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fRZ{EMl 1. The transformation can be described as following

z' = pcoséy,
2% = psin ¢y cos ¢a,
™1 = psin ¢ sin ¢y - - - sin @2 COS Prn_1,

x™ = psin ¢ sin ¢ - - - Sin @y o SN Gy 1.

The Jacobian J,, can be formulated as

Cos ¢ psin ¢ 0 0 - 0
sin ¢ sin ¢o P COS 71 COS P —psin ¢ sin ¢ 0 - 0
Sin ¢y sin ¢ cos g3 P COS @1 Sin o cOS P3P sin ¢y cos o cos Pp3 —psin @y sinpasings -+ 0

Hence, we have
det(J,,) = pcos® ¢y sin™ 2 ¢, det(Jpm—1) +p sin? ¢, sin™ 2 ¢, det(Jm—1) =p sin™ 2 ¢, det(Jm—1)-

Clearly det(J;) = 1, det(J2) = p. By mathematical induction, it holds that

m—1

det(J,,) = p™* H sin™ ! gy
i=1

fRZAEL 2. a) Since x¢ is not a stationary point, hence VF(xq) # 0. Without loss of generality, we

assume 22 () # 0. Then we denote

& =a',

£ =a?,
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It is easy to verify that the Jacobian of the above transformation is invertible. Hence, we complete the
proof.
b) Omitted.

RZAENL 3. a) Omitted.
b) First, we study the gradient and Hessian of f
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To introduce the expressions of the gradient and Hessian of F, we need to consider two situations.



First, if  # 0 then

1,7 1_2gnl
VE(ry) - 2x + e (cc;sx msmm)l’
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V2F($,y) — l( 3 x5)e COS:cO (m4 mﬁ)e Slnm O]

Otherwise, we have

VF(J:,y)—l_Ol}, VQF(x,y)—li 81

Clearly, A\* = 1. Hence, besides (0,0), the stationary points include all (z,yo) satisfying

1 o 2 7% . 1
tan| — ) = ——, Yo=xy+e “0sin—.
Lo 2 i)

c¢) Of course not. See the difference here. Note that the null space of VF(z0,yo) is (z,0).
d) Positive definiteness (negative definiteness) of 0;;L(z0)&'¢? in the null space of VF(x¢,o)
implies the local minimality (maximality), while local minimality (maximality) implies positive defi-

niteness (negative definiteness) of 9;; L(x()¢'¢ in the null space of VF (o, yo).

fRZAEN 4. a) First we have

d
— A) = A)A"T
7 det(A) = det(A)

. Then the first order optimality condition can be written as
det(A) - A=T = AA,

where diagonal matrix A contains n multipliers in its diagonal. By simple rearrangement, we have
det(A)-A~' = AAT,

which implies the orthogonality of among the rows of A.

b) If orthogonality holds, it holds that det®(A) = det(AAT) = det(Diag(Hy, -~ ,H,)) = Hy - ----
H,,. In general, the determinant of a positive definite matrix is always bounded by the product of its
diagonal elements (hint: Cholesky decomposition), hence, the left hand side the maximum of the right
hand side.

c¢) Director corollary of b).

d) Suppose the lengths of the edges of a supper cube are determined, when it has maximal volume?

Of course, when the edges are orthogonal to each other.



