zowe [151]�)¶¦)à5y��²¡{(Kelley [41]§CheneyÚGoldstein

[17]�)±9&6��{�"

L1�ê4�z¯K�áuEÜ�1w`z¯K"Fletcher( [33])1981c�Ñ


��¦)EÜNDO�&6��{"ù��{�Ì�g�´zÚS�Ñ¦)��

�1w���Cq�&6�f¯K"þ�Vl�c��
IS�¶`zÆ[ï

á
�X�'u^&6��{¦)EÜ�1w`z¯K��Âñ5(J(Xµ

Fletcher [34]§Powell [98]9Yuan [136,137,138,139,140]�)"d	¦)EÜ�1w`

z¯K�kHald [44,45]JÑ�ü�ã�{"

du8c¦)L1�ê4�z¯K��k���{Ì�´&6��{§u´·

�é�1w�&6��{?1
ïÄ"·�Ø´Xúu&6�µe3�1w`z

��Âñ5§´Ì�?Øz�ÚS�ÑI�¦)��1w&6�f¯K"

·��Ä��1w&6�f¯K��´�à!�1w�§u´·�©Û
§

�O�E,Ý§¿y²
¦)L1�ê4�z¯K��1w&6�f¯K���

´NP-J¯K"u´·�Ò�Ä�E¦)ù«&6�f¯K��{"

Äk·��Ñ
$�(n = 1½n = 2)�/e§¦)ùa�1w&6�f¯K

��Û4�:�õ�ª�mE,Ý����{"¿í2
Powell [108]¥JÑ��

�¦)��&6�f¯K��ä�ÝFÝ�{�?nE|�S���f�m�

{§JÑ
�1w�/e�S���f�m�{"·��é�{�Âñ5?1


�½�©Û"

§1.4 Ù§�'ó�

3)û5g¢Só§A^¯K�ëê�O½êâ[Ü¯K�§·�uyO\

*ÿgê§Ï~U
���Ð�)"u´·�3�
Ä�b�e§ïá���¦

ëê�O�*ÿgê�'X"¿uy3b�^�e§�X*ÿgê�O\§��

�¦�O�Ø��Ï"´üNeü�"

·�JÑ
�«¦)à�g5y�Ø�1�©éóÈ48�{¶·�5¿

�KunischÚRendl [43]9VoglisÚLagaris [127]ÑJÑ
aq��{g�§ØLcö

´�éü�.�å§�ö´�éV�.�å"·�ÕáJÑ��{·^���

2"d	 [43]éü�.�å�¯K¤��Âñ5©Û¿Ø¢^§Ï�©¥�©Û

´ÄuAÝ
÷vü�4Ù���^�"¢�L²·�JÑ��{kéÐ�ê�

Ly"

Powell [108]JÑ�S���f�m4�E|§��^�ä�ÝFÝ{( [13]¶

[143])¦)��&6�f¯K��?nE|§�±¦�{kéÐ�ê�Ly§,
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%vk�Âñ5©Û"·��Ñ
��¦^S���f�m4��{¦)&6�

f¯K�Âñ5ÚÛÜÂñ�Ý"3&¢XÛÀ�U
p�Âñ�f�m�¯K

¥§·�JÑ
.�KFÚî.f�mÀ��{"¿y²
±d�E�S���

f�m�{äkÛÜ��Âñ�Ý"

�OÚ©ÛÃ�å`z¯K�p�!$O�þ��{§��´Ã�å`z�

{ïÄ���K"·�'�
ÏLFÝ��(Ü�ÅÚ�!�Å��(Ü°(

|¢Ú�!FÝ��\�Å���S���f�m�{9�ÅY²8�{�ê�

Ly§¿�Ñ
�ÅY²8�{�Âñ5©Û"
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1�Ù �©��5���¦¯K

�©��5���¦¯K´�aAÏ���5���¦¯K"�ÙòÄk0

���5���¦¯K9Ù���{¶Ùgé�©��5���¦¯K�A^!

A5Ú®k�{���{ü�nã¶��0�·�3ù�¯Kþ¤��ó�"

§2.1 ��5���¦Ä:

��5���¦¯K���/ª�µ

min
x∈Rn

F (x) =
1
2
||f(x)||22 =

1
2

m∑
i=1

f2
i (x), (2.1.1)

ùpf : Rn 7→ Rm´'ux���5¼ê§(f(x))i = fi(x)"·��±ò(2.1.1)À�

���Ã�å`z¯K§¦^���Ã�å`z�{5¦)"�´duÙ8I¼

êsäkAÏ/ª§¤±·��±¿©|^ù
AÏ/ª5�E¦)��5��

�¦�AÏ�{"

�Ä��¦)��5���¦¯K��{´pdÚî�{( [28,77])"pdÚ

î�{�g��~�*µ��cS�:�xk§̂ f(xk+d)3xk?��5Cqf(xk+

d) ≈ f(xk) + J(xk)d5�Of(xk + d)§ÏL4�zXe�5���¦�.µ

min
d∈Rn

1
2
||f(xk) + J(xk)d||22. (2.1.2)

5����S�Úd
(GN)
k §ùpJ(x)´f(x)�JacobianÝ
"�J(xk)���n�§

(2.1.2)�)(��¡��pdÚîÚ)d(GN)
k kXewªL«µ

d
(GN)
k = −(J(xk))+f(xk) = −(J(xk)TJ(xk))−1J(xk)T f(xk). (2.1.3)

u´§e��S�:�µ

xk+1 = xk + d
(GN)
k . (2.1.4)

XJ·�'�(2.1.3)�(2.1.1)�ÚîÚ

d
(N)
k = −∇2F (xk)−1∇F (x)

= −(J(xk)TJ(xk) +
m∑
i=1

∇2fi(xk)fi(xk))−1J(xk)T f(xk), (2.1.5)

Ò�±uyé��5���¦�.§pdÚî{ÚÚî{�«O3u§pdÚî

{=^��&EJ(xk)TJ(xk) (¡�pdÚîÝ
)5CqÚî{¥F (x)�HessianÝ

7
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∇2F (x)§�Ñ
��&E�
m∑
i=1

∇2fi(x)fi(x)"ÏdN´y²§�¯K(2.1.1)3

)?�¼ê��"�§pdÚî{kXÚÚî{���ÛÜ��Âñ�Ý¶��

Ñ���&E��éupdÚîÝ
´Ã¡�þ�§pdÚî{´�5Âñ�¶

����&E����§pdÚî{Ò�UØÂñ"

�
�ypdÚî{��ÛÂñ5§·�  ¬3(2.1.4)ª�S���d
(GN)
k

c\þ��Ú�Ïfαk§¦�#�S�:

xk+1 = xk + αkd
(GN)
k , (2.1.6)

÷v,«Ú�|¢OK§ùa�{·�¡��{ZpdÚî{"

,3¢S¯K¥§  ¬-�JacobianÝ
J(xk)���un��¹"ù�§

ÃØ´pdÚî{�´{ZpdÚî{Ñ´vk½Â�§u´Levenberg [52]Ú

Marquardt [69]JÑ
Levenberg-Marquardt�{"Levenberg-Marquardt�{�Ì�

g�´¦^����IþÝ
5CqHessian
¥���&E�µ

d
(LM)
k = −(J(xk)TJ(xk) + λk · I)−1J(xk)T f(xk). (2.1.7)

'u�Kzëêλ��{kéõ«§�±ë� [76,124,166]��á��[0�"

Ù¥�Í¶�´Moré [70]3MINPACK^��¥¦^�^&6�E|5��S�

�Levenberg-Marquardt-Moré�{"2000c�§YamashitaÚFukushima [135]§FanÚ

Yuan [32]©O�Ñ
3fu�ÛÉ5^��ÛÜØ�.^�e�Kzëêλ�ü

«ØÓ�{§¿y²
æ^3�A�{e�Levenberg-Marquardt�{äkÛÜ�

�Âñ�Ý"

�¯K(2.1.1)3)?�¼ê�é�(�íþ¯K)½ö8I¼ê���5§Ý

ép�§XJEÎæ^pdÚî{§�Ñ��&E�¶½öæ^Levenberg-Marquardt

�{^êþÝ
5�O��&E�§ÑØUéÐ/Cq8I¼ê�HessianÝ
§

l��Âñ�Ýéú",��¡XJ��O���&E�§KI�¦�¤

kfi(x)�HessianÝ
§�dq��"¤±BroydenÚDennis [25]§Biggs [4]§9Dennis§

GayÚWelsch [26] ©OJÑ
¦)��5���¦¯K�(�.[Úî�{§Ù

Ì�g�´æ^Xe�(�.[ÚîÚ5�OÚîÚ(2.1.5)µ

d
(SQN)
k = −(J(xk)TJ(xk) +Ak)−1J(xk)T f(xk). (2.1.8)

ùpAk´��&E�
m∑
i=1

∇2fi(x)fi(x)���Cq§I�÷vXe���§µ

Ak+1sk = uk, uk = yk − J(xk+1)TJ(xk+1)sk; (2.1.9)
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Ù¥

sk = xk+1 − xk, yk = J(xk+1)T f(xk+1)− J(xk)T f(xk). (2.1.10)

�¤±¡��(�.[Úî�{§´Ï��â��5���¦¯K�A5§[

ÚîÚ(2.1.8) �3
pdÚî
�Ü©§=^��Cq��&E�"ò(�.

[Úî�{Ú&6�g�(Ü§Dennis!GayÚWelsch [26]�Ñ
¦)��5��

�¦��{§SNL2SOL"éu�íþ¯K§NL2SOLk��`�5§éu�íþ

¯K§NL2SOL�Levenberg-Marquardt-Moré�{�Øõ§Levenberg-Marquardt-

Moré�{ü"ùü«�{Ñ´8c¦)��5���¦¯K��61��{"

XJ·�À�Ak���úª§(�.[Úî�{é"íþÚ�"íþ�¯K

ÑkÛÜ��5Âñ5 [27]"�$^�|¢E|�§��·�ÑF"(�.[Úî

Ý
J(xk)TJ(xk)+Ak´�½�§ld
(SQN)
k ´F (x)3�cS�:xk?�eü��"

�´�õê(�.[Úî{¿ØU�yù�:"��Ñù«(J§YabeÚTakahashi

[134]JÑ
©)(�.[Úî�{§Ùg�´3zÚS�O�µ

d
(FSQN)
k = −((J(xk) + Lk)T (J(xk) + Lk))−1J(xk)T f(xk), (2.1.11)

Ù¥Lk ∈ Rm×n, LTkLk + JTk Lk + LTk Jk´��&E�
m∑
i=1

∇2fi(x)fi(x) �Cq"Ï

dLk+1÷vXe�[Úî^�µ

(J(xk) + Lk)T (J(xk) + Lk)sk = zk, (2.1.12)

Ù¥

zk = yk, ½ zk = yk + JTk+1Jk+1sk. (2.1.13)

'u��5���¦�ó�§�kéõ§XFletcherÚXu [35]JÑ�,��{

�"k,��Öö�±�� [156]§ [76]�"

§2.2 �©��5���¦¯K�CþÝK�{Vã

§2.2.1 �©��5���¦¯K

�©��5���¦¯K�JÑ´u�fO�¥�ëê�O(êâ[Ü)¯

K"1972c§GolubÚPereyra3�fÔnâf�PÏúª�ëê�O¥uy§ùa

¯KÑäkXe/ªµ

yi =
p∑
j=1

ajφj(b, ti), (i = 1, 2, ...,m), (2.2.1)
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ùpφj(b, t)(j = 1, ..., p)´½Â3Rq+1þ�¢���5¼ê¶tiÚyi(i = 1, ...,m)´

*ÿêâ¶a ∈ RpÚb ∈ Rq´��O�ëê¶��êpÚq©O´ü�ëê��ê§

·�Pn = p+ q"3¢S*ÿ¥§*ÿgêm  ��u¯K��ên"

·��±rëê�O(êâ[Ü)¯K(2.2.1)�¤Xe���5�§|¯Kµ

fi(a, b) = 0, i = 1, 2, ...,m, (2.2.2)

ùp

fi(a, b) = yi −
p∑
j=1

ajφj(b, ti), i = 1, 2, ...,m. (2.2.3)

·�N´uy(2.2.2)¥z��*ÿ��§(2.2.3)Ñ´'u�Ü©��ëê

a��5¼ê§'u,�Ü©Cþb���5¼ê"äkù«A5�ëê�O(ê

â[Ü)¯K´¢Só§O�¥éõ¯K�êÆ�.§Xµ�¯K!&Ò?n!�

ÆÚ)Ô¤�! ²�ä!Åì<9�Àz!Ï&!>í�>fó§!�©�§

ÄåXÚ§�� [37, 38]"

·����½���5�§|¯K(2.2.2)§��Ñ´=z�Xe���5�

��¦¯K5¦)µ

min
a∈Rp,b∈Rq

1
2

m∑
i=1

(fi(a, b))2. (2.2.4)

Ï��(2.2.2)k)�§(2.2.2)�(2.2.4)´�d�"(2.2.4)�ê��{=�^5¦)

(2.2.2)"�ë� [28]§ [77]§ [124]§ [165]§ [161]�"

�yi(i = 1, ...,m)�´b�¼ê�§ëê�O(êâ[Ü)¯K(2.2.1)Ò�=z�

IO��©��5���¦¯Kµ

min
a∈Rp,b∈Rq

ψ(a, b) =
1
2
||y(b)− Φ(b)a||22, (2.2.5)

ùpy : Rq 7→ Rm; Φ : Rq 7→ Rm×p§�(Φ(b))ij = φj(b, ti), i = 1, 2, ...,m, j = 1, 2, ...p"

§2.2.2 CþÝK�{

GolubÚPereyra [37]@31973cÒJÑ
¦)(2.2.4)( �=IO�©��5�

��¦¯K(2.2.5)¥y(b) = y0��/)�w«CþÝK�{"e¡·�50�w«

CþÝK�{�Ì�g�"é?Û���½�b ∈ Rq§(2.2.5) Ò¤����5�

��¦¯K§¿�·��±��Ù���ê)µ

â(b) = Φ+(b)y0, (2.2.6)
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ùp�fΦ+(b)L«Φ(b)�Moore-Penrose2Â_"·�ò(2.2.6)�\(2.2.4)§Ò�±

��µ

min
a∈Rp,b∈Rq

ψ(a, b) = min
b∈Rq

1
2
|| y0 − Φ(b)Φ+(b)y0||22

= min
b∈Rq

1
2
||P⊥Φ(b)y0||22. (2.2.7)

ùp�fP⊥Φ(b)´lRm�Φ(b)T�"�m���ÝK�f"ù�·�Ò��
��

ü����5���¦¯K(2.2.7)"�
¦)ù�¯K§�7L��(2.2.7)¥8I

¼ê�JacobianÝ
�O��{"3GolubÚPereyra�ó� [37]¥§�Ñ
��Ý

K�fP⊥Φ(b)�Fréchet2Â�ê�O��{µ

D(P⊥Φ(b)) = −P⊥Φ(b)Φ
′(b)Φ+(b)− (P⊥Φ(b)Φ

′(b)Φ+(b))T . (2.2.8)

�â(2.2.8)·�Ò�±��(2.2.7)¥8I¼ê�JacobianÝ
§¿�âc�!0�

�¦)��5���¦¯K��«�{5¦)(2.2.7)"·�b�¦�
(2.2.7)

����`)b̂§�â(2.2.6)�½Â§·��±�A/��â(b̂)§u´(
â(b̂)

b̂

)
(2.2.9)

´(2.2.4)����`)"�âØÓ��{¦)(2.2.7)§·�Ò�±��
ØÓ�w

ªCþÝK�{"

[37]�y²
�Φ(b)��ð½�§eb̂´(2.2.7)���ÛÜ�`)§K(2.2.9)

´(2.2.4)���ÛÜ�`)¶eb̂´(2.2.7)����Û�`)§K(2.2.9)´(2.2.4)�

���Û�`)"

wªCþÝK�{�Ì�g�3uwª���5Ü©Cþ§ù¦�ÄuC

þÝK��{���¦)(2.2.4)��A�{�'§äkn�`³µ���S�Ú

ê¶���Ð©:ßÿ¶��¯K´¾��§�±ü$¾�§Ý"

Kaufman [39]òGolubÚPereyraJÑ�wªCþÝK�{¥��ÝK�f�

JacobianÝ
{z�

D(P⊥Φ(b)) = −P⊥Φ(b)Φ
′(b)Φ+(b); (2.2.10)

¿Øy
§¦^Äu(2.2.10)�E�JacobianÝ
�wªCþÝK�{3zÚS�

¥Ñ�±!�25%�O�þ"

RuheÚWedin31980c�ó� [113]¥ÏLí2CþÝK������5Ã�

å`z§��
�©��5���¦¯K(2.2.5)�ÛªCþÝK�{"e¡·�

0�ÛªCþÝK�{�Ì�g�"
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Äk�Ä4�z¯Kµ

min
x∈Rn

ψ(x). (2.2.11)

ùpψ(x)������5¼ê§�

x =

(
y

z

)
, y ∈ Rp, z ∈ Rq, p+ q = n. (2.2.12)

b��y�½�§

min
y∈Rp

ψ(y, z) (2.2.13)

��`)'�N´¦�"w,�©��5���¦¯K´÷vù�b��"·�

Py(z)�(2.2.13)��`)§·���(y(ẑ), ẑ) ´(2.2.5)�)§��=�ẑ´

min
z∈Rq

ν(z) = ψ(y(z), z) (2.2.14)

�)"ÛªCþÝK�{¿Ø´��¦)(2.2.14)"´3z�S�Ú§òyw�´

'uz�Û¼ê§5O�(2.2.14)���&E�(�ê)Ú��&E�(ν(z)�HessianÝ


)�Cq"

·��±rνw�´8I¼êψ3Xe6/þ���µ

= =

{(
y

z

)
, y = y(z) ´(2.2.13)�)

}
. (2.2.15)

Ú\Xe�IC�µ

y = w + y(z), (2.2.16)

u´6/=C�µ

=2 =

{(
w

z

)
, w = 0

}
. (2.2.17)

�
��8I¼ê(2.2.14)��ê§·�k5O��IC�(2.2.16) �JacobianÝ


"N´¦�µ

∂(w, z)
∂(y, z)

=

(
∂w
∂y

∂w
∂z

∂z
∂y

∂z
∂z

)
=

(
I ∂w

∂z

0 I

)
. (2.2.18)
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dψy = 0§·���

∂w

∂z
=
d(y − y(z))

dz
= −dy(z)

dz
. (2.2.19)

qduψyydy + ψyzdz = 0§�

dy

dz
= −ψ−1

yy ψyz. (2.2.20)

ò(2.2.20)�\(2.2.18)§·���µ

∂(y, z)
∂(w, z)

=
(
∂(w, z)
∂(y, z)

)−1

=

(
I −ϕ−1

yy ϕyz

0 I

)
. (2.2.21)

eP�IC�(2.2.16)��8I¼êψ�ψ̃§�â(2.2.21)��

∇ψ̃ =
(
∂(y, z)
∂(w, z)

)T
∇ψ =

(
ψy

−ψTyzψ−1
yy ψy + ψz

)
; (2.2.22)

9

∇2ψ̃ =
(
∂(y, z)
∂(w, z)

)T
∇2ψ

(
∂(y, z)
∂(w, z)

)
=

(
ψyy 0

0 ψzz − ψTyzψ
−1
yy ψyz

)
. (2.2.23)

2g�âψy = 0§·�kµ

∇ν = ψz; (2.2.24)

∇2ν = ψzz − ψTyzψ
−1
yy ψyz. (2.2.25)

£�·���©��5���¦¯K§�=(2.2.9)äk(2.2.5)�/ª"·��

ϕ(a, b) = y(b)−Ψ(b)a. (2.2.26)

¿ÏL��O���µ

ϕa(a, b) = Ψ(b), ϕb(a, b) = y′(b)−Ψ′(b)a, (2.2.27)

�

ϕab(a, b) = Ψ′(b)T , ϕba(a, b) = Ψ′(b), ϕaa(a, b) = 0. (2.2.28)

·�uyϕ���&E¥=kϕbb(a, b)��´Ã{ÏL��&E���"
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�â(2.2.25)§·�k

∇2ν = (ϕTb ϕb + ϕbb) (2.2.29)

−(ϕTaϕb + ϕab)T (ϕTaϕa + ϕaa)−1(ϕTaϕb + ϕab); (2.2.30)

ù�^(2.2.31)Cq(2.2.29)§·�Ò�±�Ñ¦)�©��5���¦¯K(2.2.5)

�ÛªCþÝK�äN�{"

�{ 2.2.1. (�©��5���¦�ÛªCþÝK�{)

Ú� �½b0§a0 = 0¶ε > 0´�½�¿©���ê¶¿�k := 0¶

Ú� O�ϕ(k) = ϕ(ak, bk)§9ϕ
(k)
a = Φ(bk)§

ak+1 = ak − (ϕ(k)
a )+ϕ(k). (2.2.31)

Ún O�

ϕ
(k)
b = y′(bk)− Φ′(bk)ak; (2.2.32)

ÏLaKaufmanÚ�#bk+1µ

bk+1 = bk−(P⊥
ϕ

(k)
a
ϕ

(k)
b )+[I−ϕ(k)

a (ϕ(k)
a )+]ϕ(k) = bk−(P⊥

ϕ
(k)
a
ϕ

(k)
b )+ϕ(k), (2.2.33)

½öÏLaGolub-PereyraÚ�#bk+1µ

bk+1 = bk − (P⊥
ϕ

(k)
a
ϕ

(k)
b + P

ϕ
(k)
a
ϕ(k)
a

+
Φ′(bk)ϕ)+ϕ(k). (2.2.34)

Úo �k := k + 1¶XJ

||ϕ(k)
a

T
ϕ(k) + ϕ

(k)
b

T
ϕ(k)|| < ε; (2.2.35)

KÊ¶ÄK§=Ú2"

�â [113]�©Û§dÚ�(2.2.34)½Ú�(2.2.33)½Â�ÛªCþÝK�{2.2.1

ÚdGolub-PereyraJÑ�(2.2.7)ª½KaufmanJÑ�(2.2.10)ª½Â�wªCþÝ

K�{k�Ó�ìCÂñ�Ý§�´z��S�Ú�O�þk¤~�"[113]�y

²
¦^ÛªCþÝK�{Úé�¯K(2.2.5)��¦^pdÚî�{3z��S

�Ú¥Ñäk�Ó�O�þ§�´ÛªCþÝK�{äk�Ð�ìCÂñ�Ý"

d�'u�©��5���¦¯K�ïÄ?Ð§Ñ´ÄuCþÝKg�"'

X§Böckmann [9]Äuk��©Eâ§JÑ
éü����5���¦¯K(2.2.7)
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�FÝO��{§?ÏL&6��{¦)ü�¯K"KaufmanÚPereyra [40]ò

CþÝK�{í2��åäkÚ8I¼ê�Ó��©lCþ/ª���å�©

��5���¦¯K��/"

,3¢Só§O�¥§�©��5���¦¯KØ�½äkCþ�©l�

�å"'X.�åÚ¥�åÑ3A^¯K¥�~~�§�´3ù
�åe§ÃØ

wªCþÝK�{½ÛªCþÝK�{ÑØN´¢y"̄ ¢þ§CþÝKg�´

éJí2�¦)�åØäkÚ8I¼ê�Ó��©lCþ/ª��å�©��

5���¦¯Kþ��"�
;�ù�(J§·�JÑ
��CþØ©l��{

µe"

§2.3 (�.CþØ©l�{

§2.3.1 �{���µe

�â�©��5���¦¯K�A5§CþÝK�{��
�5Ü©Cþ§

ò�¯K(2.2.5)=z�='u��5Ü©Cþ�ü�¼ê§,��I^����

�5���¦�{5¦)ü�¯K=�"ÃØnØ©ÛÚê�¢�ÑL²Äu,

«��5���¦¯K�CþÝK�{§'�A���¦)�¯K��{Âñ�

¯ [37,38]"�«'�´un)�)º´§DÚ�CþØ©l�{µe§�À
�

©��5���¦¯K�A5"

�´�·�é�¯K(2.2.5)\�
�å�§CþÝK�{Ò��
"Ï�Ã

Ø´wª�´Ûª�CþÝK�{Ñ3é�§Ýþ�6u���5Ü©Cþ�

½�§�5Ü©Cþwª�`)��35"

�Ä�DÚCþØ©lµe�ÇØp§9CþÝK�{�oN5��§·�

Ï"�O�«CþØ©l��{µe§QU
¿©|^�©��5���¦¯K

�A55Jp�{��Ç¶qU
éÐ/oN���å¯K"

·�Uì(2.2.31)½Âϕ§K�¯K(2.2.5)�8I¼êψ(a, b)�HessianÝ
�±

��µ

∇2ψ =

(
ϕTaϕa + ϕTaaϕ ϕTaϕb + ϕTabϕ

ϕTb ϕa + ϕTbaϕ ϕTb ϕb + ϕTbbϕ

)
. (2.3.1)

�â¯K�AÏ(�§=d(2.2.34)ª§·��±��µ

∇2ψ =

(
ϕTaϕa ϕTaϕb + Φ′(b)ϕ

ϕTb ϕa + (Φ′(b)ϕ)T ϕTb ϕb + ϕTbbϕ

)
. (2.3.2)
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duÚî�{äk��Âñ�Ý§¤±XJ·�I��O(2.2.5)�p��{§

ÒAT�Ïé8I¼êHessianÝ
(2.3.2)�Ð�Cq"3���CþØ©lµe

e§pdÚî{´ÏLϕ���&E5CqHessian
�µ

HGN =

(
ϕTaϕa ϕTaϕb

ϕTb ϕa ϕTb ϕb

)
. (2.3.3)

ÏL'�(2.3.3)�(2.3.2)§·�uyϕab = Φ′(b)ϕ ù���&E�Ù¢ÏL�

�&E�O�Ò�±��§pdÚî{(2.3.3)%é�ï�Ø^"·��,F

"ÏL¦^ù�AÏ���&E�5�E���Ð�HessianCq"'��*�

�{´^Ý
µ

H(0) =

(
ϕTaϕa ϕTaϕb + Φ′(b)ϕ

ϕTb ϕa + (Φ′(b)ϕ)T ϕTb ϕb

)
, (2.3.4)

5CqHessianÝ
(2.3.2)",§ù�{ü��{¿Ø�1§Ï�=¦8I¼

ê(2.2.5)�ý¢�HessianÝ
∇2ψ´�½�§·��ØU�y{´Cq(2.3.4)¥

�H(0)´�½�§¤±±H(0)�O�{§òO\�{�)�eü����U"¯

¢þ·�3��!¥�©Û¥�±y²^H(0)��HessianÝ
(2.3.2)Cq��{

3�õê�¹e�ØX^pdÚîÝ
(2.3.3)"

e¡·�Ò��{5?�(2.3.4)±¦�?���HessianÝ
�Cq
÷v�

½5"Äk·�-

ϕC = (ϕ+
a )TΦ′(b)ϕ, (2.3.5)

¿^ϕTa (ϕb + ϕC)5�OϕTaϕb + Φ′(b)ϕ"

XJ·�^(ϕb + ϕc)T (ϕb + ϕc)5�O(2.3.4)¥Ý
H(0)me��ϕTb ϕb§·�

Ò�±��Xe�CqÝ
µ

H(1) =

(
ϕTaϕa ϕTa (ϕb + ϕc)

(ϕb + ϕc)Tϕa (ϕb + ϕC)T (ϕb + ϕC)

)
. (2.3.6)

ù�½Â�Ý
H(1)o´äk��½5�§¿�ÚpdÚîÝ
(2.3.3)�'§

§äk�õ���&E"eΦ(b)äkð�p§@o·�Òkµ

ϕTaϕb + Φ′(b)ϕ = ϕTa (ϕb + ϕC) (2.3.7)

ð¤á"
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3ù«�¹e§·�kµ

H(1) = ∇2ψ +

(
0 0

0 ϕTb ϕC + ϕTCϕb + ϕTCϕC − ϕTbbϕ

)
. (2.3.8)

�Ø�Ý
H(1) −∇2ψ���q"e�!·�òy²(2.3.6)½Â�Ý
H(1)Úpd

Úî
HGN�'§(¢´8I¼êHessianÝ
∇2ψ����Ð�Cq"XJ�Ä

3CqÝ
H(1)�me�2\þ��ϕTCϕC§·�Ò�±��µ

H(2) =

(
ϕTaϕa ϕTa (ϕb + ϕc)

(ϕb + ϕc)Tϕa (ϕb + ϕC)T (ϕb + ϕC) + ϕTCϕC

)
. (2.3.9)

·��òy²H(2)´∇2ψ�,��Ð�Cq"·�òÄu(2.3.6)½Â�CqÝ
H(1)

Ú(2.3.9)½Â�CqÝ
H(2)��{¡��©��5���¦¯K�(�.Cþ

Ø©l�{"

§2.3.2 �{£ã

æ^(2.3.6)�(2.3.9)½Â�CqHessianÝ
H(1)ÚH(2)§(Ü�|¢E|!

Levenberg-MarquardtE|Ú&6�üÑ§·��O
n«(�.CþØ©l�{"

e¡·��Ñùn«�{�äN£ã"

�{ 2.3.1. ((�.CþØ©l��|¢�{)

Ú� �½Ð©:x0 = (aT0 , b
T
0 )T¶�½ρ ∈ (0, 0.5)9¿©���êε > 0¶

�k := 0"

Ú� e||∇ψ(xk)|| < ε§KÊ�"

Ún �âª(2.3.6)½(2.3.9)O�Hk§-

dk = −(Hk)−1∇ψ(xk). (2.3.10)

Úo |¢α > 0÷vµ

ψ(xk + αdk) ≤ ψ(xk) + ρα∇ψ(xk)Tdk, (2.3.11)

ψ(xk + αdk) ≥ ψ(xk) + (1− ρ)α∇ψ(xk)Tdk. (2.3.12)

ÚÊ �#xk+1 = xk + αdk¶�k := k + 1¶=Ú�"
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Ï~5`§�|¢.�{3Cq�HessianÝ
Hk�CÛÉ�¬�)ê�(

J"�
�Ñù�¯K§·��±(ÜLevenberg-MarquardtE|½&6�üÑ5

¢y(�.CþØ©l�{"

�{ 2.3.2. ((�.CþØ©l�Levenberg-Marquardt�{)

Ú� �½Ð©:x0¶�½~êc1 > 1§c2 > 1§0 < p1 < p2 < 1Ú

¿©���êε > 0¶Ð©�Kzëêλ0 = ||ψ(x0)||¶�k := 0"

Ú� e||∇ψ(xk)|| < ε§KÊ�"

Ún �âª(2.3.6)½(2.3.9)O�Hk§-µ

dk = −(Hk + λkI)−1∇ψ(xk). (2.3.13)

Úo O�¢Seüþ�ý�eüþ�'�µ

rk =
ψ(xk)− ψ(xk + dk)

−∇ψ(xk)Tdk − 1
2d

T
kHkdk

, (2.3.14)

¿±��#�Kzëêλk+1Úe��S�:xk+1µ

λk+1 =


c1λk XJ rk ≤ p1,
1
c2
λk XJ rk ≥ p2,

λk ÄK;

(2.3.15)

xk+1 =

{
xk + dk XJ rk > 0,

xk ÄK.
(2.3.16)

ÚÊ �k := k + 1§=Ú�"

�{ 2.3.3. ((�.CþØ©l�&6��{)

Ú� �½Ð©:x0¶�½Ð©&6��»∆0 > 0¶�½~êc1 > 1, c2 > 1,

0 < p1 < p2 < 1¶Ú¿©���~êε > 0¶�k := 0"

Ú� e||∇ψ(xk)|| < ε§KÊ�"

Ún �âª(2.3.6)½(2.3.9)O�Hk¶¿¦)&6�f¯Kµ

min
d∈<n

mk(d) = ∇ψ(xk)Td+
1
2
dTHkd, (2.3.17)

s.t. ||d||2 ≤ ∆k. (2.3.18)

��&6�Á&Údk"
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Úo O�¢Seüþ�ý�eüþ�'�µ

rk =
ψ(xk)− ψ(xk + dk)
m(0)−m(dk)

; (2.3.19)

¿±��#&6��»∆k+1Úe��S�:xk+1µ

∆k+1 =


1
c1
‖dk‖2 XJ rk ≤ p1,

max[c2‖dk‖2, ∆k] XJ rk ≥ p2,

∆k ÄK;

(2.3.20)

xk+1 =

{
xk + dk XJ rk > 0,

xk ÄK.
(2.3.21)

ÚÊ �k := k + 1§=Ú�"

3�{2.3.3�Ún¥§&6�Á&ÚdkQ�±´�â [70]5°(O�&6

�f¯K(2.3.17)-(2.3.18)¤���°()¶��±´�â�ä�ÝFÝ{ [125,

120] 5Cq¦)&6�f¯K(2.3.17)-(2.3.18)¤���Cq)"Yuan( [143])y²


�â�ä�ÝFÝ{¦��&6�f¯KCq)dk ò¦�8I¼ê�eü

þ����°()¤éA�eüþ���"ù�`{�(Ø¦·��±�%�

¦^�ä�ÝFÝ{5¦)&6�f¯K§±Jp�{��Ç"·���±¦

^Powell3NEWUOA [108]¥JÑ�S���f�m4��{���?nE|5

?��ä�ÝFÝ{¤���&6�f¯K�Cq)"

§2.4 #�{�Âñ5©Û

�!¥§·�òïÄ·�JÑ�(�.CþØ©l�{�Âñ5"du·

���{2.3.1!�{2.3.2!�{2.3.3Ú¦)��5���¦¯K�{ZpdÚî

{!Levenberg-Marquardt�{ÚLevenberg-Marquardt�{�&6�¢y�«O=

=3CqHessianÝ
��Eþ§ù¿ØK�·�r�n«�{��ÛÂñ5í

2�·��n«(�.CþØ©l�{þ"Ïd§ù�!¥§·�ò=?Ø·�

�{�ÛÜÂñ5�"Äk·�òy²æ^(2.3.6)�(2.3.9)½Â�CqHessianÝ


H(1)ÚH(2)Ñ´8I¼êHessianÝ
∇2ψ�°(%C§¿±���ÛÜÂñ5

�"

§2.4.1 ÛÜÂñ�Ý

Äk§aqpdÚî{�ÛÜÂñ5©Û§·���{éu"íþ�¯K�

äkÛÜ��Âñ�Ý"Ø���5§e¡�Ñ·���{(2.3.1)�ÛÜ��Â

ñ5�y²"
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½n 2.4.1. Px∗´(2.2.5)�ÛÜ4�:§�÷vϕ(x∗) = 0¶eb�d(2.3.6)Ú

(2.3.9)�Ñ�Ý
H(i)(x∗)(i = 1, 2)´�½�§�∇2ψ(x)ÚH(i)(x)−13x∗���

SLipschitzëY¶K�3ε > 0§é?Ûxk ∈ N(x∗, ε)§Ñkµ

‖xk + dk − x∗‖ = O(‖xk − x∗‖2) (2.4.1)

¤á"

y²µ Ø���5§·�=�ÄHk´d(2.3.6)½Â��¹"PSk = ∇2ψ(xk)−Hk§

ÏLϕC�½Â(2.3.8)!(2.3.5)Ú®�^�§·��±í�µ

‖Sk‖ = O(‖ϕ(xk)‖) = O(‖xk − x∗‖). (2.4.2)

P

dNk = −∇2ψ(xk)∇ψ(xk) (2.4.3)

�ÚîÚ"·�Ù�ÚîÚ÷vµ

xk + dNk − x∗ = O(‖xk − x∗‖2), (2.4.4)

u´�í�µ

‖dNk ‖ = O(‖xk − x∗‖). (2.4.5)

?kµ

‖dk − dNk ‖ = ‖(∇2ψ(xk)−1 −H−1
k )∇ψ(xk)‖

= ‖(I −H−1
k ∇2ψ(xk))dNk ‖

≤ ‖I −H−1
k ∇2ψ(xk)‖‖dNk ‖

= ‖H−1
k (Hk −∇2ψ(xk))‖‖dNk ‖

≤ ‖H−1
k ‖‖Sk‖‖dNk ‖ = O(‖xk − x∗‖2). (2.4.6)

��§�â(2.4.4)Ú(2.4.6)§Ò�í�·��(Ø(2.4.1)"y." �

§2.4.2 ìCÂñ�Ý

c¡·�ÏL©Û§��·��(�.CþØ©l�{�ÛÜÂñ�Ý�D

Ú�pdÚî{��"y3·�5©Û·��(�.CþØ©l�{!dGolub-

PereyraJÑ�(2.2.7)ª9dKaufmanJÑ�(2.2.10)ª½Â�wªCþÝK�{§

ÚDÚ�pdÚî�{�ìCÂñ�Ý"ùp·��©Ûg�aquRuheÚWedin

[113]¥JÑ�©Û�{" [113]´1��©ÛCþÝK�{ÚDÚ�pdÚî{

�ìCÂñ�Ý�ó�§Ó�1�gJÑ
CþÝK�{`uDÚ�pdÚî{

�nØ�â"
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½Â 2.4.1. éuS��{

xk+1 = h(xk), lim
k→∞

xk = x∗, (2.4.7)

·�½ÂìCÂñ�Ý�µ

R = − ln ρ(h
′
(x∗)). (2.4.8)

��5`§·����{S��f3)?�JacobianÝ
h′(x∗)�Ì�»�

�§�{Âñ/�¯"ùp

ρ(h
′
(x∗)) = max{−α, β}, (2.4.9)

Ù¥αÚβ©O�Xe2ÂA��¯K���Ú��A��"

(H −∇2ψ)z = λHz. (2.4.10)

du(2.4.10)�¤kA��Ñ´XeRayleighû¯K�½:µ

µ(z) =
zT (H −∇2ψ)z

zTHz
, (2.4.11)

¤±��O�{S��f3)?�JacobianÝ
h′(x∗)�Ì�»§�du�O(2.4.11)

�4:µ(z)"

RuheÚWedin [113]�nØ©ÛØy
XeÚn´¤á�µ

Ún 2.4.1. ·��µGN!µ(G.&P.)(z)Úµ(K.)©O�d(2.4.11)ª¥Rayleighû�4:

½Â�µ(z)§Ù¥¤^�{©O�DÚCþØ©l�pdÚî�{!dGolub-

PereyraJÑ�(2.2.7)ª9dKaufmanJÑ�(2.2.10)ª½Â�wªCþÝK�{"

KµGN!

µ(G.&P.)(z)Úµ(K.)A©OdXe¼ê�4:½Âµ

µGN (z) = {r(µ, z) = q(z)− µ+ (µ+ µ−1 − 2)c(z) = 0�)}; (2.4.12)

µ(G.&P.)(z) = q(z); (2.4.13)

µ(K.) =
q(z)− c(z)
1− c(z)

. (2.4.14)

ùp¼êqÚc©O½ÂXeµ

q(z) = −||ϕ||2λmax(K2); (2.4.15)

c(z) =
||ϕ+

a Φ′(b)ϕz||22
||P⊥ϕa

ϕbz||22 + ||ϕ+
a Φ′(b)ϕz||22

. (2.4.16)

Ù¥K2´�fϕ��3d(2.2.17)½Â�6/=þ�Ç"
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�âÚn2.4.1§·�kXe·K¤áµ

·K 2.4.1. �8I¼ê�HessianCq
H©O�HM�§PαMÚβM©O�2Â

A��¯K(2.4.10)���Ú��A��"ùpM©O�LDÚCþØ©l�p

dÚî�{!dGolub-PereyraJÑ�(2.2.7)ª9dKaufmanJÑ�(2.2.10)ª½Â

�wªCþÝK�{"K·�kXe(Ø¤áµ

αGN ≤ α(K.) ≤ α(G.&P.), β(K.) ≤ β(G.&P.) ≤ βGN . (2.4.17)

�â2.4.1§·��±uyDÚCþØ©l�pdÚî�{��{S��f�

Ì�»o´'CþÝK�{���"Ïdù�·K�)º
��oDÚCþØ©

l�pdÚî�{  ´ùn«�{¥Âñ�ú�"

e¡·�¦^Ún2.4.1�(Ø§5y²·��O�(�.CþØ©l�{�

ìCÂñ5µ

½n 2.4.2. �8I¼ê�HessianCq
H©O�H(i)(i = 1, 2)�§Pα(i)Úβ(i)©

O�2ÂA��¯K(2.4.10)���Ú��A��"ùpH(1)ÚH(2)©Od(2.3.6)

�(2.3.9)½Â"K·�kXe(Ø¤áµ

α(1) = α(K.), β(1) = β(K.); α(2) = α(G.&P.), β(2) = β(G.&P.). (2.4.18)

y²µ Äk�ÄH = H(2)��¹"duµ(2)´2ÂA��¯K(H(2) − ∇2ψ)z =

λH(2)z�4�§�§A�Xe�§���":µ

det[H(2) −∇2ψ − µ(2)H(2)] = 0. (2.4.19)

b�X11�ÛÉ§��µ

det

[
X11 X12

X21 X22

]
= det[X11] · det[X22 −X21X

−1
11 X12]. (2.4.20)

u´

det[H(2) −∇2ψ − µ(2)H(2)]

= det

[
−µ(2)ϕTaϕa −µ(2)ϕTaϕb + ϕTabϕ

−µ(2)ϕTb ϕa + ϕTbaϕ (1− µ(2))(ϕTb ϕC + ϕTCϕb + 2ϕTCϕC)− ϕTbbϕ− µ(2)ϕTb ϕb

]
= (−µ(2))p+q det[ϕTaϕa] det[(H(G.&P.) − ψ

′′
=)− µ(2)H(G.&P.)]. (2.4.21)

ùp

H(G.&P.) = ϕTb P
⊥
ϕa
ϕb + (ϕa+Φ′(b)ϕ)TPϕaϕa

+Φ′(b)ϕ, (2.4.22)
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´dGolub-PereyraJÑ�(2.2.7)ª½Â�wªÝKFÝ�{�S�Ý
§

ψ
′′
= = ϕbb − ϕbaϕ

−1
aa ϕab, (2.4.23)

´8I¼êψ��3d(2.2.17)½Â�6/=þ�HessianÝ
"�����ª¤á

��â´ϕC = ϕTa (ϕb + Φ′(b)ϕ)"u´§d(2.4.21)§��

H(2) −∇2ψ − µ(2)H(2) (2.4.24)

�?Û���"A��ÑA�

det[(H(G.&P.) − ψ
′′
= − µ(2)H(G.&P.)] (2.4.25)

���":§ùÒy²
µ(2)(z)Úµ(G.&P.)(z) äk�Ó�4�"

±þy²�±aq/í2�d(2.3.6)½Â�H = H(1)ÚdKaufmanJÑ�

(2.2.10)ª½Â�wªÝKFÝ�{�S�Ý
H(K.) = ϕTb P
⊥
ϕa
ϕb��/"y." �

�â½n2.4.2§·���æ^·��O�d(2.3.6)�(2.3.9)½Â�CqHessian

Ý
H(2)ÚH(1)§�â�{2.3.1¤�O�(�.CþØ©l�{©OÚdGolub-

Pereyra [37]JÑ�(2.2.7)ª9dKaufman [39]JÑ�(2.2.10)ª½Â�wªCþÝ

K�{äk���Ó�ìCÂñ�Ý"

aq/§·���±�Od(2.3.4)½Â�Hessian
�CqÝ
H = H(0) ��

S�Ý
��{�ìCÂñ�Ý"�8I¼ê�HessianCq
H�H(0)�§·�

�α(0)Úβ(0)©O�2ÂA��¯K(2.4.10)���Ú��A��"Kα(0)Úβ(0)A

©O�Xe¼ê����Ú���µ

µ(z) =
p(z)

1 + p(z)− q(z)
, (2.4.26)

ùp

p(z) = zTϕTbbϕz/(||P⊥ϕa
ϕbz||22 + ||ϕCz||22), (2.4.27)

q(z)´�S�Ý
�H = H(G.&P.)�§d(2.4.10)½Â�Rayleighû"(2.4.26)w«§

���5Ü©Cþ���&EϕTbbϕ¿©���ÿ§¦^H(0)�±���¯�ìC

Âñ�"�´�ϕTbbϕÚϕTb ϕC �'Ø��Ñ�§@o¦^H(0)Ò¬��é��ì

CÂñ�Ý"

§2.5 ê�(J

ù�!¥§·�ò�w·�JÑ�(�.CþØ©l�{�ê�Ly"ë�

Ú·��{2.3.1!�{2.3.2!�{2.3.3'���¦)��5���¦¯K���
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{ZpdÚî{!Levenberg-Marquardt�{§9ÛªCþÝK�{2.2.1"ÿÁ¯

K5gGolubÚPereyra [37] 9RuheÚWedin [113]"

�!ê�(J�ÿÁ�¸´Matlab 6.5¶¦^CPU�1.60GHz§S�504MB�HP

Compaq nx6120.O�Å"

¯K�µ�êêâ[Ü¯K

φ(a, b; t) = a1 + a2e
−b1t + a3e

−b2t, (2.5.1)

ùp*ÿ��ê�m = 33¶�`)�a∗1 = 0.37531§a∗2 = 1.9305§a∗3 = −1.4592§b∗1 =

0.012867§b∗2 = 0.022123"

ÿÁ¯K��E�âXe5Kµ

• ti = i�§yi = (1 + nf · randn(1))φ(a∗, b∗; ti)§ùpnf´*ÿDÑ¶

• Ð©:��ai = (1+ rd · (2rand(1)− 1))a∗i , i = 1, 2, 3¶bj = (1+ rd · (2rand(1)−
1))b∗j , j = 1, 2§ùprd´ïþÐ©:��`)�C�ëê"

¯K�µ©êêâ[Ü

φ(a, b; t) = a1 + a2t+ a3t
2

−a4

[
1

1 + ((b1 + 0.5b2 − t)/b3)2
+

1
1 + ((b1 − 0.5b2 − t)/b3)2

]
−a5

[
1

1 + ((b4 + 0.5b5 − t)/b6)2
+

1
1 + ((b4 − 0.5b5 − t)/b6)2

]
−a6

[
1

1 + ((b7 − t)/b8)2

]
, (2.5.2)

ùp*ÿ��ê�m = 188¶�`)�a∗1 = 1.0§a∗2 = 0.2§a∗3 = 0.1§a∗4 = 0.9§a∗5 =

0.7§a∗6 = 0.3§b∗1 = 0.2§b∗2 = 0.8§b∗3 = 3.0§b∗4 = 0.3§b∗5 = 0.7§b∗6 = 3.0§b∗7 =

0.5§b∗8 = 2.0"

ÿÁ¯K��E�âXe5Kµ

• ti = i/m, yi = (1 + nf · randn(1))φ(a∗, b∗; ti)§ùpnf´*ÿDÑ¶

• Ð©:��ai = (1 + rd · (2rand(1) − 1))a∗i , i = 1, 2, · · · , 6¶bj = (1 + rd ·
(2rand(1)−1))b∗j , j = 1, 2, · · · , 8§ùprd´ïþÐ©:��`)�C�ëê"
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·�©Oéü�¯K3ÃDÑ(nf = 0)ÚkDÑ(nf = 0.1)ü«�¹e�ÿ

Á"é¤k�ÿÁ¯K§ε = 10−10§CqHessianÝ
d(2.3.6)½Â"

L2.5.1¥�Ñ�(J´3Ã*ÿDÑ�¹e§dDÚ�CþØ©l�pdÚ

î�{!æ^(2.2.33)½Â�ÛªCþÝK�{Ú·���{2.3.1(ρ = 0.01) ¦)

ÿÁ¯K�S�ÚêÚ$1�m(¦)"

¯K pdÚî�{ CþÝK�{ �{2.3.1

P1, rd = 0.01 6/0.0160 4/0.0140 4/0.0160

P2, rd = 0.01 16/0.7540 9/0.4400 10/0.4970

L2.5.1 Ã*ÿDÑ�ÿÁ(J

ÏLL2.5.1§·��±uy§�Ð©:�C)�§¦^�{2.3.1ÚÛªCþ

ÝK�{�Ly����§S�ÚêÑ�uDÚ�CþØ©l�pdÚî{"ù

Ú·��ìCÂñ5©Û¬Ü"

·��ÿÁ
�k*ÿDÑ�¯K"'��´DÚ�CþØ©l�Levenberg-

Marquadt�{!3(2.2.33)½Â�S�Ú¥\\Levenberg-Marquadt?��ÛªC

þÝK�{§±9·���{2.3.2Ú�{2.3.3"3·���{2.3.2Ú�{2.3.3¥§

·�¦^Xe�ëêÀ��{µc1 = c2 = 2§p1 = 0.19p2 = 0.4"ê�(J�3

L2.5.2¥"

¯K L-M�{ CþÝK�{ �{2.3.2 �{2.3.3

P1, rd = 0.1 19/0.0310 13/0.0250 14/0.0340 17/0.0410

P1, rd = 0.2 21/0.0340 14/0.0270 16/0.0370 18/0.0430

P1, rd = 0.5 25/0.0410 16/0.0310 19/0.0430 20/0.0470

P2, rd = 0.1 162/0.7660 142/0.7410 154/1.0160 62/0.4370

P2, rd = 0.2 169/0.8030 144/0.7880 160/1.0790 72/0.5000

P2, rd = 0.5 195/0.9540 158/0.9370 182/1.2910 76/0.5310

L2.5.2 *ÿDÑ�nf = 0.1��ÿÁ(J

�âþ¡�ê�(J§�±uy·���{2.3.2�Ly�~aquCþÝK

�{§�Ñ'DÚ�Levenberg-Marquardt�{�Ð"·���{2.3.3é¯K�§

'CþÝK�{Ð¶�´é¯K�§LyÑ�Ø¦X<¿"
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1nÙ �g���¦¯K��Û`z�{

�g���¦¯K´äkXe/ª���5���¦¯Kµ

min
x∈Rn

f(x) =
m∑
i=1

f2
i (x) =

m∑
i=1

(
1
2
xTAix+ gTi x+ ci)2, (3.0.1)

ùpAi ∈ Rn×n§gi ∈ Rn§ci ∈ R"3O�)ÔÆ!ÏÕó§!O�Åã/Æ!z

Æó§�ó§+�A^$2��½�gXÚ(�§|)µ

1
2x

TA1x+ gT1 x+ c1 = 0;
1
2x

TA2x+ gT2 x+ c2 = 0;

· · · · · ·
1
2x

TAmx+ gTmx+ cm = 0,

(3.0.2)

�¦)¯K=�=z�(3.0.1)"

¦+�g���¦¯K´/ª�{ü���5���¦¯K��§�du

Ùäk�à5§¦)Ù�Û�`)E,´�~(J�"N´y²�g���¦

¯K´NP-J¯K"u´·��ó�Ò´F"�O�«p���{�±½/¦

�(3.0.1)�Û4�:�éÐ�Cq"

�ÙÄké�Û`z?1{�Vã¶,�?Øéu�g���¦¯K��


®k�?Ð¶���Ñ·��O��Åf�m�{9Ùê�Ly"

§3.1 �Û`z{ã

�Ä���`z¯Kµ

min
x∈Rn

f(x) (3.1.1)

s.t. x ∈ Ω, (3.1.2)

Ù¥Ω´Rn¥���f8"

·��±½Âµ

½Â 3.1.1. éu���1:x̄ ∈ Ω§XJ�3���êδ§÷vµ

f(x̄) ≤ f(x), ∀x ∈ Ω ∩ {x| |x− x̄| ≤ δ}. (3.1.3)

@o·�Ò¡x̄�(3.1.1)-(3.1.2)�ÛÜ4�:"

27
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½Â 3.1.2. éu���1:x∗ ∈ Ω§XJµ

f(x∗) ≤ f(x), ∀x ∈ Ω. (3.1.4)

@o·�Ò¡x∗�(3.0.1)-(3.1.2)��Û4�:"

�Û`zÒ´¦)��`z¯K(3.0.1)-(3.1.2)�8I¼ê3�å�½��1

���(Ω)S��Û4�:(½Â3.1.2¥�x∗)"��·�¤Ù��`z�{§�

�5`Ñ´¦)��`z¯K(3.0.1)�8I¼ê3�å�½��1���S�Û

Ü4�:(½Â3.1.1¥�x̄)"

·���éuÛÜ`z¯K§kÛÜ�`5^�§�âÛÜ�`5^�§·

��±�OS��{¦�ÛÜ�`5^�3k�ÚS��§3�±N=�Ø��

�S�÷v"

,éu�Û`z¯K��vk�Û�`5^�"�Ò´`§3���¹

e§�·�é���`z¯K�ÛÜ4�:�§·�  Ø��§´Ä´¯K�

�Û4�:",���¹e·�éJ$�Ø�U¦�¯K�¤kÛÜ4�:§

=¦¦�¯K�¤kÛÜ4�:§�§��ê´Cþ�ê��ê¼ê�§@o'

�ù
ÛÜ4�:þ8I¼ê���{Ò®²´�ê�mE,Ý�
"

'u�Û`z�(J5§k�Í¶�Øä§� [47]"e¡·�{�/�Ñù

�Í¶�Øäµ

½n 3.1.1. �½��`z¯K(3.0.1)-(3.1.2)§XJ==��8I¼êf´kgëY

���(k´�½���ê½+∞)§@oÏLk�g�¼ê��O§·�Ã{�Ñ

8I¼ê����e."

dØä�y²¿Ø(J§b�ØäØ¤á§ÏLk�g*ÿ��
e.L"

·���k�g�¼ê��O¤�¹:8P�ÿÝ�"§Ïd7�3��:y∗ ∈
Ω9��¿©���êε > 0§¦�y∗���U := {x| |x − y∗| ≤ ε}÷vU ∩ P = ∅"
Ïd·��±�E��#�¼êf̄§¦�÷vµ

f̄(y∗) = L− 1; (3.1.5)

f̄(x) = f(x), ∀x /∈ U ; (3.1.6)

f̄´kgëY���" (3.1.7)

(3.1.7)ÏLf̄3US�½Â��"Ïd=ÏLP8¥�¼ê��*ÿ§Ã{��f�

��e."
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¯¢þ§��33�1�S�k��ÛÜ4�:�¯K§'X`à5y¯K§

d�¦)¯K��Û4�ÚÛÜ4�´�d�"�´3ý�õê�¹e§�Û`

z'ÛÜ`z�(J�õ"3éõA^+�§'XO�)ÔÆ!ÏÕó§!�¡

�O!êâ�÷!�Ï¯K¥�`z¯K  äkéõ�ÛÜ4�:§�¦�Û

4�A�´Ø�U�"

�Û`z��{©�ü�aµ(½5�{ÚØ(½5�{"�ë� [47]§

[78]�"

(½5�{§�¶gÂÒ´ÏL�{�k�gS�§�±°(¦�¯K��

Û4�(3Ø���S)"�âc¡�0�§ég,/§·���(½5�{�·

^uAÏa.�¯K"'X`éuLipschitzëY�8I¼ê§kLipschitz�Û`z

�{¶éu3?¿�1«�SN´�Oþe.�8I¼ê§k©{½.�{¶é

u�à�g5y!D.C.5y¯K§k�²¡�{¶Ù§(½5�{�kÓÔ�{!

W¿(��)¼ê�{�"

Ø(½5�{§Ò´ÏL�{�k�gS�§�U¦�¯K3�½¿Âe�

Cq)"Ø(½5�{Ì�©üaµ�a´�Å�{¶�a´Cq�{"

�Å�{k�ÅõÐ©�{!�Å¼ê�{!�[ò»�{!¢D�{! 

²�ä�{!¬+,��{�"�Å�{�A:´µ�{´�â,«éuª�²

��O�¶���5`�±3VÇ¿Âey²§�S�ÚêªuÃ¡�§�{

ò±VÇ1Âñu¯K��Û4�"

Cq�{��ÏL,«tµE|§ò�à`z¯K=z�à`z¯K§?1

¦)"��5`§ù«=z����`���O§�Ò´Cq'§́ �±�O�"

ù«�O�±�y3���¹e§Cq�{���Cq)3�½¿Âe´�±�

É�"'�¤Ù�tµE|k�5tµ!�½5ytµ�"

(½5�{Ø
�U�éAÏ��Û`z¯K	§�k�
Ù§�Øv�

?µ�{�ÇØp¶�{E,Ýép¶$�k
�´nØ�{§Ã{GÃ¢��

�"Ïdéu¢Só§A^¯K§<�  ���uæ^Ø(½5�{"

§3.2 õ�ª`z�ålAÛ¯K

ù�!·�Ì�0��
Ú·���g���¦¯K�'�üa¯Kµõ�

ª`z¯KÚålAÛ¯K"�g���¦¯K´õ�ª`z¯K��aAÏ�

¹¶ålAÛ�.q´�g���¦¯K��«A~"
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§3.2.1 õ�ª`z¯K

��!·��ÄXeõ�ª`z¯Kµ

min
x∈Rn

f(x), (3.2.1)

ùpf(x)´gê�2d(d���ê)�õ�ª"·�b�(3.2.1)äk�Û4�:§�

�Û4�:��:�ål´k��"�ÄXeüa¯Kµ

f(x1, x2) = x2
1 − x2

2; (3.2.2)

f(x1, x2) = x2
1 + (x1x2 − 1)2. (3.2.3)

(3.2.2)Øäk�Û4�:¶(3.2.3)�Û4�3Ã¡�?§ÑØ3�Ä��S"

õ�ª`z¯KCc5´'�9��ïÄ�K§éõÍ¶�Æö®²JÑ


Ø�¤Ù�(½5½�(½5�{5¦)õ�ª`z¯K��Û4�:"ë

� [121]§ [79]§ [81]�"

õ�ª`z�nØÄ:Äu�êAÛÆ( [16]§ [8])�(Ø"·��Ädf�n

� �ê�¤�n�µ

I = 〈 ∂f
∂x1

,
∂f

∂x2
, ...,

∂f

∂xn
〉 ∈ R[x1, x2, ..., xn] := R[x]. (3.2.4)

½Â 3.2.1. ½Ân�I3n�¢(E)�m¥�":8Ü�νR(I)(νC(I))"

·���8I¼êf(x)�¤k½:ÑéAun�I3n�¢�mRn¥�"

:"�â [16]§ [8]¥�(Ø§n�I3n�E�mCn¥":��ê�uÙ3Rþ�

{���êµ

|νC(I)| = dimRR[x]/I. (3.2.5)

XJ·�b�νC(I)´k��§K�âBézout’s½n§·�kµ

|νC(I)| = (2d− 1)n. (3.2.6)

�õê¦)(3.2.1)��êAÛ�{Ñ´Ø¢{å/�éÑ":8ÜνC(I)§k�$

�æ^qÞ��{"·�a,��Ù¢´νR(I)§¦+Ï~5`

|νR(I)| ≤ |νC(I)|, (3.2.7)

�νR(I)�(����E,§�ë� [54, 55]"
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õ�ª`z�Ì�E|kµ�êAÛ�{¶ÓÔ�{¶SOS(²�Ú)tµz�

{�"

�êAÛ�{Ì�k|^GröbnerÄ��{!(ª�{�( [18])"ÙÌ�g�

Ñ´|^�êAÛ�nØò¦n��":¯K�d=z�¦����pgõ�

ª���¯K§,�ÏL¦)��õ�ª��§�{�5�n�§¿Eù�L

§"

ÓÔ�{(�ë� [53]§ [54]§ [55])�¦¯Käk�½A5§=�±Ú\��

ëê÷vµ�ëê�1��du�¯K§�ëê�0�´���~´u¦)�¯K§

,�ÏL�^d0�1�Ü·�´»§úú%C�¯K§¦��¯K�¤k":"

SOS�{´�«Cq�{§dShor [116]u1983cJÑ§§´�«Cq�{"§

�Ì�g�´é����λ¦�f(x)−λ�±�L«�õ�ª²�Ú�/ª§·�
Pù��λ�fSOS"w,fSOS´f(x)���e."

PX�z���Ñ´d{x1, x2, ..., xn}|¤�gê�õ�d�ü�ª���þ"

u´X��Ý�N = Cdn+d"PLf�¤k÷v

f(x) = XT ·A ·X, (3.2.8)

�¢é¡Ý
A|¤�8Ü"Lf´N ×N�Ý
�m¥������m"

·��X�����´1"PE11�=k�þ����1§Ù§��þ�0�Ý


§u´·�kµ

½n 3.2.1. é?Û¢êλ§e¡ü�·K´�d�µ

• õ�ªf(x)− λUL«¤¢Xêõ�ª²�Ú�/ª¶

• �3Ý
A ∈ Lf¦�A− λE11´��½�"

u´·��±ÏL¦)Xe�½5y¯K5¦fSOSµ

max
λ∈R

λ, (3.2.9)

s.t. A− λE11 � 0, (3.2.10)

A ∈ Lf . (3.2.11)

SOS�{�¯K3u�3ØUL«�õ�ª²�Ú�ð�õ�ª§�{ü�

~f´Motzkin’sõ�ªµ

f(x, y) = x4y2 + x2y4 − 3x2y2 ≥ 0, �´fSOS = −∞. (3.2.12)

ùÒ´`e.fSOSÚf��Û4��f∗�m��å�±é�"



32 AÏ��5���¦�L1�ê4�z¯K�O��{

Í¶�F�ËA1�Ô¯K(Hilbert’s 17th problem)�Ñ�(Ø�´�«


ù«¯K´ÊH�3�(�ë� [110,111])µ

½n 3.2.2 (David Hilbert 1888). o�3ØUL«�õ�ª²�Ú/ª�n�2dg

�Kõ�ª§Ø�n = 2§½öd = 1§½ön = 3§d = 2"

�kNõó�( [75])´�7XN�(Ü�êAÛ�£§���Ð�SOSe."

Ï~5`þ¡0��õ�ª`z�{�ÇÑé$§Ø
��0��SOS�{

	§Ù§�{Ñ�U¦)5�é��¯K§Ä�þÑáunØ�{"�§�

éaqux2 = 0Úx2 + ε = 0(ε > 0)ù���6Äé¯a(cök)§�öÃ))"

SOS�{§�Xc¡�©Û§¿Øé¤k¯KÑk�¶Ùg�{�Ç�Ø´é

p§·��¡�ò0� [75]¥�k?�SOS�{¦)¢S¯K��Ç"

Qi [109]JÑ
�«¦)�½�ogõ�ª�Û4���{"ù«�{��

U¦)é�5��¯K"ØL3�Ùe�!¥·�JÑ����{��Og��

±w�´é [109]Ü©ó��í2"

§3.2.2 ålAÛ�.

·�k50�Ã�Daì�ä½ ¯K(Sensor Network Localization Prob-

lem)"

ã 3.1

Xã3.13�¬�/«�Skm��½�:§¡�ÄÕ(ÉÚ)§§���I 
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�´(½�¶�kn� �Ø(½�:§¡�Ã�Daì(ùÚ)§§���I �

´�(½�"Ã�DaEâ�±ÿþÑ¤k�u�Â�»rd�Ã�Daì�ÄÕ

m�½öü�Ã�Daìm�ål(7Ú�ã)"y3¯KÒ´XÛÏLù
ål

Ú�½�ÄÕ�I§5(½¤kÃ�Daì��I"

�xþã¯K�îAp�ålAÛ�.(Euclidean Distance Geometry Prob-

lem)Xeµ

||xi − xj ||2 = dij ,∀(i, j) ∈ Nx, i < j; (3.2.13)

||ak − xj ||2 = skj ,∀(k, j) ∈ Na. (3.2.14)

ùp8ÜNx = { (i, j) | dij ≤ rd }¶8ÜNa = { (k, j) | skj ≤ rd }¶dij§skj§rd§Úak ∈
R2, (k = 1, ..., l)´ålAÛ¯K(3.2.13)-(3.2.14)�ëê¶xj ∈ R2, (j = 1, ..., n)´C

þ"

ù�duXe��g���¦¯Kµ

min
xi∈R2×n

∑
(i,j)∈Nx,i<j

(||xi − xj ||2 − d2
ij)

2 +
∑

(k,j)∈Na

(||ak − xj ||2 − d2
kj)

2. (3.2.15)

éuÃ�Daì�ä½ ¯K§Ye�ïÄ�|JÑ
�½5ytµz�{

[122]§ [132]"e¡·�0��½5ytµz�{�Ì�g�"

PDaì�I�2× n�Ý
X = [x1, x2, ..., xn]"u´µ

||xi − xj ||2 = eTijX
TXeij ; (3.2.16)

||ak − xj ||2 = (ak; ej)T [I X]T [I X](ak; ej). (3.2.17)

ùpeij�1i����1§1j����−1§Ù§���0��þ¶ej�1j���

�1§Ù§���0��þ"·�kµ

eTijY eij = d2
ij ,∀(i, j) ∈ Nx, i < j; (3.2.18)

(ak; ej)T
(

I X

XT Y

)
(ak; ej) = d2

kj ,∀(k, j) ∈ Na; (3.2.19)

Y = XTX. (3.2.20)

·�^à�å

Y � XTX (3.2.21)

5tµ�à�å

Y = XTX. (3.2.22)
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(3.2.21)�du

Z :=

(
I X

XT Y

)
� 0. (3.2.23)

u´�¯K(3.2.13)-(3.2.14)Ò=z�tµ��½5y¯Kµ

Z1:2,1:2 = I (3.2.24)

(0; eij)(0; eij)T • Z = d2
ij ,∀(i, j) ∈ Nx, i < j; (3.2.25)

(ak; ej)(ak; ej)T • Z = d2
kj ,∀(k, j) ∈ Na; (3.2.26)

Z ∈ R(n+2)×(n+2) � 0, (3.2.27)

ùp

A •B = tr(ATB). (3.2.28)

·��¡�ò0��½5ytµz�{¦)Ã�Daì�ä½ ¯K�ê�L

y"

3O�)ÔÆ¥§(½�x�©f�m(�´��é���K"î8�

ã 3.2

�§(½�x�©f�.�ÃãÌ�kn«µX1(¬Æ¢�!Ø^��¢�Ú

UþÄåÆ�§O�"XJæ^Ø^���¢�Ãã§�±ÿ��x�Ü©©f

�m�ål"u´e¡�ó�Ò´�âù
ålêâ¦)�x���f��m�

I§u´Ò8(�Xe�îAp�ålAÛ¯Kµ

||xi − xj ||22 = r2ij , ∀(i, j) ∈ S; (3.2.29)
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ùpS ⊂ { (i, j) | 1 ≤ i < j ≤ n }(Xµ��S�{ (i, j) | rij ≤ md })¶rij´Ø^��
¢��*ÿêâ¶xi ∈ R3, (i = 1, ..., n)´Cþ"�,3�x�©f�m�.¯K

¥§·�k��½�
�f� �§5�Ø²£Ú^=ØC5E¤�P{)"

MoréÚWu [74]JÑ��N1wz�{(Global Continuation Method)´¦)å

lAÛ¯K(3.2.29)�Ä:5ó�"e¡{ü0��N1wz�{�g�"

ålAÛ�.(3.2.29)�duXe��g���¦¯Kµ

min
x∈R3×n

f(x) =
∑

(i,j)∈S

(||xi − xj ||2 − d2
ij)

2, (3.2.30)

Ú\pdC���1wz�fµ

〈f〉λ(x) =
∫
Rn

f(y)
1

(2π)n/2λn
e(−

||y−x||2

λ2 )dy; (3.2.31)

1wz�f(3.2.31)�±�²õ¸¼ê§�λv
��§〈f〉λ(x) ò¤�à¼ê"¤
±�N1wz�{�g�§Ò´���v
��λ§¦�1wz¯K���4�

:¶,�·�~�λ§±T4�:�Ð©:§¦)#�1wz¼ê�ÛÜ4�:¶

�gaí§���λ �"�§Ò�du�¯K"�N1wz�{ÚÓÔ�{3g

�þ´kaq�?�"

�f�äN/ªXålAÛ¯K(3.2.30)¥½Â�§1wz�f(3.2.31)kXe

�âL�ªµ

〈f〉λ(x) =
∑

(i,j)∈S

((||xi − xj ||2 − δ2i,j)
2 + 10λ2||xi − xj ||2) + γ. (3.2.32)

e¡�Ñ�N1wz�{�Ú½µ

�{ 3.2.1. (�N1wz�{)

Ú� �½Ð©1wzëêλ0¶1wgêGCNumÚõÐ©gêOpMax¶�`

:xrecord§�`¼ê�f record"

Ú� �t := 1§�ÅÀ½Ð©:xin§�k := 1"

Ún ek = 1§�x0 := xin¶ÄKx0 = x
(k−1)
∗ "

Úo ±x0�Ð©:§æ^,«ÛÜ4��{¦)

min
x∈R3×n

〈f〉λk
(x), (3.2.33)

¿��ÛÜ4�:x
(k)
∗ "ùp(3.2.33)¥�〈f〉λk

(x)d(3.2.32)½Â"
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ÚÊ ek ≤ GCNum§K�k := k + 1§�

λk := (1− k

GCNum
)λ0, (3.2.34)

¿=Ún¶ÄK=Ú8"

Ú8 ef(x(k)
∗ ) < f record§K�#xrecord := x

(k)
∗ §f

record := f(x(k)
∗ )"

ÚÔ et < OpMax§K�k := 0§t := t + 1§�ÅÀ½Ð©:xin§=Ún¶Ä

K§�{Ê�§�£xrecord"

�N1wz�{k��²w�Øv�?"§�'�g�´F"ÏL�X�

1wz¼êÅì%C�¼ê§±c���ÛÜ4�������Ð©:"�n

���/´ù^ÛÜ4�´»���Û�`�áÚ�§ùg,Ò�¦1��Û

Ü4�A�¹,
�Û4��&E"��*��{´XJ1��1wz¼ê´

à¼ê§g,§�ÛÜ4��´§��Û4�"·�uy�λ > 1√
5
δ�§h(r) =

(r2 − δ2)2 + 10λ2r2´à�4O¼ê"Ïd�

λ >
1√
5

max{δi,j : (i, j) ∈ S(:= λC)} (3.2.35)

�§1wz¼ê〈f〉λk
(x)´à�"�´d�§(3.2.33)�)�xi = xj , ∀1 ≤ i < j ≤ n§

w,ù�)Ú¯K�&Eδi,jÎÃ'X§Ïdù�à�1w¼êØU�NÑ�¼

ê��Û&E"

¯¢þ [74]�J�λ0��{é'�§Ä�/§A�kλ0 � λC"ê�(J�<

y
ù�*:",=¦λ0é�§·��J±¦�1��1wz¼ê�Ð�ÛÜ

4�:"�l·��¡ò®��ê�(Jþ5w§�N1w�{én��ålA

Û¯K(3.2.30)�´ék��"

§3.3 �Å��f�m�{

�!·�0�·��O��Å��f�m�{"Äk·��Ñ�����

�ÅõÐ©�{�µe¶,�·��Ñ�g���¦¯K�Ûeü����½

�{!?Ø�Ûeü��3��f�m¥�O��{9�Ûeü��f�m�

VgÚ�½OK§¿±��E·���Å��f�m�{"

§3.3.1 �ÅõÐ©�{

¦)�Û`z¯K§¦^�2��´�ÅõÐ©�{"�ÅõÐ©�{�Ì

�Ú½´µ3¯K��1�Sæ8�ÅÐ©:(½:8)¶�â,
A½�5K§
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5û½´Ä±T:(½:8���f8)�Ð©:?1ÛÜ`z§±��#�ÛÜ

4�:¶µ�#�ÛÜ4�:§�#�`:P¹¶��3eZg�Åæ:�§±

�c�`:���Û4��Cq"

��5`��`z¯K��1�k.§8I¼ê��Û4��áÚ�ÿÝØ

�"§@o�ÅõÐ©�{Ò´±VÇ1Âñ�¯K�Û4�:�"

�Åæ:üÑ!?1ÛÜ`z�^�9�{ª�OKÑ¬K��ÅõÐ©�

{��Ç"

[146]¥�Ñ
���~k���ÅõÐ©�{�ª�OK"e¡�âù�

ª�OK§·��Ñ���ÅõÐ©�{���µeµ

�{ 3.3.1. (�ÅõÐ©�{µe)

Ð©D��ã

Ú� æ:gêþ�SampleMax§¥�gêþ�V iMax§

ö�gêþ�OpMax¶

Ú� Sample := 0§V i := 0§Op := 0¶xrecord = 0§f record = +∞"

�Åæ:�ã 3�1�S�Åæ:xsample¶�Sample := Sample+ 1"

�Å:µ��ã

Ú� �â,A½5K§µ�xsample´ÄÜ�¶eÜ�=Ú�¶

ÄK=Ún"

Ú� �Sample := 0¶=ÛÜ4�z�ã"

Ún XJSample < SampleMax§=�Åæ:�ã¶

ÄK�OpMax := OpMax+ 1§�Sample := 0§=�Åæ:�ã"

ÛÜ4�z�ã �âxsample§À½Ð©:xsample¶

?1ÛÜ`z¶��ÛÜ�`:x∗¶�OpMax := OpMax+ 1"

�`�#�ã XJf(x∗) < f record§K�#�`V¹µxrecord = x∗§

f record = f(x∗)§�V i := 0¶ÄK�V i := V i+ 1"

ª��ä�ã XJV i < V iMax�Op < OpMax§=�Åæ:�ã¶

ÄK�{Ê�§�£xrecord"

�â [47]Ú [78]¥0���Åæ:�{§·�Ò�±��Xeü«�{ü�

�ÅõÐ©�{µ
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�{ 3.3.2. ({ü�ÅõÐ©�{I)

æ^�ÅõÐ©�{µe3.3.1§Ù¥�Å:µ��ãæ^�5K´µ

∀xsample, ÏL; (3.3.1)

ÛÜ4�z�ã�Ð©:À�5K�µ

xsample = xsample. (3.3.2)

�{ 3.3.3. ({ü�ÅõÐ©�{II)

æ^�ÅõÐ©�{µe3.3.1§Ù¥�Å:µ��ãæ^�5K´µ

∀xsample ∈ { x | f(x) < f(xrecord) }, ÏL; (3.3.3)

ÛÜ4�z�ã�Ð©:À�5K�µ

xsample = xsample. (3.3.4)

·���{ü�ÅõÐ©�{I(�{3.3.2)�éó���Å§Ï�ù��?

Û��3�Û4�áÚ�S�:§¤±éz��Å:Ñ��ÛÜ|¢"�ÛÜ|

¢�d���§�{�Çé$¶{ü�ÅõÐ©�{II(�{3.3.3)�éó�

�-?§=é'�`V¹Ð��Å:�ÛÜ|¢§ù��{'�N´��Ð��

Å:§�¬K��{�Ç"

e¡·��â�g���¦¯K(3.0.1)�A5§ÏL3±þü«�ÅõÐ©

�{�{üüÑ¥mÏ¦���ï:§�E#��Å:µd5K§l��Jp

�ÅõÐ©�{��Ç"

§3.3.2 �Ûeü����½

Äk·��Ä(3.0.1)����/µ

min
x∈R

ϕ(x) = ax4 + 2bx3 + cx2 + dx+ e, (a > 0); (3.3.5)

b�x = 0´ϕ(x)���ÛÜ4�:§·�kd = 0"u´·��±ÏL�ä

ϕ′(x) = 2x(2ax2 + 3bx+ c) (3.3.6)

�)Ò¥�gõ�ª��Oª

∆1 = 9b2 − 8ac (3.3.7)



1nÙ �g���¦¯K��Û`z�{ 39

��K5(½(3.3.5)�kvkÙ§ÛÜ4��:¶·��±ÏL�ä

ϕ(x) = x2(ax2 + 2bx+ c) + e (3.3.8)

�)Ò¥�gõ�ª��Oª

∆2 = 4b2 − 4ac (3.3.9)

��K5(½(3.3.5)�kvk'ϕ(0)¼ê����ÛÜ4��:"l·�kX

e·Kµ

·K 3.3.1. ·�b�x = 0´(3.3.5)���ÛÜ4�:§KXe·K¤áµ

1) XJ∆1 < 0§Kx = 0´ϕ(x)���½:¶

2) XJ∆1 = 0§Kx = 0´ϕ(x)���4�:§x = − 3b
4a´��Q:¶

3) XJ∆1 > 0§�∆2 < 0§Kx = 0´ϕ(x)��Û4�:§x = −3b+sign(b)
√

∆1

4a ´,

��ÛÜ4�:¶

4) XJ∆2 = 0§Kx = 0Úx = − b
a´ϕ(x)�ü�¼ê����ÛÜ4�:¶

5) XJ∆2 > 0§Kx = 0´ϕ(x)�ÛÜ4�:§x = −3b+sign(b)
√

∆1

4a ´ϕ(x)��Û4

�:"

y²µ ϕ(x)�¤k½:Ñ´ϕ′(x) = 0��§w,Ø
x = 0	�kvkÙ§

½:§�ûu�Oª∆1´Ä�u�u""XJ�Oª�u"§K�k��Q:¶

XJ�Oª�u"§K2ax2 + 3bx+ c = 0åx = 0���´,��ÛÜ4�"

ϕ(x)kvk'x = 0?¼ê����:§�ax2 + 2bx + c��Kû½"XJ�

Oª∆2�u"§Kax2 +2bx+ cð�§u´ϕ(0)´�Û4��¶XJ�Oª∆2�u

"§K�k�����ÛÜ4�:¶XJ�Oª∆2�u"§K3ax2 + 2bx + c�

ü��m§Ñ´¼ê�'x = 0���:§d�,�ÛÜ4�:´ϕ(x)��Û4�

:"y." �

éuõ�¯K§·�½Â�Û4���Xeµ

½Â 3.3.1. ?¿�½�:x̄§XJ�3λ 6= 0÷v

f(x̄+ λd̄) < f(x̄), (3.3.10)

·�¡��d̄�f(x)3:x̄?����Ûeü��"
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b�·�®²ÏLÛÜ�{¦�
¯K���ÛÜ4�:x0§¿�½���

�d§·�XÛ�ä§´Ä´8I¼ê3�cÛÜ4�:x0?��Ûeü��Qº

·��Ä(3.0.1)¥f(x)3x0?÷d���Ðmµ

ψd(α) = f(x0 + αd) = P (d)α4 + 2R(d)α3 + S(d)α2 + f(x0); (3.3.11)

ùp 

P (d) =
m∑
i=1

(1
2d

TAid)2;

R(d) =
m∑
i=1

(1
2d

TAid)(Aix0 + gi)Td;

S(d) =
m∑
i=1

[2(1
2d

TAid)fi + ((Aix0 + gi)Td)2].

(3.3.12)

�Ä�x0´f(x)���ÛÜ4�:§Ïdα = 0´ψd(α)�ÛÜ4��:"�

â·K3.3.1§·�kµ

·K 3.3.2. X(3.3.11)½Â�ψd(α)äk,��ÛÜ4�:§��=�µ

Γ(1)
ψ (d) = 8P (d)S(d)− 9R(d)2 < 0; (3.3.13)

ψd(α)äk��¼ê�'ψd(0)���ÛÜ4�:§��=�µ

Γ(2)
ψ (d) = P (d)S(d)−R(d)2 < 0. (3.3.14)

y²µ ·K3.3.1���íØ" �

d·K3.3.2§·��±��Xe�Ûeü����½½nµ

½n 3.3.1. b�x0´f(x)���ÛÜ4�:"XJ�3d÷v(3.3.14)§Kd´f(x)3

x0?����Ûeü��¶�±

xin(d) = x0 −
3R(d) + sign(R(d))

√
9R(d)2 − 8P (d)S(d)

4P (d)
, (3.3.15)

�Ð©:§æ^,«üN�ÛÜ`z�{¦)(3.0.1)§�±��f(x)���ÛÜ

4�:x∗§TÛÜ4�:7÷vf(x∗) < f(x0)¶

XJ

Γ(2)
ψ (d) ≥ 0, ∀d ∈ Rn, (3.3.16)

Kx0´f(x)��Û4�:"
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y²µ ½n�c�Ü©�d·K3.3.2��íÑ"e¡y²��Ü©"·�^

�y{§b�x0Ø´f(x)�ÛÜ4�:§K7�3x̄÷vf(x̄) < f(x)§u´·�

-d̄ = x̄− x0§�â·K3.3.2§·�kΓ(2)
ψ (d̄) < 0§ù�(3.3.16)gñ"Ïdb�Ø¤

á§½n�y" �

�e�¯K´3��ÛÜ4�:x0?§·�NoâU¦��Ûeü��½ö

�äÑx0´¯K��Û4�Qº·��ÄXe�8gàgõ�ª`z¯Kµ

min
d∈Rn

Γ(2)
ψ (d) = P (d)S(d)−R(d)2, (3.3.17)

s.t. ||d||2 = 1. (3.3.18)

ùp¥�å(3.3.18)�¹
d 6= 0�¤k��(éuàgõ�ª`z¯K§¼ê��

��Ú���'§���Ã')"

XJ·�U¦�(3.3.17)-(3.3.18)��Û4�:d∗§K�â½n3.3.1§Γ(2)(d∗)�

�KÒû½
x0´Ä�f(x)�Û4�:§¿�XJ�Y´K§d∗Ò´f(x)3x0

?����Ûeü��"

§3.3.3 �Ûeü��f�m��½

¦+·�uy(3.3.17)-(3.3.18)��Û4�¿Ø'�¯K(3.0.1)�Ð¦§�´é

u¯K3��f�m¥��/§·��\=�§Ò�±r§C����d���

õ�ª4�¯K"

�Ä�m¥?¿ü��5Ã'�ü �þuÚv§½Âµ

½Â 3.3.2. Υ(u, v) = {u} ∪ {λu+ v| ∀λ ∈ R}.

u´3��f�mspan{u, v}¥§·��±^d ∈ Υ�O�å(3.3.18)5L«¤

k��"��"·�Ú\Xe·Kµ

·K 3.3.3. b�uÚv´Rn¥ü��5Ã'�ü �þ§Kµ

min
d∈span{u,v},||d||2=1

Γ(2)
ψ (d) = min{Γ(2)

ψ (u),min
λ∈R

Γ(2)
ψ (λu+ v)/||λu+ v||62}. (3.3.19)

y²µ ?¿d ∈ span{u, v}§ÑUL«�

d = (λu+ %v), ∀λ, % ∈ R (3.3.20)

�/ª§þª�du

d = %(
λ

%
u+ v), ∀λ ∈ R, % 6= 0, ½ö d = λu, ∀λ ∈ R. (3.3.21)
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(Ü�å||d||2 = 1§·�k

{d| d ∈ span{u, v}} ∪ {d| ||d||2 = 1} = {u} ∪
{

λu+ v

||λu+ v||2
| ∀λ ∈ R

}
. (3.3.22)

duΓ(2)
ψ (d)´8gàgõ�ª§¿�â(3.3.22)§·�´�(3.3.19)¤á"y." �

Ï�·�Ì�'%�´Γ(2)
ψ (d)�Û�����K5§¤±·��±rð�Ü

©||λu + v||62��"u´ÏLO�Γ(2)
ψ (u) Ú¦)��8gõ�ª4�z¯K��

Û4��

min
λ

Γ(2)
ψ (λu+ v), (3.3.23)

�±�äx0´Ä�3 u��f�mspan{u, v}¥��Ûeü��"

½Â 3.3.3. ?¿�½�:x̄§XJ�30 6= d̄ ∈ Υ÷v

f(x̄+ d̄) < f(x̄), (3.3.24)

K·�¡f�mΥ�f(x)3:x̄?����Ûeüf�m"

Q,��f�m¥�Ûeü��´�O��§@o·�Ò�±ÏLO�,�

�f�m´Ä�3eü��§5�½T��f�m´Ä÷v½Â(3.3.3)"u´·

�kXe����Ûeüf�m��½½nµ

½n 3.3.2. b�x0´f(x)���ÛÜ4�:"XJ�3�5Ã'�ü �þuÚv

÷vµ

Γ(2)
ψ (u) < 0; (3.3.25)

½ö

min
λ

Γ(2)
ψ (λu+ v) < 0. (3.3.26)

Kspan{u, v}´f(x)3x0?����Ûeüf�m¶�±

xin(d) = x0 −
3R(d) + sign(R(d))

√
9R(d)2 − 8P (d)S(d)

4P (d)
(3.3.27)

�Ð©:§æ^,«üN�ÛÜ`z�{¦)(3.0.1)§�±��f(x)���ÛÜ

4�:x∗§TÛÜ4�:7÷vf(x∗) < f(x0)¶ùpµ

d =

{
u, Γ(2)

ψ (u) < 0;

λminu+ v, Ù§�/(λmin´(3.3.27)��`)).
(3.3.28)

XJé?¿ü��5Ã'�ü �þuÚv§(3.3.25)�(3.3.26)þØ¤á§Kx0

´f(x)��Û4�:"
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§3.3.4 �{�E

�âþ�f�!JÑ��Ûeü����½�{Ú�Ûeü��f�m�

�½�{§·��±U?�!m©�0��ü«{ü�ÅõÐ©�{3.3.2Ú�

{3.3.3"

�â½n3.3.1§·�ÄkJÑXe��ÅõÐ©���{µ

�{ 3.3.4. (�ÅõÐ©���{)

æ^�ÅõÐ©�{µe3.3.1§Ù¥�Å:µ��ãæ^�5K´µ

∀xsample ∈ { x | Γ(2)
ψ (xsample − x0) < 0 }, ÏL; (3.3.29)

ÛÜ4�z�ã�Ð©:À�5K�µ

xsample = xin(xsample − x0). (3.3.30)

ùp·�ÏL�Å:xsample§5�E�Å��d = xsample − x0§Q´�
ö

�þN´¢y¶�´Ï�·�@�3é¼ê�vk?Ûk�b��cJe§�Û

4��:3,«�Ñy��U5ÚT«��ÿÝk'§ù�±^«�S�þ!©

Ù�Å:��Ý5wy"

·�knd�&�{3.3.4�'�{3.3.3Ð§ù´Ï�XJ�Å:xsamplevk

ÏL�{3.3.4�µ�5K(3.3.29)�{§ù�L�^��

L = {x0 + λ(xsample − x0)|λ ∈ R} (3.3.31)

þ¤k�:ÑØ÷v�{3.3.3�µ�5K(3.3.3)"Ïdcö¬'�ö�L���

Ð�Å:"

�â½n3.3.2§·�q�±JÑXe�ÅõÐ©��f�m�{µ

�{ 3.3.5. (�ÅõÐ©��f�m�{)

·�é�ÅõÐ©�{µe3.3.1¥�Å:µ��ãÚÛÜ4�z�ã��?�"

�Å:µ��ãÄkæ^Xe�5Kµ

Γ(2)
ψ (d1) < 0, ÏL; (3.3.32)

XJÏL§KÛÜ4�z�ã�Ð©:À�5K�µ

xsample = xin(xsample − x0). (3.3.33)

XJØÏL§O\�gµ�L§µ

min
d∈span{d1,d2},||d||2=1

Γ(2)
ψ (d) < 0, ÏL; (3.3.34)
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XJÏL§KÛÜ4�z�ã�Ð©:À�5K�µ

xsample = x0 + λmind1 + d2. (3.3.35)

XJEØÏL§âÀ��ÏL�Å:µ��ã"

ùp

d1 = (xsample − x0)/||xsample − x0||2; (3.3.36)

d2 = −∇f(xsample), (3.3.37)

½ö

d2 = (ysample − x0)/||ysample − x0||2. (3.3.38)

ùpysample´,���Å:"

aqc¡�©Û§���/e§�{3.3.5�'�{3.3.4Ð§Ï�cö¬'�

ö�L���Ð�Å:"

§3.4 ê�(J

�!ò®�·��#�{¦)�g���¦¯K�ê�Ly"ÿÁ~f´

[132] ¥�0��Ã�Daì�ä½ ¯K�;.ÿÁ~f"

�ÿÁ��{�)·���{3.3.4Ú�{3.3.5¶c¡0�L�¦)ålAÛ

¯K(3.2.15)��½5ytµ�{( [132])!�N1wz�{3.2.1¶¦)õ�ª`z

�DÕSOS�{( [75])¶±9{ü�ÅõÐ©�{3.3.2Ú�{3.3.3"

§3.4.1 �{ëêÀ�

¯K�E´�âXe5Kµ

• drij�srkj´¢Sål�¶nf´*ÿDÑ¶�=*ÿåldij�sijdeª(½µ

dij = drij(1 + nf · randn(1)); (3.4.1)

skj = srkj(1 + nf · randn(1)). (3.4.2)

• �Ný¢�ÚO���mØ����þ��Ø�(Root Mean Square Deviance)

RMSD½ÂXeµ

RMSD = (
1
n

n∑
i=1

||xi − x̄i||22)
1
2 , (3.4.3)

ùpx̄iL«Daìý¢��I�§xi�O�)"
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�{ëê�À�5KXeµ

• ÛÜ|¢Ñæ^“PRP”�ÝFÝ�{ [155]¶

• �Û�{ëêµOpMax = 50¶V iMax = 10¶JudgeMax = 50"

ùpI�`²�´§̄ K�.Ì�´Jø
�Åæ:�«�§�Û4�ýé

 u.�SÜ"du�Ä�·�'��´�Û`z�üÑ§ÏdéuÛÜ4��

{§·�¿Ø\�å5ü$�{��Ç¶´æ�{ü��äüÑ§���Ñ>

.§g,�ä§ª�4�z�{"

§3.4.2 ê�(JI

·�'��½5ytµz�{(SDP)(�{^��dYeu2006cJø§Ù¥¦

)��½5y�^�´SeDuMi 1.05)¶�N1wz�{(GC)(�{3.2.1¶�â [74]§

ëêCGNum�10§Ù§ëêÀ�Ú·���{����)¶±9·���{3.3.5"

ÿÁ�¸´Matlab 6.5¶¦^CPU�1.60GHz§S�504MB�HP Compaq nx6120

.O�Å"

ê�(J�eL§��{m'��´µ�m(ü µ¦)/RMSD"

No. n m nf rd SDPtµ�{ GC�{ �{3.3.5

1 50 3 0 0.5 3.23/2.07e-04 2.57/2.43e-07 1.28/6.01e-08

2 50 5 2% 0.4 1.99/0.0314 2.28/0.0048 0.81/ 0.0047

3 100 7 0 0.35 30.62/5.32e-04 4.47/4.49e-07 2.69/1.01e-07

4 100 10 2% 0.35 86.94/0.0147 4.79/0.0603 2.15/0.0029

5 100 10 10% 0.35 77.18/0.1111 5.38/0.0296 1.31/0.0283

6 200 10 1% 0.2 510.59/0.0128 12.46/0.0849 5.71/0.0123

7 200 10 1% 0.25 ∗ 18.40/0.0011 8.10/0.0012

8 400 20 1% 0.2 ∗ 33.74/7.32e-04 8.66/7.62e-04

9 500 4 0 0.3 ∗ 176.85/8.44e-10 46.34/3.72e-09

10 1000 30 1% 0.1 ∗ 125.62/0.0919 34.73/4.87e-04

L3.4.1 ��²;�Ã�Daì�ä½ ÿÁ¯K

*	L3.4.1§·�uy�{3.3.5o´U
3����m�dS¦����þ

éÐ�)"�éó§�½5ytµz�{¤I���m�d'��§éuØ

�(nf)���¯Kê�Ø�'��¶�N1wz�{3&Eþ(m · rd)'����
¹e§N´Ø½"
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(SDP�{) (�{3.3.5)

ã 3.3

(�N1wz�{) (�{3.3.5)

ã 3.4
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e¡·��ÑL3.4.1¥�ü��J�~f�ã�(J"ã3.3�Ñ�´�Ø

��~f§=15�Kµn = 100§m = 10§nf = 10%§rd = 0.35��/"ã3.4�Ñ

�´5����~f§=110Kµn = 1000§m = 30§nf = 1%§rd = 0.1��/"

§3.4.3 ê�(JII

ù�!·�5'5L3.4.1¥�;.�~f§=19K(Ï�3�«©z¥®�

��õ)µn = 500§m = 4§nf = 0§rd = 0.3��/"ë�'��kDÕ���½

5ytµz�{(¦^�´ [122]¥�ê�(J)!DÕSOS�{ [75]!{ü�Åõ

Ð©�{3.3.2Ú�{3.3.3!·���{3.3.4Ú�{3.3.5"

�{ ÿÁ�¸ �m RMSD

DÕSOS�{ 0.98GB RAM, 1.46GHz CPU 85 ©¨ 2.9e-6

DÕSDPtµ�{ 1.99GB RAM, 1.06GHz CPU 30 ¦ 1.0e-6

{ü�ÅõÐ©�{I 504MB RAM, 1.60GHz CPU 78.5 ¦ 8.2e-9

{ü�ÅõÐ©�{II 504MB RAM, 1.60GHz CPU 13.6 ¦ 0.1675

�{3.3.4 504MB RAM, 1.60GHz CPU 57.6 ¦ 4.6e-9

�{3.3.5 504MB RAM, 1.60GHz CPU 46.3 ¦ 3.7e-9

L3.4.2 ;.ÿÁ~f9

ÏLL3.4.2�±wÑ§DÕSOS�{�,´¦)õ�ª`z�k���{�

�§�´éuAÏ¯K§§��ÇØ�½p"{ü�ÅõÐ©�{IIéålAÛ

¯Kó§A�Ã�"·��O�#�{�,nØþv{`²`u{ü�ÅõÐ

©�{I§�´lê�Lyþ5w�´äk`�5�"Ye [122]JÑ�DÕ��½

5ytµz�{|^
ålAÛ¯K�AÏ5§��\¯
�½5ytµz�{

�O��m"
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1oÙ L1�ê4�z¯K

L1�ê4�z¯Káu�aAÏ�EÜ�1w`z¯K"�,3éõ¢S

�ó§¯K¥k��A^d�§�´duvkp�½��{§L1�ê4�z

�.é��æ^"�ÙÄk0��1w`z¯K�Ä�Vg¶,�0�¦)��

5L1�ê4�z¯K�&6��{¶���Ñ·�éda�1w&6�f¯K

�E,Ý©Û9�{"

§4.1 �1w`z¯KVã

|^L1°(v¼ê§�ò����å��1w`z¯K3�½¿Âe�d/

=z���Ã�å��1w`z¯K§Ïdùp·��0�Ã�å��1w`z

¯K

min
x∈Rn

F (x), (4.1.1)

ùp¼êF : Rn 7→ RØ�½��"

�â [11, 12]§·��ÑXe½Âµ

½Â 4.1.1. F (x)�gFÝ8Ü½ÂXeµ

∂F (x) := {d|F (x+ ∆x)− F (x) ≥ dT∆x, ∀∆x}. (4.1.2)

½Â 4.1.2. F (x)'ud����ê½ÂXeµ

F ′(x, d) := lim
α→0+

F (x+ αd)− F (x)
α

. (4.1.3)

·���±ïá�1w`z¯K��`5^�§�ë� [112]§ [157]�"

½n 4.1.1. XJx´(4.1.1)�ÛÜ4�:§Kµ

F ′(x, d) ≥ 0, ∀d; (4.1.4)

0 ∈ ∂F (x). (4.1.5)

·�¡(4.1.4)�(4.1.5)�(4.1.1)���½5^�¶¡÷v��½5^��

:���½:"

=¦F (x)A�??��§|^��¯K��{¦)5)(4.1.1)§¿b½3z

�S�:þF (x)þ��§·�Eò��ü�J:"

49
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1�´�{�ª�^�Ø´�Ñ"·����x¿©�C�ëY��¼êf(x)

�4�:�§�â��½5^�§||∇f(x)||òªu""¤±§1w�Ã�å`z
�{�ª��O^�~~´

||∇f(x)|| ≤ ε. (4.1.6)

�éuØ��¼ê¿vkaq�(Ø"~X�n = 1�§·��F (x) = |x|§Ké
?ÛØ´)�x§Ñkµ

|∇F (x)| = 1. (4.1.7)

[h]

ã 4.1

1��J:´dWolfe(1975)�Ñ�“ò�Âñu�)”y�"�F (x)´Ø��

¼ê�§°(|¢e���eü{�UÂñu��½:"~X,�x =

(
u

v

)
∈

R2§

F (x) = max
{

1
2
u2 + (v − 1)2,

1
2
u2 + (v + 1)2

}
. (4.1.8)

b½

xk =

(
2(1 + |εk|)

εk

)
, (4.1.9)

�εk 6= 0§KØJ¦�°(|¢e��eü{�S�äkXe/ªµ

xk+1 =

(
2(1 + |εk|/3)

−εk/3

)
. (4.1.10)
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u´, éu¼ê(4.1.8)±9�½�Ð©:(
2 + 2|δ|

δ

)
, δ 6= 0; (4.1.11)

°(�|¢e���eü{òÂñu�½:x =

(
2

0

)
∈ R2"Xã4.1"

�1w`z��a��{´gFÝ(subgradient)�{"ùa�{�@dShor

[114]�Ñ"b�gk´(4.1.1)3S�:xk?���gFÝ§KgFÝ{�S�úª

�µ

xk+1 = xk − αkgk/||gk||2. (4.1.12)

ÏL~f(4.1.8)§·����â°(�|¢¬��(4.1.12)Âñ��½:"Shor

[114]y²
§éuà¼êF (x)§XJÚ�÷vµ

lim
k→+∞

αk = 0,
∞∑
k=1

αk = +∞, (4.1.13)

K��yéF (x)kµ

lim
k→∞

F (xk) = min
x∈Rn

F (x). (4.1.14)

=?Ûà:Ñ´4�:"�´ù�§�{�Âñ�Ý'R�5Âñ��ú"'ug

FÝ�{�Ù§ó�§�ë�©zEremin [31], Polyak [82,83,84], Shor [115,116]�"

Wolfe [130]JÑ
�ÝgFÝ�{"ÙÄ�g�´ò�ÝFÝ{í2��1

w¯K"31kgS�¥§½Â��8Ü

Ik ⊂ {1, 2, · · · , k}. (4.1.15)

¦)

min
λ∈R|Ik|

∥∥∑
i∈Ik

λigi
∥∥2

2
, (4.1.16)

s. t.
∑
i∈Ik

λi = 1, λi ≥ 0, (4.1.17)

�λ
(k)
i (i ∈ Ik) ´(4.1.16)-(4.1.17)�)§�

dk = −
∑
i∈Ik

λ
(k)
i gi (4.1.18)
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�1kÚS���|¢��"�Ik+1 = Ik ∪ {k + 1}§K�F (x)´à��g¼ê�§

°(�|¢e��ÝgFÝ{¢�þÒ´�ÝFÝ{"

d	§~���1w`z�{�kµí2�ÝgFÝ�{���'8(bundle)

{(Lemaréchal [49,50,51]¶Zowe [151])¶¦)à5y��²¡{(Kelley [41]¶CheneyÚ

Goldstein [17])¶�Ù:0��&6��{�"

§4.2 ��5L1�ê4�z¯K�&6��{

�!m©·�?\�K§?ØXe�L1�ê4�z¯Kµ

min
d∈Rn

F (x) = ||f(x)||1 =
m∑
i=1

|fi(x)|, (4.2.1)

Ù¥f : Rn 7→ Rm, fi : Rn 7→ R, i = 1, ...,m´f�©þ"ù´�aAÏ�E

ÜNDO¯K"

Fletcher( [33])1981c�Ñ
��¦)EÜNDO�&6��{"

�{ 4.2.1. (¦)��5L1�ê4�z¯K�&6��{)

Ú� �½Ð©:x1¶Ð©Lagrange¦fλ0¶Ð©&6��»∆1 > 0¶ε ≥ 0¶

�k := 1"

Ú� O�

Bk =
m∑
i=1

(λk−1)i∇2fi(xk). (4.2.2)

¦)Xe&6�f¯Kµ

min
d∈Rn

mk(d) =
m∑
i=1

|fi(xk) +∇fi(xk)Td|+
1
2
dTBkd; (4.2.3)

s.t. ||d||2 ≤ ∆k, (4.2.4)

��dk"

XJ||dk|| ≤ ε§K�{Ê�"

Ún O�¢Seüþ�ý�eüþ�'µ

rk =
F (xk)− F (xk + dk)
mk(0)−mk(d)

. (4.2.5)

XJrk < 0.25§K-∆k+1 := ‖dk‖/4¶
XJrk > 0.75§�||dk|| = ∆k§K-∆k+1 = 2∆k¶

XJ∆k+1��½Â§K-∆k+1 = ∆k"
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Úo XJrk > 0§K=ÚÊ¶

ÄKxk+1 = xk§λk := λk−1¶=Ú8"

ÚÊ �#xk+1 = xk + dk¶λk ∈ ∂||f(xk) + (∇f(xk)T )Tdk||1÷vµ

∇f(xk)Tλk +Bkdk + µ̄kµk = 0; (4.2.6)

ùpµk ∈ ∂||dk||§µ̄k ≥ 0§�

µ̄k[∆k − ‖dk‖] = 0. (4.2.7)

Ú8 �#k := k + 1§¿=Ú�"

þ�Vl�c��
IS�¶�`zÆöïá
�X�'u^&6��

{¦)EÜNDO��Âñ5(J(XµFletcher [34]§Powell [98]9Yuan [136, 137,

138,139,140])"

Hald [44, 45]JÑ�ü�ã�{�´¦)EÜNDO(4.2.1)���{"ù«

�{�Ì�g�´��¦^¦)�5Cq�&6�f¯K�^Úî{¦)¯K

�KKT^�"cö^5Cq(½)NC���fi(x)�ÎÒ§�ö�8�´3(½

ÎÒ�¯�Âñ"

·���&6��{4.2.13z��S�ÚÑI�¦)&6�f¯K(4.2.3)-

(4.2.4)"âd·�@�&6�f¯K�¯��{é¦)(4.2.1)��Ç�'�"

§4.3 �1w&6�f¯K©Û

�!�cn!§·�ò;�©ÛÚ?Ø��5L1�ê4�z¯K�&6�f

¯K(4.2.2)-(4.2.3)"�d·���
PÒþ�{zµ

min
d∈Rn

φ(d) = ||Bd+ c||1 +
1
2
dTAd+ gTd; (4.3.1)

s.t. ||d||2 ≤ ∆, (4.3.2)

Ù¥B ∈ Rm×n§c ∈ Rm§A ∈ Rn×n´¢é¡Ý
§g ∈ Rn§∆ ∈ R+"·�

PB = (β1, β2, ..., βm)T§ùpβi ∈ Rn(i = 1, 2, ...,m)´BÝ
�1i1�=�"

·���é���&6�f¯Kµ

min
d∈Rn

φ(d) =
1
2
dTAd+ gTd; (4.3.3)

s.t. ||d||2 ≤ ∆. (4.3.4)
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MoreÚSorensen(ë� [71, 72])31983cJÑ
õ�ª�m�{"ù��{´î8

��°(¦)&6�f¯K�Ð��{"

·�uy(4.3.1)�(4.3.3) ü�8I¼ê��φ(d)− φ(d) = ||Bd+ c||1´��à
¼ê§�Ò´`±ù�8I¼ê���8I¼ê�¯K�´äkõ�ª�mE,

Ý�{�",ü�äkõ�ª�m�{�¯K�Ú¯K¿Ø�½äkõ�ª�

m�{"e¡·�Ò5y²�1w�&6�f¯K(4.3.1)-(4.3.2)´NP-J�"

eã½n´·��y��¯K´NP-J�'��â§�'Vg9Ùy²��(

[14], [36])"

½n 4.3.1. ��¯KH´NP-J���=��3��NP-��¯K�±õ�ª�

m/ã(8�(Turing-reduce) �¯KH(O�µL ≤T H)"

·�Ù�Xe�y©¯K´NP-���( [36])µ

½Â 4.3.1. �½��¢ê8ÜΩ = {a1, a2, ..., an}§́ Ä�3��f8I÷v∑
i∈I

ai =
1
2

∑
j∈Ω

aj? (4.3.5)

é�8ÜI½ö�ÑÄ½�£�§·�¡��y©¯K"

½n 4.3.2. y©¯K´NP-J�"

k
ù
O��£§·�Ò�Ù/��XJU
�ïy©¯K�·���1

w&6�f¯K(4.3.1)-(4.3.2)�m�õ�ª8�§·�Ò�±y²Tf¯K´NP-

J�"

Ún 4.3.1. ¼ê

ρ(x) =
∣∣∣∣√n2n

x

∣∣∣∣+ ∣∣∣∣x+
√
n

n

∣∣∣∣+ ∣∣∣∣x− √
n

n

∣∣∣∣− x2 +
1
2n

− 2
√
n

n
≥ 0, (4.3.6)

é?¿∀ x ∈ [−1, 1]¶�Ò¤á��=�x = x1 := −
√
n
n ½öx = x2 :=

√
n
n "(�ë

�ã4.2)"

y²µdu¼êρ(x)'ux = 0é¡§¤±Ø���5§·�e¡=?Øx ∈ [0, 1]�

�/"

Äk�Äx ∈ [0,
√
n
n ]"3ù�«mS§

ρ(x) = −x2 +
√
n

2n
+

1
2n
. (4.3.7)
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ã 4.2

ù�w,kx = x2´����Û4�:§¿�ρ(x2) = 0"

¤±�n = 1�§(Ø¤á"

e¡·�?Øn ≥ 2��¹§�Äx3«m[
√
n
n , 1]¥§

ρ(x) = −x2 +
(

2 +
√
n

2n

)
+

1
2n

− 2
√
n

n
. (4.3.8)

·���d��Û��:��U�x = x2½öx = 1",§

ρ(1) = 1− 3
√
n

2n
+

1
2n

=
(

1−
√
n

2n

)(
1−

√
n

2n

)
> 0 = ρ(x2). (4.3.9)

¤±x = x2´ù�«mS����Û4�:§¿�ρ(x2) = 0"

nþ¤ã§é?Ûn ≤ 1§x = x2´«m[0, 1]¥����Û4�:"Ïdx =

x1Úx = x2 ´¼êρ(x)3[−1, 1]¥=k�ü��Û4�:§¿�����0"½n

�y" �

½n 4.3.3. �1w�&6�f¯K(4.3.1)-(4.3.2)´NP-J�"

y²µ Äk�Ñ�1w�&6�f¯K(4.3.1)-(4.3.2)���A~§

min
d∈Rn

m(d) =
n∑
i=1

ρ(di) +

(
n∑
i=1

aidi

)2

; (4.3.10)

s.t. ||d||2 ≤ 1. (4.3.11)
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du||d||2 ≤ 1§éz�©þ·�k|di| ≤ 1"�âÚn4.3.1§ρ(di) ≥ 0, ∀ i = 1, 2, ..., n"

Ïd§·���m(d) ≥ 0é?Û÷v||d||2 ≤ 1�d¤á§�Ò´`0´m(d)���

e."

b�v∗´(4.3.10)-(4.3.11)��Û4�"Ïdv∗ = 0 �du
ρ(di) = 0, ∀ i = 1, 2, ..., n;
n∑
i=1

aidi = 0;
n∑
i=1

d2
i ≤ 1.

(4.3.12)

�âÚn4.3.1§(4.3.12)�du di = ±
√
n
n , ∀ i = 1, 2, ..., n;

n∑
i=1

aidi = 0.
(4.3.13)

w,(4.3.13)�duΩ = {a1, a2, ..., an}�d½Â4.3.1½Â�y©�3"Ïdé�

(4.3.10)-(4.3.11)��Û4�§Ò��u)û
éA�y©¯K"

du(4.3.10)-(4.3.11)´�1w�&6�f¯K(4.3.1)-(4.3.2)���~f§¿

�m = 3n"ÏdXJ�3¦)�1w�&6�f¯K(4.3.1)-(4.3.2)�õ�ª�m

�{§@o·�Ò�±õ�ª�m¦)y©¯K§ùÚ½n4.3.1gñ"y." �

§4.4 $��1w&6�f¯K����{

þ�!¥·�y²
�1w�&6�f¯K(4.3.1)-(4.3.2)´NP-J�"ù�

!¥·�5?Ø�1w�&6�f¯K(4.3.1)-(4.3.2)3��!��ùü�AÏ�

/e�¯�õ�ª�m�{"�!0���{ò´�©0��¦)n��1w�

&6�f¯K¯��{�Ä:"

§4.4.1 b�Ú½Â

�
£ã�Ù§30�·���{�c§k�Ñü�Ün�b�^�"

b� 4.4.1. �1w�&6�f¯K(4.3.1)-(4.3.2)¥Ø¹k²��"�Ò´`§

é∀i ∈ {1, 2, ...,m}§·�kβi 6= 0"

b� 4.4.2. �1w�&6�f¯K(4.3.1)-(4.3.2)¥Ø¹kÓa�"�Ò´`§

é∀1 ≤ i < j ≤ m§XJkβi = λβj§Kci 6= λcj§ùpλ´�"¢ê"
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ùü�b�´Ün�§Ï�²��é(4.3.1)-(4.3.2 ��z==´ò¼êþe

²£��~ê§Ø¬K��`:� �"¤±=¦�3²��§·�����±

Ø�Ä@��"éuÓa�§XJ�3§K�I^§��Ú�O§�ØUC¼

ê�"

þãb�´�
¦�{�JÑL§!£ãÚnØ©Û�²ß§3vkb��

�¹e§·���{�IO\éu²��ÚÓa��{ü?n=�",��¡§

·���±ÏLO(mn)ÚO(m2n)�O�þò¤k�²��ÚÓa��ÿÑ5(�

!¥n = 1§½ö2)¶é²��ÚÓa���ÿL§���±K\·��!�O

��{ØO\�	�O�þ"

�
�©Qã�B§e¡·��Ñ�
½Â3n��m¥�þ"

½Â 4.4.1.

1) ¡Ω(d) = {i|βTi d+ ci = 0, ∀i = 1, 2, ...,m}�d:?�È4�1w�I8¶

βTi d+ ci = 0(∀i ∈ Ω(d))�d:?���È4�1w¡¶

2) ξ(d) =
∑

j /∈Ω(d)

sign(τj(d)) · βj +Ad+ g;

3) S(d) := span{βi,∀i ∈ Ω(d)};

4) Z(d) := {s|βTi s = 0, ∃i ∈ Ω(d)}.

5) Q(d) =
⋂

i∈Ω(d)

{s| βTi s+ ci = 0}´d�¤kÈ4�1w¡��8"

½Â 4.4.2. s(1)(d) = −P⊥S(d)ξ(d).

½Â 4.4.3. s(2)(d) = −
∑

i∈Ω(d)

η∗i βi − ξ(d)¶ùpη∗i (i ∈ Ω(d))´Xe�.�å��5

���¦¯K

min
ηi∈R, i∈Ω(d)

||
∑
i∈Ω(d)

ηiβi + ξ(d)||22, (4.4.1)

s.t. −1 ≤ ηi ≤ 1, i ∈ Ω(d) (4.4.2)

��`)"

½Â 4.4.4. Pδ(d) = s(2)(d)− s(1)(d)"



58 AÏ��5���¦�L1�ê4�z¯K�O��{

½Â 4.4.5. s(3)(d) = −ζ∗0d −
∑

i∈Ω(d)

ζ∗i βi − ξ(d)¶ùpζ∗i (i ∈ Ω(d) ∪ {0})´Xe�.

�å��5���¦¯K

min
ζi∈R, i∈Ω(d)∪{0}

||ζ0d+
∑
i∈Ω(d)

ζiβi + ξ(d)||22, (4.4.3)

s.t. ζ0 ≥ 0, (4.4.4)

−1 ≤ ζi ≤ 1, i ∈ Ω(d) (4.4.5)

��`)"

�âþ¡�½Â§·�kXe�½n"

½n 4.4.1. é?Û�å(4.3.2)�S�1:d̄§�=µ||d̄|| < ∆§

1) s(1)(d̄) = 0§��=�ξ(d̄) ∈ S(d̄)¶

2) XJs(1)(d̄) 6= 0§@os(1)(d̄)´(4.3.1)¥8I¼êφ(d̄)3d̄:�eü��¶

3) s(2)(d̄) = 0§��=�d̄´(4.3.1)���½:¶

4) XJs(2)(d̄) 6= 0§@os(2)(d̄)´(4.3.1)¥8I¼êφ(d̄)3d̄:�eü��"

é?Û�å(4.3.2)�>.�1:d̄§�=µ||d̄|| = ∆§

5) s(3)(d̄) = 0§��=�d̄´(4.3.1)-(4.3.2)���½:¶

6) XJs(3)(d̄) 6= 0§@os(3)(d̄)´(4.3.1)¥8I¼êφ(d̄)3d̄:�eü��¶

7) s(3)(d̄)T d̄ ≤ 0"

y²µ ùpf·K1)Úf·K2)w,¤á§y²lÑ"

éuf·K3)§·���(4.3.1)¥8I¼êφ(d̄)�gFÝ∂φ(d̄) = {
∑

i∈Ω(d̄)

ηiβi+

ξ(d̄)|ηi ∈ R, ∀i ∈ Ω(d̄)}"Ïds(2)(d̄) = 0��=�0 ∈ ∂φ(d̄)§ù�dud̄´(4.3.1)�

��½:"

�Äf·K5)§�1w�&6�f¯K(4.3.1)-(4.3.2)�KKTXÚ´

Ω(d) = {i|βTi d+ ci = 0, ∀i = 1, 2, ...,m}; (i)

ζ0d+
∑

i∈Ω(d)

ζiβi +
∑

j /∈Ω(d)

sign(βTj d+ cj) · βj +Ad+ g = 0; (ii)

ζ0 · (||d||2 −∆) = 0; (iii)

||d||2 ≤ ∆; (iv)

ζ0 ≥ 0; (v)

−1 ≤ ζi ≤ 1, ∀i ∈ Ω(d). (vi)

(4.4.6)
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��å(4.3.2)´È4�§�=||d̄||2 −∆ = 0�§d̄´(4.3.1)-(4.3.2)���½:��

=�s(3)(d̄) = 0"�df·K5)�y"

'uf·K4)Úf·K6)§du·�ò3e�!¥�Ñ�r�(Ø§ùp6

�Ø�Ñy²"

�Ñ�.�å��5���¦¯K(4.4.3)-(4.4.5)�KKTXÚ�§·���½

Â4.4.5¥�ζ∗0I�÷vXeü��§µ
(ζ∗0 d̄+

∑
i∈Ω(d̄)

ζ∗i βi +
∑

j /∈Ω(d̄)

sign(βTj d̄+ cj) · βj +Ad̄+ g)T d̄ = σ∗0; (i)

σ∗0 ≥ 0. (ii)
(4.4.7)

ùpσ∗0´�å(4.4.4)�Lagrange¦f"N´uyéáØ�ª|(4.4.7) �duf·

K7)¥�(Ø"y." �

§4.4.2 ���/

Äk·�5?Ø�1w&6�f¯K(4.3.1)-(4.3.2)����/µ

min
d∈R

φ(1)(d) =
m∑
i=1

|bid+ ci|+
1
2
αd2 + βd; (4.4.8)

s.t. −δ ≤ d ≤ δ. (4.4.9)

du·��8I´é�(4.4.8)-(4.4.9)��Û4�:§·��,I�r¤k�

U�ÿÀ:é�"��*��«�{´kéÑ¤k�ÛÜ4�:§2ÏL'�¼

ê���§���Û4�"

?ÛÛÜ4�:Ñ÷v(4.4.8)-(4.4.9)�KKTXÚµ

Ω(d) = {i|τi(d) := bid+ ci = 0, ∀i = 1, 2, ...,m}; (i)∑
i∈Ω(d)

λi · bi +
∑

i/∈Ω(d)

sign(τi(d)) · bi + αd+ β = σl − σu; (ii)

−1 ≤ λi ≤ 1, ∀i ∈ Ω(d); (iii)

σl · (d+ δ) = 0; (iv)

σu · (δ − d) = 0; (v)

−δ ≤ d ≤ δ; (vi)

σl ≥ 0, σu ≥ 0. (vii)

(4.4.10)

·��±r¤k÷v�å^�(4.4.9)��1:©�Xen«a.µ

(�) �å(4.4.9)�ü�à:¶

(�)  u�å(4.4.9)SÜ§8I¼êφ(1)(d)�Ø��:¶
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(n)  u�å(4.4.9)SÜ§8I¼êφ(1)(d)���:"

31�a:¥§ÛÜ4�:�õ��Ukü�(·�¡��1�aÛÜ4�

:)¶31�a:¥§ÛÜ4�:�õ��Ukm�(·�¡��1�aÛÜ4

�:)"

3b�4.4.1�cJe§·��Ñe¡�½Âµ

½Â 4.4.6.

• 8ÜΥ = {s|s = − ci
bi
, ∀i = 1, 2...,m; � − δ ≤ s ≤ δ}¶

• S�{s1, s2, ..., sp} := Υ ∪ {−δ, δ}§¿�¤k��{sk}U,Sü�§�=−δ =

s1 < s2 < ... < sp = δ¶

• 8ÜΓ(s) = {i|1 ≤ i ≤ m, τi(s) 6= 0}"

éw,½Â¥�p÷vµ2 ≤ p ≤ m + 2"�Ò´`1�aÚ1�aÛÜ4�

:Ñ�K)3S�{sk}S
"
,��¡§du1na:¥�ÛÜ4�:(·�¡��1naÛÜ4�:)�

�êØU�*/��OÑ5§u´·��Ñeã·K§±Ïu·�
)1naÛ

Ü4�:�3�^�9�êþ�"

·K 4.4.1. XJ(4.4.8)-(4.4.9)�31naÛÜ4�:§@oα ≥ 0¶?�Ú/§X

J�3�á�1naÛÜ4�:§Kα > 0"

y²µ ·�b�d∗´(4.4.8)-(4.4.9)���1naÛÜ4�:"Ïd§

Ω(d∗) = ∅, (4.4.11)

¿��3��d∗���

U(d∗, δ) := {d|‖d− d∗| ≤ δ}, (4.4.12)

¦�8I¼êφ(1)(d)3T��¥�:þÑ�3�ê"�=

m′
(1)(d) =

m∑
i=1

sign(τi(d∗)) · bi + αd+ β. (4.4.13)

Ïd·���µ

m
′′

(1)(d
∗) = α, (4.4.14)
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u´(Ø¤á"y." �

ÏL·K4.4.1·���§�a < 0�§(4.4.8)-(4.4.9)�¤k�Û4�:§Ñ´

1�½1�aÛÜ4�:¶�a = 0�§�7½�3áu1�½1�aÛÜ4�:

��Û4�:¶�a > 0�§·��¯K(4.4.8)-(4.4.9)´î�à�§Ïd��3�

��ÛÜ4�:§�=����Û4�:"

�e�¯KÒ´XJa > 0§·�XÛé�ù����4�:"�âKKTX

Ú(4.4.10)§·���d�§�'��?Ö´(½z�τi(d∗)�ÎÒ"·�ÄkÚ\

��Ún§,��Ñ�!�'��½n5£�ù�¯K"

·K 4.4.2. b�d(1)Úd(2)´?¿ü�÷v�å^�(4.4.9)�:§�d(1) < d(2)
"X

J�3j ∈ {1, 2, ...,m}¦�

sign(τj(d(1))) · sign(τj(d(2))) = −1, (4.4.15)

@o7½�3 u«m(d(1), d(2))¥�1�a:"

y²µd(4.4.15)��§τj(d(1))�τj(d(2))7½���u"§���u""duτj(d)3

[d(1), d(2)]¥ëY§Ïd7½�3d̄ ∈ (d(1), d(2)) ÷vτj(d̄) = 0§�=d̄´φ(1)(d)�Ø

��:"¤±d̄Ò´�� u(d(1), d(2))�1�a:" �

½n 4.4.2. b�S�{sk}X½Â4.4.6½Â§·�P

k∗ = arg min
k=1,2,...,p

φ(1)(sk). (4.4.16)

b�(4.4.8)-(4.4.9)�3�á�1naÛÜ4�:§��d∗"K7k

sign(τi(d∗)) = sign(τi(sk∗)), ∀i ∈ Γ(sk∗). (4.4.17)

y²µ ·�^�y{§b�½nØ¤á§@o�3j ∈ Γ(sk∗)÷vsign(τj(d∗)) 6=
sign(τj(sk∗))"

dud∗´1na:§·���sign(τj(d∗)) 6= 0"duj ∈ Γ(sk∗)§·�ksk∗ 6= sj§

Ïsign(τj(sk∗)) 6= 0"nþ§·���sign(τj(d∗))�sign(τj(sk∗))7©O�1Ú−1"

�â·K4.4.2§7�3 u«m(min{d∗, sk∗}, max{d∗, sk∗})¥�1�a:d̂"

dk∗�½Â(sk∗´1�aÚ1�a:¥¼ê����:)§·���

φ(1)(d̂) ≥ φ(1)(sk∗). (4.4.18)

,��¡§�â·K4.4.1§dud∗´(4.4.8)-(4.4.9)�á�1naÛÜ4�:§

Ïda > 0¶?(4.4.8)-(4.4.9)´à`z§§���ÛÜ4�:d∗�´§����

Û4�:"Ïd

φ(1)(d̂) ≥ φ(1)(d
∗). (4.4.19)
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du8I¼êφ(1)(d)´à�§�d̂ u«m(min{d∗, sk∗},max{d∗, sk∗})¥§2
(Üª(4.4.18)�ª(4.4.19)§·��±íÑ

φ(1)(sk∗) = φ(1)(d̂) = φ(1)(d
∗). (4.4.20)

ù�d∗´(4.4.8)-(4.4.9)����Û4�:gñ"b�Ø¤á§y." �

�â½n4.4.2§·��±�OXe��{¦)���1w&6�f¯K(4.4.8)-

(4.4.9)��Û4�:"

�{ 4.4.1. (���1w&6�f¯K����{)

Ú� XJa ≤ 0=Ú�¶ÄK=Ún"

Ú� �â½Â4.4.6O�8ÜΥ¶ÏLqÞ{¦)XelÑ`z¯Kµ

min
d∈Υ∪{−δ,δ}

φ(1)(d), (4.4.21)

�drecord§¿=Ú8"

Ún �â½Â4.4.6üS§��S�{sk}¶ÏLqÞ{¦)XelÑ`z¯Kµ

min
k=1,2,...,p

φ(1)(sk), (4.4.22)

�k∗§Pdrecord = sk∗§¿=Úo"

Úo XJk∗ < p§¦)Xe��ëY`z¯Kµ

min
sk∗≤d≤sk∗+1

m∑
i=1

sign(bi ·
sk∗ + sk∗+1

2
+ ci) · (bid+ ci)

+
1
2
αd2 + bd, (4.4.23)

�d̄§XJφ(1)(d̄) < φ(1)(drecord)§�#drecord = d̄§¿=ÚÊ"

ÚÊ XJk∗ > 1§¦)Xe��ëY`z¯Kµ

min
sk∗−1≤d≤sk∗

m∑
i=1

sign(bi ·
sk∗−1 + sk∗

2
+ ci) · (bid+ ci)

+
1
2
αd2 + bd, (4.4.24)

�d̄§XJφ(1)(d̄) < φ(1)(drecord)§�#drecord = d̄§¿=Ú8"

Ú8 �£drecord§¿Ê�"

Ún¥üS�{�O�E,Ý´O(mlogm)¶Ún!Úo¥qÞ{O�drecordÚk∗

�O�E,ÝÑ´O(m2)¶�{Ù§Ü©�E,ÝþØ�LO(m)"Ïd�{4.4.1

�O�E,Ý�O(m2)"
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§4.4.3 ���/

��!¥§·�ò�Ä�1w�&6�f¯K(4.3.1)-(4.3.2)����/µ

min
d∈R2

φ(2)(d) =
m∑
i=1

|aid1 + bid2 + ci|+
1
2
dTAd+ gTd; (4.4.25)

s.t. ||d||2 ≤ ∆. (4.4.26)

Äk·��Ñ(4.4.25)-(4.4.26)�KKT^�µ

Ω(d) = {i|τi(d) := aid1 + bid2 + ci = 0, i = 1, 2, ...,m}; (i)∑
i/∈Ω(d)

sign(τi(d))

(
ai

bi

)
+

∑
j∈Ω(d)

δj

(
aj

bj

)

+(A+ λI)

(
d1

d2

)
+ g = 0; (ii)

δj ∈ [−1, 1], ∀j ∈ Ω(d); (iii)

λ(d2
1 + d2

2 −∆2) = 0; (iv)

d2
1 + d2

2 ≤ ∆2; (v)

λ ≥ 0. (vi)

(4.4.27)

3�Ñ·��{��EL§�c§Úc��!¥��§·�k�ò¤k÷v

�å^�(4.4.26) ��1:?1©a"

½Â 4.4.7. ·�ò||d|| ≤ ∆¥�:©�XeÊaµ

• XJ:d u�å>.§=µ ||d|| = ∆¶¿�´8I¼êφ(2)(d) ���:§

=µ|Ω(d)| = 0"·�¡ù��:�B1a:¶

• XJ:d u�å>.§=µ||d|| = ∆¶¿�´8I¼êφ(2)(d) �Ø��:§

=µ|Ω(d)| ≥ 1"·�¡ù��:�B2a:¶

• XJ:d u�åSÜ§=µ ||d|| < ∆¶¿�´8I¼êφ(2)(d) ���:§

=µ|Ω(d)| = 0"·�¡ù��:�I1a:¶

• XJ:d u�åSÜ§=µ||d|| < ∆¶T:�´8I¼êφ(2)(d) �Ø��:§

�÷v|Ω(d)| = 1"·�¡ù��:�I2a:¶

• XJ:d u�åSÜ§=µ||d|| < ∆¶T:�´8I¼êφ(2)(d) �Ø��:§

�÷v|Ω(d)| ≥ 2"·�¡ù��:�I3a:"



64 AÏ��5���¦�L1�ê4�z¯K�O��{

ã 4.3

·�©OlùÊa:¥éÑ¼ê����ÛÜ4��:�JÝ´Ø���"

'X`·��ÄI3a§KqÞ{=�§Ï�I3a:�o�êØ�LC2
m�(Ï�|I3| ≤

C2
|Ω(d)| ≤ C2

m)",��¡§�éáuI1a�ÛÜ4�:K�é�J§Ï�¤

kτi(d)(∀i = 1, 2, ...,m)�ÎÒJ±¯k(½¶¤k��U5k2m«§�·�Ø

F"�O�êE,Ý��{"

'��*/§·��±kÏéáuB2!I2!I3a8Ü¥¼ê����:"ù

��±rù�¯K£ã�Xe`z¯K(Xã4.3¤«)µ

min
d∈R2

φ(2)(d) =
m∑
i=1

|aid1 + bid2 + ci|+
1
2
dTAd+ gTd; (4.4.28)

s.t. ||d||2 ≤ ∆; (4.4.29)
m∏
i=1

τi(d) = 0. (4.4.30)

·�uy4�z(4.4.28)-(4.4.30)�¯K�±=z�äkXe/ª�m�f¯K§

Ù¥j = 1, 2, ...,mµ

min
d∈R2

φ(2)(d) =
m∑
i=1

|aid1 + bid2 + ci|+
1
2
dTAd+ gTd; (4.4.31)

s.t. ||d||2 ≤ ∆; (4.4.32)

τj(d) = 0, (4.4.33)
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ùq�duXe`z¯K

min
t∈R

m(1)(t) =
m∑
i=1

∣∣βTi wj · t+ βTi vj + ci
∣∣

+
1
2
wTj Awj · t2 + (vTj Awj + gTwj) · t; (4.4.34)

s.t. −
√

∆2 − vTj vj ≤ t ≤
√

∆2 − vTj vj . (4.4.35)

ùpβi =

(
ai

bi

)
§vj =

 − ajcj
2(a2

j+b2j )

− bjcj
2(a2

j+b2j )

§wj =


bj√
a2

j+b2j

− aj√
a2

j+b2j

"
©O¦�(4.4.34)-(4.4.35)éuj = 1, 2, ...,m ��Û4��:t∗j§�\x∗j = wj ∗

t∗j + vj§��(4.4.31)-(4.4.33) ��Û4��:x∗j"ÏL¦)'�8I¼êφ(2)(d)

3x∗j (j = 1, 2, ...,m)?�¼ê�§·��±��(4.4.28)-(4.4.30) ��Û4�:§·

�P��dgn(ùpþIgn�gglobal minimizer of nondifferentiable points)"e¡�

¯KÒ3uµ

• �o�ÿdgn´(4.4.25)-(4.4.26)����Û4��:¶

• �dgnØ´(4.4.25)-(4.4.26)����Û4��:�§·�NoÏLdgné�(4.4.25)-

(4.4.26)����Û4��:"

e¡�½n�Ï·�£�
1��¯Kµ

½n 4.4.3. ·�b�dgn´(4.4.28)-(4.4.30)����Û4��:"

• XJÝ
A��½§¿�dgn÷vKKTXÚ(4.4.27)§@odgn´(4.4.25)-(4.4.26)�

���Û4��:¶

• XJÝ
A��½§¿�dgnØ÷vKKTXÚ(4.4.27)§@o¤k�Û4��:

ÑáuB1½I1a"XJ·�b�d∗´���Û4��:§@o7keª¤áµ

{d|d = λdgn + (1− λ)d∗, λ ∈ (0, 1)} ∩ {d|∃1 ≤ j ≤ m, s.t. τj(d) = 0}

= ∅. (4.4.36)

• XJÝ
AØ´��½�§@oØ�3áuI1a�ÛÜ4��:"

y²µ Äk·��ÄÝ
A��½��/§d�(4.4.25)-(4.4.26) ´��à5y"

Ïd÷vKKTXÚ(4.4.27)�:�U´ÛÜ4��:§¿�ÛÜ4��:?�¼
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ê�Ñ�Ó"ÏdXJdgn÷vKKTXÚ(4.4.27)§Ò¿�Xdgn´���Û4��

:"

3Ý
A��½��/e§�dgnØ÷vKKT^�§�Ò´`dgnØ´ÛÜ

4��:�§7k¼ê�'dgn$�:"@o�âdgn�½Â§·���¤k¼ê

�'���:Ñ3B1½I1aS"�=Ø�3áuB2!I2½I3aS��Û4�:"

Ïdd∗áuB1½I1a"e¡·^�y{5y²ª(4.4.36)"b�(4.4.36)Ø¤á§

@o7�3dgn�d∗�à|Ü

p = λdgn + (1− λ)d∗ (4.4.37)

´8I¼êφ(2)(d)���Ø��:§ùpλ ∈ (0, 1)"�â8I¼êφ(2)(d)�à5§

·���

φ(2)(p) ≤ λφ(2)(d
gn) + (1− λ)φ(2)(d

∗) < φ(2)(d
gn). (4.4.38)

dup´Ø��:§Ïdp�÷v�å(4.4.29)-(4.4.30)§ù�dgn´(4.4.28)-(4.4.30)�

�Û4��:gñ"Ïdª(4.4.36) ¤á"

��§·��ÄÝ
AØ´��½��/"�´^�y{§b��3áuI1a

�ÛÜ4�:§Ø����dli(ùpþIli�glocal minimizer from interior differen-

tiable points)"duÝ
AØ´�½�§A��k��KA��§Ø��σ < 0´A�

��KA��§¿Pu�ÙéA�A��þ"·�r(4.4.25)-(4.4.26)�����

L(dli, u) = {d|d = dli + λu, ∀λ ∈ R} (4.4.39)

þ§�������¯K"dudli´S:§Ïd��L(dli, u)�&6��å{d| ||d||2 ≤
∆}���ÿÝ�u"§dd��dli´#���¯K�ÛÜ4��:"�â·K4.4.1§

·���σ ≥ 0§ù�σ < 0gñ"Ïdb�Ø¤á§d�(4.4.25)-(4.4.26)Ø�3á

uI1a�ÛÜ4�:"

nþ¤ã§·K�y" �

þ¡½nw�·��k3Ý
A´��½§�(4.4.28)-(4.4.30)��Û4��

:dgn÷vKKTXÚ(4.4.27)�^�e§dgnÓ��´(4.4.25)-(4.4.26)����Û4

��:"3Ù§�¹e§·��I�£�1��¯K§NoÏLdgn¯�/é

�(4.4.25)-(4.4.26) ����Û4��:"e¡·�©ü��/5©Û"

�/�µÝ
A��½§�(4.4.28)-(4.4.30)��Û4��:dgnØ÷vKKTX

Ú(4.4.27)"
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�d∗´(4.4.25)-(4.4.26)����Û4��:"�â½n4.4.3§·���dgnÚd∗

�ë�þ�¤k:Ñ´8I¼êφ(2)(d)���:"�é{`d∗ u�¡Údgn��

���«�S"e¡·��ó�Ò´�(½¤kτi(d∗)�ÎÒ(i = 1, 2, ...,m)"

Äk§·��Ñ��Ú·K4.4.2�q�·Kµ

·K 4.4.3. ?¿�½ü��å(4.4.26)��1:p(1)Úp(2)
§XJ�3j ∈ {1, 2, ...,m}

¦�

sign(τj(p(1))) · sign(τj(p(2))) = −1, (4.4.40)

@o7½�3p(1)Úp(2)�à|Ü

tp(1) + (1− t)p(2), ∃t ∈ (0, 1) (4.4.41)

áuI2½I3a:"

y²µ (4.4.40)¿�Xτj(p(1))�τj(p(2))���K"duτj(tp(1) + (1 − t)p(2))3«

m(0, 1)SëY§Ïd§7½�3t∗ ∈ (0, 1)¦�

τj(t∗p(1) + (1− t∗)p(2)) = 0. (4.4.42)

�=t∗p(1) + (1 − t∗)p(2)´8I¼ê���Ø��:"dut∗p(1) + (1 − t∗)p(2)� 

u�åSÜ§§áuI2½öI3a" �

e¡·��Ñ��Únµ

Ún 4.4.1. b�Ý
A´��½�§(4.4.28)-(4.4.30)��Û4��:dgn Ø÷v

KKTXÚ(4.4.27)§@o

• XJdgnáuI2½öI3a§K·��±é�I1a:dpd¶

• XJdgnáuB2a§K·��±é�I1½öB1a:dpd¶

÷vsign(τi(dpd)) = sign(τi(dgn)), ∀i /∈ Ω(dgn)§�φ(2)(dpd) < φ(2)(dgn)(ùpþIpd�

gpoint which is differentiable)"

y²µdudgnØ÷vKKTXÚ(4.4.27)§¤±§Ø´(4.4.25)-(4.4.26)���ÛÜ4

�:"�â½n4.4.1§�dgnáuI2½öI3a�§s(2)(dgn)´8I¼êφ(2)(d)3dgn?

�eü��¶�dgnáuB2a�§s(3)(dgn)´8I¼êφ(2)(d)3dgn?�eü��"

k�ÄdgnáuI2½öI3a���/"·�k

{d|d = dgn + λs(2)(dgn), λ > 0} ∩ {d| ||d|| ≤ ∆} 6= ∅. (4.4.43)
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dudgn´(4.4.28)-(4.4.30)§·���íäÑ

s(2)(dgn) /∈ Z(dgn). (4.4.44)

Ïd7�3ε > 0§¦�é∀t ∈ (0, ε)§k

dnew(2)(t) = dgn + ts(2)(dgn) (4.4.45)

áuI1a"dus(2)(dgn)´eü��§·�7�±é���¿©���êt̄ > 0÷

vφ(2)(dnew(2)(t̄)) < φ(2)(dgn)"Ø�P��dpd = dnew(2)(t̄)"

e¡·��ÄdgnáuB2a��/§�

s(3)(dgn)Tdgn < 0. (4.4.46)

d�§

{d|d = dgn + λs(3)(dgn), λ > 0} ∩ {d| ||d|| ≤ ∆} 6= ∅ (4.4.47)

�´¤á�§Ïd·��±aq/é�áuI1a�:dpd÷v

φ(2)(d
pd) < φ(2)(d

gn). (4.4.48)

y3·��ÄdgnáuB2a§�´Ø÷vs(3)(dgn)Tdgn < 0��/"�â½

n4.4.1§��7k

s(3)(dgn)Tdgn = 0. (4.4.49)

Ïd7�3ε > 0§¦�é∀t ∈ (0, ε)§Ñk

dnew(3)(t) =
∆√

∆2 + t2||s(3)(dgn)||22
· dgn

+
t∆√

∆2 + t2||s(3)(dgn)||22
· s(3)(dgn) (4.4.50)

áuB1a"dus(3)(dgn)´��eü��§·��±é�¿©���êt̄ > 0÷v

φ(2)(d
new(3)(t̄)) < φ(2)(d

gn). (4.4.51)

·�P��

dpd = dnew(3)(t̄). (4.4.52)
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ÃØdgn¦�þ¡=«�/¤á§·�Ñ®é�
φ(2)(dpd) < φ(2)(dgn)"b�

(Ø

sign(τi(dpd)) = sign(τi(dgn)), ∀i /∈ Ω(dgn) (4.4.53)

Ø¤á§Ø��∃j /∈ Ω(dgn)§¦�

sign(τi(dpd)) 6= sign(τi(dgn)). (4.4.54)

@o�â·K4.4.3§7�3dpdÚdgn�à|Üt̃dpd + (1 − t̃)dgnáuI2½I3a:"d

Ý
A��½�§¼êφ(2)(d)�à5§·�k

φ(2)(t̃d
pd + (1− t̃)dgn) ≤ t̃φ(2)(d

pd) + (1− t̃)φ(2)(d
gn) < φ(2)(d

gn). (4.4.55)

ù�dgn´(4.4.28)-(4.4.30)��Û4��:gñ"Ïdb�Ø¤á§Úny." �

�âÚn4.4.1§·��±��Xe½nµ

½n 4.4.4. b�Ý
A´��½�§(4.4.28)-(4.4.30)��Û4��:dgn Ø÷v

KKTXÚ(4.4.27)"XJ�3áuI1½B1a�:dpd ÷v

φ(2)(d
pd) < φ(2)(d

gn), (4.4.56)

K?¿(4.4.25)-(4.4.26)��Û4��:d∗÷v

sign(τi(d∗)) = sign(τi(dpd)), ∀i = 1, 2, ...,m. (4.4.57)

y²µ �â½n4.4.3§·���d∗7áuB1½öI1a"�â·K4.4.3§XJ�

3j ∈ {1, 2, ...,m}¦�

τj(d∗) 6= τj(dpd), (4.4.58)

K7�3dd
∗
Údpd�à|Ü

dpn = t∗d∗ + (1− t∗)dpd (4.4.59)

áuI2½I3a"dÝ
A��½�§¼êφ(2)(d)�à5§·�k

φ(2)(d
pn) ≤ t∗φ(2)(d

∗) + (1− t∗)φ(2)(d
pd) < φ(2)(d

gn), (4.4.60)

ùÚdgn ´(4.4.28)-(4.4.30)��Û4��:gñ"Ïd

sign(τi(d∗)) = sign(τi(dpd)), ∀i = 1, 2, ...,m. (4.4.61)
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y." �

�/�µÝ
AØ��½"

�â½n4.4.3§d�vk(4.4.25)-(4.4.26)��Û4��:áuI1a"@oé

uB1akvkaq�(JQº�Y´Ä½�"¦+Ý
AØ��½¿�X(4.4.25)

vk���ÛÜ4�:§�´�å(4.4.26)¬3>.þ�)��:"

dudgn´8I¼êφ(2)(d)3B2!I2ÚI3aS¼ê����:"Ïd�odgn´

(4.4.25)-(4.4.26)����Û4��:§�o¤k��Û4��:ÑáuB1a"

¤±e¡·��Ä§XÛé�¤k(4.4.25)-(4.4.26)�áuB1a��Û4�:"

dud�½n4.4.3¥�(4.4.36)Ø�½2¤á§¤±(½z�τi��ÎÒC�é(

J"

u´·�Ú\Xe�C�µ

d1 = r∆ sin θ, d2 = r∆ cos θ. (4.4.62)

ù�(4.4.25)-(4.4.26)�duµ

min
θ ∈ [0, 2π]

r ∈ [0, 1]

p(θ, r) =
m∑
i=1

|r∆(ai sin θ + bi cos θ) + ci|+
1
2
r2∆2

(
sin θ

cos θ

)T
A

(
sin θ

cos θ

)

+r∆gT
(

sin θ

cos θ

)
; (4.4.63)

du·��é�¤kB1a¥�ÛÜ4�:§¤±·���Ä(4.4.63)3r = 1��

�/§�=��Ä4�zp(θ, 1)"·�P

ri(θ) = ∆(ai sin θ + bi cos θ) + ci = ∆
√
a2
i + b2i sin(θ + arctan

bi
ai

) + ci. (4.4.64)

e¡�Ñ·��½n"

·K 4.4.4. b�αÚβ´(4.4.63)�8I¼êp(θ, 1)�ü���:§¿�0 ≤ α < β ≤
2π"XJ�3j ∈ {1, 2, ...,m}÷v

sign(rj(α)) · sign(rj(β)) = −1, (4.4.65)

K7�3 u«m(α, β)¥�p(θ, 1)�Ø��:"
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y²µ duαÚβ��§�

sign(rj(α)) · sign(rj(β)) = −1, (4.4.66)

¤±·�7krj(α)Úrj(β)���K"qÏ�rj(θ)3«m[α, β]¥ëY§�â¥�½

n§·���7�3γ ∈ (α, β)÷vrj(γ) = 0"Ïd§γ´p(θ, 1) u«m(α, β)S�

Ø��:"y." �

·���z��B1ÚB2a�:ÑÚθ ∈ [0, 2π)��éA§¿��A�φ(2)(d)

Úp(θ, 1)¼ê��éA��"·��8I´é�(4.4.25)-(4.4.26)áuB1a���

�Û4��:"¢y�{´ké�p(θ, 1)����Û4��:§¿é�éA��

�m�:§XJT:´áuB1a�§K·�?Ö�¤"����<§Úd(gn)'��

�=�é�(4.4.25)-(4.4.26)����Û4��:¶XJT:´áuB2a�§@·�

Òvk7�éáuB2a��Û4��
§Ï�d�d(gn)®²´(4.4.25)-(4.4.26)�

���Û4��:
"

e¡·�Ò5ép(θ, 1)����Û4��:"�â·K4.4.4§¤k up(θ, 1)�

ü���Ø��:�m���:Ñäk�ÓÎÒ�ri(i = 1, 2, ...,m)"du«m

[0, 2π)�Ø��:oêØ�L2m�(Ú�8I¼êφ(2)(d)�B2a:��éA)§u

´\þü>à:§«m[0, 2π)S�õ��y©�2m + 1ã«m§3zãf«m

S§¤k��:�ri(∀i = 1, 2, ...,m)�ÎÒÑØC§Ïd�O�?¿��S:

�ri(i = 1, 2, ...,m)ÎÒ5(½«mS¤k��:�ÎÒ"ù�KKTXÚ(4.4.27)Ò

�du��og�§"

e¡�Ñ·�����{"

�{ 4.4.2. (���1w&6�f¯K����{)

Ú� (B2!I2!I3a:)

i) �äÝ
A´Ä��½(�âA11!A22Údet(A)��KÒ)¶

ii) éj = 1, 2, ...,m§�â�{4.4.1¦)(4.4.34)-(4.4.35)§©O���`

)dn(j)
¶

iii) qÞ{¦�

k = arg min
j=1,2,...,m

f(dn(j)), (4.4.67)

Pdgn := dn(k)
¶

iv) �ädgn´Ä÷vKKT^�(4.4.27)¶
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v) �â½n4.4.3§XJÝ
A��½§�dgn÷vKKTXÚ§@oPd∗ :=

dgn=Úo¶XJÝ
A��½§�dgnØ÷vKKTXÚ§K=Ú�¶Ä

K(Ý
AØ��½)§K=Ún"

Ú� (I1a:)

i) �â½Â4.4.7§�½dgnáu=�a:¶XJdgnáuI2½I3a:§K

=fÚiii)¶ÄK(dgnáuB2a:)§K=fÚiii)¶

ii) �â½Â4.4.5§O�s := s(3)(dgn)¶¦)

t̄ = min
j /∈Ω(dgn)

|βTj dgn + cj |
2βTj s

; (4.4.68)

XJsTdgn < 0§K=fÚiv)¶ÄK=fÚv)¶

iii) �â½Â4.4.3§O�s := s(2)(dgn)¶¦)

t̄ = min
j /∈Ω(dgn)

|βTj dgn + cj |
2βTj s

; (4.4.69)

=fÚv)¶

iv) O�

dnew(t̄) := dgn + t̄s; (4.4.70)

XJφ(2)(dnew(t̄)) < φ(2)(dgn)§K�dpd := dnew(t̄)§=fÚvi)§ÄK�

#t̄ := 1
2 t̄§=fÚiv)¶

v) �â(4.4.50)O�dnew(t̄)¶XJφ(2)(dnew(t̄)) < φ(2)(dgn)§K�dpd :=

dnew(t̄)§=fÚvi)§ÄK�#t̄ := 1
2 t̄§=fÚvi)"

vi) ¦)eã��1w&6�f¯K

min
d∈R2

m∑
i=1

1
2
dTAd+ (g +

m∑
i=1

sign(dpd) · βi)Td; (4.4.71)

s.t. ||d||2 ≤ ∆. (4.4.72)

���`)d∗§=Úo"

Ún (B1a:)

i) �d∗ := dgn§f∗ := φ(2)(dgn)¶-i := 1§j := 0§k := 0¶-SEQ := ∅¶
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ii) ei > m§K=fÚv)¶ÄK3[0, 2π]S¦)ri(θ) = 0¶XJÃ)§-i :=

i+ 1§=fÚii)¶XJ�k��)§Pk := 1¶ÄKPk := 2¶

iii) ò¤k)�\,S�SEQ¶�#j := |SEQ|§i := i+ 1§=£fÚii)¶

iv) eθ = 0½θ = 2πØ3S�SEQS§KòÙ�\,S�SEQ¶�#j :=

|SEQ|¶

v) ej = 1§K=Úo¶ÄK�θc := 0.5 ∗ (SEQ[j] + SEQ[j − 1])¶

vi) ¦)XeXÚµ
(A+ λI)

(
d1

d2

)
+ g +

m∑
i=1

sign(ri(θc))

(
ai

bi

)
= 0; (i)

d2
1 + d2

2 = ∆2. (ii)

(4.4.73)

��k�)dpb(l), l = 1, ..., k(ùpþIpb�gpoint located on the bound)

Ñ÷v

sign(τi(dpb(l))) = sign(ri(θc)), ∀i = 1, 2, ...,m; (4.4.74)

ek > 0§K=fÚvii)¶ÄK-j := j − 1§=fÚv)¶

vii) eφ(2)(dpb(k)) < f∗§KPd∗ := dpb(k)§f∗ := φ(2)(dpb(k))¶-k := k − 1§

ek > 0§K=fÚvii)¶ÄK-j := j − 1§=fÚv)"

Úo �£d∗§¿Ê�"

·�N´©ÛÑ§�{¥Ú��fÚii)�O�E,Ý´O(m3)¶�{Ù§Ü

©�O�E,ÝÑØ�LO(m2)"Ïd�{4.4.2�O�E,Ý´O(m3)"

§4.5 S���f�mÓ�|¢�{9Âñ5©Û

§4.5.1 �{Vã

NEWUOA´Powell [108]�CJÑ�¦)Ã�ê`z¯K(Derivative Free Opti-

mization§����`z¯K)��«�~k���{"§�S�L§¥§I�Øä

/¦)&6�f¯K§ÏdI��«U
¯�¦�&6�f¯K(4.3.3)-(4.3.4)�

�°(�)��{"(4.3.3)-(4.3.4)�3õ�ª�mE,Ý�°(�{§�O�þ

'��§Ïd�
'�p��Ø°(�{�JÑ"·�31�Ù¥J���ä�

ÝFÝ{éuà�g�.äkéÐ�5�( [143])¶éu����g�.§ù
Ð

�5�Ø2¤á"��ÝFÝ{�ä�§Powell3 [108]¥JÑ
Xe�{���

?nE|"
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�{ 4.5.1. (Powell�S���f�mE|)

Ú� ¦^�ä�ÝFÝ{ [13]¦)(4.3.3)-(4.3.4)§��d(0)
¶�k := 0§

=Ú�"

Ú� XJdk�sk = −(Adk + g)�Y��C"§K�{Ê�¶ÄK=Ún"

Ún ¦)(4.3.3)-(4.3.4)��3��f�mspan{dk, sk}¥��Û4�:(�du

¦)��og�§)§��dk+1§=Úo"

Úo �k := k + 1§=Ú�"

¦+�þ�ê�¢�w«§²L�{4.5.1�?n��ä�ÝFÝ{o´UÂ

ñ�&6�f¯K��Û��§�´ [108]vk�Ñ�{4.5.1�Âñ5©Û"

½n4.3.1w�·�(4.3.1)-(4.3.2) Ø�3õ�ª�m�{§Ø�P=NP"Ï~

·��±ÏLÚ\�
#�CþÚØ�ª§5=z@
L1�Xeªµ

min
d∈Rn,z∈Rm

φ̃(d, z) =
1
2
dTAd+ gTd+

m∑
i=1

zi; (4.5.1)

s.t. ci + βTi d ≤ zi, ∀i = 1, 2, ...,m; (4.5.2)

ci + βTi d ≥ −zi, ∀i = 1, 2, ...,m; (4.5.3)

||d||2 ≤ ∆k. (4.5.4)

�´§==´�g5y¯K(4.5.1)-(4.5.3)ÒéJ¦)
(¦)ÛÜ4��´NP-J

¯K)"�ù«=zÚ\
Lõ�CþÚ�å§AO´éum >> n��¹"

¤±·�F"/�Powell��{4.5.1¥�S���f�m4�E|§5�O

¦)�1w&6�f¯K(4.3.1)-(4.3.2)��{"

3·���{¥§�&6��å(4.3.2)ØÈ4�§·�À���f�mµ

span{s(1)(d), s(2)(d)}; (4.5.5)

�&6��å(4.3.2)È4�§·�À���f�mµ

span{d, s(3)(d)}. (4.5.6)

�
\¯�{Âñ§·��òÚ\��f�m4�����°(|¢�OÓ��

E|"ùp����°(|¢´�=3�1w:8þ�|¢"

u´·��ÑS���f�mÓ�|¢�{Xeµ

�{ 4.5.2. (S���f�mÓ�|¢�{)
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Ú� Ð©:d(0) = 0¶�k := 0¶�{ª�ëê0 < ε� 1¶=Ú�"

Ú� O�

sk =

{
s(2)(dk), e ||dk|| < ∆;

s(3)(dk), e ||dk|| = ∆.
(4.5.7)

=Ún"

Ún e||sk|| < ε§K�{Ê�¶ÄK§=Úo"

Úo e||dk|| < ∆§K=ÚÊ¶ÄK§=Ú8"

ÚÊ O�

s̄k = s(1)(dk). (4.5.8)

�#Yk = span{s̄k, sk}§=Úl"

Ú8 ��ÅêrkÑl[0, 1]S�þ!©Ù§XJrk ≤ 0.5§K�#Yk = span{dk, sk}§
=Ú�(��f�m4�)¶ÄK§=ÚÔ"

ÚÔ �â(4.5.8)O�s̄k§e1− s̄T
k dk

||s̄k||||dk|| < ε§�#Yk = span{dk, sk}§=Ú�§Ä
K§Yk = span{dk, s̄k}§=Ú��(���°(|¢)"

Úl erank(Yk) = 2§K=ÚÊ¶ÄK§�ÅÀ�sk�"�m¥���ü �

þzk¶�#Yk = span{sk, zk}§e||s̄k|| < ε§=Ú�(��f�m4�)§Ä

K=ÚÊ"

ÚÊ ��ÅêrkÑl[0, 1]S�þ!©Ù§XJrk ≤ 0.5§=Ú�(��f�m4

�)¶ÄK§=Ú��(���°(|¢)"

Ú� ÏL�{4.4.2¦)µ

min φ(d) = ||Bd+ c||1 +
1
2
dTAd+ gTd; (4.5.9)

s.t. ||d||2 ≤ ∆, (4.5.10)

d ∈ Yk. (4.5.11)

���Û4�:d∗§Pdk+1 := d∗§=Ú��"



76 AÏ��5���¦�L1�ê4�z¯K�O��{

Ú�� ¦

min φ̄(t) = ||B(dk + ts̄k) + c||1 +
1
2
(dk + ts̄k)TA(dk + ts̄k)

+gT (dk + ts̄k); (4.5.12)

s.t. t ∈ T̄k. (4.5.13)

�4�:tk§Ù¥µ

Tk = {t| t =
|βTj dk + cj |

βTj s̄k
,∀j /∈ Ω(dk)}; (4.5.14)

T̄k = Tk ∩
(

0,
∆

||dk||2

]
∪ { ∆

||dk||2
}. (4.5.15)

XJ�18T̄k = ∅§½ö���)d̄ = dk + tks̄k¦�f(d̄) ≥ f(dk)§=Ú�

?1��f�m4�z¶ÄK§Pdk+1 := d̄§=Ú��"

Ú�� �k := k + 1§=Ú�"

§4.5.2 Âñ5©Û

��!©Û�{4.5.23à5b�e�Âñ5"=3��!¥§·�Ú\Xe

b�µ

b� 4.5.1. (4.3.1)�8I¼ê¥�Ý
A��½"

½Â 4.5.1. ��!¥·�^ΛAL«Ý
A���A��"

dub�4.5.1¤á§·��±�vk�å��¹e§(4.3.1)�)�d∗"·�@

��{4.5.2�Âñ5©ÛÌ��)XeüÜ©µ

1�Ü©´&6��å(4.3.2)ØÈ4��/§�=||d∗|| ≤ ∆"d�·�I�

£��¯K´éuÃ�å��1w`z¯K(4.3.1)§·��Ñ�S���f�m

Ó�|¢�{4.5.2UÄ��¿©�eüþ§¿ddïá�ÛÂñ5"

1�Ü©´&6��å(4.3.2)È4��¹§�=||d∗|| > ∆"XJ1�Ü©�

�
�½�£�§�e�¯KÒ´�{4.5.1�Âñ5¯K
"

Ïd�!·�ò�é1�Ü©�©Û"'u�{4.5.1�Âñ5ÚÂñ�Ý©

Û§·�ò3e�Ù�1n!�[0�"̄ ¢þ§k
�!Úe�Ù1n!�(

J§·�ØJ�¤é1�Ü©�Âñ5©Û"

e¡·��Ä1�Ü©�Âñ5"ù�f�m��EÌ�´Äus(1)(dk)Ú

s(2)(dk)"·�Äk©O�Ñùü���s(i)(dk)(i = 1, 2)�eü5�O"�
�B

©Û§·�Ps
(i)
k = s(i)(dk)(i = 1, 2)§¿�ÑXe�½Âµ
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½Â 4.5.2.

t̄(dk, sk) =

 min
i/∈Ω(dk)

max{−βT
i dk

βT
i sk

, 0}, XJ∃i /∈ Ω(dk)÷v− βT
i dk

βT
i sk

> 0;

+∞, ÄK.
(4.5.16)

·�Pt̄
(i)
k = t̄(dk, s(i)(dk))(i = 1, 2)"

Ún 4.5.1. b�4.5.1¤á§K�s(1)(dk) 6= 0�§7kµ

f(dk)− f(dk + t∗ks
(1)
k ) ≥ $1(dk)||s

(1)
k ||22. (4.5.17)

ùp§

$1(dk) =

{
1

2ΛA
, XJ 1

ΛA
≤ t̄

(1)
k ;

(t̄(1)
k − ΛA

2 (t̄(1)k )2), ÄK.
(4.5.18)

t∗k = arg min
t≥0

f(dk + ts
(1)
k ). (4.5.19)

�s(1)(dk) = 0�§dk7´

min
d∈Rn

φ(d) =
∑

i/∈Ω(dk)

|βTi d+ ci|+
1
2
dTAd+ gTd; (4.5.20)

s.t. βTi d+ ci = 0, i ∈ Ω(dk) (4.5.21)

���ÛÜ4�:"

y²µ �
¦y²L§{'§·�6�{zPÒµ

sk = s(1)(dk); t̄k = t̄(dk, s(1)(dk)). (4.5.22)

·�Äk�Äs(1)(dk) 6= 0��/"·���é?¿t ∈ (0, t̄(dk, sk)]§·�kµ

f(dk)− f(dk + tsk) = −
∑

i∈Ω(dk)

|tβTi sk|+
∑

j /∈Ω(dk)

(|βTj dk + cj | − |βTj dk + cj + tβTj sk|)

+(
1
2
sTkAsk + gTdk −

1
2
(dk + tsk)TA(dk + tsk)− gT (dk + tsk))

= −
∑

j /∈Ω(dk)

sign(βTj dk + cj) · βTj sk · t

−(Adk + g)T sk · t−
1
2
sTkAsk · t2

= −ξ(dk)T sk · t−
1
2
sTkAsk · t2

= sTk sk · t−
1
2
sTkAsk · t2

≥ ||sk||22 · t−
1
2
ΛA||sk||22 · t2. (4.5.23)
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XJ

1
ΛA

≤ t̄k, (4.5.24)

K�t = 1
ΛA
�§

||sk||22 · t−
1
2
ΛA||sk||22 · t2 =

1
2ΛA

||sk||22. (4.5.25)

XJ

1
ΛA

> t̄k, (4.5.26)

K�t = t̄k�§

||sk||22 · t−
1
2
ΛA||sk||22 · t2 = (t̄k −

ΛA
2
t̄2k)||sk||22. (4.5.27)

�â(4.5.23)!(4.5.25)9(4.5.27)§·���(4.5.17)"

e¡�Äs(1)(dk) = 0��¹§·��±�Ñ(4.5.20)-(4.5.21)�KKT^�µ

ξ(d) =
∑

i∈Ω(dk)

σiβi; (4.5.28)

βTi d+ ci = 0, i ∈ Ω(dk). (4.5.29)

dus(1)(dk) = 0§·�uydk÷v(4.5.28)-(4.5.29)"qdb�4.5.1¤á§¤±dk´

(4.5.20)-(4.5.21)���ÛÜ4��:"y." �

Ún 4.5.2. b�4.5.1¤á§K�s(2)(dk) 6= 0�§7kµ

f(dk)− f(dk + t∗ks
(2)
k ) ≥ $2(dk)||s

(2)
k ||22. (4.5.30)

ùp

$2(dk) =

{
1

2ΛA
, XJ 1

ΛA
≤ t̄

(2)
k ;

(t̄(2)
k − ΛA

2 (t̄(2)k )2), ÄK.
(4.5.31)

t∗k = arg min
t≥0

f(dk + ts
(2)
k ). (4.5.32)

�s(2)(dk) = 0�§Kdk7´

min
d∈Rn

φ(d) =
∑

i/∈Ω(dk)

|βTi d+ ci|+
1
2
dTAd+ gTd (4.5.33)

���ÛÜ4�:"
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y²µ �
¦y²L§{'§·�6�{zPÒµ

sk = s(2)(dk); t̄k = t̄(dk, s(2)(dk)). (4.5.34)

e¡·�Äk�Äs(2)(dk) 6= 0��/"

�sk = −
∑

i∈Ω(dk)

η∗i βi − ξ(dk)"�Ñ�d = dk��.�å��5���¦¯

K(4.4.1)-(4.4.2)�KKTXÚ§�=η∗i (i ∈ Ω(dk))I�÷v��§µ

(
∑

i∈Ω(dk)

η∗i βi +
∑

j /∈Ω(dk)

sign(βTj dk + cj) · βj +Adk + g)Tβi = λ∗i − σ∗i ;

λ∗i (η
∗
i + 1) = 0;

σ∗i (1− η∗i ) = 0;

−1 ≤ η∗i ≤ 1;

λ∗i ≥ 0, σ∗i ≥ 0.

(4.5.35)

ùpλ∗i�σ∗i´�å(4.4.2)�Lagrange¦f"�â(4.5.35)·�´�ke�üª¤áµ

βTi sk < 0 ⇒ η∗i = −1, ∀i ∈ Ω(d); (4.5.36)

βTi sk > 0 ⇒ η∗i = 1, ∀i ∈ Ω(d). (4.5.37)
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u´é?¿t ∈ (0, t̄(dk, sk)]§·�kµ

f(dk)− f(dk + tsk) = −
∑

i∈Ω(dk)

|tβTi sk|+
∑

j /∈Ω(dk)

(|βTj dk + cj | − |βTj dk + cj + tβTj sk|)

+(
1
2
sTkAsk + gTdk −

1
2
(dk + tsk)TA(dk + tsk)− gT (dk + tsk))

= −
∑

i∈Ω(dk)

|βTi sk · t| −
∑

j /∈Ω(dk)

sign(βTj dk + cj) · βTj sk · t

−(Adk + g)T sk · t−
1
2
sTkAsk · t2

= −
∑

i ∈ Ω(dk),

βT
i sk > 0

βTi sk · t+
∑

i ∈ Ω(dk),

βT
i sk < 0

βTi sk · t

−ξ(dk)T sk · t−
1
2
sTkAsk · t2

= [
∑

i ∈ Ω(dk),

βT
i sk < 0

βi −
∑

i ∈ Ω(dk),

βT
i sk > 0

βi − ξ(dk)]T sk · t−
1
2
sTkAsk · t2

= [−
∑

i ∈ Ω(dk),

βT
i sk < 0

ηiβi −
∑

i ∈ Ω(dk),

βT
i sk = 0

ηiβi −
∑

i ∈ Ω(dk),

βT
i sk > 0

ηiβi

−ξ(d)]T sk · t−
1
2
sTkAsk · t2

= sTk sk · t−
1
2
sTkAsk · t2

≥ ||sk||22 · t−
1
2
ΛA||sk||22 · t2. (4.5.38)

XJ

1
ΛA

≤ t̄k, (4.5.39)

K�t = 1
ΛA
�§

||sk||22 · t−
1
2
ΛA||sk||22 · t2 =

1
2ΛA

||sk||22. (4.5.40)

XJ

1
ΛA

> t̄k, (4.5.41)

K�t = t̄k�§

||sk||22 · t−
1
2
ΛA||sk||22 · t2 = (t̄k −

ΛA
2
t̄2k)||sk||22. (4.5.42)
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�â(4.5.38)!(4.5.40)9(4.5.42)§·���(4.5.30)"

�s(2)(dk) = 0�§�âb�4.5.1Ú½n4.4.1§w,kdk´(4.5.33)���ÛÜ

4��:"y." �

�âþ¡Ún4.5.1ÚÚn4.5.2�y²§·��±)ºÚ\½Â4.5.2��Ï
"

éu�1w¯K(4.3.1)§�½��eü��sk§·�¿ØU�O÷d����`

eüÚ��eüþ"Ï��Ú�Ïft′ = t̄(dk, sk)�§S�d′ = dk + t′sk¦�È

4�1w¡�eI8ÜΩu)
UC§�=Ω(d′) 6= Ω(dk)"¤±�Ú�Ïft′ >

t̄(dk, sk)�§skÒ�UØ´eü��
"¤±·��U�OÚ�áu(0, t̄(dk, sk)]S

�eüþ"

éu�1w`z5`§�½��eü��§°(�|¢�{�UØÂñ��

ÏÒ´�XS�ªuÃ¡§k�U´t̄(dk, sk)ªu"§Ø´eü��sk��êª

u""ù�´ïá�1w`z|¢�{�ÛÂñ5�´¶¤3"

@£�
ù����(J§·��E�{�â�ÄÓ�Ú\ü�eü��µ

s(1)(dk)Ús(2)(dk)"ÏLþãÚn§·��±�O��f�m°(|¢�eüþµ

íØ 4.5.1. b�4.5.1¤á§�s(2)(dk) 6= 0"�rk ≤ 0.5�§7kµ

f(dk)− f(dk+1) ≥ max{$1(dk)||s(1)(dk)||22, $2(dk)||s(2)(dk)||22}. (4.5.43)

ùp$1(dk)Ú$2(dk)©Od(4.5.18)Ú(4.5.31)½Â"

y²µ d�{4.5.29Ún4.5.1ÚÚn4.5.2á�"y." �

�
���{3���È4�1w¡βTj d+cj = 0(j /∈ Ω(dk))NCÑyzigzagy

�§·�AOÚ\
���°(|¢�Ó�"�°(|¢�´�
�{U
�¯

/�#È4�1w�I8§¿ØI�y¿©eü§u´·�kXeeüþ�Oµ

íØ 4.5.2. b�4.5.1¤á§�s(2)(dk) 6= 0"�rk > 0.5�§XJdk+1d�{4.5.2Ú

��O�§K7kµ

f(dk)− f(dk+1) > 0, (4.5.44)

XJdk+1d�{4.5.2Ú�O�§K7kµ

f(dk)− f(dk+1) ≥
1

2ΛA
||s(1)(dk)||22. (4.5.45)
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y²µ �â�{4.5.2§�rk > 0.5�§XJdk+1d�{4.5.2Ú��O�§w,

k(4.5.44)¤á"XJdk+1d�{4.5.2Ú�O�§ÃØ´�1�T̄kÃ.§�´f(d̄) ≥
f(dk)§Ñ�íÑ8I¼êf÷eü��s(1)(dk)�°(|¢§Ø¬É��È4�1

w¡��å§�±r�����eüÚ"�=µ

{d| d = dk + ts(1)(dk), ∀t ∈ [0, t∗k]} ∩ {d| βTi d+ ci = 0, ∃i /∈ Ω(dk)} = ∅. (4.5.46)

2dÚn4.5.1á�(4.5.45)"y." �

íØ4.5.1ÚíØ4.5.2§́ �ï�{4.5.2�ÛÂñ5��Ä:"XJ·�U


�y�{4.5.2�eüþ3Ã¡õ�S�Ú��

f(dk)− f(dk+1) > $̄||s(2)(dk)||2, (4.5.47)

Ù¥eüÏf$̄´���~ê§@og,Ò��y�{4.5.2��ÛÂñ5"u´

e���)û�¯KÒ´é�$2(dk)3,
�/e�~êe."

�d, ·�2Ú\XeA�½Âµ

½Â 4.5.3.

V (d) =

 min
i/∈S(d)

|βT
i d+ci|
||βi||2 , e {i| i /∈ S(d)} 6= ∅;

+∞, ÄK.
(4.5.48)

½Â 4.5.4.

G = {Ω| {d| Ω(d) = Ω, ∀d ∈ Rn} 6= ∅, ∀Ω ⊂ {1, 2, ...,m}}. (4.5.49)

½Â 4.5.5. ·�½Âd∗Ω(Ω ∈ G)�Xe`z¯K�ÛÜ4�:µ

min
d∈Rn

φ(d) =
∑
i/∈Ω

|βTi d+ ci|+
1
2
dTAd+ gTd; (4.5.50)

s.t. βTi d+ ci = 0, i ∈ Ω. (4.5.51)

e¡y²����Ún"

Ún 4.5.3. é,�Ω ∈ G§XJéA�d∗ΩØ´(4.3.1)�ÛÜ4�:§Kkµ

t̄(d∗Ω, s
(2)(d∗Ω)) ≥


V (d∗Ω)

||s(2)(d∗Ω)||2
, XJ V (d∗Ω) = +∞;

1
ΛA
, ÄK.

(4.5.52)
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y²µ dud∗ΩØ´(4.3.1)�ÛÜ4�:§�â½n4.4.1§s(2)(d∗Ω)´φ(d)3d∗Ω:�

��eü��"XJd��3i /∈ Ω(dk)÷v

−
βTi d

∗
Ω

βTi s
(2)(d∗Ω)

> 0, (4.5.53)

Kd¯K(4.3.1)(½�~ê(�S�:Ã')÷vµ

V (d∗Ω) < +∞. (4.5.54)

�d½Â4.5.2Ú½Â4.5.3§keª¤áµ

t̄(d∗Ω, s
(2)(d∗Ω)) ≥

V (d∗Ω)
||s(2)(d∗Ω)||2

. (4.5.55)

XJØ�3i /∈ Ω(dk)÷v(4.5.53)§K

t̄(d∗Ω, s
(2)(d∗Ω)) = +∞ >

1
ΛA

. (4.5.56)

nþ¤ã§(4.5.52)¤á"y." �

íØ 4.5.3. é,�Ω ∈ G§XJéA�d∗ΩØ´(4.3.1)�ÛÜ4�:§Kk

$2(d∗Ω) ≥ (q − ΛA
2
q2); (4.5.57)

ùp§

q = min{V (d∗Ω),
1

ΛA
}. (4.5.58)

y²µ dÚn4.5.2ÚÚn4.5.3á�"y." �

íØ4.5.3�
$2(d∗Ω)�~êe."

XJS�S�{dk}�3��äk�Ó�È4�1w�I8�Âñf�§¿ª
Cu��EäkdÈ4�1w�I8�:�§·��±ÏLíØ4.5.3Úe¡=ò

�Ñ�Ún5�ïù«�/e§�{4.5.2�Âñ5"

Ún 4.5.4. éu�½�d§·�Pµ

U(d) = Q(d) ∩ {d′| ||d′ − d||2 ≤
1
2
V (d)}. (4.5.59)

K7�3����êδ > 0§9~êρ1 > 0Úρ2 > 0¦�

||s(i)(d′)− s(i)(d)||2 ≤ ρi||d′ − d||2, i = 1, 2 (4.5.60)

é?¿d′ ∈ N(d, δ) ∩ U(d)¤á"
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y²µ d(4.5.59)§·���µ

Ω(d′) = Ω(d); ∀d′ ∈ N(d, ε) ∩ U(d). (4.5.61)

u´§s(i)(d)Ús(i)(d′)¤éA�η∗i (i ∈ Ω(d)§ë�½Â4.4.3)´Ó��à�g5y¯

K�)§�OÒ´Xêξ(d)���6Ä"·���à�g5y¯K�KKTXÚ´

���5pÖ¯K(ë�Han§XiuÚQi [159])§�â�5pÖ¯K�½5nØ(�

ë�Cottle§PangÚStone [15])§7kª(4.5.60)¤á"y." �

XJS�S�{dk}�3��äk�Ó�È4�1w�I8�Âñf�§¿ª
Cu��äk#�È4�1w¡�:�§·��±¦^íØ4.5.2ÚXeÚn5�

ï�{4.5.2�Âñ5"

Ún 4.5.5. es(2)(dk) 6= 0§-µ

Yk = span{s(1)(dk), s(2)(dk)}. (4.5.62)

K7kµ

δ(dk) ⊥ Q(dk), (4.5.63)

¤á"?XJkrank(Yk) = 1§KXeü^(Øk�=k�^¤áµ

s(1)(dk) = s(2)(dk); (4.5.64)

s(1)(dk) = 0, � s(2)(dk) ⊥ Q(dk). (4.5.65)

y²µ Äkd½Â4.4.19½Â4.4.2�µ

s(1)(dk) = −P⊥S(dk)ξ(dk)

= −(I − Jk(JTk Jk)
−1JTk )ξ(dk)

= Jk(JTk Jk)
−1JTk ξ(dk)− ξ(dk). (4.5.66)

ùpJk´dS(dk)��|��Ä���þ|¤�Ý
"u´·�kµ

δ(dk) = s(2)(dk)− s(1)(dk)

= −
∑

i∈Ω(dk)

η∗i βi − Jk(JTk Jk)
−1JTk ξ(dk). (4.5.67)

�â(4.5.67)§w,k

δ(dk) ∈ S(dk). (4.5.68)
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Ïd§·�á�µ

δ(dk) ⊥ Q(dk). (4.5.69)

�rank(Yk) = 1�§XJs(1)(dk) 6= 0§k

dk + s(1)(dk) ∈ Q(dk). (4.5.70)

u´

dk + s(2)(dk) ∈ Q(dk). (4.5.71)

Ïd·���

δ(dk) ∈ Q(dk). (4.5.72)

d(4.5.69)�(4.5.72)§K7k

δ(dk) = 0. (4.5.73)

�=(4.5.64)¤á"XJs(1)(dk) = 0§Kd(4.5.69)���í�(4.5.65)"y." �

Ún 4.5.6. é,�Ω ∈ G§é?¿ε > 0§Ñ�3δε > 0¦�µ

||s(2)(d)− s(2)(d∗Ω)|| ≤ ε, ∀d ∈ N(d∗Ω, δε) ∩ {d′| Ω(d′) = Ω, ∀d′ ∈ Rn}. (4.5.74)

y²µ XJ

Ω(d∗Ω) = Ω. (4.5.75)

K�âÚn4.5.4§(4.5.74)w,¤á"ey(4.5.75)Ø¤á��/"d�7k§

Ω $ Ω(d∗Ω). (4.5.76)

u´Pµ

ω = Ω(d∗Ω)/Ω, (4.5.77)

¿Pµ

s(2)(d∗Ω) = −ξ(d∗Ω)−
∑
i∈ω

η∗i βi −
∑
i∈Ω

η∗i βi, (4.5.78)
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ùpη∗i (i ∈ Ω(d∗Ω))´�A�(4.4.1)-(4.4.2)��`)¶é¿©��ε§9?¿�

d ∈ N(d∗Ω, ε ∩ {d′| Ω(d′) = Ω, ∀d′ ∈ Rn}, (4.5.79)

kµ

s(2)(d) = −ξ(d)−
∑
i∈Ω

η̄∗i βi, (4.5.80)

ùp ¯eta∗i (i ∈ Ω)´�A�(4.4.1)-(4.4.2)��`)¶�â½Â4.5.59Ún4.5.5§·�

��µ

s(2)(d∗Ω) ∈ S(d); (4.5.81)

s(2)(d)− s(1)(d) ∈ S(d). (4.5.82)

?d(4.5.78)Ú(4.5.80)·���µ

[A(d∗Ω − d)− s(1)(d) +
∑
i∈ω

(η∗i − sign(βTi d+ ci))βi] ∈ S(d). (4.5.83)

b��3j ∈ ω¦�µ

η∗j 6= sign(βTj d+ cj), (4.5.84)

�

βj /∈ S(d), (4.5.85)

K

(η∗j − sign(βTj d+ cj))P⊥S(d)βj 6= 0, (4.5.86)

��εÃ'",��¡§

lim
ε→0+

||A(d∗Ω − d)|| = 0, (4.5.87)

lim
ε→0+

||s(1)(d)|| = 0, (4.5.88)

u´��(4.5.86)�(4.5.83)�gñ"e(4.5.89)Ø¤á§=µ

βj ∈ S(d), (4.5.89)

K�âµ

βjd
∗
Ω + cj = 0, (4.5.90)
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9

(d∗Ω − d) ⊥ S(d), (4.5.91)

��µ

(d∗Ω − d) ⊥ βj , (4.5.92)

u´

βjd+ cj = βjd
∗
Ω − βj(d∗Ω − d) + cj = 0. (4.5.93)

ùÚ(4.5.79)gñ"nþ��µ

η∗j = sign(βTj d+ cj), ∀j ∈ ω. (4.5.94)

Ïd(4.5.78)�U��µ

s(2)(d∗Ω) = −ξ(d) +A(d− d∗Ω)−
∑
i∈Ω

η∗i βi. (4.5.95)

e-µ

δε = min{δ, ε
ρ1
}, (4.5.96)

ùpδ�ρ1þdÚn4.5.4½Â"d(4.5.95)§(4.5.80)§¿�âÚn4.5.4�y²L§§

��(4.5.74)¤á"y." �

���Ñ�Ún´'u8ÜØ�{ü(Jµ

Ún 4.5.7. �8ÜΣ = {1, 2, ..., n}§dΣf8|¤�8ÜΠ = {A| A ⊂ Σ}"�3�
�N�µ

F : {xk} 7→ Π, (4.5.97)

ùp{xk}´���½�S�§K7�38ÜA∗ ∈ Π§÷vµ

(1) �3Ã����êk÷vµ

F(xk) = A∗; (4.5.98)
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(2) Ø�3Ã����êk÷vµ

F(xk) = A, (4.5.99)

é?¿�A∗ $ A ∈ Π"

y²µ ÄkduN�´ò��Ã�8N����k�8§¤±7�3��Π¥�

��÷v^�(1)"e¡b�A∗´¤k÷v^�(1)�Π���¥�Ý|A∗|���§
K´yA∗÷v1��^�"y." �

e¡�Ñ·���ÛÂñ5½nµ

½n 4.5.1. b�4.5.1¤á§��`)?&6��å(4.3.2)ØÈ4"K�{4.5.2k

�ª�§½ö�{�)�:�{dk}÷vµ

lim inf
k→+∞

||s(2)(dk)|| = 0. (4.5.100)

y²µ ·��Ä�{4.5.2Øk�ª���/§=�{òÃ�S�"

du8ÜG����êk�§�âÚn4.5.7§7�3Ω̄ ∈ G§¦�kÃ��dk(k ∈
Θ ⊂ {1, 2, ...})÷vµ

Ω(dk) = Ω̄, ∀k ∈ Θ. (4.5.101)

�é?Û�¹Ω̄�Ω̃§=kk��dk÷vµ

Ω(dk) = Ω̃. (4.5.102)

du¯K´à�§�φ(dk)üNeüke.§ÏdS�:�{dk}k.§u´ùÃ�
�dk(k ∈ Θ)7kÂñf�§Ø���{dkj

, (j = 1, 2, ...)§¿P

d̄Ω̄ := lim
j→+∞

dkj
. (4.5.103)

e¡·�ò©ü«�¹5©Û"

Äk�Äµ

Ω(d̄Ω̄) = Ω̄ (4.5.104)

¤á��¹"

d�7k§d̄Ω̄´¯K(4.3.1)��3Q(Ω̄)þ�ÛÜ4�:§=µ

d̄Ω̄ = d∗Ω̄. (4.5.105)
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�=f�dkj
Âñ�¯K��uXe�å�)µ

βTi d+ ci = 0, i ∈ Ω̄. (4.5.106)

b�(4.5.105)Ø¤á§K�â½n4.4.1ks(1)(d̄Ω̄) > 0��jÃ'"dÚn4.5.4§

é?¿¿©���êε§7�3v
��Nε§¦�é∀j > Nε§Ñkµ

||s(1)(dkj
)− s(1)(d̄Ω̄)||2 < ε. (4.5.107)

u´�3~êC1 > 0§÷vµ

f(dkj
)− f(dkj+1) ≥ (q − ΛA

2
q2)||s(1)(d̄Ω̄)||22 − C1ε; (4.5.108)

ùp

q = min{V (d̄Ω̄),
1

ΛA
}. (4.5.109)

�q�´�jÃ'�~þ"

,��¡§é?¿¿©���êε§Ñ�3v
��Nε¦�é∀j > Nε§Ñkµ

||dkj
− d̄Ω̄||2 < ε. (4.5.110)

u´7�3C2 > 0§¦�µ

f(dkj
)− f(dkj+1

) < C2ε. (4.5.111)

�â(4.5.108)Ú(4.5.111)��µ

(q − ΛA
2
q2)||s(1)(d̄Ω̄)||22 − C1ε ≤

f(dkj
)− f(dkj+1) < f(dkj

)− f(dkj+1
) < C2ε. (4.5.112)

l��gñ§Ïd(4.5.105)¤á"

d�|^Ún4.5.3ÚÚn4.5.4§���aq/y²d∗
Ω̄
´(4.3.1)�ÛÜ4�:§

�=µ

lim
j→+∞

s(2)(dkj
) = 0. (4.5.113)

u´(4.5.100)¤á"��5¿�´§ùp·�vk�Ä��f�mòz��/"Ï

�XJ��f�mÃ¡gòz§�âÚn4.5.5§��U´(Ø(4.5.64)��/"d

�§þ¡®²y²
�·K(4.5.112)és(2)(d̄Ω̄) �¤á§u´d̄Ω̄´(4.3.1)ÛÜ4�

:§=k(4.5.100)¤á"·�´�k¡gòzØK�(J"
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e¡�Ä(4.5.104)Ø¤á��¹§·���d�7kµ

Ω̄ $ Ω(d̄Ω̄). (4.5.114)

d(4.5.103)§·���µ

lim
j→+∞

f(dkj
) = f(d̄Ω̄). (4.5.115)

du�{4.5.2Ú��¬�N^Ã¡g§XJÙ¥kÃ¡g´ÏL=£Ú�O�dk+1�§

K�âíØ4.5.2§Ó���d̄Ω̄´¯K(4.3.1)��3Q(Ω̄)þ�ÛÜ4�:§�=(4.5.105)

¤á"

é?¿¿©���êι§Ñ�3v
��Nι¦�é∀j > Nι§Ñkµ

||dkj
− d̄Ω̄|| < ι. (4.5.116)

��3~êC3 > 0¦�µ

f(dkj
)− f(dkj+1

) < f(dkj
)− f(d̄Ω̄) < C3ι. (4.5.117)

,��¡§�â(4.5.3)§XJd�d̄Ω̄Ø´(4.3.1)�ÛÜ4�:§K7�3d̃÷vµ

f(d̄Ω̄)− f(d̃) ≥ (q − ΛA
2
q2)||s(2)(d̄Ω̄)||22, (4.5.118)

ùpqX(4.5.109)½Â´��jÃ'�~ê"XJ�µ

d̃ = d̄Ω̄ + q∗s(2)(d̄Ω̄), (4.5.119)

¿Pµ

d̃kj
= dkj

+ q∗s(2)(dkj
). (4.5.120)

u´�âÚn4.5.6§·���µ

||d̃− d̃kj
|| ≤ ||d̄Ω̄ − dkj

||+ q∗||s(2)(d̄Ω̄)− s(2)(dkj
)|| ≤ C3ι+ q∗ε. (4.5.121)

u´7�3~êC4 > 0¦�µ

|f(d̃)− f(d̃kj
)| ≤ C4ι. (4.5.122)



1oÙ L1�ê4�z¯K 91

u´�â(4.5.116)§(4.5.117)§(4.5.118)9(4.5.122)§·�k

(q − ΛA
2
q2)||s(2)(d̄Ω̄)||22 ≤ |f(d̄Ω̄)− f(d̃)|

= |f(d̄Ω̄)− f(d̃kj
) + f(d̃kj

)− f(d̃kj
) + f(d̃kj

)− f(d̃)|

≤ |f(d̄Ω̄)− f(d̃kj
)|+ |f(d̃kj

)− f(d̃kj
)|+ |f(d̃kj

)− f(d̃)|

≤ C3ι+ |f(d̃kj
)− f(dkj+1

)|+ C4ι ≤ (2C3 + C4)ι.

(4.5.123)

gñ"Ïdd̄Ω̄´(4.3.1)ÛÜ4�:§=k(4.5.100)¤á"

ùp·�Ó�vk�Ä��f�mòz��/"Ï�XJ��f�mÃ¡

gòz§�âÚn4.5.5§��U´(Ø(4.5.64)��/§u´��íØ4.5.2�(Ø

Ó�·^us(2)(dkj
)§ù����y²d̄Ω̄´(4.3.1)ÛÜ4�:§=k(4.5.100)¤á"

k¡gòzÓ�ØK�(J"

���Ä�¹§XJkÃ¡g´�âÚ��O�dk+1�§K�âíØ4.5.2§7

�3��¿©���êM§¦�é∀j > M§7�3kj < lj−M < kj+1§÷vµ

f(dkj
) > f(dlj−M

) > f(kj+1), (4.5.124)

9

Ω̄ $ Ω(dlj−M
). (4.5.125)

ùp(4.5.125)´Ï�é¿©���êM§·�o�±�yé∀j > M§7kdkj
�d̄Ω̄m

�ål¿©�ud̄Ω̄�?ÛβTi d+ ci = 0(i /∈ Ω(d̄Ω̄))�ål"

ù�·�Òé���#�Ã�S�{dlj}§u´7�3��Ω̂§¦�S�{dlj}
¥�,�f�{dli}÷vµ

Ω(dli) = Ω̂, ∀li. (4.5.126)

d(4.5.125)§·���

Ω̄ ⊂ Ω̂, (4.5.127)

u´�3Ã��S�{dk}¥�:§¦�(4.5.101)¤á§ù�(4.5.102)gñ"¤±

�(4.5.104)Ø¤á�§dk+1�õ�kk�g´d�{4.5.2¥Ú��O��§Ù§

Ñ=£dÚ�O�"Ïd�=7k(Ø(4.5.100)¤á"

nþ¤ã§½ny." �
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d½n4.5.1§·�Ò��
�&6��å(4.3.2)ØÈ4��/��{4.5.2�

Âñ5"'u�&6��å(4.3.2)´È4��/��Âñ5§�d½n4.5.1Úe

Ù0��'u�{4.5.1�Âñ5©ÛL§aq/�¤"3dØ�Kã"e¡=�

Ñ��s(3)(dk)�eü5©Û"

Ún 4.5.8. b�4.5.1¤á§K�s(3)(dk) 6= 0�§7kµ

f(dk)− f(dk + t∗ks
(3)
k ) ≥ $3(dk)||s

(3)
k ||22. (4.5.128)

ùpµ

$3(dk) =

{
1

2ΛA
, XJ 1

ΛA
≤ t̄

(3)
k ;

(t̄(3)
k − ΛA

2 (t̄(3)k )2), ÄK.
(4.5.129)

t∗k = arg min
t≥0

f(dk + ts
(3)
k ). (4.5.130)

y²µ �
¦y²L§{'§·�6�{zPÒµ

sk = s(3)(dk); t̄k = t̄(dk, s(3)(dk)). (4.5.131)

dus(3)(dk) 6= 0§�sk = −ζ∗0dk −
∑

i∈Ω(dk)

ζ∗i βi − ξ(dk)"�Ñ�d = dk��.�å�

�5���¦¯K(4.4.3)-(4.4.5)�KKTXÚ§�=ζ∗i (i ∈ Ω(dk))I�÷v��§µ

(ζ∗0dk +
∑

i∈Ω(dk)

ζ∗i βi +
∑

j /∈Ω(dk)

sign(βTj dk + cj) · βj +Adk + g)Tdk = λ∗0;

(ζ∗0dk +
∑

i∈Ω(dk)

ζ∗i βi +
∑

j /∈Ω(dk)

sign(βTj dk + cj) · βj +Adk + g)Tβi = λ∗i − σ∗i ;

λ∗i · ζ∗0 = 0;

λ∗i (ζ
∗
i + 1) = 0;

σ∗i (1− ζ∗i ) = 0;

−1 ≤ ζ∗i ≤ 1;

λ∗0 > 0, λ∗i ≥ 0, σ∗i ≥ 0.

(4.5.132)

ùpλ∗0§λ
∗
i�σ∗i´�å(4.4.2)�Lagrange¦f"�â(4.5.132)·�´�ke�nª

¤áµ

βTi sk < 0 ⇒ ζ∗i = −1, ∀i ∈ Ω(d); (4.5.133)

βTi sk > 0 ⇒ ζ∗i = 1, ∀i ∈ Ω(d); (4.5.134)

ζ∗0d
T
k sk = 0. (4.5.135)
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u´é?¿t ∈ (0, t̄(dk, sk)]§·�kµ

f(dk)− f(dk + tsk) = −
∑

i∈Ω(dk)

|tβTi sk|+
∑

j /∈Ω(dk)

(|βTj dk + cj | − |βTj dk + cj + tβTj sk|)

+(
1
2
sTkAsk + gTdk −

1
2
(dk + tsk)TA(dk + tsk)− gT (dk + tsk))

= −
∑

i∈Ω(dk)

|βTi sk · t| −
∑

j /∈Ω(dk)

sign(βTj dk + cj) · βTj sk · t

−(Adk + g)T sk · t−
1
2
sTkAsk · t2

= −
∑

i ∈ Ω(dk),

βT
i sk > 0

βTi sk · t+
∑

i ∈ Ω(dk),

βT
i sk < 0

βTi sk · t

−ξ(dk)T sk · t−
1
2
sTkAsk · t2

= [
∑

i ∈ Ω(dk),

βT
i sk < 0

βi −
∑

i ∈ Ω(dk),

βT
i sk > 0

βi − ξ(dk)]T sk · t−
1
2
sTkAsk · t2

= [−
∑

i ∈ Ω(dk),

βT
i sk < 0

ζiβi −
∑

i ∈ Ω(dk),

βT
i sk = 0

ζiβi −
∑

i ∈ Ω(dk),

βT
i sk > 0

ζiβi

ζ0dk − ξ(d)]T sk · t−
1
2
sTkAsk · t2

= sTk sk · t−
1
2
sTkAsk · t2

≥ ||sk||22 · t−
1
2
ΛA||sk||22 · t2. (4.5.136)

·���§d(4.5.34)½Â�(sk, t̄k)÷v�(4.5.39)-(4.5.42)ª3(sk, t̄k)d(4.5.131)½

Â�ì�¤á"

u´�â(4.5.136)!(4.5.40)9(4.5.42)§·���(4.5.128)¤á"y." �
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1ÊÙ Ù§�'ó�

§5.1 ���¦ëê�O�*ÿgê�'X

§5.1.1 ���¦�O

·��Ä�5�.µ

y = Xβ + ε, E(ε) = 0, Cov(ε) = σ2I; (5.1.1)

�ëêβ��O"Ù¥y ∈ Rm´*ÿ�þ(z�©þ´�g*ÿ�(J)¶X ∈
Rm×n´�OÝ
(z��1�þ´�g*ÿ�êâ)¶β ∈ Rn´��ëê�þ¶ε ∈
Rm´�ÅØ��þ(z�©þ´�g*ÿ�*ÿØ�)¶σ2 > 0�Ø���"

·��Ä�.¥m > n!rank(X)= n(�=÷�)��¹§ùÏLÀJ·Ü�

�OÝ
�±��"ù�·�N´�����¦)´éëêβ��Ð�O(Ã �

O§�ë� [154])§�=

β̂ = (XTX)−1XT y. (5.1.2)

d(5.1.1)!(5.1.2)ª§·�N´��

β̂ − β = (XTX)−1XT ε. (5.1.3)

·���é?¿�*ÿgêÑk

E(β̂ − β) = 0. (5.1.4)

ù)º
��o`(5.1.2)´é�.��Ð�O"

�©ò�	*ÿgêm��.�O�'X"·�ò�yVar(β̂i−βi)´'umü

N4~�§∀ i = 1, 2, ..., n"

½n 5.1.1. b�β´÷v(5.1.1)ª�¢Sëê§β̂´�â(5.1.2)ª������¦

�O§@o7½k

Var(β̂ − β) =
1

XTX
σ2, e n = 1; (5.1.5)

Var(β̂i − βi) =
det(XTX)ii
det(XTX)

σ2, e n > 1, ∀ i = 1, 2, ..., n. (5.1.6)

Ù¥§(XTX)ii´(XTX)�i1i��éA���Ý
"

95
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y²µ éun = 1��¹§w,k

Var(β̂ − β) = Var(
XT ε

XTX
) =

m∑
i=1

X2
i σ

2

(XTX)2
=

1
XTX

σ2. (5.1.7)

�=(5.1.5)ª¤á"éun > 1��¹§·�k

Var(β̂ − β) = Var((XTX)−1XT ε) = (XTX)−1XTVar(ε)((XTX)−1XT )T

= σ2(XTX)−1XTX(XTX)−1I = σ2(XTX)−1. (5.1.8)

u´§·�N´��k

Var(β̂i − βi) =
det(XTX)ii
det(XTX)

σ2. (5.1.9)

¤á"y." �

§5.1.2 A��5�êÚn

3·�ïá�O��¢S� ����Var(β̂i−βi)�*ÿgêm�'X½n

�c§·�k7��ÑA��5�ê�Ún§§��y²�ë�Wang§WuÚJia

[162]"

½Â 5.1.1.

• A � (�)0L«A´��(�)�½Ý
¶

• A � (�)BL«A−B´��(�)�½Ý
"

Ún 5.1.1. b�A � 0ÚB � 0´ü�¢é¡Ý
§K

det(A) + det(B) ≤ det(A+B). (5.1.10)

Ún 5.1.2. b�A � 0ÚB � 0´ü�¢é¡Ý
§XJA � B§K

det(A) ≥ det(B). (5.1.11)

½Â 5.1.2. XJ�
A =

(
A11 A12

A21 A22

)
�f
A11 � 0§K½ÂA11�ShurÖX

eµ

(A/A11) = A22 −A21A
−1
11 A12. (5.1.12)
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Ún 5.1.3. XJ�
A =

(
A11 A12

A21 A22

)
�f
A11 � 0§(A/A11)´A11�ShurÖ§

@o

det(A/A11) =
detA

detA11
. (5.1.13)

Ún 5.1.4. XJÓ�¢é¡Ý
A =

(
A11 A12

A21 A22

)
ÚB =

(
B11 B12

B21 B22

)
�Ó�

f
A11 � 0!B11 � 0§(A/A11)!(B/B11)�((A+B)/(A11 +B11))©O´A11!B11

�(A11 +B11)�ShurÖ§@o

((A+B)/(A11 +B11) � (A/A11) + (B/B11). (5.1.14)

Ún 5.1.5. XJÓ�¢é¡��½Ý
A =

(
A11 A12

A21 A22

)
ÚB =

(
B11 B12

B21 B22

)
�

Ó�f
A11 � 0!B11 � 0§@o

det(A+B)
det(A11 +B11)

≥ detA
detA11

+
detB

detB11
. (5.1.15)

§5.1.3 �O�*ÿgê�'X½n

�!¥·�òïá9y²k'�O��¢S� ����Var(β̂i− βi) (∀ i =

1, 2, ..., n)�*ÿgêmüN4~�½n"

½n 5.1.2. XJÝ
X ∈ Rm×n(m > n)´÷��§Ý
X =

(
X

δT

)
∈ R(m+1)×n

§

Ù¥δ ∈ Rn
§Ké∀ i = 1, 2, ..., nkXe(Ø¤á

det(XT
X)ii

det(XT
X)

≤ det(XTX)ii
det(XTX)

. (5.1.16)

y²µ dX÷�§��XTX > 09X÷�§u´q�±í�X
T
X > 0¶dXTX >

09X
T
X > 0§q�í�(XTX)ii > 09(XT

X)ii > 0"u´·��±ÏL{ü�©

Û��·��y²�(Ø(5.1.16)�du

det(XT
X)

det(XT
X)ii

≥ det(XTX)
det(XTX)ii

. (5.1.17)

q�du

det(XTX + δδT )
det(XTX + δδT )ii

≥ det(XTX)
det(XTX)ii

(5.1.18)
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e¡·�òÏL¦^Ún(5.1.5)5y²(5.1.18)ª"é∀ t ∈ (0, 1)§·���Ý


A(t) = (1− t)XTX > 0 (5.1.19)

9Aii(t) > 0´w,¤á�¶,��¡Ý


B(t) = tXTX + δδT = (X(t)TX(t)), (5.1.20)

Ù¥Ý


X(t) =

( √
tX

δT

)
, (5.1.21)

dd��B(t) > 09Bii(t) > 0§ù�·�éÝ
A(t)9B(t)¦^Ún(5.1.5)��

det(A(t) +B(t))
det(Aii(t) +Bii(t))

≥ detA(t)
detAii(t)

+
detB(t)
detBii(t)

>
detA(t)
detAii(t)

. (5.1.22)

(5.1.22)ªé∀ t ∈ (0, 1)¤á"·�25�EXe¼ê

f(t) =
det(A(t) +B(t))

det(Aii(t) +Bii(t))
− detA(t)

detAii(t)
, (5.1.23)

z{��

f(t) =
det(XTX + δδT )
det(XTX + δδT )ii

− (1− t)
det(XTX)
det(XTX)ii

. (5.1.24)

·�N´l(5.1.24)ªwÑf(t)´Rþ�ëY¼ê§u´

f(0) = lim
t→0+

f(t), (5.1.25)

�â(5.1.22)ª§·���

f(t) > 0, ∀ t ∈ (0, 1), (5.1.26)

¤±

f(0) = lim
t→0+

f(t) ≥ 0. (5.1.27)



0 ≤ f(0) =
det(XTX + δδT )
det(XTX + δδT )ii

− det(XTX)
det(XTX)ii

(5.1.28)

=k(5.1.18)ª¤á§�=(5.1.16)¤á"y." �
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½n 5.1.3. b�β´÷v(5.1.1)ª�¢Sëê§β̂´�â(5.1.2)ª������¦

�O§@o7k�O��¢S� ����Var(β̂i − βi) (∀ i = 1, 2, ..., n)�*ÿg

êmüN4~"

y²µ éun = 1��¹§d½n5.1.1�§

Var(β̂ − β) =
1

XTX
σ2, (5.1.29)

�O\�g*ÿ�§XC�X =

(
X

d

)
§Ù¥d ∈ R§w,k

1
XTX

σ2 ≥ 1
XTX + d2

σ2 =
1

X
T
X
σ2. (5.1.30)

éun > 1��¹§d½n5.1.1§·�k

Var(β̂i − βi) =
det(XTX)ii
det(XTX)

σ2. (5.1.31)

�O\�g*ÿ�§XC�X =

(
X

δT

)
§Ù¥δ ∈ Rn§d½n5.1.2�

det(XTX)ii
det(XTX)

σ2 ≥ det(XT
X)ii

det(XT
X)

σ2. (5.1.32)

y." �

§5.2 à�g5y�Ø�1�©éóÈ48�{

�!�Ä�«à�g5y�Ø�1�©éóÈ48�{"�©1oÙ��

{4.4.2Ú�{4.5.1¥ÑN^
�!0���{5¦��s(i)(d)(i = 2, 3)"

§5.2.1 ¯K£ã

·���¤k��g5y¯KÑUz¤Xe�äk�ª�åÚ.�å�/

ªµ

min
x∈Rn

1
2
xTAx+ gTx, (5.2.1)

s.t. P Tx = q; (5.2.2)

l ≤ x ≤ u. (5.2.3)
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ùpA ∈ Rn×n´�½Ý
¶g ∈ Rn¶P ∈ Rn×m¶q ∈ Rm¶l,Rm¶l, u ∈ Rn"(5.2.3)L

«li ≤ xi ≤ ui(∀i = 1, 2, ..., n)"

e¡ò0�·�JÑ�¦)(5.2.1)-(5.2.3)�Ø�1�©éóÈ48�{"·

�5¿�KunischÚRendl [43]9VoglisÚLagaris [127]ÑJÑ
aq��{g�§Ø

Lcö´�éü�.�å§�ö´�éV�.�å"·�ÕáJÑ��{·^

���2"d	 [43]éü�.�å�¯K¤��Âñ5©Û¿Ø¢^§Ï�©¥

�©Û´ÄuÝ
A÷vü�4Ù���^�"

§5.2.2 �{£ã

·�Äk�Ä(5.2.1)-(5.2.3)�KKTXÚ§

Ax+ g = λ− σ − Pr; (i)

P Tx = q; (ii)

(x− l) ◦ λ = 0; (iii)

(u− x) ◦ σ = 0; (iv)

l ≤ x ≤ u; (v)

λ ≥ 0, σ ≥ 0. (vi)

(5.2.4)

3�Ñ·��äN�{Ú½�c§·�kÚ\XeVg"

½Â 5.2.1. ·�¡�|(x, λ, σ)´pÖ�§��=�(5.2.4)¥�(iii)ªÚ(iv)ªÓ

��÷v"

½Â 5.2.2. ·�¡(D,L,U) ´�8Ω = {1, 2, ..., n}��|y©§��=�Xeü
�^��÷vµ

D ∪ L ∪ U = Ω, (5.2.5)

(D ∩ L) ∪ (D ∩ U) ∪ (L ∩ U) = ∅. (5.2.6)

½Â 5.2.3. ·�¡�|y©(D,L,U)´�|pÖ�(x, λ, σ)éA�2ÂÈ48§�
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�=�µ 

xD = z∗;

xL = lL;

xU = uU ;

λD = 0;

λL = (Ax+ g + Pr∗)L;

λU = 0;

σD = 0;

σL = 0;

σU = −(Ax+ g + Pr∗)U ;

(5.2.7)

ùpz∗´Xe�ª�åà�g5y¯K�)µ

min
z∈R|D|

1
2
zTAD,Dz + (gD +AD,LlL +AD,UuU )T z, (5.2.8)

s.t. P TD z = qD − P TL lL − P TU uU . (5.2.9)

r∗´éA�Lagrange¦f¶n��þ½n ×mÝ
\eI8L«1S�eI8�f

�þ½f
¶n× nÝ
\VeI8L«1S!�S©O�éAeI8�f
"

�ª�åà�g5y¯K(5.2.8)-(5.2.9)�du¦)Xe��5�§|µ(
AD,D PD

P TD 0

)(
z

r

)
=

(
−gD −AD,LlL −AD,UuU

qD − P TL lL − P TU uU

)
. (5.2.10)

(5.2.10)¡�Q:¯K"'uQ:¯K�'�¤Ù��{�ë�ElmanÚGolub [30]¶

Bramble [10]¶Yuan [158]¶Golub [6]�©z",�¯K(5.2.1)-(5.2.3)¥�ª�

å(5.2.2)Ø�3�§(5.2.10)Ò¤
����5�§|¦)¯K
"¦)�5�§

|��{�ë�µ [163]§ [153]§ [158]§ [164]�"

e¡�Ñ·��O��{µ

�{ 5.2.1. (Ø�1�©éóÈ48�{)

Ú� ��Ð©2ÂÈ48(D(1),L(1),U (1)) �{Ω, ∅, ∅} �k := 1"

Ú� ¦)Q:¯K(5.2.10)§��éA�(x(k), λ(k), σ(k))"
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Ún �#2ÂÈ48Xeµ

D(k+1)(x(k), λ(k), σ(k)) = {i | i ∈ D(k), � li ≤ x
(k)
i ≤ ui}

∪{i | i ∈ L(k), � λ
(k)
i < 0}

∪{i | i ∈ U (k), � σ
(k)
i < 0}; (5.2.11)

L(k+1)(x(k), λ(k), σ(k)) = {i | i ∈ D(k), � x
(k)
i < li}

∪{i | i ∈ L(k), � λ
(k)
i ≥ 0}; (5.2.12)

U (k+1)(x(k), λ(k), σ(k)) = {i | i ∈ D(k), � x
(k)
i > ui}

∪{i | i ∈ U (k), � σ
(k)
i ≥ 0}. (5.2.13)

Úo XJ

D(k+1) = D(k). (5.2.14)

(�=KKTXÚ(5.2.4)�÷v)§K�{ª�¶

ÄK�k := k + 1§¿=Ú�"

§5.2.3 ê�¢�

��!�w^·���{3¦)à�g5y¯K¥�ê�Ly"

§5.2.3.1 �{Ú¯Këê�'X

·�¦^Zhang [148]¥'u�K���¦¯K�ê�¢~§=µ

min
x∈Rn

||Ax− b||22, (5.2.15)

s.t. x ≥ 0. (5.2.16)

Ù¥A ∈ Rm×n(��5`m > n)§b ∈ Rm"ùaÿÁ¯KØ¹�ª�å"

¢�ëê3matlab¥�¢y�è�µ

rand(′state′, 0)¶density = 0.05¶condA = 1.e+ 2¶

A = sprand(m,n, density, 1/condA)"

du�¢�8�´�	�{Ú¯Këê�'X§Ïd·�éØÓ�Ð©2Â

È48��{?1
n|ÿÁ"§��ëêÀ��ª©O�µ

• ÿÁ�µÐ©2ÂÈ48�(Ω, ∅)§b = rand(m, 1)¶

• ÿÁ�µÐ©2ÂÈ48�(Ω, ∅)§b = 2 ∗ rand(m, 1)− 1¶
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• ÿÁnµÐ©2ÂÈ48�(∅,Ω)§b = 2 ∗ rand(m, 1)− 1"

¤kêâÑ�O�10g�Å)¤¯K�²þS�Úê"ÿÁ�¸´Matlab

7.0¶¦^CPU�2.66GHz§S�1.96GB�Dell Optiplex755.O�Å"

No. m n ÿÁ� ÿÁ� ÿÁn

1 200 100 2.4 3.1 2.7

2 400 200 3.0 3.8 3.6

3 500 300 3.9 4.3 4.2

4 800 400 3.9 4.7 4.7

5 2000 1000 4.9 5.8 5.4

6 5000 2000 6.0 7.0 6.6

L5.2.1 ¯K5�9Ð©2ÂÈ48�'�

No. È�Ý ^�ê m n ÿÁ�

1 0.2 1.e+3 1000 800 8.8

2 0.5 1.e+3 1000 800 9.2

3 1 1.e+3 1000 800 10.2

4 1 1.e+2 1000 800 7.9

5 0.2 1.e+4 1000 800 11.7

6 0.2 1.e+3 1000 1000 9.8

6 0.2 1.e+3 3000 1000 8.8

L5.2.2 È�Ý!̂ �ê9¯K/G�'�

�âê�Á�(JL5.2.1ÚL5.2.2�*	§·�uy�{kéÐ5�µÒ´

éu¯K�5�!Ð©2ÂÈ48Ú¯KÈ�ÝÑØ´é¯a¶�Ø¬Ï�^�

ê½¯K�/G(òz5)�UC�)é��K�"d	§·��uy§Ø
c

ügS�§�¡�z�gS�¥2ÂÈ48�CzÑØ´é�§�Ò´`z��

ü�S�Ú�Ú�¥��5���¦¯K(ùp¦)��5�§|¯K�du�

��5���¦¯K)§kér�U«5"Ïd·��±(Ü,«9éÄ�E|

�O!�O�þ��{5¦)�5���¦¯K§±Jp�{�Ç",	·��

{�°Ý=´¦)�5���¦¯K�°Ý"

§5.2.3.2 ÚÝKBB�{�'�

�!'��{5.2.1�DaiÚFletcher [23]JÑ��üN�ÝKBB�{�'�(
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ã 5.1

J"·��ÿÁ¯KÀ^“�ÅSPDÿÁ¯K”§�[�ë� [73]½ [22]"̄ K´ä

k.�åÚ���ª�å�à�g5y¯K"̄ K�Eëêko�§©O´µ

(1) ncondµ̄ K�^�ê§����{4, 5, 6, 7}¶

(2) ndegµ̄ K�òz§Ý§����{1, 3, 5, 7, 9}¶

(3) rais: �`)÷v.�å�©þ¤Ó�'~§����{10%, 50%, 90%}¶

(4) raiiµÐ©:÷v.�å�©þ¤Ó�'~§����{10%, 50%, 90%}"

ùp©þ(4)�éDaiÚFletcher��{·^§Ï�·���{Ú��Ð©2ÂÈ4

8�µ(Ω, ∅, ∅)"
DolanÚMoré [29]32002cJÑ
�«�{5ULy(Performance Profiles)�

{§¤��c�61��{'��{"§�±'�ú²k�/'����{3,

��¡�5U§'X$1�m!S�gê!¼ê�O�gê!FÝ�O�gê�"

ùp±$1�m�~§{�0��e�{5ULy��n"

·�b�·�kns��{S§np��~P"·�P

tp,s =¦^s�{¦)p¯K¤I��m. (5.2.17)
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,�·�òÙÚ¦)p¯K�¯��{'�§¿dd���{5U'µ

rp,s =
tp,s

min{tp,s : s ∈ S}
. (5.2.18)

ù�·��±½Âµ

ρs(τ) =
1
np

size{p ∈ P : rp,s ≤ τ}, (5.2.19)

¯K¥P¥kõ�z©'�¯K§¦^�{s¦)�§¤s�m�õ´�{8S¥
�¯�{O��m�τ�"�{5ULyµ�ãÒ´ρs'uτ �Cz�"'u

ù@�{5ULy�{�5��±ë� [29]"

ã5.1´n = 1000�§�{'u�m(duü«�{ÅnØÓ§Ã{'��{S

�Úê)�5ULyã"·�uy�{5.2.1²w`u�üN�ÝKBB�{"e¡

Ä�ù180�~f¥�24�§5'�ü«�{É¯Këê��Cz�K�µ

ÿÁ¯K ÝKBB�{ �{5.2.1

ncond ndeg rais raii �m(¦) S�Úê �m(¦) S�Úê

4 3 10% 10% 0.34375 88 0.828 3

7 3 10% 10% 1.8594 462 1.063 4

4 9 10% 10% 0.35938 89 0.797 3

7 9 10% 10% 13.688 2000 1.094 4

4 3 50% 10% 0.3125 76 0.421 3

7 3 50% 10% 13.422 2000 0.609 5

4 9 50% 10% 0.3125 75 0.61 4

7 9 50% 10% 13.391 2000 0.813 5

4 3 90% 10% 0.32813 77 0.422 4

7 3 90% 10% 14.141 2000 0.437 5

4 9 90% 10% 0.34375 80 0.453 4

7 9 90% 10% 13.766 2000 0.485 4

L5.2.3(i) �ÅSPDÿÁ¯K
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ÿÁ¯K ÝKBB�{ �{5.2.1

ncond ndeg rais raii �m(¦) S�Úê �m(¦) S�Úê

4 3 10% 50% 0.35938 88 0.766 3

7 3 10% 50% 1.7656 437 0.797 3

4 9 10% 50% 0.32813 80 0.828 3

7 9 10% 50% 3.9531 751 0.844 3

4 3 50% 50% 0.29688 73 0.531 4

7 3 50% 50% 13.422 2000 0.641 4

4 9 50% 50% 0.34375 81 0.562 3

7 9 50% 50% 13.016 2000 0.797 5

4 3 90% 50% 0.375 89 0.391 4

7 3 90% 50% 14.047 2000 0.438 4

4 9 90% 50% 0.35938 84 0.438 4

7 9 90% 50% 1.8906 450 0.516 4

L5.2.3(ii) �ÅSPDÿÁ¯K(Y)

·�uyÝKBB�{�LyÌ�É^�ê���§�¬É��`)ÚÐ©

�÷v.�å�©þ¤Ó'~�K�"·���{5.2.1ØÉ?ÛëêK�"

§5.3 S���f�m�{�Âñ5©Û

·�3c�Ù®²0�
Powell [108]JÑ�S���f�mE|4.5.1"��

^�ä�ÝFÝ{( [13]¶[143])¦)&6�f¯K(4.3.3)-(4.3.4)��?nE|§�

{kéÐ�ê�Ly§,%vkéÐ�Âñ5©Û"

Dai [20]JÑ
¦ý¥	�:�ý¥ål�S���f�m�{§T�{k

éÐ�ê�Ly" [20]©Û
�{Âñ5ÚÂñ�Ý"ý¥	�:�ý¥ål�

¯K3,«¿Âe�±w¤´&6�f¯K�A~"

éu&6�f¯K(4.3.3)-(4.3.4)§·��§�)�d∗"XJ∇mk(d∗) = 0§·

���d�mk(d)´à¼ê§��å(4.3.4)¿ØÈ4¶du·����f�m�{

�¹��eü��§d�S���f�m�{o´kØÑu��eü{�Âñ5

ÚÂñ�Ý"

Ïd3�!�©Û¥§·�ò�Ä∇mk(d∗) 6= 0§=&6��åÈ4��/§



1ÊÙ Ù§�'ó� 107

d�¥�å�du¥¡�å"���/§·��ÄXe¥¡�å¯Kµ

min
d∈Rn

f(d) (5.3.1)

s.t. ||d||2 = ∆. (5.3.2)

·��Ä�S���f�m�{�Ø==´���ä�ÝFÝ{��?

nE|§´���S���f�m�{µ

�{ 5.3.1. (S���f�m�{)

Ú� �½Ð©:d0÷v�å(5.3.2)§X��µ

d(0) = − ∆
||∇f(d0)||2

· ∇f(d0); (5.3.3)

0 < ε� 1¶�k := 0§=Ú�"

Ú� XJcos(dk,−∇f(dk)) > 1− ε§K�{Ê�¶ÄK=Ún"

Ún ¦)(5.3.1)-(5.3.2)��3��f�mspan{dk,−∇f(dk)}þ��Û4�:§
��dk+1§=Úo"

Úo �k := k + 1§=Ú�"

¤±�{4.5.1´·��Ä��{5.3.1���A~"

·���3�ª�å��/e§XJf3&6�||d||2 ≤ ∆SØà§·��±

38I¼êþ\þ�K�µ

f̃(d) = f(d) + λ||d||22, λ > 0; (5.3.4)

¦�8I¼ê3||d|| ≤ ∆SCàØUC4�:� �"

�âþ¡�©Û§3e©�©Û¥·�òkXeb�µ

b� 5.3.1. ¯K(5.3.1)-(5.3.2)¥�8I¼êf´{d| ||d||2 ≤ ∆}S��gëY��
�à¼ê"

b� 5.3.2. ed∗´(5.3.1)-(5.3.2)���ÛÜ4�§K∇f(d∗) 6= 0"

u´·��±½Âµ

½Â 5.3.1.

• M = sup
||d||2≤∆

||∇2f(d)||2;

• N = sup
||d||2≤∆

||∇f(d)||2.
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ã 5.2

§5.3.1 �{�Âñ5©Û

Äk�Ñ�!¥�~^PÒ�½Âµ

½Â 5.3.2. ½Âu(d)�d:?KFÝ��3d�"�mSÝKµ

u(d) = −∇f(d) +
∇f(d)Td

∆2
· d. (5.3.5)

·�kXe·K¤áµ

·K 5.3.1. d�(5.3.1)-(5.3.2)�ÛÜ4��:§��=�µ

u(d) = 0. (5.3.6)

y²µ �â(5.3.1)-(5.3.2)�KKT^�µ{
∇f(x) = λ d

||d||2 ;

||d||2 = ∆.
(5.3.7)

XJd�(5.3.1)-(5.3.2)�ÛÜ4��:§Kd(5.3.7)µ

u(d) = −∇f(d) +
∇f(d)Td

∆2
· d

=
λ

∆
· d+

λ

∆
· d

Td

∆2
· d = 0. (5.3.8)

��§XJu(d) = 0§K�

λ =
∇f(d)Td

∆
. (5.3.9)
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K(5.3.7)¤á§=d�(5.3.1)-(5.3.2)�ÛÜ4��:§y." �

�
{zPÒ§·�Pµ

uk = u(dk); u∗ = u(d∗). (5.3.10)

Ún 5.3.1. �{dk}��{5.3.1�)�S�:�§Kµ

f(dk)− f(dk+1) ≥
∆

2M∆ +
√

5N
· ||uk||22; (5.3.11)

y²µXã5.2�¤«§·�Pθk�dkÚKFÝ��−∇f(dk)�Y�"K¥¡||d||2 =

∆���f�mspan{dk,−∇f(dk)}��þ�?Û�:Ñ�±L«�µ

d(α) = dk − (1− cosα) · dk +
∆

||uk||2
sinα · uk. (5.3.12)

·�P

c1 = −(1− cosα) = −2 sin2 α

2
; c2 =

∆
||uk||2

sinα. (5.3.13)

¿-

αk = arg min
α∈[0,π]

f(d(α)). (5.3.14)

Ïd·�kdk+1 = d(αk)"

�â½Â5.3.1§||∇2f(d)||2 ≤M, ∀ ||d||2 ≤ ∆"u´·�kµ

f(dk + s) ≤ f(dk) + sT∇f(dk) +
1
2
M ||s||22. (5.3.15)

Ïd§·�k

f(dk)− f(d(α)) ≥ −1
2
M ||c1dk + c2uk||22 − (c1dk + c2uk)T∇f(dk)

= −1
2
Mc21||dk||22 −

1
2
Mc22||uk||22

−(c1dk + c2uk)T (−uk +
∇f(dk)Tdk

∆2
· dk)

= −1
2
Mc21||dk||22 −

1
2
Mc22||uk||22 − c1∇f(dk)Tdk + c2||uk||22

= −2M∆2 sin4 α

2
− M

2
∆2 sin2 α− 2∆||∇f(dk)||2 cos θ sin2 α

2
+∆||uk||2 sinα

= −2M∆2 sin2 α

2
− 2∆||∇f(dk)||2 cos θ sin2 α

2
+ ∆||uk||2 sinα

= −(M∆2 + ∆||∇f(dk)||2 cos θ)(1− cosα) + ∆||uk||2 sinα

= −T +
√
T 2 + ∆2||uk||22 sin(α+ ϕ), (5.3.16)
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ùpµ

T = M∆2 + ∆||∇f(dk)||2 cos θ; ϕ = arctg
T

∆||uk||2
. (5.3.17)

-ᾱ := π
2 − ϕ§¿�â(5.3.16)§·�k

f(dk)− f(dk+1) ≥ f(dk)− f(d(ᾱ))

= −T +
√
T 2 + ∆2||uk||22

=
∆2||uk||22

T +
√
T 2 + ∆2||uk||22

≥ ∆2||uk||22
2T + ∆||uk||2

=
∆2||uk||22

2(M∆2 + ∆||∇f(dk)||2 cos θ) + ∆||uk||2

=
∆2||uk||22

2M∆2 + 2∆||∇f(dk)||2 cos θ + ∆||∇f(dk)||2 sin θ

≥ ∆2||uk||22
2M∆2 +

√
5∆||∇f(dk)||

≥ ∆
2M∆ +

√
5N

· ||uk||22. (5.3.18)

y." �

Ún 5.3.2. �{dk}��{5.3.1�)�S�:�§d∗�(5.3.1)-(5.3.2)�ÛÜ4�:§

Kµ

lim
k→+∞

||uk||22
f(dk)− f(d∗)

≥ 2||∇f(d∗)||2
∆

. (5.3.19)

y²µ Xã5.2m¤«§·�Pβk�dk − d∗Ú−∇f(d∗)�Y�§u´·�kµ

cosβk = −||dk − d∗||2
2∆

. (5.3.20)

·�Pµ

p =
||∇f(d∗)||2

∆
, (5.3.21)
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u´kµ

f(dk)− f(d∗) = (dk − d∗)T∇f(d∗) +
1
2
(dk − d∗)T∇2f(d∗)(dk − d∗) + o(||dk − d∗||22)

= −||dk − d∗||2||∇f(d∗)||2 cosβk +
1
2
(dk − d∗)T∇2f(d∗)(dk − d∗)

+o(||dk − d∗||22)

=
1
2
p||dk − d∗||22 +

1
2
(dk − d∗)T∇2f(d∗)(dk − d∗)

+o(||dk − d∗||22). (5.3.22)

�â·K5.3.1§·���u∗ = 0"Ïdµ

||uk||22 = ||uk − u∗||22

= || − ∇f(dk) +
∇f(dk)Tdk

∆2
· dk +∇f(d∗)− ∇f(d∗)Td∗

∆2
· d∗||22

= || − (∇f(dk)−∇f(d∗)) +
∇f(dk)Tdk

∆2
· dk −

∇f(d∗)Td∗

∆2
· d∗||22

= || − ∇2f(d∗)(dk − d∗) +
∇f(d∗)Td∗

∆2
· (dk − d∗) +

∇f(d∗)T (dk − d∗)
∆2

· d∗

+
(∇2f(d∗)(dk − d∗))Td∗

∆2
· d∗ + o(||dk − d∗||2)||22; (5.3.23)

2�â(5.3.20)§·�kµ

∇f(d∗)T (dk − d∗) = o(||dk − d∗||2), (dk − d∗)Td∗ = o(||dk − d∗||2). (5.3.24)

?kµ

||uk||22 = || − ∇2f(d∗)(dk − d∗) +
∇f(d∗)Td∗

∆2
· (dk − d∗) +

(dk − d∗)T∇2f(d∗)d∗

∆2
· d∗

+o(||dk − d∗||2)||22;

= ||∇2f(d∗)(dk − d∗)||22 + ||∇f(d∗)Td∗

∆2
· (dk − d∗)||22

+||(dk − d∗)T∇2f(d∗)d∗

∆2
· d∗||22 − 2

∇f(d∗)Td∗

∆2
· (dk − d∗)T∇2f(d∗)(dk − d∗)

−2
((dk − d∗)T∇2f(d∗)d∗)2

∆2
+ o(||dk − d∗||22)

= ||∇2f(d∗)(dk − d∗)||22 + p2||dk − d∗||22 − ||
(dk − d∗)T∇2f(d∗)d∗

∆2
· d∗||22

+2p · (dk − d∗)T∇2f(d∗)(dk − d∗) + o(||dk − d∗||22)

= ||∇2f(d∗)(dk − d∗)||22 − ||(∇2f(d∗)(dk − d∗))T (
1
∆
d∗)||22

+p2||dk − d∗||22 + 2p · (dk − d∗)T∇2f(d∗)(dk − d∗) + o(||dk − d∗||22)

≥ p2||dk − d∗||22 + 2p · (dk − d∗)T∇2f(d∗)(dk − d∗) + o(||dk − d∗||22). (5.3.25)
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2d(5.3.21)!(5.3.22)§·�Òkµ

lim
k→+∞

||uk||22
f(dk)− f(d∗)

≥ lim
k→∞

p2||dk − d∗||22 + 2p · (dk − d∗)T∇2f(d∗)(dk − d∗)
1
2p||dk − d∗||22 + 1

2(dk − d∗)T∇2f(d∗)(dk − d∗)

≥ 2p =
2||∇f(d∗)||2

∆
. (5.3.26)

y." �

½n 5.3.1. b�¯K(5.3.1)-(5.3.2)÷vb�5.3.1"K�{5.3.1½ök�ª�§½

ö�)�S�:�{dk}÷vµ

lim
k→+∞

||uk||2 = 0. (5.3.27)

y²µ XJ�{5.3.1Øk�ª�§K�âÚn5.3.1§é?¿k > 0§k

f(d0)− f(dk+1) =
k∑
i=0

[f(di)− f(di+1)]

≥ ∆
2M∆ +

√
5N

k∑
i=1

||uk||22. (5.3.28)

duf(d)3||d|| = ∆þ´e�k.�§Ïd∃V > 0÷vf(d0)−f(dk+1) < V, ∀k > 0"

¤±(5.3.27)¤á§y." �

½n 5.3.2. b�¯K(5.3.1)-(5.3.2)÷vb�5.3.1Úb�5.3.2"KS�:�{dk}÷
vµ

lim
k→+∞

sup
f(dk+1)− f(d∗)
f(dk)− f(d∗)

≤ 2M∆ +
√

5N − 2||∇f(d∗)||2
2M∆ +

√
5N

< 1. (5.3.29)

y²µ �âÚn(5.3.1)9Ún(5.3.2)§·�kµ

lim
k→+∞

sup
f(dk+1)− f(d∗)
f(dk)− f(d∗)

= 1− lim
k→+∞

inf
f(dk+1)− f(dk)
f(dk)− f(d∗)

≤ 1− 2||∇f(d∗)||2
2M∆ +

√
5N

=
2M∆ +

√
5N − 2||∇f(d∗)||2

2M∆ +
√

5N
< 1. (5.3.30)

����Ø�Ò´�âb�5.3.2���"y." �
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§5.3.2 .�KFÚî.f�m�{

þ��!·�©Û
��f�m�{�Âñ5ÚÂñ�Ý"·�uy3¥¡

4�z¥§·��f�mÀ��{span{dk,−∇f(dk)} = span{dk, uk}§ÒÐ'Ã�
å`z¥���eü{"u´·�Ò�Ä´Ä�3Ù§�f�mÀ��{§¦�

T�{3¥¡þkp��Âñ�Ý"

ég,/§·�Äk���´�EÚÚî{�éA��{"u´·��Ä

3dk�"�m¥é.�KFÚî��µ

vk = B−1
k uk −

dTkB
−1
k uk

dTkB
−1
k dk

·B−1
k dk. (5.3.31)

5�Ouk"ùpµ

Bk = ∇2f(dk)− λk · I; (5.3.32)

�â·K5.3.1�y²§·���µ

λk =
dTk∇f(dk)

∆2
(5.3.33)

´��'�Ün�.�KFÏf��O(�
PÒ{'§3½Â(5.3.32)Ú(5.3.33)

�§·�Ú\
Ú(5.3.2)�d��å1
2 ||d||

2
2 = 1

2∆2)"

e¡�·Kò�y^vk�Ouk�15�1�Úµ

·K 5.3.2. dk�(5.3.1)-(5.3.2)�ÛÜ4��:§��=�µ

vk = 0. (5.3.34)

y²µ ÄkXJuk = 0§K�â5.3.31§w,kvk = 0"��§XJvk = 0§�

â5.3.31§·�kµ

0 = Bkvk = uk −
dTkB

−1
k uk

dTkB
−1
k dk

· dk; (5.3.35)

üà�¦uTk��µ

0 = uTk uk −
dTkB

−1
k uk

dTkB
−1
k dk

· uTk dk; (5.3.36)

�â½Â5.3.2§uTk dk = 0"d(5.3.36)§||uk||22 = uTk uk = 0§�=uk = 0"

nþ¤ã§·�y²
vk = 0��=�uk = 0"d·K5.3.1§uk = 0�d

udk�(5.3.1)-(5.3.2)�ÛÜ4��:"y." �

u´·��Ñ.�KFÚî.�S���f�m�{µ
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�{ 5.3.2. (.�KFÚî.�S���f�m�{)

Äu�{5.3.1§=UCÚn�µ

Únµ¦)(5.3.1)-(5.3.2)��3��f�mspan{dk, vk}þ��Û4�:(�d

u¦)og�§)§��dk+1§=Úo"

�âb�5.3.2§·��±y²��Ð©:3)���S§·�o�y�{

¥λk ≤ 0(k ≥ 1)§ù�Bko´�½�"e¡�Ñ�·Kéf(x)´�g¼ê��/§

Ð©:��À«��
��o÷��Oµ

·K 5.3.3. ef(x)´�g¼ê§Ké?Ûdk÷vµ

||dk − d∗||2 ≤
√

2p
p+M

∆. (5.3.37)

kλk ≤ 0¤á"ùpM!p9λk©Od½Â5.3.1!(5.3.21)9(5.3.33)½Â"

y²µ Ï�f(x)´�g¼ê§Ïd·�kµ

∇f(dk) = ∇f(d∗) +∇2f(d∗)(dk − d∗). (5.3.38)

ü>�¦dTk

dTk∇f(dk) = dTk∇f(d∗) + dTk∇2f(d∗)(dk − d∗)

= −pdTk d∗ + dTk∇2f(d∗)(dk − d∗)

= −pdTk (dk + d∗ − dk) + dTk∇2f(d∗)(dk − d∗)

≤ −p∆2 + (p+M)dTk (dk − d∗)

= −p∆2 + (p+M)∆||dk − d∗||2 ·
||dk − d∗||2

2∆

= −p∆2 +
p+M

2
||dk − d∗||22 ≤ 0. (5.3.39)

����Ø�Ò¤á´Ï�(5.3.37)ª"y." �

e¡·�Äk�Ñ�{5.3.2�ÛÜÂñ�Ý�©Û"�d·��I�J\�

�b�µ

b� 5.3.3. ∇2f(d∗)���A��´��"

½Â 5.3.3. m = inf
||d||2≤∆

||∇2f(d)||2.

Ún 5.3.3. 3(5.3.1)-(5.3.2)�ÛÜ4�:d∗����S�?¿ü:d(1)Úd(2)
§7

½÷vµ

f(d(1))− f(d(2)) = O(||d(1) − d(2)||22). (5.3.40)
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y²µ (5.3.39)�d(5.3.22)ª����" �

Ún 5.3.4. é?¿�½Ý
A§?¿¿©���þx ∈ Rn
§Ú?¿�þy ∈ Rn

§

Ñkµ

1− (xT y)2

(xTx)(yT y)
= O(x2) ⇔ 1− (xTAy)2

(xTAx)(yTAy)
= O(x2). (5.3.41)

y²µ ·�ky²“⇒”"XJ

1− (xT y)2

(xTx)(yT y)
= O(x2), (5.3.42)

¤á§K

sin θ = O(x). (5.3.43)

ùpθ´�þx�y�Y�"du�mü>©ª�©f©1Ñ´'uyÓg�àg

õ�ª§Ïy��ÝØK�·��(J§¤±·�Ø�b�||y||2 = ||x||2"X
ã5.3-(i)¤«§·�P

s = x− y, y′ =
xTAy

yTAy
· y, s′ = x− y′. (5.3.44)

�â(5.3.43)§·�kµ

||s||2 = 2||x||2 sin
θ

2
≤ 2||x||2 sin θ = O(x2). (5.3.45)

u´µ

y′ =
xTAy

yTAy
· y =

(y + s)TAy
yTAy

· y =
(

1 +
yTAs

yTAy

)
· y. (5.3.46)

·�-σmax(A)Úσmin(A)©OL«A���Ú��A��"

|y
TAs

yTAy
| ≤ σmax(A)||s||2

σmin(A)||y||2
= O(x). (5.3.47)

Ïdky′ = O(x)§?

||s′||2 = ||x− y′||2 ≤ ||x− y||2 + ||y − y′||2

= ||s||2 + ||y
TAs

yTAy
· y||2 = O(x2). (5.3.48)
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,��¡·�kµ

1− (xTAy)2

(xTAx)(yTAy)
= 1− (xTAy)2

(xTAx)(y′TAy′)

=
((y′ + s′)TA(y′ + s′))(y′TAy′)− ((y′ + s′)TAy′)2

((y′ + s′)TA(y′ + s′))(y′TAy′)

=
s′TAs′

y′TAy′ + s′TAs′
= O(x2). (5.3.49)

e¡y²“⇐”"duA´é¡�½�§·��í��3�_Ý
L¦�A =

LTL§9A−1�´é¡�½�"�âþ¡�ím�y²§·���kµ

1− (x′T y′)2

(x′Tx′)(y′T y′)
= O(x′2) ⇒ 1− (x′TA−1y′)2

(x′TA−1x′)(y′TA−1y′)
= O(x′2). (5.3.50)

u´·�-x′ = Lx§y′ = Ly§=��mí�"y." �

ã 5.3

Ún 5.3.5. Psk = d∗ − dk§Kkµ

1−
(sTkBkvk)

2

(sTkBksk)(v
T
k Bkvk)

= O(s2k). (5.3.51)

ùpvk9Bk©OX(5.3.31)ªÚ(5.3.32)ª½Â"

y²µ �â(5.3.23)ª§·��±����eã(Øµ

uk = ∇2f(dk)sk − λksk + ηkdk +O(s2k)

= Bksk + ηkdk +O(s2k), (5.3.52)
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ùpηk = O(sk)"·�Pµ

wk = uk −Bksk − ηkdk. (5.3.53)

u´µ

||wk||2 = O(s2k). (5.3.54)

Ïd�â(5.3.52)ª9(5.3.20)ª§kµ

vTk Bkvk = uTkB
−1
k uk −

(dTkB
−1
k uk)2

dTkB
−1
k dk

= (Bksk + ηkdk + wk)TB−1
k (Bksk + ηkdk + wk)

−
(dTkB

−1
k (Bksk + ηkdk + wk))2

dTkB
−1
k dk

= sTkBksk + η2
kd
T
kB

−1
k dk + 2ηksTk dk + 2wTk sk + 2ηkwTk B

−1
k dk

−η2
kd
T
kB

−1
k dk − 2ηksTk dk − 2ηkwTk B

−1
k dk +O(s4k)

= sTkBksk + 2wTk sk +O(s4k). (5.3.55)

u´·�kµ

vTk Bkvk = O(s2k). (5.3.56)

,��¡

vTk Bksk = uTk sk −
dTkB

−1
k uk

dTkB
−1
k dk

· dTk sk

= (Bksk + ηkdk + wk)T sk −
dTkB

−1
k (Bksk + ηkdk + wk)

dTkB
−1
k dk

· dTk sk

= sTkBksk + ηkd
T
k sk + wTk sk − ηkd

T
k sk +O(s4k)

= sTkBksk + wTk sk +O(s4k). (5.3.57)

�â(5.3.55)ªÚ(5.3.57)ª§·��±íÑeªµ

vTk Bkvk · sTkBksk − (vTk Bksk)
2

= (sTkBksk + 2wTk sk +O(s4k)) · sTkBksk − (sTkBksk + wTk sk +O(s4k))
2

= −(wTk sk)
2 +O(s6k) = O(s6k). (5.3.58)

d(5.3.56)ª9(5.3.58)ª§·��±í�(5.3.51)¤á"y." �
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Ún 5.3.6. Xã5.3-(ii)¤«§·�Pµ

d′k =
∆

||dk + tk · vk||2
· (dk + tk · vk); (5.3.59)

ùp§

tk =
||sk||2
||vk||2

. (5.3.60)

Kkµ

||d∗ − d′k||2 = O(s2k). (5.3.61)

y²µ �âÚn5.3.59Ún5.3.4§·���µ

τk = 1−
(sTk vk)

2

(sTk sk)(v
T
k vk)

= O(s2k). (5.3.62)

u´µ

1−
|sTk vk|

||sk||2 · ||vk||2
= 1−

√
1− τk =

τk
1 +

√
1− τk

= O(s2k). (5.3.63)

(5.3.63)L«�k → +∞�§sk�vk�Y��Cu0½öπ§w,XJ�ö¤á`

²∃λ > 0¦�µ

vk = −λsk +O(s2k); (5.3.64)

�\(5.3.57)=�gñ"u´sk�vk�Y��Cu0§�=sTk vk > 0µ

1−
sTk vk

||sk||2 · ||vk||2
= 1−

√
1− τk =

τk
1 +

√
1− τk

= O(s2k). (5.3.65)

�â(5.3.60)Ú(5.3.65)·���µ

||d∗ − (dk + tk · vk)||22 = ||sk − tk · vk||22

= ||sk||22 + t2k||vk||22 − 2tk||sk||2 · ||vk||2
sTk vk

||sk||2 · ||vk||2

= 2||sk||22
(

1−
sTk vk

||sk||2 · ||vk||2

)
= O(s4k). (5.3.66)

�â(5.3.66)§·�k

||d∗ − (dk + tk · vk)||2 = O(s2k). (5.3.67)
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dud∗Úd′kÑ3¥¡þ§Ïd·�N´��µ

||d∗ − (dk + tk · vk)||2 > ||d∗ − d′k||2. (5.3.68)

d(5.3.67)Ú(5.3.68)��(5.3.61)"y." �

½n 5.3.3. b�¯K(5.3.1)-(5.3.2)÷vb�5.3.1!5.3.2Ú5.3.3"KS�:�{dk}÷
vµ

||d∗ − dk+1||2 = O(||d∗ − dk||22). (5.3.69)

y²µ �âd′k�½Â§·���

f(d∗) ≤ f(dk+1) ≤ f(d′k). (5.3.70)

¿�â(5.3.22)§Ún5.3.6§·��±��(5.3.69)"y." �

e¡�Ä�{5.3.2��ÛÂñ5µ

Ún 5.3.7. �{dk}��{5.3.2�)�S�:�§Kµ

f(dk)− f(dk+1) ≥
∆m2√m

2
√
mM∆ +

√
M + 4mN

· ||vk||22; (5.3.71)

ùpM!NÚmd½Â5.3.1Ú½Â5.3.3½Â"

y²µ ëìÚn5.3.1§¥¡{d| ||d||2 = ∆}���f�mspan{dk,−∇f(dk)}��
þ�?Û�:Ñ�±L«�µ

d(α) = dk − (1− cosα) · dk +
∆

||vk||2
sinα · vk. (5.3.72)

·�Pµ

c1 = −(1− cosα) = −2 sin2 α

2
, c2 =

∆
||vk||2

sinα. (5.3.73)

¿-µ

αk = arg min
α∈[0,π]

f(d(α)), (5.3.74)

Ïd·�kµdk+1 = d(αk)"

�â½Â5.3.1§·�k||∇2f(d)||2 < M, ∀ ||d||2 ≤ ∆§Ïdµ

f(dk + s) ≤ f(dk) + sT∇f(dk) +
1
2
M ||s||22, (5.3.75)
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u´µ

f(dk)− f(d(α)) ≥ −1
2
M ||c1dk + c2vk||22 − (c1dk + c2vk)T∇f(dk)

= −1
2
Mc21||dk||22 −

1
2
Mc22||vk||22

−(c1dk + c2vk)T (−uk +
∇f(dk)Tdk

∆2
· dk)

= −1
2
Mc21||dk||22 −

1
2
Mc22||vk||22

−c1∇f(dk)Tdk + c2(vTk uk). (5.3.76)

qduµ

vTk uk = (B−1
k uk −

dTkB
−1
k uk

dTkB
−1
k dk

·B−1
k dk)Tuk

= uTkB
−1
k uk −

(dTkB
−1
k uk)2

dTkB
−1
k dk

= vTk Bkvk. (5.3.77)

d(5.3.76)Ú(5.3.77)§·���µ

f(dk)− f(d(α)) ≥ −1
2
Mc21||dk||22 −

1
2
Mc22||vk||22 − c1∇f(dk)Tdk + c2(vTk Bkvk)

= −2M∆2 sin4 α

2
− M

2
∆2 sin2 α

− 2∆||∇f(dk)||2 cos θ sin2 α

2
+ ∆

vTk Bkvk
||vk||2

· sinα

= −2M∆2 sin2 α

2
− 2∆||∇f(dk)||2 cos θ sin2 α

2
+ ∆

vTk Bkvk
||vk||2

· sinα

= −(M∆2 + ∆||∇f(dk)||2 cos θ)(1− cosα) + ∆
vTk Bkvk
||vk||2

· sinα

= −T +

√
T 2 + ∆2

(vTk Bkvk)
2

||vk||22
sin(α+ ϕ) (5.3.78)

ùp

T = M∆2 + ∆||∇f(dk)||2 cos θ, ϕ = arctg
T ||vk||2

∆vTk Bkvk
. (5.3.79)

·�Pᾱ := π
2 − ϕ§d(5.3.78)��µ

f(dk)− f(dk+1) ≥ f(dk)− f(d(ᾱ))

= −T +

√
T 2 + ∆2

(vTk Bkvk)
2

||vk||22
. (5.3.80)
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,��¡·�kµ

vTk Bkvk
||vk||2

≥ σmin(Bk)||vk||2 ≥ σmin(∇2f(dk))||vk||2 ≥ m||vk||2; (5.3.81)

9µ

vTk Bkvk
||vk||2

≤ 1√
σmin(Bk)

√
vTk Bkvk ≤

1√
m

√
uTkBkuk

≤
√
M√
m
||uk||2 =

√
M√
m
· ||∇f(dk)||2 sin θ. (5.3.82)

Ïd§·�kµ

f(dk)− f(dk+1) ≥ −T +

√
T 2 + ∆2

(vTk Bkvk)
2

||vk||22
=

∆2 (vT
k Bkvk)2

(||vk||2)2

T +

√
T 2 + ∆2 (vT

k Bkvk)2

(||vk||2)2

≥ m2∆2||vk||22
2T +

√
M√
m
·∆||∇f(dk)||2 sin θ

=
∆2m2√m||vk||22

2
√
m(M∆2 + ∆||∇f(dk)||2 cos θ) +

√
M∆||∇f(dk)||2 sin θ

=
∆2m2√m||vk||22

2
√
mM∆2 + 2

√
m∆||∇f(dk)||2 cos θ +

√
M∆||∇f(dk)||2 sin θ

≥ ∆2m2√m||vk||22
2
√
mM∆2 +

√
M + 4m∆||∇f(dk)||2

≥ ∆m2√m
2
√
mM∆ +

√
M + 4mN

· ||vk||22. (5.3.83)

y." �

½n 5.3.4. b�¯K(5.3.1)-(5.3.2)÷vb�5.3.1Úb�5.3.3"K�{5.3.1½ök

�ª�§½ö�)�S�:�{dk}÷vµ

lim
k→+∞

||vk||2 = 0. (5.3.84)

y²µ XJ�{5.3.1Øk�ª�"K�âÚn5.3.7§é?¿k > 0§k

f(d0)− f(dk+1) =
k∑
i=0

[f(di)− f(di+1)]

≥ ∆m2√m
2
√
mM∆ +

√
M + 4mN

k∑
i=1

||vk||22. (5.3.85)

duf(d)3||d||2 = ∆þ´e�k.�§Ïd∃V > 0÷vf(d0)−f(dk+1) < V, ∀k > 0"

¤±(5.3.84)¤á§y." �
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§5.3.3 �(

ùp·��Ñ
���S���f�m�{5.3.1��ÛÂñ5ÚÛÜÂñ

�Ý�©Û"3©ÛÂñ�Ý�§·��
b�5.3.2§ù�b�3·��y²¥

´Ã{�Ø�§Ï�3ª(5.3.25)¥§·�3����Ø�ª¥¿ï
µ

||∇2f(d∗)(dk − d∗)||22 − ||(∇2f(d∗)(dk − d∗))T (
1
∆
d∗)||22

= ||∇2f(d∗)(dk − d∗)||22 sin2 γk. (5.3.86)

ùp∇2f(d∗)(dk−d∗)�d∗�Y�γk´Ã{�OÑ5�"̄ ¢þ§�,(dk−d∗)�d∗�

Y�¬ªCuπ
2§�ØüØγk¬�Cu0"

Dai [20]¥0��ý¥	�:�ý¥�ål§XJ=z�&6�f¯K�§o

´÷vb�5.3.2�"Ïd�±`·�¦^
��ØÓ�©ÛE|(��{')§�

�
' [20]����Âñ5(Ø"

'u.�KFÚî.�f�mÀ��{§ù�´·�éS���f�m�{

�ïÄL§���¥mÚ½"·��Ì�8�´±.�KFÚî.�À��{�

Ä:§±Ïé�Ú§Cq�f�m�{§¦�#��{äk�Ð�Âñ5�(�

�5Âñ)¿´uO�(Ø¦^��&E)"éÄu.�KFÚî.�f�m�

�{5.3.2 �ÛÜÂñ�Ý�©Û§JÑ
¥¡þ��f�m�gÂñ�©Û�

{"

§5.4 Ã�å`z��Å5�{

�!�Ä¦)XeÃ�åà�g`z¯K��Å5�{µ

min
x∈Rn

f(x) =
1
2
xTAx+ gTx; (5.4.1)

ùpA´n× n�¢é¡�½Ý
"

uyÚ©Û(5.4.1)�p�!$O�þ��{§́ ¤kÃ�å`z�{�O�

Ä:"

·���3¦)(5.4.1)�FÝ.�{¥§æ^°(�|¢���eü{§e

¡�Ñ�{µ

�{ 5.4.1. (��eü�{)

Ú� �ÑÐ©:x0 ∈ Rn
¶0 < ε� 1¶�k := 0"

Ú� O�dk = −∇f(xk)¶XJ||dk||2 ≤ ε§K�{ª�¶ÄK§=Ún"
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Ún ¦°(|¢Ú�µ

αk = arg min
α
f(xk + αdk). (5.4.2)

Úo �#xk+1 = xk + αkdk¶�k := k + 1¶=Ú�"

Ï��{5.4.1¬�)Zigzag�A [124, 166]§�Ç¿Øp¶BarzilaiÚBorwein

[5]uy�BBÚ��,ØU�yzÚS�üNeü§�´ê�Ly�~Ø�§3

�
^�eBB�{äk��5Âñ5 [21]¶YuanÚDai [145,144]JÑ
Ù§�


üN�Ú��{§�äkØ��ê�Ly"�CqkÆöJÑ
�«Ú��ÅÀ

���{µ

�{ 5.4.2. (�ÅÚ��{)

Äu�{5.4.1§¿3ÙÚn�Úom�\�Úµ

ÚNEWµ�Å�λ§Ñl[0.5, 1.5]¥�þ!©Ù¶�αk := λαk"

,	��'��*��Å�{´�����Åµ

�{ 5.4.3. (�Å���{)

Äu�{5.4.1§¿3ÙÚ��Únm�\�Úµ

ÚNEWµ�Å�rk§Ñlü ¥¡{z| ||z||2 = 1}þ�þ!©Ù¶
erTk dk ≥ 0§�dk := rk¶ÄK�dk := −rk"

�KFÝ��\�§·��±U?�Å���µ

�{ 5.4.4. (U?��Å���{)

Äu�{5.4.1§¿3ÙÚ��Únm�\�Úµ

ÚNEWµ�Å�rk§Ñlü ¥¡{z| ||z||2 = 1}þ�þ!©Ù¶
erTk dk ≥ 0§�dk := 1

2(rk+dk/||dk||2)¶ÄK�dk := 1
2(−rk+dk/||dk||2)"

d	�U�E�ÅY²8�{µ

�{ 5.4.5. (�ÅY²8�{)

Ú� �ÑÐ©:x0 ∈ Rn
¶0 < ε� 1¶�k := 0"

Ú� O�dk = −∇f(xk)¶XJ||dk||2 ≤ ε§K�{ª�¶ÄK§=Ún"

Ún �ÅÀ�xk+1§Ñlý¥{z| f(z) ≤ f(xk)}S�þ!©Ù¶
�k := k + 1¶=Ú�"
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��£��©1nÙ!1oÙÚ�Ù1n!¥õgJ��S���f�m4

��{§·�����f�m�À�òé�{��Çk��K�"b�·�^

S���f�m4�z�{¦)(5.4.1)§b��cS��xk§-

Y = span{∇f(xk), sk}; (5.4.3)

ùp∇f(xk) = Axk + g§sk = xk − xk−1"·���zÚS�Ñ�â(5.4.2)À���

f�mY§Òò�)Ú�ÝFÝ{ [124,166]�Ó�:�"

�
�y�{�eü§��5`·�o´¬À�∇f(xk)��f�m����

�"e¡�Ñ,����æ^�ÅÀ��S��Å��f�m�{µ

�{ 5.4.6. (S��Å��f�m�{)

Ú� �ÑÐ©:x0 ∈ Rn
¶0 < ε� 1¶�k := 0"

Ú� O�dk = −∇f(xk)¶XJ||dk||2 ≤ ε§K�{ª�¶ÄK§=Ún"

Ún �Å�rk§Ñlü ¥¡{z| ||z||2 = 1}þ�þ!©Ù¶�ïf�mY =

span{dk, rk}"

Úo ¦)��f¯K�°(�Û4�µ

sk = arg min
s∈Y

f(xk + s). (5.4.4)

ÚÊ �#xk+1 = xk + sk¶�k := k + 1¶=Ú�"

§5.4.1 ê�'�

�!·�Ò5©Û�e�«�Å�{�ê�Ly"·�|^Stafford [119]J

Ñ�Cq�{5�)¥SÑlþ!©Ù��ÅCþ"ÙÄ�g�´|^XeCq

úªµ

x

||x||2

(
1

Γ(n2 )

∫ ||x||2
2

0
t

n
2
−1e−tdt

) 1
n

. (5.4.5)

ùp�Å�þx´÷v���Ý
�I���©Ù"ùpµ

Γ(
n

2
) =

{
n
2 !, n´óê;
(n−2)!

√
π

2n−2 , n´Ûê.
(5.4.6)

'uΓ¼ê���½Â�e�!"
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·��Á�¯K�µ

min f(x) =
1
2
xTAx. (5.4.7)

ùpé�Ý
A÷vµ

Aii = power(10,
i− 1
n− 1

· ncond). (5.4.8)

Ð©:�µ

x0 = rand(n, 1). (5.4.9)

ª�OK�µ

||g|| < 1.e− 6; ½öITMAX = 10000. (5.4.10)

eL�O�(J§êâ���ØÓÐ©��²þS�Úê"

No. �{5.4.1 �{5.4.2 �{5.4.3

n = 2 ncond = 3 5.7 428.5 218.5

n = 2 ncond = 5 4.2 3776.6 1850.9

n = 2 ncond = 10 9.0 ITMAX ITMAX

n = 5 ncond = 3 4344.6 464.1 3506.6

n = 5 ncond = 5 ITMAX 5576.5 ITMAX

n = 5 ncond = 10 ITMAX ITMAX ITMAX

n = 10 ncond = 3 5861.9 532.5 ITMAX

n = 10 ncond = 5 ITMAX 5334.0 ITMAX

n = 10 ncond = 10 ITMAX ITMAX ITMAX

n = 100 ncond = 3 6570.5 583.1 ITMAX

n = 100 ncond = 5 ITMAX 6625.1 ITMAX

n = 1000 ncond = 3 7173.2 617.1 ITMAX

n = 1000 ncond = 5 ITMAX 6386.8 ITMAX

L5.4.1(i) �Å�{ê�Ly'�
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No. �{5.4.4 �{5.4.5 �{5.4.6

n = 2 ncond = 3 227.6 40.2 1

n = 2 ncond = 5 2208.7 45.3 1

n = 2 ncond = 10 ITMAX 70.1 1

n = 5 ncond = 3 1674.1 98.7 445.7

n = 5 ncond = 5 ITMAX 111.4 6136.6

n = 5 ncond = 10 170.6 ITMAX ITMAX

n = 10 ncond = 3 3517.9 196.6 2026.2

n = 10 ncond = 5 ITMAX 229.2 ITMAX

n = 10 ncond = 10 ITMAX 339.8 ITMAX

n = 100 ncond = 3 6310.2 ITMAX 6093.8

n = 100 ncond = 5 ITMAX ITMAX ITMAX

n = 1000 ncond = 3 7405.9 ITMAX 7178.9

n = 1000 ncond = 5 ITMAX ITMAX ITMAX

L5.4.1(ii) �Å�{ê�Ly'�(Y)

ÏLL5.4.1§·����ÅÚ��{5.4.2éu�5�!¾��¯KLy�Ð"

S��Å��f�m�{¿vk'��eü{Ðõ�§Ïd§·��±@�S�

��f�m�{¥���À��´AO��"�ÅY²8�{é¯K�^�ê

¿Ø¯a§�éu�ê�Czé¯a"

§5.4.2 �ÅY²8�{�Âñ5

Ø���5§·�Ø�é(5.4.1)¥�8I¼ê�Xeb�µ

f(x) = xTAx. (5.4.11)

�A = diag{ 1
a1
, 1
a2
, ..., 1

an
}"u´·�N´���`)´x = 0"

b��cS�:´xk§e��S�:´xk+1(�Å:§Ñl{z| f(z) ≤ f(xk)}S
�þ!©Ù§��{5.4.5Ún)"e¡·��Ä�xk(½�§f(xk+1)/f(xk)�Ï"µ

E(f(xk+1)/f(xk)). (5.4.12)

·��±^(5.4.12)5ïþ�{'u¼ê��Âñ�Ý"

Äk·��Ä����/§5În(5.4.12)�O�Ú½"
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ã 5.4

Ún 5.4.1. ®�

f(z) =
x2

a2
+
y2

b2
, (5.4.13)

�ÅCþµZ := {X,Y }Ñlý¥Ω = {z|zTAz ≤ 1}S�þ!©Ù§Kµ

E(ZTAZ) =
1
2
. (5.4.14)

y²µ ·���µ

E(ZTAZ) = E(
X2

a2
+
Y 2

b2
)

=
EX2

a2
+

EY 2

b2
. (5.4.15)

e¡·�k5�Ä�ÅCþX2�Ï"EX2"·�ÄkI�O�X2�©Ù¼

êµ

Pr(X2 ≤ m) = Pr(−
√
m ≤ X ≤

√
m)

=
S(ÒKÜ©¡È)
S(��ý¥¡È)

(Xã5.4)

=
4
∫ √m
0 b

√
1− x2

a2 dx

πab

=
4
∫ arcsin

√
m
a

0 ab cos2 θdθ
πab

=
ab(sin 2θ + 2θ)

arcsin
√

m
a

0

πab

=
2
π

(
√
m

a
×
√

1− m

a2
+ arcsin

√
m

a
). (5.4.16)
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�â(5.4.15)§·��±���ÅCþX2��Ý¼êµ

p(m) =
2
πa
m− 1

2 (1− m

a2
)

1
2 . (5.4.17)

u´·�Ò�±O�Ï"
µ

E(X2) =
∫ a2

0

2
πa
m

1
2 (1− m

a2
)

1
2dm

=
∫ π

2

0

4
π
a2 sin2 θ cos2 θdθ

=
a2

π
(
θ

2
− sin 4θ

8
)
∣∣∣π

2
0

=
a2

4
. (5.4.18)

�âé¡5§·�kµ

E(Y 2) =
b2

4
. (5.4.19)

d(5.4.15)ª!(5.4.18)ªÚ(5.4.15)ª§·���µ

E(ZTAZ) =
EX2

a2
+

EY 2

b2

=
1
4

+
1
4

=
1
2
. (5.4.20)

y." �

3�Än��/�c§·�kES�eB¼ê��'½ÂÚ5�( [150]§[3])"

½Â 5.4.1. ·�¡B(x, y)���B¼ê(½ö1�aî.È©)§XJµ

B(x, y) =
∫ 1

0
tx−1(1− t)y−1dt. (5.4.21)

é?Ûx > 0§y > 0"

½Â 5.4.2. ·�¡Γ(x, y)���³ç¼ê§XJµ

Γ(z) =
∫ +∞

0
e−ttz−1dt. (5.4.22)

é?Ûz > 0"

'uB¼êÚ³ç¼ê§·�kXe·K¤áµ
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·K 5.4.1.

1) B(x, y) = Γ(x+y)
Γ(x)Γ(y) ;

2) B(x, y) = 2
∫ π

2
0 sin2x−1 θ cos2y−1 θdθ;

3) Γ(x+ 1) = xΓ(x).

e¡·�m©y²�!�'��Únµ

Ún 5.4.2. ®�f(x)X(5.4.11)½Â§�ÅCþX := {X1, X2, ..., Xn}(n ≥ 2)Ñl

ý¥Ω = {x|xTAx ≤ 1}S�þ!©Ù§Kµ

E(XTAX) =
n

n+ 2
. (5.4.23)

y²µ ·�æ^Ún5.4.1�y²E|µ

Pr(X2
1 ≤ m1) = Pr(−

√
m ≤ X1 ≤

√
m)

=

∫ √m
−
√
m

∫
x2
2

a2
2
+···+x2

n
a2

n
≤1−

x2
1

a2
1

dxn . . . dx2dx1∫
x2
1

a2
1
+···+x2

n
a2

n
≤1
dxn . . . dx2dx1

=

∫ √m
−
√
m

∫
x2
2

a2
2
+···+

x2
n−1

a2
n−1

≤1−
x2
1

a2
1

2an∆
1
2
n−1dxn−1 . . . dx2dx1

∫
x2
1

a2
1
+···+

x2
n−1

a2
n−1

≤1
2an∆

1
2
n−1dxn−1 . . . dx2dx1

=

∫
x2
2

a2
2
+···+

x2
n−2

a2
n−2

≤1−
x2
1

a2
1

2an−1an∆
2
2
n−2

∫ π
2

−π
2

cos θdθdxn−2 . . . dx2dx1

∫
x2
1

a2
1
+···+

x2
n−2

a2
n−2

≤1
2an−1an∆

2
2
n−2

∫ π
2

−π
2

cos θdθdxn−2 . . . dx2dx1

= . . .

=
2a2a3 . . . an

∫ π
2

−π
2

cos θdθ . . .
∫ π

2

−π
2

cosn−2 θdθ
∫ arcsin

√
m

a1

− arcsin
√

m
a1

cosn θdθ

2a2a3 . . . an
∫ π

2

−π
2

cos θdθ . . .
∫ π

2

−π
2

cosn−2 θdθ
∫ π

2

−π
2

cosn θdθ

=
∫ arcsin

√
m

a1
0 cosn θdθ∫ π

2
0 cosn θdθ

, (5.4.24)

ùpµ

∆n = (1− x2
1

a2
1

− · · · − x2
n

a2
n

). (5.4.25)
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Ïd�Ý¼ê�µ

p(m) =
(1− m

a2
1
)

n−1
2 m− 1

2

2a1

∫ π
2

0 cosn θdθ
. (5.4.26)

¤±µ

E(X2
1 ) =

(1− m
a2
1
)

n−1
2 m

1
2

2a1

∫ π
2

0 cosn θdθ

=
a2

1

∫ π
2

0 cosn θ sin2 θdθ∫ π
2

0 cosn θdθ
. (5.4.27)

u´·��±��n��/�Ï"µ

E(XTAX) =
n∑
i=1

EX2
i

a2
i

= n ·
∫ π

2
0 cosn θ sin2 θdθ∫ π

2
0 cosn θdθ

. (5.4.28)

�â½Â5.4.1!½Â5.4.29·K5.4.1§·�k

E(XTAX) = n ·
B(3

2 ,
n+1

2 )
B(1

2 ,
n+1

2 )

= n ·
Γ(3

2)Γ(n+1
2 )

Γ(n+4
2 )

/
Γ(1

2)Γ(n+1
2 )

Γ(n+2
2 )

= n ·
Γ(3

2)Γ(n+2
2 )

Γ(1
2)Γ(n+4

2 )

= n · 1
2
· 2
n+ 2

=
n

n+ 2
. (5.4.29)

y." �

dÚn5.4.2§·�Ò�±��e¡�Âñ5½nµ

½n 5.4.1. b�^�{5.4.5¦)(5.4.1)�)�:�´{xk}§Px∗�(5.4.1)��`

)"Kµ

E((f(xk+1)− f(x∗))/(f(xk)− f(x∗))) =
n

n+ 2
. (5.4.30)
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y²µ Äkdu·����{5.4.5äk²£ØC5!̂ =ØC5!ê¦ØC5§

Ïd·��±Ø�b�f(x)äk(5.4.11)�/ª�f(xk) = 1§u´kx∗ = 0§f(x∗) =

0"�âÚn5.4.2§(5.4.30)¤á"y." �

�â(5.4.1)§�ÅY²8�{5.4.5�²þÂñ�Ý==Ú¯K��ê�'§

�¯K�^�êÃ'"ù�(ØÚ¢�(J�~¬Ü"
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��{µe"ÄuTµe§·�JÑ
n«�{�ª"ê�¢�Ú�{Âñ5©

ÛÑw«Ñ·�JÑ��{äkÚ²;�CþÝK�{���Âñ5�"Ó�·

���{�±éN´/í2��å`z¯K§ù´CþÝK�{Øä��`:"

é�©��5���¦¯K§�k�
¯Kk��Ä"'Xéu�åäkÚ

8I¼êØÓ��©l�ª�¯K§·�TXÛ�O�{¦��å�AÏ/ª

�UÓ��|^"�C·�uy3¦)n�/½öo¡N�þ�ê�È©:¯

K [147]§���8(��©��5���¦¯K§ØL¯K�J:3u�¦¯K

��Û4�:"·�e�Úó�ò�Ä|^¯K�Cþ�©l5�5�Oùa¯

K��Û4��{"

·�?Ø
�g���¦¯K��Û4��{"·�JÑ�Ûeü��f�

m��§¿±��O
�Å��f�m�{"·���{3¦)5uÃ�Da

ì�ä½ ¯K�ålAÛ�.�§kéÐ�ê�Ly"

·��5�ó�§Ì�8¥3Áãé�·���Å��f�m�{'���

�ÅõÐ©�{Ð�nØ�â§±9�Ä�{¥ëêÀ�é)�K�"3¦)5

u�x��m�.�ålAÛ�.�§·���{LyØ¦X<¿§e�Ú�

±�Ä�´(ÜAÛ�E�{ [131]5�E;�·^u�x�(�O���{"

·�©Û
¦)L1�ê4�z¯K�&6�f¯K�O�E,Ý¶�O


$��1w&6�f¯K�¦)�{¶¿JÑ
�«S���f�m�{5¦

)�1w�&6�f¯K"·�uy¦^ü�eü��,���|¢�{�±

�y¿©eüþ§¿±�©Û
�{�Âñ5"

e�ÚI��Ä�¯K´§XÛ(Ü·��O�&6�f¯K�&6�µ

e�{5O���5L1�ê4�z¯K"·��OyïÄ�1w&6�f¯K

��ä�ÝFÝ�{"d	§�Ä���5L1�ê4�z¯K��1w:�ÿÝ

�"§�Ò´`ý�Ü©�:Ñ´���§·��ÄïÄ��5L1�ê4�z¯

K�1wzE|§¦�3Ø��:9ÙNCU
½Â��ëY�FÝ¼ê§ù�
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·��ï
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[7] Å. Björck, Numerical Methods for Least Squares Problems, SIAM, 1996.

[8] J. Bochnak, M. Coste, and M. F. Roy, Real Algebraic Geometry, Springer, 1998.
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[71] J. J. Moré, Recent Developments in Algorithms and Software for Trust Region Methods,

in: A.Bachem, M. Groetschel and B. Korte, eds., Mathematical Programming: The State

of the Art, Springer, Berlin, 1983: 258–287.
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