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fRZEML 1. a) Using the transitivity of continuity, we complete the proof. b) If the two points to be
connected are not in the same connected set, we construct a path passing one point in the intersection
part then. c) z, y, then (Az + (1 — X)y)/||Az + (1 — X)y|| is the path. d) Corollary of b) and c). e)
Obviously. f) Let P(t) be the path, xg = P(0), z; = P(1). Set t* = sup {t| P(s) e M, Vs €|[0,t]}.

teo0,1]
We can prove that P(t*) € OM.
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BZEA 2. Tt is easily to obtain ¢(y) = and hence lim lim = 0. Similarly,
0 otherwise, Y—yo T—a0

lim lim = 0.
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RZ{EL 3. For any fixed y # 0, there exists € = y, for any § > 0, the amplitude of function f(x,y)
with respect to x on the set BZ(0) is equal to 2y which is great than e. Hence the repeated limit
lim lim f(x,y) at (0,0) does not exist. Similarly, the repeated limit lim lim f(z,y) at (0,0) does
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not exist either.

On the other hand, for any ¢ > 0, we set § = ¢/4/2. Then we have |f(z,y) — 0| < |z +y| < e

Namely, lim z,y) = 0.
Y (z,y)—>(070)f( v)

BREMEN 4. Let lim lim f(z,y) =a lim  f(xz,y) =b. Supposea # b. Set e = [a=b there exists

b
Yo T (2,5) = (%0,0) 8

0 > 0 such that |f(z,y) — b| < € for any (z,y) € Bs(xo,y0). On the other hand, there exists ¢’ < %

such that [¢(y) —a| < 5, for any y € By (yo); there exists 0, < % such that |f(x,y)—¢(y)| < §, for any
% € By (x0). Namely, |f(z,y) —al < e for any (z,) € Q= {(z,5) | y € By (30), 5 € By, (o)}, clearly

Q C Bs(wo, yo), and hence b —a| < |f(z,y) — b + | f(z,y) — a < 2%

Hence, lim lim f(x,y) = lim f(z,y). We can prove lim lim f(x,y) = lim )f(:r,y) in
y

—Yo TTo (z,y)—(z0,y0) T—To Y= Yo (@,y)—(w0,y0
the same manner. We complete the proof.

, which lead to contradiction.

RZAENL 5. For any € > 0, let § = mar> then [|[Az — Ay|| = [[A(z — y)[| < [|A]| - ||z — y|| < € holds for
any x,y satisfying ||z — y|| < 0.

RE{EML 6. First, if A is invertible, we set g(x) = A~ 'z, and can prove g = f~! is the inverse mapping
of f. Secondly, if the inverse mapping of f exists and A is not invertible, there exists y # 0 such that
Ay = 0, hence f~'(y) = f~1(0) which is contrary to the fact that f~! is an injection. Hence, A is

invertible. We complete the proof.

fRZEN 7. Suppose f~! is not continuous at 1o, which means there exists € > 0, for any n € N, there
exists ¥, satisfying |y, —yo| < =, such that |f~*(y,) — f~*(yo)| > €. Since {f~*(yn)} C X, hence there
exists a subsequence {f~'(y;,)} such that 711;11()1() f*(y;,) = &. Hence, we have

(i) lim y;, = f(2);

(ii) nh_{{)lo Yjn = Yo;

Combing (i)-(ii), we obtain that f(Z) = yo, and then Z = f~!(yo) due to the bijection of f~!, which
contradicts to | f~(y;,) — f~*(yo)| > € and lim f~*(y;,) = Z. We complete the proof.
n—oo

fRZ{EML 8. Suppose there exists f : [0,1] — B1(0,0). According to injection, f(0) and f(1) are two
different points on the unit circumference. We let X C (0,1) to be f~'(A;), and then (0,1) \ X =



f1(As), where A; and A, are the two open arcs from f(0) to f(1). According to Theorem 9.7.9,
X is an open set. Then it follows from Homework 8 in the last assignment, we have X is the union
of countable number of open interval. Thus, (0,1) \ X is not an open set, and which is contrary to

Theorem 9.7.9, since A, is also open.



